
PhD Seminars 2002/2003: Prof. T. Porter Semester 2

Gareth Evans

October 29, 2003

Contents

1 Seminar 1: 10th January 2003 3

1.1 Tensor Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Seminar 2: 17th January 2003 6

2.1 Tying Up Loose Ends . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Group Cohomology: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 The Group Extension Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Seminar 3: 31st January 2003 9

3.1 Split Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.2 Semidirect Products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.3 Classifying Split Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Seminar 4: 14th February 2003 11

4.1 Classification of Extensions with N Abelian . . . . . . . . . . . . . . . . . . . . . . . . 11

5 Seminar 5: 21st February 2003 14

5.1 Standard Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1



5.1.1 Low Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5.2 BG, The Bar Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Seminar 6: 26th February 2003 16

6.1 Bar Resolution, Part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

6.2 Contracting Homotopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

6.3 Simplicial Resolutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6.4 The Kleisli and Eilenberg-Moore Categories (an aside) . . . . . . . . . . . . . . . . . . 18

7 Seminar 7: 28th February 2003 20

7.1 Simplicial Resolutions, Part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

7.2 Cochain Complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7.3 Crossed Resolutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

8 Seminar 8: 7th March 2003 23

8.1 Examples of Crossed Complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

8.2 ϕ-Derivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

9 Seminar 9: 14th March 2003 26

9.1 Fox Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

10 Seminar 10: 2nd April 2003 28

10.1 Commutative Algebra and Algebraic Geometry . . . . . . . . . . . . . . . . . . . . . . 28

10.2 The Zariski Topology on kn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2



1 Seminar 1: 10th January 2003

1.1 Tensor Products

Let R be a commutative ring, let M , N and P be R-modules, and let f : M × N → P be bilinear:

f(m,−), N → P is linear and f(−, n), M → P is linear for each m, n. Why bother do this? Well,

suppose we have ϕ : M → HomR(N,P ), where ϕ(m) : N → P and so ϕ(m)(n) ∈ P . Consider

ϕ̄ : M ×N → P , ϕ̄(m,n) = ϕ(m)(n). Then ϕ←→ ϕ̄ and

Hom(M,Hom(N,P )) ∼= Bilin(M ×N,P ) (1)

(Hom is the vector space of n× p matrices).

Remark 1.1 ϕ̄ is not a homomorphism:

ϕ̄((m,n) + (m′, n′)) = ϕ̄(m+m′, n+ n′)

= ϕ̄(m,n+ n′) + ϕ̄(m′, n+ n′)

= ϕ̄(m,n) + ϕ̄(m,n′) + ϕ̄(m′, n) + ϕ̄(m′, n′)

(OOPS!)

Example 1.2 Let R = R, M = Rm, etc. In this case, the dimension of the LHS of (1) is mnp and

the dimension of Hom(M ×N,P ) is (m+ n)p.

We now want to replace M × N by some new R-module M ⊗ N such that Bilin(M × N,P ) ∼=
Hom(M⊗N,P ). Construction: Form a set X of symbols x⊗y for x ∈ X, y ∈ N ; form a free R-module

onX, R(X); and divide out by the three relations (x+x′)⊗y = x⊗y+x′⊗y, x⊗(y+y′) = x⊗y+x⊗y′ and
r(x⊗y) = rx⊗y = x⊗ry to get M⊗N . There is a natural universal bilinear map M×N ⊗−→M⊗N ,

(m,n) 7→ m⊗ n, so that we have the following (f̃(m⊗ n) = f(m,n) is an R-mod morphism):

M ×N
f

bilin
//

⊗ &&LL
LL

LL
LL

LL
P

M ⊗N

∃ !

f̃

;;wwwwwwwww

1.2 Examples

Example 1.3 If R = R, then Rm ⊗ Rn ∼= Rmn (check basis).

Example 1.4 Let R = Z, and consider A = C37 ⊗ C59, where we have C37 = < a | 37a = 0 >

and C59 = < b | 59b = 0 >. A is generated by a ⊗ b, but a ⊗ b = (8 × 37 − 5 × 59)(a ⊗ b) =

8(37a⊗ b)− 5(a⊗ 59b) = 0⊗ 0, so that A = {0}.
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Example 1.5 C10⊗C15
∼= C5 because the generator a⊗ b has order dividing 5. In general, Cr⊗Cs

∼=
Cgcd(r,s).

We have shown that A = R-mod is a monoidal closed category: there is a functor A × A → A

(“M ×N →M ⊗N”) so if we have f : M →M ′ and g : N → N ′ then f ⊗ g : M ⊗N →M ′ ⊗N ′.

What about (M1 ⊗M2) ⊗M3
∼= M1 ⊗ (M2 ⊗M3), where ∼= ‘=’

−→
a123, a natural isomorphism? Given

fi : Mi → Ni, we have the following diagrams (including the important ‘pentagon’ diagram):

(M1 ⊗M2)⊗M3
oo

aM
123 //

(f1⊗f2)⊗f3

²²

M1 ⊗ (M2 ⊗M3)

f1⊗(f2⊗f3)

²²
(N1 ⊗N2)⊗N3

oo
aN
!23 // N1 ⊗ (N2 ⊗N3)

A⊗ (B ⊗ (C ⊗D))

A⊗ ((B ⊗ C)⊗D)

A⊗aB,C,D

88rrrrrrrrrrrrrrrrrrrrrr

comm. (A⊗B)⊗ (C ⊗D)

aA,B,C⊗D

``BBBBBBBBBBBBBBBBBBBBBBBBBBBB

(A⊗ (B ⊗ C))⊗D

aA,B⊗C,D

OO

((A⊗B)⊗ C)⊗D

aA,B,C⊗D

ffLLLLLLLLLLLLLLLLLLLLLL

a=aA⊗B,C,D

>>||||||||||||||||||||||||||||
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Remark 1.6 R-Mod is symmetric monoidal. Consider the natural isomorphism s : M ⊗N → N ⊗M
(s(m⊗n) = n⊗m), where s2 = id. There is an action of Sn on A1⊗ . . .⊗An given by permuting the

factors. Also, we have braiding, i.e. the action of the braid group, which has a link with knot theory

(below, we have σ : M ⊗N → N ⊗M with σ2 6= id in general).

σ

σ

1 2 3

1 2 3

3B  :

(1 3 2)

Remark 1.7 Take X to be a crossed module M → P , and take C = C(X ) to be the Cat1-group

C = P nM . C is a category (groupoid). Write (p,m)⊗ (p′,m′) = (p,m).(p′,m′) = (pp′,mp′m′) (using

group multiplication in C). C is a monoidal category!

