Gareth Evans | IPM 4097 Project | 2001-2002

Knuth-Bendix Rewriting Methods




Abstract

The goal of this project was to implement efficient rewriting methods for monoids by using the
computer software library known as ‘frmon’ provided by Professor Larry Lambe of the
Multidisciplinary Software Systems Research Corporation (MSSRC). This involved implementing the
usual Knuth-Bendix critical pairs completion algorithm on the free monoid, and also an extended
Knuth-Bendix critical pairs completion algorithm for induced monoid actions, based on the work
carried out by Brown/Heyworth [A]. The resulting programs are accessible by first logging in to the
mat h2 server and then going to the/ mn3/ usr/ |'i b/ fr eenon2/ gar et h/ kbi a directory.

The free monoid library ‘frmon’ is essentially an extension of the C programming language, in
the sense that the library provides variables and functions for representing and manipulating monoids
that can be used in normal C source code. We can think of the library as providing a base upon which
we can build complex mathematical algorithms, using merely a simple text editor in the FreeBSD Unix
Operating System.

The Problem

Given a monoid presentation for a monoid M, such as the shown monoi¢ U A-
. : . . : . A™XA ® |

presentation for the symmetric group S(3), our first task is to find a complete rewrit A
: 7 AXA™® |
system for M such that given any word ‘W' in the generators of M, we can reduce BXB ® |
that word to a ‘normal form’ i.e. an element of M. Considering S(3), which has s BxB' ® |

elements, the task in this case is to determine which of the six elements of S(: s
corresponds to an arbitrary word w in the monoid generators of S(3) after reduction, (A+)2 ® I
reduction being the process where we use rewrite rules of the form | ® r to simplif . (B+)2 ® I
agiven word w. (A'xB")?® |

In order to perform the above task, we need algorithms for calculating the elements of a
monoid, for finding a complete rewrite system for a monoid, and for reducing a given word using a
given rewrite system. These algorithms were implemented by converting similar algorithms found in
''dRel’ [B], a package forming part of the third version of the GAP program, and they then provided
templates for my part of the coding process, namely the implementation of a Knuth-Bendix critical
pairs completion algorithm for induced monoid actions.

Induced Monoid Actions

Consider that we are given two monoids M and N, a monoid M-set X, and
amonoid morphism f: M ® N. Our task hereisto find amonoid N-set Y with the X~ =Y
property that f preserves the M-action, so that there exists a function f. such that f.
f.(x™ = (f-(x))"™, and a universal property is satisfied. If we can find such an N-set
then the N-action is called the action of N induced from that of M by f.

It can be shown that one such set Y is the set *N/.z->, where <<R>> is the f
equivalence relation generated by the set of rewrite rules (x, f(mn) ® (x™, n). Ir M —— N
this case, on applying the Knuth-Bendix critical pairs completion algorithm to thi>
set of rewrite rules, our goal is to provide a complete rewrite system for the set XxN, so that any
element of the set XxN can be reduced to a unique normal form (by using rewrite rules of the form (x,
n) ® (X, n)). Given such a complete rewrite system, we can then go on to find al of the equivalence
classes that make up theset Y.

In order to do al of the above, we again need suitable algorithms for calculating elements, for
finding complete rewrite systems and for reducing words, and the purpose of this report is to guide the
reader through the processes involved in obtaining and then testing these algorithms.



Table of Contents

Page Description

2 Abstract

5-8 Chapter 1: Preliminary Results
5 1.1: Basic Facts
6 1.2: Monoid Theory
7 1.3: Monoid Actions

9-30 Chapter 2: String Rewriting Systems
9 2.1: Introduction
10 2.2: The Knuth-Bendix Critical Pairs Completion Algorithm
11 2.3: Using the Knuth-Bendix Critical Pairs Completion Algorithm
15 2.4: Completion
16 2.5: Obtaining the Elements of a Monoid
18 2.6: Knuth-Bendix Rewriting for Actions
18 2.6.1: Defining an M-set
19 2.6.2: Induced Monoid Actions
21 2.6.3: Induced Monoid Actions: An Example
23 2.7: The Knuth-Bendix Critical Pairs Completion Algorithm

for Induced Monoid Actions

25 2.8: Using the Algorithm in Section 2.7
27 2.9: Obtaining the Elements of the set Y

30

2.10: How much information do we need to find the elements of the set Y?




Table of Contents

Page Description
31-55 Chapter 3: Implementation
31 3.1: A Simple Example on the use of the library
31 3.2: Implementing the Algorithms discussed in Chapter 2
32 3.2.1: fMonWordReduce
33 3.2.2: fMonRulesReduce
34 3.2.3: fMonKnuthBendix
38 3.2.4: fMonMonoidElements
39 3.2.5: The ‘kbe’ and ‘kba’ Programs: Part 1
40 3.2.6: intFMonL istWordReduce
42 3.2.7: intFMonRulesReduce
43 3.2.8: intFMonKnuthBendix
48 3.2.9: intFMonMonoidElements
50 3.2.10: The ‘kbe’ and ‘kba’ Programs: Part 2
56-64 Chapter 4: Analysis of the Programs
56 4.1: Using the Programs
59 4.2: Comparisons
62 4.3: Improvements
65 Conclusions
66 Bibliography
67- Appendices
Al-A23 Appendix 1: The User Manual
B1-B35 Appendix 2: Source Code
C1-C16 Appendix 3: Program Output




Chapter 1: Preliminary Results

In order to talk about what the computer programs associated with this project accomplish, we
must first set up some underlying theory...

Definition 1.1:

Example 1.2

Definition 1.3:

Example 1.4

Definition 1.5:

Example 1.6:

Definition 1.7:

Example 1.8:

Definition 1.9:

1.1: Basic Facts

A set isacollection of objects where the objects are called elements or members
of the set. It isusual to list the elements of aset inapair of curly braces{ }.

The set A of all integers between 0 and 5 is given by
A={0,1,23,4,5},orA={nl Z:0En£B5}.

If the number of elementsin aset Sisafinite number 'n', then we say that S has
order 'n" and we write |S| = n.

For the set A above, |A| = 6.

A binary operation * on a set S is a function which associates with each
ordered pair (a, b) of elements of Sauniquely defined element (a*tb) T S, i.e. we
have*: SxS® S.

Addition, +, isabinary operation over the real numbers:
For any two real numbers a, b1 R, the sum of the two numbers is aso a real
number: a+b=cl R.

Let {S, *} beaset Swith abinary operation *.
{S, *} iscaled amonaid if the following axioms are satisfied:

(1) The binary operation * is associative, i.e.
X*(y*2) = (x*y)*z " x,y,z1 S

(2) The set S has an identity element | such that
| *x=x*l =x " xI S.

{R, x}, the set of real numbers under multiplication, forms a monoid.

Proof: Because multiplication is an associative operation (xx(yxz) = (xxy)xz
foral x,y,z1 R), and because the identity element for multiplication is
the number 1 (1xx = xx1=xfor al xT R), then{R, x} isamonoid.

Note that there is no need in the above to exclude zero from the set R because
no inverses are required (as would be the case when dealing with groups).

A monoid is Abdlian if x*y = y*x for all x,y1 S.



1.2: Monoid Theory

L et us now give some theory regarding monoids and monoid presentations.

Definition 1.10:

Example 1.11:

Remark:

Definition 1.12:

Definition 1.13:

Definition 1.14:

Definition 1.15:

Remark:

Definition 1.16:

Definition 1.17:

A presentation for a monoid M is a way of representing the elements of the
monoid by giving a list of the generators of the monoid (which form the
alphabet associated with M) together with a set of relators which specify which
words in the generators of M can be rewritten as the identity word.

Consider the symmetric group on 3 elements, S(3), which we normally think of
as consisting of the six elements (1), (1 2), (1 3),(23), (12 3) and (1 32). S(3)
can be thought of as a monoid by giving the following monoid presentation for
the group S(3):

S(3) = <A*, B, A, B |A'™XA =1 ,AxA*=| ,B*xB =1 ,BxB* =1, (A" =1,
(B*2=1, (A*xB*)2 =] >,

Notice that because a monoid has no inverses, we must specify positive and
negative generators as well as providing the relators which say that a ‘ positive’
generator multiplied by a ‘negative’ generator must be rewritten as the identity
word.

From now on, we will drop the“=1" from our presentation notation so that, for
example, the above monoid presentation for S(3) changes to the following:

8(3) — <A+, B+, A_, B |A+XA-’ A_XA+, B+XB_, B-XB+’ (A+)3, (B+)2, (A+)(B+)2>_

A free monoid on an alphabet A is denoted by A" and is the set of all possible
words in the alphabet A unrestricted by any relators.

Let G and H be monoids. A homomorphismfrom GtoHisamapf: G® H
such that, for all xandy in G, we have f (xy) = f (X)f (y).

Let G and H be monoids. A monoid morphismfromGtoH isamapg: G® H
such that g is a homomor phism and the following property holds: q(l ) = | u,
where | ¢ and | 4 are the identity words in G and H respectively. Alternatively,
we may think of a monoid morphism as being a map q which preserves
multiplication and maps identities to identities.

An isomorphism is amonoid morphism from G to H which is abijection. In this
case, wewrite G = H.

If G = H, then there exists monoid morphisms: G® Handq': H® G such
that qq' is the identity map of G and g'q is the identity map of H. In this
situation, we can refer to the map g as the inverse of the map g.

A relation R on amonoid M (i.e. a set of ordered pairs (x, y) = xRy, with x, y T
M) is an equivalence relation if Risreflexive (xRx " x1 M), symmetric (xRy
P yRx " x,yI M)andtransitive (xRy andyRzb xRz " x,y,z1 M).

Given arelation R on amonoid M which is an equivalence relation, the quotient
monoid M/R is the set of equivalence classes [m] (m1 M) associated with R
(with monoid multiplication [m][n] = [mn] (m, nT M)), where the equivalence
class[m] of anelementmi M istheset{nT M:nRm}.



