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1 Seminar 1: 9th October 2003

1.1 Rings with Several Objects

In this series of seminars we will be going through Barry Mitchell’s paper “Rings with Several Objects”
from Advances in Mathematics, 1972, Volume 8, Pages 1-161.

Definition 1.1 A Ringoid (Hilton/Lederman, 1940’s — 1960’s) is a small additive category.

A category C is additive if every hom set is an abelian group such that composition is bilinear. So
C(x, ) is a ring with identity 1,. In the following diagram, C(z,y) ® C(y, z) — C(z, z) is a morphism
in Ab:

Examples:

A one-object ringoid is a ring with identity.

e Let R be a ring and let I,, be an n-object tree groupoid. Then R x I, is a ringoid with
(T7Z7]) + (8’27]) = (T. + 87’L.7j)'

With Objects 0, 1; Rings R,.S; and M = left-R, right-S module, we have the following diagram
(with rm € M, ms € M):

A LA
O—0

Let m be a small category (a poset). Z, has Objects = Ob(7) and Z,(p, q) = free abelian group

on m(p,q). The composition is defined to be bilinear and the injection m — Z, is a functor.

Example 1.2 Let m and Z, be as shown in the diagrams below, noting that 7 also has 4

morphisms 0 — 2:

1o 1 1o
alp 611 v12
7. — @ af+bg 8 cj+dk @



We have (af + bg)(cj + dk) = ac(fj) + ad(fk) + be(gj) + bd(gk). Note: If 7 is a monoid, then
Z is the usual monoid ring (in this example Z? @ Z2 = Z*).

Definition 1.3 If C is a ringoid then Mat C has objects which are finite sequences of objects and
morphisms which are m xn matrices [;;] with v;; € C(p;, ¢;) (the morphism goes from p = (p1,...,pm)
toq = (q1,...,qn)). Taking the example Mat Z, the sequence (1,0,1) — (2,1) — 2 may give rise to

the following matrix multiplication, say:

3+ 4k 7(11) s 57 — 19k
fi—gk —f+9g | x 2,_2k]_ _5fj — 129k + fk + 18]
_k 01, J 3k

Note that there is no morphism p — q if C(p;, ¢;) = ¢ for some ¢, j.



2 Seminar 2: 16th October 2003

2.1 Adding Natural Transformations

Suppose C is an additive category and consider two natural transformations 3, 3 between two functors

G,G' : B — C. These can now be added: ¢ —% d in B leads to the following diagram:

Gy

Gc Gd
ﬂc Bc 5d Bd
G'c o G'd

As 3. and f3, are elements of C(Ge, G'c) then . + 3. is defined and in this way 3+ 3 is defined. What
does this say about CE?

Aside by RB: If C is a category then OC is the double category of commuting squares in C summarised
by the following diagrams:

S

Q

14 P C Ob(C)

If C is additive what happens to OC?
2.2 Additive Functors

Let B and C be additive categories and let us find an additive G : B+ C such that G(z+y) = Gz + Gy
and CB is the additive functor category.

i
NZANZ

The idea is to define the composition o @ 3 : FG — F’'G’ compatible with the following diagrams

(a =5 bisin A):



Fzx GFzx

Fa Fb GFa GFb
/
BFa / Bro
Qg ap //
G'Fa—F—=— Gy Gan
' ' (aefB)a /
Fla o EF'b y Cau
/
caal | GFla “IT GE
, G’ oy,
/
/ Bria Brry
/
Ianli 1A nl
G'Fla G G'F'b

We define (a o §)q 1= BraG'aq = Gagfpra.

2.2.1 Properties of e

e lpyea=a=aelp:
/\ /\
A 1a A a B
\/ \r/

o (aeff)ey=qae(fer).

lpelg =1pg.
(aa’) o (B5) = (a e B)(a’ e ).
e ae(B+ () =aelB+aef (C additive).

o (a+a)ef=aef+aef (B, C,G, G additive).

Let R = ,ﬁgz R,, be a graded ring. For example, with k[z1,...,z,], R, = homogeneous polynomials
of degree n for n > 0, and R,, = 0 for n < 0. The associated additive C has objects Z and C(m,n) =

Rp—m. Further, if R is a ring then R, o) is the free R-module on 7(p, q).

7 (p,q

2.3 Ring of an additive category

Let C be small and additive. Then [C] = | C | x | C | matrices [oyq], where apq € C(p, q) and we have
a finite number of non-zero entries in each row and column. It follows that [C] is a ring with identity

and the usual matrix operations. Further, [apq][Bgr] = [32, atpgBgr]-

5



Take as an example 7 a finite poset and R a ring. Then [R,| = | 7 | x | 7w | matrices [rpq] with rp, =0
if [(p < q):
q

7N,
N

Tmm Tmn Tmp Tmg
0 Tnn 0 g
0 0 rmp  Tpg
0 0 0 7ygq

2.4 Tensor Products

For ordinary categories, we have (A®1)C2 = ACxC2) If C; and C, are additive, then so is C; x Ca.
But the formula (A®1)C2 = A(C1xC2) ig not valid when A is additive. Instead, C; ® Cy has objects
| C1 | x | Co | and Mor((p, q), (p',q")) = Ci(p,p") ® Ca(q,q") with bilinear composition (z1 ® y1)(x2 ®
y2) = (2122) @ (y172). It follows that (AC1)C2 = AC1®C2,