5



2 Seminar 2: 17th January 2003

2.1 Tying Up Loose Ends

Recall the formulae (I ⊗ C)n = Cn ⊕ Cn ⊕ Cn−1 and (D ⊗ C)n = ⊕
p+q=n Dp ⊗ Cq. Now ∂(d ⊗ c) =

∂Dd⊗ c+ (−1)deg(d)d⊗ ∂Cc and

I : 0 Z⊕ Zoo Z
∂oo 0 .oo

dim. 0 dim. 1

gen. e00, e
0
1 gen. e1

For a suspension, topologically we have the diagram shown below while algebraically we have (ΣC)n =

Cn−1 with (−1)D∂p as differential.

Squash Ends

In the last seminar, we discussed Hom(K ⊗ L,M) ∼= Hom(K,Hom(L,M)) in modules. Let us now

consider Hom(C,D)n = the module of degree n graded maps from C to D =
∏

pHom(Cp, Dp+n), with

(∂Hn (f))p = ∂Df − (−1)nf∂C . The following diagram illustrates the case ∂Dfp − (−1)nfp−1∂:

•

²²

Dp+n

• Dp−1+n

Cp •

fp

@@¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢

²²
Cp−1 •

fp−1

@@¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢

For ∂ : Hom(C,D)n → Hom(C,D)n−1 we have

∂H∂H(f) = ∂H(∂f − (−1)nf∂)
= ∂D∂Df − (−1)n∂Df∂C − (−1)n−1∂Df∂C − f∂C∂C

= 0 (because ∂?∂? = 0).
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Lemma 2.1 Hom(C ⊗ D, E) ∼= Hom(C,Hom(D, E)). Further, Hom(I,D) = DI and this is a co-

cylinder.

Now (DI)n ' Dn ⊕Dn ⊕Dn+1 and if ΩD consists of the loops in D then we have

ΩD −→ DI −→
−→

D.

Further, ΩD × ΩD
•−→ ΩD is the restriction of DI ×

D DI → DI (
×
D is a pullback), and (ΩD, •) ‘is’

a group object in Ch, where Ch(C,ΩD) ∼= Ch(ΣC,D) (ΩD is a group up to homotopy and ΣC is a

cogroup up to homotopy).

cogroup

ΣC // ΣC ∨ ΣC

Ch(ΣC,D) is a group by the above structure, and the interchange law implies that this is just the

bog-standard addition in this case — but that does not mean that this is useless!

2.2 Group Cohomology: Introduction

2.2.1 The Group Extension Problem

An extension of a group G by a group N is a short exact sequence

E : 1 // N
¢

i // E
π // G // 1

so that G ∼= E/N . The group extension problem is to classify the possible E’s (with corresponding

i’s and π’s).

Given G and N , ‘classify’ means ‘up to equivalence’ in the sense that E and E ’ are equivalent in

the following diagram if there is a suitable isomorphism ϕ : E → E ′ compatible with subgroup and

quotient (‘(*) commutes’):

E : 1 // N
i //

=

E
π //

ϕ

²²

G //

=

1

E ′ : 1 // N
i′

// E′
π′

// G // 1

7



Consider the case where N is abelian. We claim that N inherits a G-action. To prove this, let us first

recall that E acts on N by conjugation: i(en) = ei(n)e−1. As i(N) acts trivially on N , N therefore

inherits an action of E/i(N) = G. Explicitly, pick a transversal or section for π, i.e. a function

s : G→ E such that πs = IdG (‘s(g) is a coset representative for g’), and then gn = s(g)ns(g)−1 and

this is independent of the choice of s (if s′ is another transversal, then s′(g) = s(g)n′g for some n′g ∈ N ,

and so s′(g)ns′(g)−1 = s(g)n′gnn
′
g
−1s(g)−1 = gn). We can now see that (g2g1)n = g2(g1n) is an action

because s(g2g1) = s(g2)s(g1)n
′ for some n′ = n′g1g2 ∈ N .

Further, N is a G-module: g(n1n2) = gn1gn2 or (g.(n1+n2) = gn1+gn2). Also, E is central if N ⊆ Z(E)

and the action is then trivial. In any case we get a homomorphism G→ Aut(N).
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3 Seminar 3: 31st January 2003

3.1 Split Extensions

Recall the diagram

E : 1 // N
¢

i // E
π // G // 1.

In general, it is not possible to pick s : G→ E to be a homomorphism. But if it is, then E is said to

be split, and it follows that E ∼= N oG.

3.2 Semidirect Products

If G and N are groups and we have a left action α : G → Aut(N), α(g)(n) = gn, the semidirect

product N o G (or more precisely N o
α G) has elements {(n, g) | n ∈ N, g ∈ G}, i.e. the same as

N × G, but if α is non-trivial, N o
α G need not be ‘the same’ as N × G. The multiplication is given

by (n1, g1)(n2, g2) = (n1
g1n2, g1g2).

Lemma 3.1 This is a group.

Proof: Associativity: EER. Identity: (1, 1). Inverses: we want (a, b)(n, g) = (1, 1) and (abn, bg) =

(1, 1) so that b = g−1 and ag
−1
n = 1; a = g−1

n−1, i.e. (n, g)−1 = (g
−1
n−1, g−1). 2

Lemma 3.2

1 // N
i // N oG

π //
G

s
oo // 1

is a split extension, where iN (n) = (n, 1), πG(n, g) = g, and sG(g) = (1, g).

Proposition 3.3 Suppose E is an arbitrary split extension, then E is equivalent to a split extension

of the above type.

Proof: Consider the following diagram again:

1 // N
i // N oG

π //
G

s
oo // 1.

For e ∈ G, e = e.sπ(e)−1.sπ(e).

Let us define ϕ : E → N o G by ϕ(e) = (ϕ1(e), ϕ2(e)), where i(ϕ1(e)) = e(sπ(e))−1 ∈ kerπ and

ϕ2(e) = π(e). Claim:

1 // N
i //

=

E
π //

ϕ

²²

G //

=

1

1 // N
iN

// N oG πG

// G // 1

9



is compatible and ϕ is an isomorphism. Moreover ϕ is compatible with the splittings.

Now the right hand square is obvious, and for the left hand square, ϕi(n) = (ϕ1(i(n), 1)) since

πi(n) = 1G; and the element ϕ1(i(n)) satisfies iϕ1(i(n)) = i(n)(sπi(n))−1 = i(n) — so as i is a

monomorphism, then ϕ1(i(n)) = n as required.