Remark:

Definition 1.18:

Given a monoid presentation for a monoid M, M = <X | R>, we can now think
of the monoid M as being the quotient monoid of the free monoid on the
generators X by the equivalence relation generated by the relators R, i.e. M=
X'/<<R>>. We will comment further on the nature of <<R>> (in chapter 2)
once we have developed some more theory.

Given a monoid M, a monoid morphism of the foom g- M ® M is called a
monoid endomorphism.

1.3: Monoid Actions

In this section, we shall first give two definitions of what a monoid M-set is, and we shall then
go on to show that these two definitions are in fact equivalent.

Definition 1.19:

Remark:

Definition 1.20:

Remark:

Proposition 1.21:

Proof:

Given amonoid M and a nhon-empty set X, the set X isamonoid M-set if there
exists ahomomorphism g: M ® Ty, where Tx isthe full transformation monoid,
the set of all endomorphisms from X to X.

Formi Mandx1 X, wewritetheimage q(m)(x) asx™ or as xem.

If we number the elementsof X as X ={1, ...., n}, then we may adopt a notation
similar to permutation notation to write down the elements of Tx. For example,
if n=2, thenit follows that

nel(1)(33)(3 )0

We can easily see from the above that if |X| = n, then [Tx|=n".

Consider that we have a monoid M and a non-empty set X. The set X is a
monoid M-set if there is an associative mapping with an identity from XxM into
X, under which the product of any member of X with any member of M is a
member of X, such that for each xT X and eachm, nT M, we have xs(mn) =

(xsm)en and xs| = x, where| istheidentity element of M.

We may also refer to a monoid M-set as defined in either of the two definitions
above as the action of the monoid M on the set X.

The two definitions of a monoid M-set as defined in Definitions 1.19 and 1.20
are equivalent.

Assume first that Definition 1.19 holds. We must show that given a monoid
M-set as defined in Definition 1.19, we can construct a mapping with the
properties defined in Definition 1.20.

Consider that the mapping is defined by xem = g(m)(x). Let us now verify that
this mapping has the required properties.

Because q is a homomorphism, then we have g(mn) = g(m)q(n).
It follows that g(mn)(x) = (q(m)q(n))(x);
xe(mn) = g(n)(xem) (composing left to right);
xe(Mn) = (Xem)en.



Example 1.22:

To show that x|l = x, all we need do is to show that q(I ) is the identity
transformation (because xel = q(l )(x) = xif q(I ) isthe identity transformation).

Now (xel )el =xe(l ?) by the above result;
(Xel Yol = Xel because | 2=
Pyl =y if welety = xl
b a(l)y) =y

P q(l ) must be the identity transformation (it leaves y unchanged).
This completes the first half of the proof.

Assume now that we have a mapping that has the properties given in Definition
1.20. Because in thiscase xsm=y 1 X isdefined for all xT X andal mT M,
then we can construct a function q of the required form by letting xem =

q(m)(x).

Now xs(mn) = (xsm)en for all xT X andallm,nT M

P g(mn)(x) = q(n)(xsm) for all xT X andal mni M

b g(mn)(x) = q(n)(g(m)(x)) for all xT X andal mni M
P g(mn)(X) = (q(m)q(n))(x) for all xT X andal mnT M
b g(mn) = g(m)g(n) foral m,nT M

P g isahomomorphism, asrequired. QED.

Considering the symmetric group S(3) on three elements again, we can form a
monoid S(3)-set X by specifying that X is the set consisting of the elements of
SB) (e X ={(D, (12, (13,23, (123, (132}, ad that the
homomorphism q: S(3) ® Tx isgiven by letting (for every al S(3)) q(a) be the
transformation of elements of X given by multiplying each element of X on the
right by a

For example, to find out which element of Tx corresponds to q((2 3)), al we
have to do is to multiply each element of X on the right by (2 3) to give the set
{(23),(132),(123),(2), (13), (12)} (after simplification).

_ @ @2 (13 (23) (123 (132
ItfoIIowsthatq((23))—[(23) (132) (123) (1) (13) (12 J

sothat eg. q((2 3))((1 2)) = (13 2).

Alternatively, in order to calculate q(a)(x) for arbitrary al S(3) and x T X, we
see that we only need calculate the monoid product ax. For the example where a
=(23)and x=(12), weseethat q((2 3))((12)) = (1 2)(2 3) = (1 3 2) as before.



Chapter 2: String Rewriting Systems

2.1: Introduction

Given a monoid presentation for a monoid M, can an arbitrary word w in the generators of M
be simplified or reduced? The answer to this question depends on whether there exists a set of rewrite
rules which say that a subword of w can be rewritten or simplified, thus producing another word w'.

Definition 2.1: A set of rewrite rules for a monoid M is a set of the form {(I: ® ry), (I.® r)),
.., (In® 1y}, where each element of the set is a rule which specifies that
whenever we see the term |; in any arbitrary word w, then we should replace it
with the term ri. We refer to the set of rewrite rules as arewrite system.

As an example, consider the following set of ten rewrite rules:

1) Axa® | (6) b® B

(2 axA ® | (7) Bxa® AxB
3 B2® | (8) axB ® BxA
4) &® A 9) BxAxB® a
5) A2® a (100 AxBxA® b

Given the arbitrary word w = B3xaxbxA2xb®, we can simplify it using the above rules as follows
(where we work from left to right and underline the piece of the word that changes):

B3xaxbxA2xpb®

® BxaxbxA2xb® (using rule (3))
® AxBxbxA2xb>  (using rule (7))
® AxBxBxA2xb®>  (using rule (6))

® AxA2xp’ (using rule (3))

® axAxb® (using rule (5))

® b (using rule (2))

® B® (using rule (6) 5 times)
® B (using rule (3) twice).

Now that we cannot reduce the word any further, we say that the normal form of the word w
= B3xaxbxA2xb® is the word B.

Definition 2.2: A word w is anormal formif there are no rules in an associated rewrite system
that ssimplify or reduce the word w.

It happens that the above rewrite system is the complete rewrite system for S(3), the symmetric
group on 3 elements — with the modifications A = A*, a= A", B =B* and b = B". Note that thisis the
convention that we will use for the rest of this report — a capital letter will represent a 'positive’
generator, whilst alower case letter will represent a'negative' generator.

Definition 2.3: A complete rewrite system is a rewrite system that rewrites any word w in the

generators of agiven monoid M as aunique element mi M.



2.2: The Knuth-Bendix Critical Pairs Completion Algorithm

How can we be sure that a given rewrite system is complete? The answer lies in the application
of an algorithm known as the Knuth-Bendix critical pairs completion algorithm, which attempts to
complete any given rewrite system. Basically, this algorithm looks for overlaps of left hand sides of
rewrite rules and produces new rules by reducing overlapped words in two ways, producing what is
known as a critical pair. If the two elementsin acritical pair differ after reduction, then we produce a
new rule based on the order in which we define words to be ordered in M.

We continue to do this until no new rules are found during a particular iteration of the
algorithm — we therefore know that after this our rewrite system is complete, and thus we may then
reduce an arbitrary word w in the generators of amonoid M to aunique element mi M.

Definition 2.4:

Example 2.5:

Definition 2.6:

Definition 2.7:

Remark:

Definition 2.8:

Definition 2.9:

A total order on a monoid M is a system which tells you which word is the
‘bigger’ out of any two arbitrary words. For example, the lexicographic order,

known simply as ‘lex’, orders words alphabetically, while the ‘length-lex’

order orders the words by length first, and then (if the lengths are equal) by
alphabetical order. Unless otherwise stated, we shall use the length-lex order for
the remainder of this report.

Consider amonoid M which has an associated alphabet a ={a, b, c, d}.
Using lex order (a< b <c<d), it follows that ac > ab and dca > baacd,
whilst using length-lex order, it follows that dd > a, baacd > dcaand ab > aa.

A well-ordering on a monoid M is a total order on M in which there is no
infinite sequence of wordsw; > w, > ..., where the w; are words in the generators
of M.

A total order on amonoid M with generators G isadmissible if y > zimplies uyv
>uzvforaly,zuvl G.

The total orders lex and length-lex are easily shown to be admissible.

A rewrite system R is compatible with an admissible well-ordering if | > r for all
L,nl R

Two words w; and w;, are said to overlap if they share a common subword, i.e.
we have w; = ulv and w, = plg, where u, v, p and q are arbitrary (perhaps empty)
words, and | is not the empty word. We refer to | as the overlap word.

Let us now consider the Knuth-Bendix critical pairs completion algorithm in more detail, and,
in particular, we shall consider how we could implement the algorithm on a computer.

Algorithm 2.10:

The Knuth-Bendix Critical Pairs Completion Algorithm for a Free
Monoid.

Input: An initial rewrite system A (using an admissible well-ordering)
which is associated with a presentation for amonoid M.

Output: A complete rewrite system for M, so that any word in the
generators of M reduces to a unique element of M (a norma
form).



Algorithm:

Remark:

Let A ={a, ..., &} betheset of initial rewrite rules. For any pair
of rulesa=(i® r)anda=(;® r) (i,j =1, ..., n), look for any

overlaps between |; and ;. If an overlap is found, then reduce the
overlap word w in two ways — first using rule & and then using
rule § — to give two words w; and w,. Reduce w; and w, using A
togiveacritical pair of wordsw’; and w'».

If Wi =W, then do nothing; but if w;,* w',, then add the rule
W.1® W) ortherule(w,® w';)to A, based on the total order
chosen, i.e.add (W1 ® W) if w;>w, andadd (W, ® w,) if
Wo> W

Repeat the above until no more new rules are added to A during
any particular pass of the algorithm. Further, after every pass of
the algorithm, analyse the list of rules to see if the list contains
any redundant rules, i.e. rules which are implied by the other
rulesin thelist.

There are two types of overlap word, summarised by the
following diagram:

Overlap Type 1 Overlap Type2
€ w ) € w )
% Vl |

reduce\‘ reduc%
2

1
U, <————> U, <—/—>V,
2

W, W, W, W.
\l/ reduce \l/ reduce
using A using A
W) A W) A
Overlap Type 1. Overlap Type 2.
W:|1V1:U2|2 W:|1:U2|2V2
Wiy = IV, Wo = Wl W1 =T, Wz = Ual2V2

In order to enhance our understanding of the above algorithm, let us now consider an example

on the use of the algorithm.

2.3: Using the Knuth-Bendix Critical Pairs Completion Algorithm

Consider the symmetric group on three elements, S(3), with monoid presentation (as given on

page 6)

S(3) = <A*, B*, A, B | A*xA", AXA*, B*xB", BxB*, (A*), (B*)?, (A*xB*)2>.

Asdiscussed previoudly, if welet A = A" and a= A, etc., then the monoid presentation changes

to

S(3) =<A, a B, b| Aa, aA, Bb, bB, A3, B2, ABAB>.



To start the algorithm with this presentation for S(3) as input, we set up alist of initial rewrite
rules taken from the given presentation:

INITIAL LIST OF REWRITE RULES

1) Aa® | (5) A*® |
2 aA® | 6) B2® |

(3) Bb® I (7) ABAB® |
4 DbB® I.

According to the algorithm, we must now iterate the process of looking for overlaps between
left hand sides of rewrite rules until no new rule is added to the list of rewrite rules during a particular
iteration of this process.

At this stage, let us consider the process of finding overlaps between the left hand sides of two
rewrite rules. If we assume that we are comparing the left hand sides of the two rulesa, = (I: ® r;) and
& =(12® ry), with |l;] =a and |I,| = b, then there are two types of overlap to consider, as we have seen
from the definition of the algorithm. Assuming (w.l.0.g.) that a £ b (if b < a, then just swap around the
elements of & and & in what follows), then an overlap word will either be of ‘Type 1, in which case I,
will overlap |, on the left or on the right; or will be of ‘Type 2’, in which case |, will appear inside |,:

Overlap Type 1 Overlap Type?2
ﬁ or Hl ﬁ
1 1
I, I, 1,

Looking at things from the computer’ s perspective, an overlap occurs when some subword of |,
equals some subword of |,. The pseudo code for finding overlaps could therefore look as follows,
where the symbol ‘==" represents ‘the same as', suf fi x(1,., i) represents the suffix of the word I, of
length i, prefix(l, i) representsthe prefix of the word I, of length i, and subword(1,, i, i+a)
represents the subword of the word |, starting at position i and finishing at position i+a.

Red overlap:
for i =1to a-1
{

if (suffix(ly i) == prefix(l, i))
then an overlap has been found
el se no overlap is found

}

Blue overlap:

for i =1to a-1

{
if (suffix(ly i) == prefix(ly i))
then an overlap has been found
el se no overlap is found

}

Purple overlap:

for i =1 to b-a+l

{
if (I, == subword(l,, i, i+a))

then an overlap has been found
el se no overlap is found



If an overlap word is found, then we reduce as specified in the algorithm to obtain a critical pair
of words w'; and w',. We then decide whether to add a rule involving w'; and W', to our list of rewrite
rules based on the total order chosen.

Let us now start applying the algorithm to our example by looking for overlaps between the left
hand side of rule (1), Aa, with itself, i.e. we have |; = |, = Aa. We can see that as there is only one
possible overlap in this case — when w = |, = |, (an overlap of type 2), and as the words then reduce to
wi =1 and w, = |, then there is no need to add anything to our list — it follows that wi' =w," =1 .
However, for this first step, let us consider what the computer would do when attempting to find
overlaps between |; and I, — we will follow the pseudo code written down previously for the ‘red’,
‘blue’ and ‘purple’ overlaps:

|1:Aa,'r1:| ;a=||1|=2.
|2:Aa;r2=| ,b:||2|=2

‘Red’ overlaps: i goesfrom1t02-1=1.

i =1 Question: Is (suffix(ly, 1) == prefix(l,, 1))?
Answer: No, as suffix(l;, 1) = a, and prefix(l,, 1) = A.
Conclusion: No overlap found.

‘Blue’ overlaps: i goesfrom 1to2-1=1.

i =1 Question: Is (suffix(l,, 1) == prefix(l1, 1))?
Answer: No, as suffix(l,, 1) = a, and prefix(l,, 1) = A.
Conclusion: No overlap found.

‘Purple’ overlaps: i goesfrom 1to 2-2+1 = 1.

i =1 Question: Is(l; == subword(l, 1, 2))?
Answer: Yes, asl, = Aa, and subword(l, 1, 2) = Aa
Conclusion: Overlap found, and the overlap word is Aa

We now reduce the overlap word Aa, first using &, = (I: ® r;) togivel , and then using
a=(.® ry) toasogivel . It follows that as we cannot reduce | any further using the
initial list of seven rewrite rules, and as the two reduced words are equal, then there is
no need to add another rewrite rule to our list of rewrite rulesin this case.

As we have now considered all the potentia overlaps involving the left hand side of rule 1 with
itself, we can now go on to look at the next comparison — rule 1 with rule 2, say. Here, I, = Aaand |,
= aA, and we can see that we have asingle type 1 overlap in this case (detected under the ‘red’ section
of our pseudo code), the overlap word being AaA. On reduction, however, we get w," = A and w,’ =
A, so again there is no need to add a new rewrite rule to our list of rewrite rules as the reduced words
are equal to each other.

As in the above, no new rules are added to our list of rewrite rules when we compare the left
hand side of rule 1 with the left hand sides of rules 3 and 4, but when we compare rule 1 with rule 5,
we do get anew rule, so let us again consider what the computer would do in this situation.

|1:Aa,' r1:| ;a=||1|=2.
L=A3=AAA;r.=I1;b=],=3

‘Red’ overlaps: i goesfrom1t02-1=1.

i =1 Question: Is (suffix(ly, 1) == prefix(l,, 1))?
Answer: No, as suffix(l;, 1) = a, and prefix(l,, 1) = A.
Conclusion: No overlap found.



‘Blue’ overlaps: i goesfrom 1to2-1=1.

i =1 Question: Is (suffix(l,, 1) == prefix(l1, 1))?
Answer: Yes, as suffix(lz, 1) = A, and prefix(l1, 1) = A.
Conclusion: Overlap found, and the overlap word is AAAa

We now reduce the overlap word AAAa, first using a; = (I: ® r,) to give AA, and then
using & = (l. ® ry) to give a. These words cannot be reduced any further using our
initial set of seven rewrite rules, and as the two reduced words are not equal, then we
have to add a new rewrite rule to our list based on the total order in use. If we assume
that the total order in use is the length-lex order, then we see that aswe have AA > a, it
follows that we have to add therule as = AA ® ato our list of rewrite rules.

‘Purple’ overlaps: i goesfrom 1to 3-2+1 = 2.

I =1 Question: Is(l; == subword(l, 1, 2))?
Answer: No, asl; = Aa, and subword(l, 1, 2) = AA.
Conclusion: No overlap found.

i =2 Question: Is (I, == subword(l>, 2, 3))?
Answer: No, asl; = Aa, and subword(l, 2, 3) = AA.
Conclusion: No overlap found.

During the remainder of the first iteration of the algorithm, we would find that we would
generate new rewrite rules by comparing rule 2 with rule 7, rule 3 with rule 6, and rule 3 with rule 7.
These rewrite rules can be seen in the following list of rewrite rules:

LIST OF REWRITE RULES AFTER PASS 1 OF THE ALGORITHM:

1) Aa® | 8 A2® a
2) aA® | (99 BAB® a
(3) Bb® | (100 b® B
4 bB® | (1) ABA® b
(5) A*® |

6) B2® |

(7) ABAB® |

Now that we have finished the first iteration of the algorithm, we must analyse the above list of
rewrite rules to see if any rulesin the list are redundant, i.e. implied by all the other rules in the list.
The way we do thisisto remove each rule g = (Ii ® 1) fromthelistinturn (i = 1, ..., n), and look to
seeif |; reduces to r; using only the other rulesin the list. If |; does reduce to r; using this method, then
rule a is redundant and we may remove it from the list.

For the above list of rewrite rules, we see that rules 3, 4, 5 and 7 are redundant:

Rule3: LHS =Bb Rule5: LHS = AAA
® BB (by rule 10) ® aA (by rule 8)
® | (by rule 6) ® | (byrule?2)
= RHS. = RHS.
Rule4: LHS =bB Rule7: LHS = ABAB
® BB (by rule 10) ® bB (by rule 11)
® | (by rule6) ® | (byruled)
= RHS. = RHS.

Therefore, after reduction, our new list of rewrite rules looks as follows;



LIST OF REWRITE RULES AFTER PASS 1 AND AFTER REDUCTION:

1) Aa® | (5) BAB® a
2 aA® I 6) b® B
(3) B2® | (7) ABA® b
4 A2® a

We now go on to perform the second pass of the algorithm on the above list, doing exactly the
same things as before. The algorithm will then continue until during a particular iteration of the
algorithm, no new rules are added to our list of rewrite rules (when this happens, the list of rewrite
rules becomes a complete rewrite system). In this particular example, no new rules are found during the
third pass of the algorithm, and the complete rewrite system thus obtained is as follows:

COMPLETE REWRITE SYSTEM FOR $(3):

1) Aa® | 6) b®B
2 aA® | (7) ABA® b
(3) B2® | 8) &® A
4 A2® a (9) aB® BA

(55 BAB® a (10) Ba® AB

2.4: Completion

For a given input to the Knuth-Bendix critical pairs completion algorithm, will the algorithm
terminate or not? In genera, this is an unanswerable question — but if the input has some of the
following properties, then we will be able to comment on whether the algorithm terminates or not.

Definition 2.11: A noetherian rewrite system is a rewrite system R which is compatible with an
admissible well ordering, i.e. given an arbitrary word w, the process of reducing
w using R is afinite process.