The inverse isomorphism of ϕ is (n, g)→ i(n)s(g) (N oG→ E). This is a homomorphism:

(n1
g1n2, g1g2)→ i(n1

g1n2)s(g1g2)

and

(n1, g1)(n2, g2)→ i(n1)s(g1)i(n2)s(g2) = i(n1)s(g1)i(n2)s(g1)
−1s(g1g2) = i(n1)i(

g1n2)s(g1g2)

by the definition of the action. 2

3.3 Classifying Split Extensions

Each splitting s yields a ϕ. Fix one so as to rewrite the extension as

1 // N // N oG // G // 1

and consider an arbitrary splitting s : G→ N oG. This is a homomorphism and must take the form

s(g) = (d(g), g). Note: d is rarely a homomorphism but s is always a homomorphism: s(g1g2) =

s(g1)s(g2) = (d(g1), g)(d(g2), g2) = (d(g1))(
g1d(g2)), g1g2), i.e. d(g1g2) = d(g1)

g1d(g2).

As N is abelian, written additively d(g1g2) = d(g1) + g1.d(g2) and d is a G-derivation. Now consider

two (N abelian) splittings s1 and s2: they are N -conjugate if there is some n ∈ N such that s1(g) =

i(n)s2(g)i(n)
−1:

• s1(g) //

i(n)
²²

•
i(n).

²²•
s2(g)

// •

In this case the corresponding derivations d1, d2 : G → N have difference (d2 − d1)(g) = gn − n =

(g − 1)n; and the mapping g → gn − n is a derivation g1g2 → g1g2n − n = g1g2n − g1n + g1n − n =

g1n− n+ g1(g2n− n) called a principal derivation.

Lemma 3.4 The derivations d : G → N form an abelian group Der(G,N) where (d1 + d2)g =

d1g + d2g. The principal derivations form a subgroup P (G,N) of Der(G,N).

Proposition 3.5 N -conjugacy classes of splittings of E are in 1−1 correspondence with the elements

of Der(G,N)/P (G,N).

Remark 3.6 This group is H1(G,N) as we’ll see later.
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4 Seminar 4: 14th February 2003

4.1 Classification of Extensions with N Abelian

Consider that we are given G, that N is a G-module, and that E : 1 → N → E
i−→ G

π−→ 1

is an extension. We choose a transversal s : G → E (but not necessarily a splitting) so that if

g1, g2 ∈ G then we have s(g1g2) 6= s(g1)s(g2) in general (but it can be true in some cases). However,

π(s(g1g2)) = π(s(g1))π(s(g2)) so that s(g1g2)s(g2)
−1s(g1)

−1 ∈ i(N).

Now define f : G × G → N by i(f(g1, g2)) = s(g1)s(g2)s(g1, g2)
−1, where f is the factor set of the

extension relative to s. If we choose s(1G) = 1N then f(1, g) = 0 = f(g, 1) and we say that s is

normalised.

How can we build E from G, N , etc.? We know that as a set E ↔ N × G and we have a map

N × G → E, (n, g) 7→ i(n)s(g). Further, (n1, g1)(n2, g2) = i(n1)s(g1)i(n2)s(g2). Thinks: g1n2 is

defined by i(g1n2) = s(g1)i(n2)s(g1)
−1. Therefore,

(n1, g1)(n2, g2) = i(n1)s(g1)i(n2)s(g2)

= i(n1)i(
g1n2)s(g1)s(g2)

= i(n1
g1n2)if(g1, g2)s(g1, g2)

↔ (n1 + g1.n2 + f(g1, g2), g1g2),

i.e. we can retrieve the multiplication in E from G, N and a factor set.

An arbitrary f : G×G→ N may not give a group multiplication as the above may not be associative:

((n1, g1)(n2, g2))(n3, g3) = (n1 + g1.n2 + f(g1, g2), g1g2)(n3, g3)

= (n1 + g1.n2 + f(g1, g2) + g1g2.n3 + f(g1g2, g3), g1g2g3)

= (n1 + g1.n2 + g1g2.n3 + f(g1, g2) + f(g1g2, g3), g1g2g3)

whilst

(n1, g1)((n2, g2)(n3, g3)) = (n1, g1)(n2 + g2n3 + f(g2, g3), g2g3)

= (n1 + g2.n3 + g1g2.n3 + g1f(g2, g3) + f(g1, g2g3), g1g2g3).

So associativity corresponds to the condition

f(g1, g2) + f(g1g2, g3) = g1f(g2, g3) + f(g1, g2g3),

the cocycle condition.

Note that f and the cocycle condition may be visualised as follows:

11



•GG

s(g1)

³³
³³
³³
³³
³³
³³
³³
³³
³³
³³
³

s(g2)

ºº.
..
..
..
..
..
..
..
..
..
..

f(g1g2)

•
s(g1g2)

// •

1

g1g2

²²

@@

g1

¡¡
¡¡
¡¡
¡¡
¡¡
¡

g2g3

&&MM
MM

MM
MM

MM
MM

MM
MM

MM

0
g1g2g3 //

g2

ÁÁ>
>>

>>
>>

>>
>>

388

g3

qq
qq
qq
qq
qq
qq
qq
qq
qq

2

The paths from 0 to 3 can be represented as follows:

(g1)(g2g3)
g1f(g2,g3) // (g1)(g2)(g3)

??
??

??
?

??
??

??
?

(g1g2g3)
f(g1g2,g3)

//

f(g1,g2g3)

OO

(g1g2)(g3)

f(g1,g2)(g3)

OO

Now suppose that s′ : G → E is another (normalised) transversal, with s′(g) = (c(g), g) giving

f ′ : G×G→ N . We have

i(f ′(g1, g2)) = s′(g1)s
′(g2)s

′(g1g2)
−1,

s′(g1g2) ↔ i(c(g1g2))s(g1g2),

s′(g1) ↔ i(c(g1))s(g1), etc.

Note: if(g1, g2) = s(g1)s(g2)s(g1g2)
−1 so that s(g1)s(g2) = if(g1, g2)s(g1, g2) and similarly for the

dashed version.

Now

s′(g1)s
′(g2) = (if ′(g1, g2)ic(g1g2))s(g1g2) and

s′(g1)s
′(g2) = ic(g1)s(g1)i(c(g2))s(g2)

= ic(g1)i(
g1c(g2))s(g1)s(g2)

= i(c(g1)
g1c(g2)f(g1, g2))s(g1g2).