Definition 2.12: A confluent rewrite system is a rewrite system in which every arbitrary word u
has a unique normal form, i.e. if the word u reduces to words v and w, then v
and w reduce to a common term.

Definition 2.13: A rewrite system R is locally confluent if for arbitrary wordsw, x andy, w® x
and w ® y imply that there exists a word z such that both x and y reduce to the
word z

Definition 2.14. A rewrite system R has the Church-Rosser property if given words x and y such

that x reducesto y using R and y reduces to x using R, then there existsaword z
such that both x and y reduce to the word z

Given an initial rewrite system A associated with a presentation for amonoid M (where A uses
an admissible well-ordering), the Knuth-Bendix critical pairs completion algorithm attempts to find a
complete rewrite system for M. Using the above definitions, we see that a complete rewrite system for
M can equivalently be thought of as a noetherian confluent rewrite system for M.

It can be shown (see [5], page 54) that given any rewrite system A associated with a
presentation for a monoid M (where A uses an admissible well-ordering), the Knuth-Bendix critical
pairs completion algorithm will produce a, possibly infinite, noetherian confluent rewrite system for M.
Obvioudly, if no finite noetherian confluent system exists, then the algorithm cannot terminate.



We have therefore found a condition for the completion of the agorithm — for a given input, if
there exists a finite noetherian confluent rewrite system that is equivalent to the input, then the
algorithm will terminate; otherwise, the algorithm will not terminate.

Remark: The purpose of each iteration of the algorithm is to produce a rewrite system that is
equivalent to the input rewrite system. Therefore, if the algorithm terminates, the finite
noetherian confluent rewrite system that it produces as output will be equivalent to the
input rewrite system.

2.5: Obtaining the Elements of a Monoid

Consider a monoid M which has an associated presentation. Assuming that we have applied the
Knuth-Bendix critical pairs completion algorithm to M to obtain a complete rewrite system for M, let
us now consider how we would obtain the elements of M given just this complete rewrite system and
M's generators.

Algorithm 2.15: An algorithm to obtain the elements of a monoid M.

Inputs: A complete rewrite system for M;
A list of M’s generators.

Output: A list of the elements of M.

Algorithm:  Let the list G contain the generators for M, and let us also set up
two lists called ‘used’ and ‘found’, where we place the identity
word in ‘found and let ‘used’” be empty to begin with. Repeat
the following until the ‘found’ list is empty (when the algorithm
terminates, the ‘used’ list will contain all the elements of M):

(@ Take the first word from ‘found’ and place it in the ‘used’
list.

(b) Multiply the above word on the right with each element
from G to give alist of elementsE.

(© For each word in E, reduce the word using the complete
rewrite system for M to give another list E’.

(d) For each word in E’, check to see if the word isin either
‘used’ or in ‘found’. If the word is in neither list, place
theword in ‘found’.

Example 2.16: Let us return to the example of the symmetric group on three elements, S(3).
Recall that in Section 2.3 we obtained the following complete rewrite system for
SQ):
COMPLETE REWRITE SYSTEM FOR S(3):
(1) Aa® | (6) b® B
2 aA® | (7) ABA®Db
(3) B2® | 8 a&® A
4 A2® a (99 aB® BA

(55 BAB® a (10) Ba® AB



To obtain the elements of §(3), we need the above complete rewrite system
together with the following list of S(3)’s generators:

GENERATORS FOR S(3):
D A 3) a
2 B 4 b

We can now apply Algorithm 2.15 to S(3) to obtain S(3)'s elements, and we
start by placing the identity word | in ‘found’ and initialising ‘used’ to be empty.

Pass 1 of the algorithm:

found={1I };used={1}.

€)) found={ };used={1 }.
(Take thefirst word from ‘found’ and placeit in the ‘used’ list).

(b) E={1A/IB,lalb}={A,B,ab}.
(Multiply I on the right with each element from G to give a list of
elements E).

(© E={ABaB}={A B, a}.
(For each word in E, reduce the word using the complete rewrite system
for M to give another list E’).

(d) As‘A’, ‘B’ and ‘a are not in either ‘found’ or in ‘used’, we place these
three words in the ‘found’ list.
(For each word in E’, check to see if the word is in either ‘used’ or in

‘found’. If the word isin neither list, place the word in ‘found’).

Pass 2 of the algorithm:

found={ A,B,a};used={1 }.

(@
(b)
(©)
(d)

Pass 4 of the algorithm:

found={ a AB,BA };used={1,A,B}.

found={B,a};used={1,A} (a) found={ AB,BA };used={1,A,B, a}
E={ AA,AB,Aa Ab} ={ A2 AB, Aa, Ab} (b) E={aA,aB,ag ab} ={aA, aB,a& ab}
E={aAB,|,AB}={aAB,I } (o) E={I,BA A BA}
As the word ‘AB’ is not in either ‘found’ or in  (d) As all the words in E’ either appear in ‘found’
‘used’, we place thisword in the ‘found’ list. or in ‘used’, this time we do not add any words
to the ‘found’ list.
Pass 3 of the algorithm: Pass 5 of the algorithm:

found={ B,a AB};used={ | ,A}.

(@
(b)
(©)
(d)

found={ AB,BA };used={ | ,A, B, a}.

found={ a AB};used={1,A,B} (a found={ BA };used={1,A,B,a AB}
E={BA,BB,Ba Bb} ={ BA, B2 Ba Bb} (b) E={ ABA, ABB, ABa ABb}

E ={BA,l,AB,I } ={ ABA, AB? ABa, ABb}

As the word BA is not in either ‘found’ or in  (c) E ={B,A BA A}

‘used’, we place this word in the “found" list. (d As all the words in E' either appear in ‘found

or in ‘used’, this time we do not add any words
to the ‘found’ list.




Pass 6 of the algorithm:

found={ BA};used={1,A,B,a AB}.

@ found={ };used={1,A,B, a AB,BA}

(b) E={ BAA, BAB, BAa, BAb}
={ BA% BAB, BAa, BAb}

(©) E ={BA,aB,a}

(d) As all the words in E' either appear in ‘found’
or in ‘used’, this time we do not add any words
to the ‘found’ list.

Pass 7 of the agorithm:

found={};used={1,A,B,a AB,BA}.

As the ‘found’ list is now empty, the algorithm
terminates and we can therefore list the elements of S(3):
they are the elementsin the ‘used’ list, namely

1 [ (4 a
2 A (55 AB
©) B (6) BA

This is to be expected as we know that S(3) has six
elements.

2.6: Knuth-Bendix Rewriting for Induced Actions

2.6.1: Defining an M-set

Given amonoid M, one way to construct a monoid M-set X is (asin Example 1.22 on page 8)
tolet X consist of the elements of M, and to let xem be the monoid product xxm. By doing this, we can
represent the action of some generator g of M on X by constructing a transformation in which the
elements of X are transformed by multiplying the elements of X on the right by g. To see this ‘in
action’, let us consider the case where M is the symmetric group S(3) again.

Example 2.17:
follows:
@ | (4)
@ A 5)
Q) B (6)

From our previous work with §(3), we know that the six elements of S(3) are as

a
AB
BA

LeeM=S3)={l,A, B,aAB,BA},andlet X ={1, 2, 3, 4,5, 6},
wherel=1,2=A,3=B,4=3a, 5=AB and 6 = BA.

Define a monoid M-set by defining xsm (x T X, mT M) to be the number in X
corresponding to the monoid product X' m, where X' is the monoid associated to
the number x T X. For example, if x = 3 and if m= A, then xsm = BxA = 6.

If we multiply each of the six elements of X on theright by A, say (where A isa
generator of S(3)), then after reduction (using the complete rewrite system for
S(3) on page 15), the elements will have been transformed, for example element
(1) above will become element (2) (because | XA = A is element 2 above).
Repeating this analysis for all elements produces the following list:

(1) | XA =A

(2 AxA=A2® a
(3) BxA = BA

4 axA=I|

(5 ABxXA=ABA® b® B
(6) BAxA=BAA® Ba® AB

= element (2) in the original list
= element (4) in the original list
= element (6) in the original list
= element (1) in the original list
= element (3) in the original list
= element (5) inthe origina list



transformation [

We can therefore write, for example, 1* = 2, or 5* = 3, and write down the

123456

54613 5] to represent the ‘A-action’. There are similar

transformations corresponding to the other generators of M, i.e. we have the

‘a-action’, the ‘B-action’ and the ‘b-action’.

Remark: In the above example, we numbered the elements of the monoid S(3)-set X and thus
wrote down expressions such as 1* = 2 instead of | # = A. The justification for doing
this is that as long as the calculations involving obtaining the generator actions are
correctly handled, then the actual representation of the elements of X is arbitrary and
doesn’t matter. The reason for numbering the elementsisthat it is much easier to work
with numbers on a computer rather than work with the actual elements themselves —
which may represent permutations or matrices, etc.

2.6.2: Induced Monoid Actions

Let us now turn our attention to the theory behind induced monoid actions, the main topic of
this project. We start by defining an equivalence relation generated by arewrite system.

Definition 2.18:

Remark:

Consider that we have a monoid M with an associated generating set G. Given a
noetherian confluent rewrite system R for M, R generates an equivalence
relation (denoted by <<R>>) asfollows:

* Apply the Knuth-Bendix critical pairs completion algorithm to R in
order to obtain a complete rewrite system R’ for M.

 Define the equivalence relation <<R>> = ~ asfollows; u~v (u, vi G)iff u
and v have the same normal form with regardstoR’.

We can easily verify that the relation ~ is indeed an equivalence relation, and it
follows that an equivalence class contains all words in G* which reduce to the
same (unique) normal form using R'. But as R’ is a complete rewrite system,
then norma forms will be elements of M, and so an equivalence class will
contain al wordsin G" which reduce to the same element of M.

Assuming that the representative of an equivalence class is the normal form that
all the members of the equivalence class reduce to using R’ (and this will be the
representative that we will use from now on by convention), then the set of
equivalence class representatives will be the same as the set of the elements
belonging to M. It follows that if M has m elements, then there will be m
equivalence classes.

Recall that in the Remark following Definition 1.17, we discussed the situation
where, given a monoid presentation for amonoid M, M = <X | R>, we thought
of the monoid M as being the quotient monoid of the free monoid on the
generators X by the equivalence relation generated by the relators R, i.e. M=
X'/<<R>>. This now makes sense given the above definition in that we now
know that the set of equivalence class representatives for X'/<<R>> is‘the same
as the set of elements of M.



L et us now move on to define what we mean by an induced monoid action.

Definition 2.19:

Remark:

Consider that we are given two monoids M and N, ¢ X ——— =Y
monoid M-set X, and a monoid morphism f: M ® N. The f,
N-action associated with a monoid N-set Y with the

property that f preserves the M-action (so that there exists a a b
function f. such that f-(x™) = (f.())™ (x T X, mT M)) is

called the action of N induced from that of M by f (it is the f
induced monoid action). M—— N

(An application of the universal property):

With regards to the situation above in Definition 2.19, i

Z
y: X ® Z isanother function from the set X to a monoic y /N
N-set Z such that the property y (X" = (y (X)) holds, y!
then there exists a uniquey’: Y ® Z, a morphism of |

monoid N-sets, such that y 'f- = y. This defines f.: X ® X =Y
Y uniquely up to isomorphism. f.

To verify the existence of a monoid N-set Y that satisfies the above definition, consider the
following construction of such a set:

Definition 2.20:

Proposition 2.21:

Proof:

Remark:

Let a monoid N-set Y be defined as the quotient monoid Y = XXN/<<R>>,
where XxN = {(x, n): x T X, nT N}, and <<R>> is the equivalence relation
generated by the following set of rewrite rules on the set XxN: (x, f(m)n) ® (x™,
n), wherex X, ml Mandni N.

Further, let us define the induced monoid action as [x, n]™ =[x, nn’] (where x 1
X,n,n T Nand[x n] is the equivalence class of (x, n)), and let us define the
associated function f- asfollows: f«(x) =[x, | n].

The monoid N-set Y defined above satisfies Definition 2.19.

First of all, we have to verify that the function f- satisfies f.(x™) = (f-(x))™:

LHS=f(x™) =[x, | n];
RHS = (f:(x))™ =[x, | y]™ =[x, f(m)] ® [x™, | x] = LHS. QED.

Secondly, we have to verify that the N-action [x, n]™ =[x, nn'] (xT X, n, n’ 1
N) is valid, i.e. we must show that (i) [x, nJ™" = ([x, n]™)", and (i) [x, n]' =
[x, n], where n; and n, are elements of N, and | isthe identity element of N:

(i) LHS =[x, n] "2 =[x, nning] = [X, nny] "2 =([X, n] ™)"= RHS,
(i)  LHS=[x,n]' =[x, nl]=[x,n] =RHS. QED.

Now that we know that there is at least one monoid N-set Y that satisfies
Definition 2.19, we can now use the Universal Property to say that al other
monoid N-sets Y that satisfy Definition 2.19 can be obtained from the monoid
N-set defined in Definition 2.20 by a morphism of monoid N-sets.



In Definition 2.20, we constructed a rewrite system for the set XxN made up of rules of the
form (X, ) ® (%, M) (X, X2 1 X; n, iz T N). We cannot use the Knuth-Bendix critical pairs
completion algorithm for a free monoid (Algorithm 2.10) directly on this rewrite system, as there are
two kinds of rewriting taking place for an arbitrary word (x, n") (where x is an element of the monoid
M-set X and n" is any word in the generators of N): the reduction of words n" in the generators of N
that we perform with a suitable complete rewrite system for N, and the rewriting of elements of XxN
using rules of the form (X, ) ® (X, Ny).

For the rest of this chapter, we shall strive towards creating an algorithm (the * Knuth-Bendix
critical pairs completion algorithm for induced monoid actions’) that will apply the Knuth-Bendix
methods to the above situation, where the input to the algorithm will be an initial rewrite system with
rules of the form (x, f(m)n) ® (x™, n) (xT X, mT M, nT N), and the output of the algorithm will be a
complete rewrite system for the elements of the set XxN". Providing that the algorithm terminates, we
can then go on to use the output obtained to construct the elements (equivalence classes) of theset Y =
XxXN/<<R>>.

2.6.3: Induced Monoid Actions: An Example

Consider a monoid morphism f between two monoids M and N, f: M ® N. The monoid
morphism can be defined by its effect on the generators of M. For example, if the generators of M are
‘A’ and ‘B’, and if the generators of N are ‘C’, ‘D’ and ‘E’, then the monoid morphism f can be
defined in this case by its effect on A and B, e.g. f(A) = CE and f(B) = D2EC. Any word in A’sand B’s
can subsequently be written in terms of C's, D’s and E’s, for example f(BAB) = D2ECCED?EC =
D2EC2ED?EC.

It follows immediately by construction that f is a homomorphism and, if we also define f(1v) =
1, then it follows that f is a valid monoid morphism.
Consider the two symmetric groups S(3) and S(4), with monoid presentations

S(3) =<A,a B,b|Aa aA, Bb, bB, A3, B2, ABAB>, and
S(4) =<C, ¢, D, d|Cc, cC, Dd, dD, C* D3, CDCD>.

Example 2.22:

Let us define a monoid morphism f: §(3) ® S(4) by its effect on the generators
of S(3): f(l s@) =1 s@), f(A) = D?, f(B) = C3DC?, f(a) = d? and f(b) = c2dcs.

It follows, for example, that the word A2ba goes to D*c2dc3d? under the effect of
the monoid morphism.

If we now define an S(3)-action by letting a monoid S(3)-set X consist of the
elements of S(3) (as in Example 2.17 on page 18), then we can calculate (as
before) transformations to represent each of the generator actions, which can be
summarised as follows:

quator Transformation quator Transformation
Action Action

_ 123456 _ 123456

, 123456 , 123456

B-action 351624 b-action 351624




If we now define a set Y as in Definition 2.20, our first task on the road to
finding the elements of Y is to construct the set of rewrite rules R that forms
part of the definition of Y (according to Definition 2.20, R will be made up of all
the rewrite rules of the form (x, f(m)n) ® (x™, n), wherex1 X, mI S(3) and n

1 S(4)).

But because of the way that we have specified the monoid morphism f, then it is
sufficient to only list the rules in R of the type where mis a generator of S(3).
Further, we can list only the rulesin R of the type where n = | , because each
rule of the form (x, f(m)) ® (x™, | ) givesrise to all other rules of the form (x,
f(m)n) ® (x™ n), wherenisan arbitrary element of N.

It follows that the following set of rewrite rules specifies R completely:

R={ (1LD)® (2,1), (2D)® (41y), (3D)® (1),
4,D09® (1,1\), (5,D)® (3,1n), (6,D)® (5,1 ),
(1, C3DCH ® (3,1 ), (2, CDCH ® (5, 1 4), (3, CDCH ® (1, | ),
(4,C3DC2) ® (6,1 ), (5,CDC) ® (2,14), (6, CDC) ® (4,1 ),
LB 41y, @B LIy, B d® (5,
G,P® 21y, GB® 61y, (6dP)® (3 1),
(1,2 ® (3,11), (2,20 ® (5,1v), (3,¢2dc%) ® (1,1 ),
(4, c2d®) ® (6,14), (5,c2d®) ® (2,14), (6,c2d®)® (4,14) }.

In order to apply some sort of Knuth-Bendix completion algorithm to the above rewrite system,
we first need to define an admissible well ordering for the elements of the set XxN".

Definition 2.23:

Remark:

The following is atotal order on the set XxN", where X is a monoid M-set with
numerical representatives, and N is the set of all words in the generators of a
monoid N:

(Xp, M) > Xa, Ma)if N> (Ko, Xp1 X; Mol NY;
(Xa,Na)>(Xp, Np)if Ny >Ny,

(X, Mp) > (Xa, M) ifNp=n"gand X'y > X a;
(Xa,Na)>Xp, Np)if Ma=n"pand X' a > X'yp;
(Xp,Np)=(Xa, Na)ifNp=n,and Xy, =X,.

It is easily verified that the above total order is an admissible well-ordering for
the elements of the set XxN" as long as there is an admissible well-ordering
(such aslength-lex) in place for the elements of the set N".

Unless otherwise stated, the total order in the above definition will be the total
order that we will use for the remainder of this report.

Let us now consider how we would obtain a complete rewrite system for the set XxN" by using
a complete rewrite system for the set N and an initial rewrite system R for the set XxN" like the one
shown above, where X is amonoid M-set with numerical representatives, and N is the set of all words
in the generators of a monoid N. Once we have an algorithm to perform such atask, we can then use it
to find the equivalence classes which makeup the set Y.



Algorithm 2.24:

2.7: The Knuth-Bendix Critical Pairs Completion Algorithm

for Induced Monoid Actions

(The Knuth-Bendix Critical Pairs Completion Algorithm for Induced

Monoid Actions):

Inputs:

Output:

Algorithm:

@)

(2)

A set of initial rewrite rules R for aset XxN" of the form
(X1, nl) ® (Xz, nz), where X1 and X, dre |nteger
representatives of elements belonging to a monoid M-set
X, ny are n, are words in the generators of a monoid N,
and R uses an admissible well-ordering.

A complete rewrite system for N of the form
Cv={(L® ry), ..., ([n® ry)}.

A complete rewrite system for the set XxN" with rules of the
form (X, M) ® (X2, M) (X, X2 1T X; my, N2 T N), so that any
expression of the form (x, n) (xT X, nT N) can be reduced to a
unique normal form (X, ") (X T X, n' T N).

1)

(2)

Use the complete rewrite system for N to make sure that
al the n’s in the initial rewrite system R are in normal
form, i.e. if any of the n/'s are not in normal form, then
use the complete rewrite system for N to reduce the
words to normal form.