So f ′(g1, g2)c(g1g2) = c(g1)
g1c(g2)f(g1, g2) or f ′(g1, g2) − f(g1, g2) = c(g1) + g1.c(g2) − c(g1g2) or

f ′−f = δc, where δc(x, y) = c(x)−c(xy)+xc(y). It follows that if this is satisfied then the extensions

are isomorphic.

Definition 4.1 f : G×G→ N is a cocycle if it satisfies the cocycle condition and the set of cocycles

form an abelian group Z2(G,N).
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Lemma 4.2 Given any c : G→ N , we have δc ∈ Z2(G,N).

Definition 4.3 If B2(G,N) = {δc | c : G→ N} < Z2(G,N), then

H2(G,N) =
Z2(G,N)

B2(G,N)
,

the second cohomology group of G with coefficients in N . Further, we have Equivalence Classes of

Extensions ↔ H2(G,N).

13



5 Seminar 5: 21st February 2003

5.1 Standard Resolution

Let G be a group and A a Z(G)-module. We define Cn(G,A) = {f : Gn → A}, an abelian group. We

also define dCn(G,A)→ Cn+1(G,A) as follows:

df(g1, . . . , gn+1) = g1f(g2, . . . , gn+1) +

(

n
∑

i=1

(−1)if(g1, . . . , gigi+1, . . . , gn+1)

)

+ (−1)n+1f(g1, . . . , gn).

The above formula is (claimed to be) modelled on the cocycle condition, etc. Now f ∈ C2(G,A),

f : G×G→ A is potentially a factor set. With df(g1, g2, g3) = g1f(g2, g3)− f(g1g2, g3)+ f(g1, g2g3)−
f(g1, g2), f is a cocycle iff df = 0. For n = 1, we have c : G→ A, dc(g1, g2) = g1c(g2)−c(g1, g2)+c(g1).
In general, f ∈ Cn(G,A) is an n-cocycle if df = 0 and Zn(G,A) is the abelian group of such n-

cocycles. Further, if c ∈ Cn−1(G,A), then dc ∈ Cn(G,A) is called a coboundary and Bn(G,A) =

Im(d : Cn−1(G,A)→ Cn(G,A)).

Lemma 5.1 dd = 0 (Proof left as exercise).

Corollary 5.2 Bn(G,A) ⊆ Zn(G,A).

Definition 5.3 Hn(G,A) = Zn(G,A)/Bn(G,A).

5.1.1 Low Dimensions

Consider the case n = 0. We have B0(G,A) = 0 and C0(G,A) ∼= A. If we define fa : {1} → A, then

dfa : G→ A is defined by dfa(g) = gfa − fa. Now

fa ∈ Z0(G,A) ⇐⇒ gfa − fa = f0 ∀ g ∈ G
⇐⇒ g.a− a = 0 ∀ g ∈ G
⇐⇒ a ∈ AG = {b | gb = b ∀ g ∈ G}.

It follows that H0(G,A) ∼= AG.

For the case n = 1, what should H1(G,A) be? Well, C1(G,A) = {f : G → A} and B1(G,A) =

{dfa | fa ∈ C0(G,A)}, with (dfa)(g) = (g − 1)a. Now recall that ∂ : G → A is a principal derivation

if ∂f = ga − a for some a ∈ A. So if f : G → A, df : G × G → A, then (df)(g1, g2) = g1f(g2) −
f(g1g2) + f(g1), and therefore df = 0 ⇐⇒ f(g1g2) = g1f(g2) + f(g1) ⇐⇒ f is a derivation, i.e.

Z1(G,A) = Der(G,A) and H1(G,A) classifies split extensions.

H2(G,A) is as before, i.e. the group of equivalence classes of extensions of G by A. H3(G,A)

was described by MacLane in terms of ‘abstract kernels’, but later by Huebschmann in terms that

generalised to all n. Then about the same time, similar results were given by Conrad, Holt and in

retrospect earlier by Lue.
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5.2 BG, The Bar Resolution

The idea here is to replace ‘functions’ by module homomorphisms using the natural isomorphism

Sets(X,U(A)) ∼= Z(G)−Mod(ZG(X), A),

where ZG(X) is the free G-module on X.

Let Xn = {(g0, . . . , gn) | gi ∈ G} ∼= Gn+1. Consider that we are given a G-action on Xn by left

multiplication g(g0, . . . , gn) = (gg0, . . . , ggn), and let Fn be the free G-module on this G-set (a typical

element of Fn is
∑

x∈X nxx, with nx ∈ ZG having finite support and g.
∑

nxx =
∑

nx(g.x)). Now

define di : Fn → Fn−1 by di(g0, . . . , gn) = (g0, . . . , ĝi, . . . , gn) and ∂ =
∑

(−1)idi. We have F0
∼= ZG

and we set F−1 = Z with trivial action.

Claim: The elements (1, g1, g1g2, . . . , g1 . . . gn) form a basis for Fn. To see this, write (ḡ0, ḡ1, . . . , ḡn) =

ḡ0(1, ḡ
−1
0 ḡ1, ḡ0ḡ2, . . . , ḡ0ḡn) and record the ‘incremental’ g’s in the notation [ g1 | g2 | . . . | gn ] to get

di[ g1 | . . . | gn ] =











g1[ g2 | . . . | gn ] (i = 0)

[ g1 | . . . | gi−1 | gigi+1 | gi+2 | . . . | gn ]

[ g1 | . . . | gn−1 ] (i = n)

.

It follows that Cn(G,A) ∼= Hom(Fn, A).

Remark 5.4 gi = (ḡi−1)
−1ḡi.
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6 Seminar 6: 26th February 2003

6.1 Bar Resolution, Part 2

Recall that we are considering BG, the unnormalised bar resolution; Fn is generated by [ g1 | . . . | gn ]
as a free G-module; and we have the following sequence and definitions:

. . .F2
∂2−→ F1

∂1−→ F0 = ZG ε−→ Z;

∂2[ g1 | g2 ] = g1[ g2 ]− [ g1g2 ] + [ g1 ];

∂1[ g ] = g[ ]− [ ]←→ g − 1.

Let us introduce the notation ε(
∑

ngeg) =
∑

ng. IG ∼ augmentation ideal = ker ε. Resolution:

Hn(BG) = 0 if n > 0.

6.2 Contracting Homotopy

In general, C is a chain complex (∂∂ = 0), D is another one, and we have

C
f0−→
−→
f1

D.