This leaves us with an initial rewrite system A with rules
of the form (x;, ) ® (X2, N), where x; and x, are integer
representatives of elements from the monoid M-set X,
and n; and n, are now elements of the monoid N.

Let A = {&, ..., &} be the set of initia rewrite rules
obtained above in part (1). For any pair of rules a = (X,
i) ® (X2, Niz) and g = (X1, Njz) ® (X2, Ni2) (i, =1, .., ),
look for any overlaps between (X1, ni)) and (X1, Nz). If an
overlap is found (see below for al the different possible
overlaps), reduce the overlap word (X, n) in two ways —
first using rule & and then using rule § — to give two
words (Xa, Na) and (X, Ny). Reduce these words using the
rulesin A to give acritical pair of words (X a, n'2) and
(X’b, n b)-

If (Xa, N"a) =(X'b, N'p), then do nothing; but if (X4, N'a) *
(X'b, N'p), then add the rule ((X'a, N'2) ® (X'p, N'p)) OF the
rule ((X'v, N's) ® (X2, N'a)) to A, based on the total order
chosen, i.e.add ((X'a, N"a) ® (X'b, N'p)) If (Xa, N'a) > (X'b,
N'y), and add ((X', N'p) ® (X'a, N'2)) if (Xb, N'p) > (X a,
na).



Remark:

(3 For every rule & = (X1, Ni)) ® (X2, Niz) and every rule ¢; =
(I; ® r;) in Cy, look for any overlaps between ni; and |;. If
an overlap is found (see below for al the different
possible overlaps), reduce the overlap word (X, n) in two
different ways — first using rule a and then using rule ¢
— to give two words (Xa, N.) and (X, Ny). Reduce these
words using the rules in A to give a critical pair of
words (X', N',) and (X', N'p), and then proceed as we did
in part (2).

4) Repeat steps (2) and (3) above until no more new rules
are added to A during any particular pass of the
algorithm. Further, after every pass of the agorithm,
analyse the list of rules to make sure that the list doesn't
contain any redundant rules, i.e. rules which are implied
by the other rulesin thelist.

There are five different types of overlap word (of two variations),
summarised as follows:

Overlap Variation 1

TypeA TypeB TypeC

Xip E— M) Xy C—Nir—)) Xip &—Ni—))
Xy ) Ky ) * E—N—))

Overlap Variation 2

TypeD TypeE
Xy i) Xy i)
<> <>

] ]

Description of overlap types:

TypeA: X1 = X1, and ni; appears as a prefix of nj;.
TypeB: X1 = X1, and nj; appears as a prefix of ni.
Type C: X1 = X1, and nj; = niy.

TypeD: |; =y, or |; appearsinside nj;.

Type E: |; overlaps on the right with nj;.

Examples of overlap types:

TypeA: a = (2, DCB), § = (2, DCBDB?).
TypeB: a = (4, C?B), g = (4, C?.
TypeC: a=(3,CB), 3 =(3, CB).
TypeD: & =(2,DCB), |;=DC.

TypeE: a=(2,DCB),|;=CBD.

In order to enhance our understanding of the above agorithm, let us now consider an example

on the use of the algorithm.



2.8: Using the Algorithm in Section 2.7

Example 2.25: Let us again consider the monoid morphism f: S(3) ® S(4) defined in Example
2.22 (f(l s@) =1 s, f(A) = D?, f(B) = C3DC?, f(a) = d? and f(b) = c2dc®). Recall
that in Example 2.22 we derived the following initial rewrite system for the set
Xx3(4)", where the monoid S(3)-set X isthe set of S(3)’s elements:

INITIAL REWRITE SYSTEM FOR THE SET XxS(4)" (I =1 ga):

R={ (LD)® (2,1), (2D)® (41), (3,D)® (1),
4,09® (1,1), (5,D09® (3,1), (6,D9® (51),
(1,CDC) ® (3,1), (2,C3DC)® (5,1), (3,CDC)® (1L,1),
(4,C3DC) ® (6,1), (5,CDCH® (2,1), (6,CDCH® (4,1),

1,d)® (41), 2,d)® (1,1), 3,d)® (51),
4P ® (21), (5,8 ® (6,1), 6,d)® (3,1),
1,cdd)® (3,1), (2,¢d)® (51), (3¢ ® (1,1),
4,c2dcd) ® (6,1), (5,cd)® (2,1), (6,cd)® (4,1) }.

By applying Algorithm 2.10 to the monoid presentation for S(4) shown in
Example 2.22, we can obtain the following complete rewrite system for S(4):

COMPLETE REWRITE SYSTEM FOR S(4):

(1) cDcD® DCd (12) cd® DC

(2) DcDc® CDcD (13) &®® D
(3) DC2C® CDcDc (14 dD® |
(4) DC2D® cDc (15 Dd® |
(5 dCd® DcD (16) cC® |
(6) DCd® cD (17) Cc® |
(7) dCD® Dc (18) C:® ¢
(8) dC?® Cdc (19) DCD® c
(99 cDC® C«d (200 CDC® d
(10) dc® CD (1) D2® d
(11) @® C?

Let us now apply Algorithm 2.24 to the above data so that we may obtain a
complete rewrite system for the set XxS(4)".

We start by checking that each S(4)-word in the initial rewrite system R isin
normal form. We do this by using the above complete rewrite system for S(4) to
reduce each S(4)-word in R to norma form, and it turns out that all the
reductions can be summarised as follows:

D2® d;

C3DC2® cDC2® C2dC;

d2® D;

c2dc2® C2dc3® C2dC2c® C2dC.

Having made all of the necessary reductions, we can say that the 'normal form'
of theinitial rewrite system R is as follows (see over):



Definition 2.26:

INITIAL REWRITE SYSTEM FOR THE SET XxS(4)"
IN NORMAL FORM (I =1 g):

R={ (Ld® (21), 2,d® (@41) 3,d)® (6,1),
4,d)® (1,1), 5,d)® (31), 6,d)® (51),
(1,C%d0) ® (3,1), (2,C%dC)®@ (5,1), (3,C2dC® (1,1),
(4,C2dC) ® (6,1), (5,C%dC)® (2,1), (6,C%dC)® (4,1),
(1,D)® (4,1), 2,D)® (1,1), (3,D)® (5,1),
4,D)® (2,1), (5,D)® (6,1), 6,D)® (3,1),

(1, Cd0)® (3,1), (2,CdC)® (5,1), (3,C%dC® (1),
(4,C2dC) ® (6,1), (5,C%dC)® (2,1), (6,C%dC)® (4,1) }.

We now iterate parts (2) and (3) of the algorithm until no new rules are added to
the system during a particular iteration of the algorithm.

To save us from having to refer to a ‘rule from the complete rewrite system for
S(4)’ and a ‘rule from the rewrite system for the induced S(4)-action’ in what
follows, let us make the following definition:

Let any rule of theform (I ® r) beknown asa“Type 1” rule, and let any rule of
theform ((i1, wi) ® (i2, W2)) be known asa“Type 2’ rule.

Starting the iterative part of the algorithm on our data, we see that we must first

look for overlaps between all the left hand sides of the ‘Type 2’ rules in the
system. There are no such overlaps for our initial system of rewrite rules, and so
we go on to look for overlaps between the left hand sides of all the Type 2 rules
in the system and the left hand sides of all the Type 1 rules belonging to the
complete rewrite system for S(4).

There are overlaps of this type (over 100 in al!), the first one found being the
overlap between thetype 2 rule (1, d) ® (2,1 ) and thetype 1 rule dCd ® DcD.

Reducing the overlap word (1, dCd) using the type 2 rule gives the word (2,

Cd), whilst reducing the overlap word using the type 1 rule gives the word (1,

DcD). Reducing these words using R gives us a critical pair of words (2, Cd)
and (4, cD), and because these words are different, then we must add the rule
(4, cD) ® (2, Cd) to R (because (4, cD) > (2, Cd) using the total order defined

in Definition 2.23, where the total order on N isdefinedto bed > c¢>D > C).

In al, 39 new type 2 rules are added to R during the first iteration of the
algorithm, so that R then contains 63 type 2 rules. The algorithm now specifies
that we must remove redundant rules from R, and we do this by using a
technique similar to the technique used on page 14: for each rule in R, we try to
reduce the left hand side of the rule to the right hand side of the rule using the
other rulesin the system. If we can do this, then we may remove the rule from
R — otherwise therule staysin R.

Applying this method to the 63 type 2 rules in R removes 21 of them, so that
after the first iteration of the algorithm, R has atotal of 42 type 2 rules. At this
stage, we may also go on to look for rule ‘shortcuts’, in that if we have two
rules (A, B) ® (C, D) and (C, D) ® (E, F), then the second rule can simplify
thefirst rule, giving us anew pair of rules (A, B) ® (E, F) and (C, D) ® (E, F).



The usefulness of the above is that if we had to reduce the word (A, B), say,
then we could do it by using one rule with the new pair of rules as opposed to
having to use two rules with the old pair of rules, and thus there is a ‘ shortcut’
available when reducing the word (A, B). In the computerised algorithm, we
have indeed implemented an algorithm to look for shortcuts of this type.

The agorithm now enters its second iteration, where again we look for overlaps
of types A to E. It can be shown that no overlaps of types A, B or C are found
during this second iteration of the algorithm, while around 300 overlaps of types
D and E are found. Crucialy though, these 300 or so overlaps do not produce
any new rewrite rules (every reduced critical pair hasidentical elements), so that
the algorithm can now terminate, with the rewrite system R (which still has 42
rules) now being a complete rewrite system for the set XxS(4)" (with the help,
of course, of the complete rewrite system for S(4)).