Further, h : f0 ' f1 (h : I ⊗ C → D, he0 = f0, he1 = f1) is equivalent to a chain homotopy

{h′n : Cn → Dn+1} such that f0 − f1 = ∂h′ + h′∂. Now

C is contractible ≡ C
Id
−→
⇓h′
−→
0

C are homotopic

=⇒ Hn(C) = 0 ∀ n.

Now suppose that c ∈ Zn(C) = ker ∂n, c = ∂h′(c) + h′∂c ⇒ c ∈ BN (c), where h′ is the contracting

homotopy (and h′∂c = 0). Let h : BGn → BGn+1, Fn → Fn+1. The following is Z linear but not ZG

linear:

h(g0, . . . , gn) = (1, g0, . . . , gn).

Exercise 6.1 What is h(g[ g1 | . . . | gn ])? Answer: [ g1 | g2 | . . . | gn ]←→ (1, g1, g1g2, . . . , g1g2 . . . gn)

so we must have

g[ g1 | g2 | . . . | gn ] oo //

h

²²

(g, gg1, . . . , gg1g2 . . . gn)

h

²²
[ g | g1 | g2 | . . . | gn ] (1, g, gg1, . . . , gg1 . . . gn)oo

16



6.3 Simplicial Resolutions

Consider

Sets
F
−→
←−

U
Groups,

where F is the free group functor and U is the underlying set functor.

• Sets(X,U(G))
∼=−→ Groups(F (X), G)

(F is left adjoint to U).

• Set(U(G), U(G)) ∼= Groups(FU(G), G).

• εG : FU(G)→ G is a homomorphism that takes off the ‘cling film’.

• Set(X,UF (X)) ∼= Groups(FX,FX).

• ηX : X → UF (X) is an inclusion of generators.

• All of the above leads to the following diagram: FUF (X)
εF (X) // F (X)

F (X)

FηX

OO
=

mmmmmmmmmmmmmm

Let us now define µ(X) : UFUF (X)
UεF (X)−→ UF (X). For simplicity, let T = UF so that we have a unit

η : I → T and a multiplication µ : T 2 → T (T : Sets → Sets). It follows that the following diagrams

commute:

T 3
µT //

Tµ

²²

T 2

µ

²²

T

=

ÂÂ@
@@

@@
@@

@@
@@

@@
@@

@
ηT // T 2

µ

²²

T

=

ÄÄ~~
~~
~~
~~
~~
~~
~~
~~

Tηoo

T 2
µ

// T T

Remark 6.2 The above discusses the Monad generated by the (F,U)-adjunction. We can compare

this to the situation where we consider monoids, where we have µ : M ×M →M , µ(m,m′) = m.m′.

In the diagrams below, the one on the left represents the associative law while the first one on the

17



right picks out the 1M (1 = ‘one element set’):

M ×M ×M

M×µ

²²

µ×M // M ×M

µ

²²

1
η // M

M ∼= 1×M
η×M //

=

!!C
CC

CC
CC

CC
CC

CC
CC

CC
CC

C M ×M

²²

M × 1 ∼= M
M×ηoo

=

||yy
yy
yy
yy
yy
yy
yy
yy
yy
yy

M ×M µ
// M

M

6.4 The Kleisli and Eilenberg-Moore Categories (an aside)

Given any adjoints

A
F
−→
←−

U
B,

we obtain a monad (T = UF , µ = UεF , η). Conversely, if we are given a monad T = (T, µ, η) with

T : A→ A, there are two categories to consider, both of which generate T. The first one is the Kleisli

category of T, AT; and the second one is the Eilenberg-Moore category of T, AT. The situation is

summarised by the following diagram:

AT
//

UT

¼¼2
22
22
22
22
22
22

AT

UT

¦¦¯̄
¯̄
¯̄
¯̄
¯̄
¯̄
¯

A

FT

YY2222222222222
FT

EĒ
¯̄
¯̄
¯̄
¯̄
¯̄
¯̄

Starting with A −→←− B, we get a comparison with the following diagram:

AT
//

UT

ÂÂ@
@@

@@
@@

@@
@@

@@
@@

@
B

U

²²

// AT

UT

ÄÄ~~
~~
~~
~~
~~
~~
~~
~~

F

FT

__@@@@@@@@@@@@@@@@
FT

??~~~~~~~~~~~~~~~~

A

OO

Remark 6.3 In the group case, the Kleisli category consists of all free groups, and the Eilenberg-

Moore category consists of all groups.

Question: What is AT? Answer: AT is the objects of A, where AT(X,Y ) = A(X,TY ). It follows that

given X
f−→ TY and Y

g−→ TZ, we have

X
f−→ TY

Tg−→ T 2Z
µZ−→ TZ.
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Remark 6.4 For T = UF : Sets→ Sets, SetsT
∼= the Category of Free Groups.

Exercise 6.5 Let M be a monoid. Assume that we have

M−Sets
F
←−
−→

U
Sets,

(a : M ×X → X) = (X, a), U(X, a) = X, and F (X) = (M ×X,µ×X). Our object in this exercise

is to prove the following isomorphism, which we shall call (*):

Sets(X,U(Y, a)) ∼= M−Sets(F (X), (Y, a)).

Now we know the definitions of f and f̄ : f : X → U(Y, a) = Y and f̄ : (M ×X,µ×X)→ (Y, a); and

we also have the following diagram:

M ×M ×X
M×f̄ //

µ×X

²²

M × Y

a

²²
M ×X

f̄
// Y

We want f̄(µ×X) = a(M × f̄). The natural thing to do is to try f̄(m,x) = a(m, f(x)) = m.f(x) so

that f̄(m,x) = f̄(m.(1, x)) and therefore f̄(1, x) = f(x). We proceed now by first proving that (*) is

an isomorphism (given ε and η), then describing T = UF : Sets→ Sets, and finally describing SetsT.
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7 Seminar 7: 28th February 2003

7.1 Simplicial Resolutions, Part 2

Let us define T •(X) = Tn+1(X). We have the following diagram, representing a cosimplicial set (this

is for the reader to check), where T , η and µ are as in the previous seminar (before the aside):

. . . T 3(X)

µT //
Tµ //

oo ηT 2

oo TηT

oo T 2η

T 2(X)

µ //

oo ηT

oo Tη
T (X)

2 1 0 Dimension

Let us now dualise by reversing the roles of F and U so that we obtain T = FU (Groups to Groups),

a counit ε : T → 1, and a comultiplication m : T → T 2, FU
FηU−→ FUFU . To see what m does, let us

set up some temporary notation.

If g ∈ G, write (g) = g as a generator of T (G) and also as the single letter word in T (G). If

ω ∈ T (G) then ω = (g1)
ε1 . . . (gn)

εn , εi = ±1. Question: What is m(G)(ω)? Answer: We have

η(X) : X → UF (X), x 7→ (x), xε11 . . . xεn
n 7→ (x1)

ε1 . . . (xn)
εn , so m(G)(ω) = ((g1))

ε1 . . . ((gn))
εn , and

therefore m is a comultiplication for the comonad. We also have the associative law, visualised as

follows:

T
m //

m

²²

T 2

mT

²²
T 2

Tm
// T 3

Now if G is a group and we define Tn(G) = Tn+1(G), we have the following augmented simplicial set:

. . .
//

oo T 3(G)

εT 2
//

TεT //
T 2ε //

oo mT

oo Tm

T 2(G)

εT //
Tε //

oo m
T (G)

ε // G

This has a free group in all dimensions and has a trivial homotopy above dimension 0 (πo(T•(G)) ∼= G).

Further, UT•(G) is a contractible simplicial set:

UT 2(G)
oo //// UT (G) //// U(G)

s−1 = ηU(G)
oo

UFUFU(G) UFU
UFηUoo

ηUFU(G) = s−1

oo

Remark 7.1 The above is closely related to transversals/splittings in the extension theory discussed

earlier. Also, ηUFU(G) = s−1 in the above diagram acts like an additional degeneracy and gives a

contracting homotopy for (UT•(G)), but notice that s−1 is not a homomorphism.
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7.2 Cochain Complexes

Let A be an abelian group. Then Groups(T•(G), A) is a cosimplicial abelian group and so yields a

cochain complex C•(G,A) with the following diagram (dk = Groups(d
(T•(G))
k , A) and the cohomology

is the cohomology of G with coefficients in A):

Cn(G,A)

∂n

²²

∼= Group(T n+1(G), A)

∑

(−1)kdk

²²
Cn+1(G,A) ∼= Group(T n+2(G), A)

General references for this material include the monograph by J. Duskin in the AMS Memoirs and

‘The Triple Seminar’ in the Springer LNS, about 1967. Further, from work by André and Quillen,

we can build a simplicial resolution step-by-step, e.g. start with a presentation < X | R > for G and

obtain the following (for the (*) see papers by A. Mutlu and T. Porter):

(∗)
//

//

//

F (R t s0(X))

d1 //
d0 //

oo s0
F (X) // G.

7.3 Crossed Resolutions

Definition 7.2 A crossed complex C of groupoids is a sequence of morphisms of groupoids over C0

(a single vertical arrow implies source = target):

// Cn

β

²²

δn // . . . // C3

β

²²

δ3 // C2

β

²²

δ2 // C1

δ0

²²

δ1

²²
C0 . . . C0 C0 C0

Here {Cn}n>2 is a sequence of families of groups with indexing map β so that Cn = {Cn(p) | p ∈ C0},
where Cn(p) = β−1(p) and δ0 and δ1 are the source and target maps for the groupoid C1.

There is an action of C1 on the Cn for n > 2 (i.e. if p
a−→ in C1 and x ∈ Cn(p) then xa ∈ Cn(q)) such

that

1. Each δn is a morphism of groupoids over C0;

2. C2 → C1 is a crossed module;
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3. Cn (for n > 3) is a G-module (so each Cn(p) is abelian);

4. δ : Cn → Cn−1 for n > 3 is an operator morphism;

5. δδ : Cn → Cn−2 is trivial for n > 3; and

6. δ2C2 acts trivially on all Cn for n > 3.
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8 Seminar 8: 7th March 2003

8.1 Examples of Crossed Complexes

Example 8.1 Let G• be a simplicial groupoid, let NG• be a Moore complex and let Dn be the

subgroup of Gn generated by the degenerate elements.

Fact: NG• is a crossed complex (of groupoids) ⇐⇒ for each n > 1, NGn ∩ Dn consists just of

identities. Further, given any G•, define

C(G)n+1 =
NGn

(NGn ∩Dn)d0(NGn+1 ∩Dn+1)

for n > 0 and define C(G)n+1
∂−→ C(G)n induced by d0 — it follows that (C(G), ∂) is then a crossed

complex.

Definition 8.2 Given a group G and a crossed complex of groups C augmented over G,

C3
∂ // C2

∂ // C1
ϕ //___ G

(ϕ∂ = trivial), ((C, ∂), ϕ) is a crossed resolution of G if the sequence (above) is exact. Further, it is

a free crossed resolution if (C, ∂) is a free crossed complex, i.e. C1 is a free group, C2 → C1 is a free

crossed module, and all Cn for n > 2 are free ZG-modules.

Example 8.3 Take G = 〈X : R〉 = P, C1 = F (X), C2 = C(P) ∂−→ F (X), and let π = ker(∂ :

C(P)→ F (X)) be the module of identities (a G-module). Then the following is a free resolution of π

by G-modules:

. . . // C4
// C3

//

¾¾7
77
77
77

C2
∂ // C1

// G.

π

CC̈
¨̈

¨̈
¨

Example 8.4 (The Standard Crossed Resolution, F st(G)). Let F st
1 (G) be the free group on [a] for

a ∈ G and let F st
2 (G) be the free F st

1 (G)-module on ω : G×G→ F st
1 (G) defined by ω(a, b) = [a][b][ab]−1

(go round the diagram clockwise):

•
[b]

ÂÂ?
??

??
??

??
??

•

[a]

??ÄÄÄÄÄÄÄÄÄÄÄ

[ab]
// •

For n > 3, take F st
n (G) to be the free G-module on Gn with ∂3[a, b, c] = [a, bc][ab, c]−1[a, b][b, c][a]

−1

(right action, with [. . .] not referring to commutators here). If n > 4, we define ∂n[a1, a2, . . . , an]

= [a2, . . . , an]
a−1
1 +

(

n−1
∑

i=1

(−1)i[a1, a2, . . . , ai−1, aiai+1, ai+2, . . . , an]

)

+ (−1)n[a1, a2, . . . , an−1].
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We now have the following situation:

(free) (free) (free)

Simplicial Resolutions
C

?
// Crossed Resolutions

?
//___ (Chain) Resolutions

Bar Standard Bar

Let us first look at CrsComp (CrsG) → Chain Complexes.