COMPLETE REWRITE SYSTEM FOR THE SET XxS(4)":

1) (3,Cd)® (4,C?) 22) (5D)® (6,1)

) (6,Cd)® (4 0) 23) (6,D)® (3,1)

(3) (6,Cd)® (2 C? (24) (4,cD)® (6, C?)
@4 (5Cd)® (2 0) (25) (2,CD)® (4, 0)
(5) (6,CD)® (2,C) (26) (1,CD)® (2,0)
6) (2,Cd)® (6 C?) 27) (L, cD)® (3, C?)
7)  (4,Cd)® (6,0) (28) (4,CD)® (1, 0)
8 (3,CD)® (4,C) (29) (5 cD)® (2, C?)
9 (5 Cd)® (L, C? (30) (6,CD)® (5, ¢)
(10) (3, Cd)® (1, ¢) (31) (3,CD)® (6,0)
(11) (5,CD)® (1,C) (32) (2,cD)® (5, C?)
12) (L d® (21) (33) (6,cD)® (4, C?)
13) 2.d® (41) (34) (5,CD)® (3,0)
(14) (3,d® (6,1) (35) (3,cD)® (1, C?)
(15) (4,d® (1,1) (36) (4,CD)® (3,C)
(16) (5,d® (3,1) (37) (1, Cd)® (3, 0)
17 (6,d® (5,1) (38) (4,Cd)® (3, C?)
(18) (LD)® (41) (39) (1,CD)® (5,C)
(190 (2,D)® (1,1) (40) (2,C2d)® (5,¢)
200 (3,D)® (5,1) (41) (1, Cd)® (5, C?)
1) (4,D)® (2,1) (42) (2,CD)® (6,C)

We may now use the above complete rewrite system to reduce an arbitrary word
(X, n), where x is an element of the monoid S(3)-set X and n is any word in the
generators of S(4), as follows: first, use the complete rewrite system for S(4) to
reduce n to its normal form n', so that we now have a word (X, n') to reduce (x
T X,n'T S(4)), and then use the above rewrite system to reduce the word (X,
n') to its normal form in the set XxS(4).

2.9: Obtaining the Elements of the set Y

Now that we have an algorithm for finding the complete rewrite system associated with the set
XxN", so that any word (x, n) (xT X, nT N*) may be reduced to a unique element of the set XxN, we
may now use the algorithm to find the equivalence classes which make up the set Y = XXN/<<R>> as
defined earlier. The algorithm is similar to Algorithm 2.15, and can be specified as follows (see over):



Algorithm 2.27:

Example 2.28:

Obtaining the elementsof an induced N-set Y = XxN/<<R>>,

Input: A complete rewrite system Cy.n for a set XxN°, where X is a
monoid M-set with numerical representatives, and N* contains all
words in the generators of amonoid N.

Output: A list of the elements of the set XxXN/<<R>>, where <<R>> is
the equivalence relation generated by the following set of rewrite
rules on the set XxN (wherex1 X, m1 M,nT Nandf: M ®
N isamonoid morphism): (x, f(m)n) ® (x™ n).

Algorithm:  Let the list G contain the generators of the monoid N, and let us
also set up two other lists called ‘used’ and ‘found’.

To start with, place the equivalence classes [x, | ] (for al xT X)
in the ‘found’ list, and let ‘used’ be the empty set. In order to

check that the equivalence classes [x, | v] are al distinct, reduce
each word (X, | ) separately using Cx.n+ to obtain a normal form
(x, n") for theword (x, | y). If (X, n') is of the form (y, | n), where

y is an element of X different from x, then remove the
equivalence class [x, | n] from the ‘found’ list (because (x, | n)
and (y, | n) belong to the same equivalence class). This leaves us
with aninitial set of equivalence classes to work with.

Repeat the following until the ‘found’ list becomes empty (when
this happens, the ‘used’ list will then contain all the elements of
the set XxN/<<R>>):

(@  Take the first equivalence class [x, n] (x T X, nT N)
from the ‘found’ list and placeitin the ‘used’ list.

(b)  With the action [x, n]” =[x, nn] (xT X, n, n'T N), act
on the equivalence class [x, n] with each element from G
to give alist of possible equivalence classesE.

(© For each (possible) equivalence class in E, reduce each
equivalence class representative using Cx.n- to give alist
of words E'.

(d  Foreachword (x,n)inE (xT X,n'T N), check to see
whether (X, n') is an equivalence class representative
either in the ‘used’ list or in the ‘found’ list. If (X', n') isin
neither list, then place the equivalence class [x, n'] at the
end of the ‘found’ list.

Let us now finish off the example that we have been considering throughout the
duration of Chapter 2 — recall that we are considering a monoid morphism f
between the symmetric groups S(3) and S(4), we have an §3)-set X which is
made up of the elements of $(3), and we have found a complete rewrite system
for the elements of the set XxS(4)". The final stage of the example isto find the
equivalence classes that make up the set XxN/<<R>>, and we can do this by
using the above algorithm.



When we apply Algorithm 2.27 to the complete rewrite system Cxxsa found in
Example 2.25 (the one with 42 rewrite rules), the following is the sequence of
events that occurs:

We start by placing the equivalence classes [x, | ] (for al xT {1, 2, 3, 4, 5,
6}) in the ‘found’ list, and then check to see whether they are valid, i.e. we try
to reduce each word (X, | s4) using Cxxsa to see if it reduces to another
equivalence class representative. In this instance, all the initial equivalence
classes are valid, so that we now start the algorithm proper, with

found={[1,11,[2,1],[3,1],[41],[5],[6, 11} (I =1 sg),
used={},and G={C, D, c, c} (G containsall the generators of S(4)).

Pass 1 of the algorithm:

found ={[1,11,12,11,13,11,[411,[5,11,[6, 1]}, used ={ }.

€) found={[2,11,[3,1],[4,1],[5,1],[6,1]},used={[1,1]}.
(Place the first member of the ‘found’ list in the ‘used’ list).

(o)  E={[L,1]5[L 11> (1,115 1]% ={[1,C], [1,D],[1,c],[1,d}.
(Act on the equivalence class [1, | ] on the right with each element from
Gtogivealist of possible equivalence classes E).

© E={100,4l) 1o 2I1)}
(For each (possible) equivalence class in E, reduce each equivalence
class representative using Cx.n- to give a list of words E’).

(d) As the words (1, C) and (1, c) are not equivaence class representatives
of elements either in the ‘found’ list or in the ‘used’ list, then we place
the equivalence classes[1, C] and [1, c] at the end of the ‘found’ list.
(For each word (x, n) in E* (xX T X, n'T N), check to see whether (X,
n’) is an equivalence class representative either in the ‘used’ list or in
the ‘found’ list. If (X, n") is in neither list, then place the equivalence
class[x, n' at the end of the ‘found’ list).

We now start iteration 2 of the algorithm, with
found={[2,1],[3,1 ],[4 1], [5I1],[6,1],[1, C], [, c]},andused = {[1, | ]}.

When the algorithm eventually terminates (after 25 iterations), the ‘used’ list
will now contain all the equivalence classes that we want, and they can be listed
asfollows:

1 [31] (n [1q (13) [4,C] (19) [1,CF
@ [21] 8 [Ld (14) [4. (20) [5CF
3) [31] © [2C] (15) [5,C] (21) [3¢F
4 [41] (10) [2. ] (16) [5¢] (22) [2,CF
5 [51] 11) [3.C] (17) [6C] (23) [6,C7
© [6,1] (12) [3.q] (18) [6, ] (24) [4,CF

This concludes our example in that we now know the elements that make up the
set Y = Xx§(4)/<<R>>, so that we can now say which equivalence class
contains an arbitrary word (x, n) (xT X, n" T S(4)").



The way we do thisis to reduce the arbitrary word (x, n") using Cxxsy- to obtain
anormal form (y, n) for theword (x, ") (yT X, nT S(4)). But because normal

forms for the set XxS(4)" correspond to equivalence classes in the above list of
24 equivalence classes, this enables us to say that the arbitrary word (x, n’)
belongs to the equivalence class [y, n].

2.10: How much information do we need to find the elements of the set Y?

Recall that we are considering the situation where we have two monoidsv =~ X =Y
and N, amonoid M-set X, and amonoid morphism f: M ® N. Further, the inducec f,
monoid N-set Y that we are considering isthe set Y = XxN/<<R>>, where XxN =
{(x, N: xT X,nT N}, and <<R>> is the equivalence relation generated by the a b
following set of rewrite rules on the set XxN: (x, f(m)n) ® (x™, n) (xT X, mT M,
nT N). In this section, we will consider the question of how much information d f
we need to find the elements of the monoid N-set Y. M—— N

Our starting point in answering the above question is that in order to find the elements of the
monoid N-set Y (using Algorithm 2.27), we must have a complete rewrite system for the set XxN' to
hand, which we will only have if Algorithm 2.24 terminates with a suitable complete rewrite system for
the set N and a suitable initial rewrite system for the set XxN" as input.

Now as discussed in Example 2.22, in order to construct an initial rewrite system for the set
XxN’", if we assume that the monoid morphism f is specified by its effect on the generators of M, then
an initial rewrite system for the set XxN" need only consist of rules of the form (x, f(m)) ® (x™, | y),
where x is an element of the monoid M-set X, and m is a generator of the monoid M. Therefore, in
order to build up this initial rewrite system, first of all we need to know the images f(m) of each
generator of M, which we have already assumed are available; secondly, we need to know the size of
the monoid M-set X, so that we can know how many integer representatives ‘X’ there are; and finally,
we need to know the effect of the M-action in use, so that we can calculate all expressions of type x™.

If we have all the above information available, plus a complete rewrite system for the monoid
N, then we have enough information to use Algorithm 2.24 to try to obtain a complete rewrite system
for the set XxN". Notice that we do not need to know anything about M except what its generators
are, and that the only things that we need to know about X are its size and how elements of X are
acted upon by generators of M.

Up until now, we have only considered the case where we are given presentations for M and N
and assume that the monoid M-set X is the set of elements of the monoid M, so that we automatically
know the size of X and can also calculate the M-action in terms of transformations. In general, this
need not be the case, so that we could have situations in which we would only be given the minimum
amount of data necessary to apply Algorithm 2.24.