Proposition 8.5 There is a functor ∆ : Ch(G-Mod) → CrsG given by: if M = . . . → Mn → . . . →
M2 →M1 →M0 in Ch(G-Mod), then ∆G(M)1 = G n M0 and ∆G(M)n = Mn−1 for n > 2. Further,

ϕ : ∆G(M)1 → G is a projection, ϕ(g,m) = g; and we have maps d
∆G(M)
n = dn−1 for n > 3,

d
∆G(M)
2 : M1 → GnM0, and d

∆G(M)
2 (m) = (1, d1(m)) (the details are left to the reader — specify the

actions).

Proposition 8.6 ∆G has a left adjoint.

Proof: The input data (what we’ve got) is shown below on the left, while the output data (what we

want) is shown below on the right:

²²Â
Â

²²Â
Â

C3
f3 //

²²

M3

²²
C2

f2 //

²²

M2

²²
C1

f1 //

ϕ

ÁÁ<
<

<
<

< GnM0

ϕ′
||z
z
z
z
z

G

C
f

CrsG
// ∆G(M)

ξ2(C)
f̄2 //

²²

M2

²²
ξ1(C)

f̄1 //

²²

M1

²²
ξ0(C)

f̄0 // M0

ξ(C) f̄

Ch(G−Mod)
// M

First, let us examine f1(c) = (ϕ(c), ∂ϕ(c)), where ∂ϕ : C1 → M0 is not a homomorphism. Question:

What is ∂ϕ(c, c
′)? Well, f1(c, c

′) = (ϕ(cc′), ∂ϕ(c, c
′)) and f1(c)f1(c

′) = (ϕ(c), ∂ϕ(c))(ϕ(c
′), ∂ϕ(c

′)) =

(ϕ(cc′), ∂ϕ(c).ϕ(c
′) + ∂ϕ(c

′)), a ϕ-derivation (the meaning of which we shall now investigate). 2

8.2 ϕ-Derivations

Consider G
ϕ−→ H and let M be a right H-module. A function ∂ : G → M is a ϕ-derivation if

∂(g1, g2) = ∂(g1)ϕ(g2) + ∂(g2) (Example: G = H and ϕ = IdG gives an ordinary derivation).
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Let us now take M = I(G) to be the augmentation ideal ker(Z(G)
aug−→ Z), and let dG : G→ I(G) be

defined by dG(g) = g − 1. Suppose ∂ : G → N is a G-derivation, and let us define ∂̄ : IG → N by

∂̄(g−1) = ∂(g), a G-homomorphism. Now {g−1 | g ∈ G} forms a basis for IG as a Z-module because

(g−1)g′ = gg′−g′ = (gg′−1)−(g′−1) and ∂̄((g−1)g′) = ∂(gg′)−∂(g′) = ∂(g)g′+∂(g′)−∂(g′) = ∂(g)g′.

Therefore,

G

∂

ÃÃ@
@@

@@
@@

@@
@@

dG

~~}}
}}
}}
}}
}}
}

IG
∂̄

// N

commutes and dG is the universal solution to ‘homomorphising’ G-derivations.

Next time, we shall discuss ϕ-derivations in more detail.
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9 Seminar 9: 14th March 2003

In the previous seminar we found a correspondence between ∂ : G→MG (derivations) and IG→MG

(homomorphisms). Now DerG(G,M) is the abelian group of G-derivations from G to M , which

is isomorphic to HomG(IG,M), the abelian group of homomorphisms IG → M . Note also that

DerG(G,M) ∼= Hom/G(G,GnM).

Definition 9.1 (IG, dg : g → g − 1) is the universal G-derivation.

Let Derϕ(G,MH) = {∂ : G→MH} (a set of ϕ-derivations). Note that if θ : MH → NH is a H-module

morphism and if ∂ : G→ MH is a ϕ-derivation then so is θ∂ : G → NH , i.e. assuming that θ∂ = ∂ ′

we claim that θ∂̄ = ∂̄′ in the following diagram:

M

θ

²²

G

∂

::uuuuuuuuuuuuuuuuuuuuuuu dG //

∂′

$$I
II

II
II

II
II

II
II

II
II

II
II IG

∃!
∂̄

CC̈
¨̈

¨̈
¨̈

¨̈
¨̈

¨̈
¨̈

∃!
∂̄′

¾¾7
77

77
77

77
77

77
77

7

N

Justification: ∂′ = θ∂ = (θ∂̄)dG and ∂′ = ∂̄dG. But ∂̄′ is the unique homomorphism such that

∂′ = ∂̄′dG.

Let us now go back to Derϕ(G,MH). We want to find a universal ϕ-derivation dϕ : G→ Dϕ, and Dϕ

must be a H-module. The following will be a sequence of attempts at constructing this ϕ-derivation.

(1) Let F be the freeH-module on symbols dϕ(g), g ∈ G. Let R be the subH-module of F generated

by all elements of the form dϕ(g1g2) − dϕ(g1)ϕ(g2) − dϕ(g2). Set Dϕ = F/R, dϕ : G → Dϕ

given by ‘dϕ(g) = dϕ(g)’. We must now check the Universal Property: we have a ϕ-derivation

G
∂−→ M and we want a Dϕ

∂̄ ?−→ M such that ∂ = ∂̄dϕ. On generators, ∂̄(dϕ(g)) = ∂(g); and

∂̄(R) = 0. But ∂̄ is unique so that G→ Dϕ must be the universal ϕ-derivation.

(2) ϕ : G→ H gives Zϕ : ZG→ ZH, which means that there are lots of functors around! In general,

if we have ϕ : R → S and N is an S-module, then N can be given an R-module structure by

n.r := nϕ(r) (let us call this result ϕ∗(N)). It follows that N → ϕ∗(N) is the same as Mod-S →
Mod-R. Therefore, there is an isomorphism HomR(M,ϕ∗(N)) ∼= HomS(M

⊗
R S,N).

Remark 9.2 M
⊗
R S has generators m⊗ s (m ∈M , s ∈ S); relators (m1 +m2)⊗ s = m1 ⊗ s+

m2⊗ s, m⊗ (s1+ s2) = m⊗ s1+m⊗ s2, and mr⊗ s = m⊗ϕ(r)s; and the S-module structure is
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induced by (m⊗ s1)s2 = m⊗ s1s2. For the intuition of M
⊗
R S, we can crudely think of the R as

R and the S as C so that the elements of M
⊗
R S are (in this restricted environment) expressions

of the form u+ iv with u, v ∈M .

It follows that HomG(IG, ϕ
∗(N)) ∼= HomH(IG

⊗
G ZH,N).

Lemma 9.3 If we have ϕ : G→ H and if N is a H-module, then Derϕ(G,N) ∼= DerG(G,ϕ
∗(N))

(the proof is obvious because ∂(g1g2) = ∂(g1)ϕ(g2) + ∂(g2)).

Theorem 9.4 Dϕ
∼= IG

⊗
G ZH such that the commutativity of the following diagram follows

from d′ϕ(g) = (g − 1)⊗ 1ZH :

Dϕ

∼=G

dϕ

::uuuuuuuuuu

d′ϕ $$H
HH

HH
HH

HH

IG
⊗
G ZH

Proof:

(i) Derϕ(G,N) ∼= DerG(G,ϕ
∗(N)) ∼= HomG(IG, ϕ

∗(N)) ∼= HomH(IG
⊗
G ZG,N) so that Dϕ

∼=
IG

⊗
G ZG.

(ii) d′ϕ(g1g2) = (g1g2− 1)⊗ 1 = (g1− 1)g2⊗ 1+ (g2− 1)⊗ 1 = (g1− 1)⊗ϕ(g2) + (g2− 1)⊗ 1 =

d′ϕ(g1)ϕ(g2) + d′ϕ(g2).

(iii) Derϕ(G, IG
⊗
G ZH) ∼= DerG(G,ϕ

∗(IG
⊗
G ZH)) ∼= HomG(IG, ϕ

∗(IG
⊗
G ZH)) ∼= HomH(IG

⊗
G

ZH, IG ⊗
G ZH) (the (universal) ϕ-derivation d′ϕ corresponds to the identity in the final

expression).

2

9.1 Fox Derivatives

Take F to be the free group on X and define ∂
∂x : F → ZF (given x ∈ X) as follows: ∂

∂xy = 1 if x = y,
∂
∂xy = 0 if x 6= y, and extend by the derivation formula. For example, ∂

∂x(xyz) =
∂
∂x(x)yx+

∂
∂x(yx) =

yx + ∂
∂x(y)x + ∂

∂x(x) = yx + 1. In the next seminar, we’ll discuss the relationship between Fox

derivatives and universal derivations.
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10 Seminar 10: 2nd April 2003

10.1 Commutative Algebra and Algebraic Geometry

Working in the classical setting, we shall consider an algebraic closed field k.

Definition 10.1 A variety V is defined to be a closed algebraic subset of kn,

V = {(x1, . . . , xn) | f1(x1, . . . , xn) = 0, . . . , fm(x1, . . . , xn) = 0},

where the fi are polynomials over k.

If we look at A = (f1, . . . , fm) ⊆ k[x1, . . . , xn] (the ideal generated by the fi’s in the above definition),

if x ∈ V and g ∈ A then it follows that g(x) = 0 and V = V (A) = {x ∈ kn | g(x) = 0 ∀ g ∈ A}. Note

that this does not depend on A being finitely generated because k[x1, . . . , xn] is a Noetherian ring.

If Σ is a closed algebraic set, Σ ⊆ kn, let us define I(Σ) = {g ∈ k[x1, . . . , xn] | g(x) = 0 ∀ x ∈ Σ},
an ideal in k[x1, . . . , xn]. It follows easily that Σ = V (I(Σ)) but is it true to say that I(V (A)) = A?

Inventing an example to see that the equality does not hold, let n = 2, m = 1 and A = ((x1−x22)2) so
that V (A) = the parabola (t2, t), but I(V (A)) = ((x1−x22)). In fact, instead of equality, the following

result tells us what to expect:

Theorem 10.2 (Hilbert Nullstellensatz): I(V (A)) =
√
A = {f | f r ∈ A for some r}. (For the proof it

is clear that
√
A ⊆ I(V (A)); the rest of the proof is omitted).

By the above theorem, it follows that there is a one-to-one correspondence between the V ’s (the

closed algebraic subsets) and the radical ideals A (
√

(A) = A). This sets up a lattice isomorphism

A ⊂ B ⇒ V (A) ⊃ V (B) and Σ1 ⊂ Σ2 ⇒ I(Σ1) ⊇ I(Σ2). Furthermore, we have the two properties

V (ΣAα) =
∩
α V (Aα) and V (A ∩B) = V (A) ∪ V (B), properties which suggest that the V (A)’s form a

collection of closed sets for some topology on kn, a topology which we shall now discuss.

10.2 The Zariski Topology on kn

The Zariski topology on kn is defined as follows: TZar(kn) = {complements of V (A)’s in kn}. As

an example, consider k1. If A is an ideal in k[x], then there exists an f such that A = (f). Since

k is algebraically closed, we have f = f(x) = c(x − a1) . . . (x − ar), with c, ai ∈ k. It follows that

V (A) = {a1, . . . , ar} and in this case TZar(k1) is made up of all finite complement sets in k plus the

empty set.

Remark 10.3 φ←→ constant polynomials f = c, c 6= 0; k1 ←→ f = 0.

Remark 10.4 The topology is non-Hausdorff e.g. for k = C.
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Definition 10.5 Given a topological space X, a subset Y (6= φ) of X is irreducible if Y = Y1 ∪ Y2
(Y1, Y2 closed) ⇒ Y1 = Y or Y2 = Y .

Example 10.6 k1 is irreducible — its only proper closed subsets are finite yet k is infinite.

Definition 10.7 If X is irreducible and U ⊂ X is open and nonempty, then U is irreducible and

dense.

Definition 10.8 If Y ⊂ X is irreducible then so is Ȳ .

Definition 10.9 An affine (algebraic) variety is an irreducible closed subset of kn (with the induced

topology).

Definition 10.10 An open subset of an open variety is known as a quasi-affine variety.

Remark 10.11 If Σ ⊂ kn is any subset, then V (I(Σ)) = Σ̄ in the Zariski topology.

Lemma 10.12 If Σ = V (A) with A =
√
A, then Σ is irreducible ⇔ A is a prime ideal.

Proof: (⇒) If Σ is irreducible, consider an element fg ∈ I(Σ). Because Σ ⊂ V (fg) = V (f) ∪ V (g),

we have Σ = (Σ∩V (f))∪ (Σ∩V (g)). Therefore, either Σ = Σ∩V (f) and Σ ⊆ V (f), or Σ = Σ∩V (g)

and Σ ⊆ V (g). It follows that either f ∈ I(Σ) or g ∈ I(Σ).

(⇐) If p is a prime ideal and if V (p) = Y1 ∪ Y2, then p = I(Y1)∩ I(Y2) so that p = I(Y1) or p = I(Y2),

i.e. V (p) = Y1 or V (p) = Y2. 2
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