In the next chapter, we will implement two different programs that use implementations of
Algorithms 2.24 and 2.27. The first program will assume that presentations for M and N are available,
that the monoid morphism f is given in terms of its effect on the generators of M, and that the monoid
M-set X is the set of elements of M so that we can therefore calculate the M-action in terms of
transformations. This program could calculate the elements of the induced monoid N-set Y as we have
been doing in the examples in this chapter, culminating in Example 2.28.

The second program will only assume that a presentation for N is available, that the monoid
morphism f isgiven in terms of its effect on the generators of M, and that we are given the effect of the
action of al the generators of M on al the elements of the monoid M-set X. This program could
calculate the elements of the induced monoid N-set Y where only the minimum amount of data
necessary was given, and we note that the set X need not be the set of elements of M in this case.



Chapter 3: Implementation

The goal of this project was to implement computationally the algorithms and ideas discussed in
the previous chapter. In order to do this, we used the C programming language (ANSI C) together
with the ‘frmon’ library of functions.

3.1: A Simple Example on the use of the Library

In order to understand how the library works with the C programming language, let us consider
that we want to multiply two monoid words taken from the symmetric group S(3) and then display the
result on screen. The following is the C source code that enables thisto be done:

1 /*

2 * File: exanplel.c

3 * Aut hor: Gareth Evans

4 * Last Modified: 3rd March 2002
5 */

6

7 #i ncl ude "frnon. h"

8

9 i nt

10 mai n( voi d)

11 {

12 FMon x, vy, z;

13

14 X = parseStrToFMoNn(“A*B") ;

15 y = parseStrToFMon(“B*A” ) ;

16 z = fMoONTimes( x, y );

17

18 printf(“(%)*(%) = %", fMnToStr(x), fMNToStr(y), fMnNToStr(z));
19 }

After some commentsin lines 1-5, on line 7 we include the frmon library in our piece of code so
that we may use the functions and procedures available in the library. The program then starts properly
on line 12 where we declare three variables of type ‘FMon’, where ‘FMon’ is a type declared in the
library to store monoid words or elements.

In lines 14-15, we assign values to the variables ‘X’ and ‘y' by asking the library to convert a
string we supply it into amonoid word. We then go on (in line 16) to multiply these two monoid words
together (again using a function provided by the library), and finish on line 18 by outputting some
information to the screen.

If we were to run the above program (using a terminal in FreeBSD), we would obtain the
following single line of output:

(AB)*(BA) = AB'2A

3.2: Implementing the Algorithms discussed in Chapter 2

The action plan for implementing the discussed algorithms was to build upon the procedures
and functions provided by C and the frmon library so that we could write more sophisticated functions
and procedures for performing word reduction, for finding a complete rewrite system for a monoid, for
finding the elements of a monoid, etc.

Let us now consider how we changed the pseudo-code for the algorithms in Chapter 2 to
source code that successfully compiles to give correctly functioning executable programs.



3.2.1: fMonWordReduce

One of the basic functions required when dealing with rewrite systemsis the ability to reduce an
arbitrary word w using any suitable rewrite system. In the situation where we are given a monoid M
that has an associated rewrite system R, in order to reduce an arbitrary word w to normal form using R,
theideaisthat we keep on cycling through every rule (I ® r) in R looking for occurrences of every | in
w until no more reductions are made during any particular cycle through al the rules in R, in which
case we can say that the word that we are reducing is in normal form, and thus we may terminate the
procedure.

Notice that if we do find an occurrence of some | in w during acycle of R in the procedure (i.e.
we must have w = ulv, where u and/or v may be the identity word), then we may replace | by r inw to
give areduced word w' (W = urv), which we then go on to analayse for occurrences of left hand sides
of rulesin.

The following is the piece of code that we used to implement the process of reducing a word w
using a suitable rewrite system R:

1 FMon

2 fMonWrdReduce( word, rules ) // reduce word as far as possible using rules
3  FMon word;

4  FMonPairlList rules;

5

6 /'l Define variabl es

7 FMon |, r, redword, result;

8 FMonPair rule, div;

9 FMonPai r Li st rws;

10 Short flag;

11 int nunrws, pass = 0, num= 1, j = 0, check;

12

13 redword = word; // redword is the 'reduced word'
14 nunrws = fMnPairlListLength( rules );

15 while ( num> 0 )

16 {

17 num = 0; // num counts the nunber of substitutions nmade
18 j =0; /'l j loops through the rules, 1 <=j <= nunrules
19 pass++; [/ pass counts the nunber of passes nade
20

21 /1 Make copy of rules

22 rws = fMonPairListCopy( rules );

23 while ( j < nunrws )

24 {

25 j o+

26 I =rws -> Ift;

27 r =rws ->rt;

28 r'ws = rws -> rest;

29

30 /'l See if the rule sinplifies our word
31 check = 0;

32 while ( check == 0 )

33 {

34 numt+;

35 result = fMnSubst( redword, |, r );
36 check = fMnEqual ( redword, result );
37 redword = result;

38 }

39

40 num - ;

41 } /1 end while (j < nuntws )

42 } /1 end while (num > 0)

43 return redword,;

44 '}

The function fMonWordReduce has two inputs, namely the input ‘word’ of type ‘FMon’
which is the monoid word to be reduced, and the input ‘rules’ of type ‘FMonPairList’ which is the
rewrite system to be used to reduce ‘word’. Notice that an FMonPairList is just a (linked) list of
FMonPairs, which themselves are just pairs of FMons, so that an FMonPairList isideal for storing alist
of rules of theform (I ® r), which is exactly what arewrite systemis.



On line 15 of the code we enter a while loop, the purpose of which is to execute only if the
word that we are reducing has been changed during the previous iteration of the while loop. Notice
that we will always execute the while loop when we first encounter it, by virtue of the fact that we set
the variable ‘num’ to store the number 1 on line 11 (the while loop only executes if the variable ‘ num’
currently holds a value that is greater than zero). The execution of subsequent iterations of the while
loop is dependent upon what happens during a particular iteration of the while loop.

Inside the while loop, on line 23, we start a second while loop, the purpose of which isto cycle
through all the rules in the rewrite system whilst looking for a match between the left hand side of a
particular rewrite rule and a subword of the word that we are trying to reduce to normal form. This
happens on line 35, where we try to substitute the left hand side of a rewrite rule into the word that we
are trying to reduce to normal form. If a substitution is made, then we (i) try to substitute the left hand
side of the same rule into our reduced word again (there may be more than one occurrence of the left
hand side of the rule in the word that we are trying to reduce to normal form), and (ii) we increment
the variable num so that the first ‘outer’” while loop is forced to execute again (other rules which we
have previously looked at may now simplify the word that we are now analysing).

After the outer while loop terminates on line 42, we now know that all the rules in the rewrite
system have been used to simplify the input word as much as possible, so that the input word must now
be in normal form. But as the output of the algorithm is required to be the normal form of the input
word, we therefore return the norma form of the input word to the piece of code that called the
algorithm on line 43, and then we terminate the algorithm.

Example 3.1: If w=DC, and if rules={(D, E)}, then the command
n = f MonWer dReduce(w, rules);

places the word EC in the variable ‘n’ — because the normal form of the word
DC when reducing it using the rewrite system specified by the variable ‘rules’ is
theword EC.

3.2.2: fMonRulesReduce

In the Knuth-Bendix critical pairs completion algorithm (Algorithm 2.10), after each iteration,
the algorithm insists that we must analyse our current list of rewrite rules to make sure that it doesn't
contain any redundant rules, i.e. rules that are implied by all the other rulesin the list. For example, if
we had the threerules (D ® C), (D ® E) and (C® E), then thefirst rule would be redundant because
it wouldn't matter if we applied therule D ® C or not — both D and C reduce to the word E using the
second and third rules,

The way we decideif aruleisredundant or not is to reduce the left hand side and the right hand
side of the rule using the other rewrite rulesin the system. If the reduced left hand side is equal to the
reduced right hand side, then the origina rule is redundant, and we may remove it from thelist.

Input: A list of rewriterulesK.
Output: K minus the redundant rules from K.

Hereisthe code that removes all redundant rewrite rules from alist of rewrite rules:

1 FMonPairLi st

2 fMnRul esReduce( K ) // produce an rws list from another using KB
3 FMonPairlList K

4

5 /1 Define variabl es

6 int d;

7 Uong i =0, len = 0;

8

FMon pl, pr, g, qr;



9 FMonPairList L, L3, L2, L1, LO = fMnPairListNul;
10 Bool eq;

11

12 len = fMonPairlListLength( K);

13 L = fMonPairListRenDups( K ); // renove duplicates (which are obviously redundant)
14 len = fMonPairlListLength( L );

15

16 i =0;

17 L2 = f MonPair Li st Copy(

L);
18 L3 = fMonPairlListCopy( L ); // Assunme no reductions to begin wth

19 while ( L2 )

20 {

21 i+

22 g =12 ->1ft;

23 qr = L2 ->rt;

24 L2 = L2 -> rest;

25 /1 L1 is the list without the current elenent:
26 L1 = fMonPairlListAppend( LO, L2 );

27

28 /'l Reduce left and right hand sides
29 pl = fMonWordReduce( qgl, L1 );

30 pr = fMonWrdReduce( qr, L1 );

31 eq = fMonEqual ( pl, pr );

32

33 /1 1f LHS = RHS, get rid of elenent...
34 if (eq==1)

35

36 L3 = fMonPairLi st Copy( L1 );

37 }

38

39 Il ...else keep el enent

40 el se

41 {

42 LO = fMonPairlListPush( gl, gr, LO );
43

}
44 } /1 end while ( L2)
45 return L3;
46 }

We start the algorithm by removing all duplicate rules (which are obviously redundant) from
our list of rewrite rules on line 13, by using a command taken from the frmon library. We then cycle
through all the rules left in the list (using a while loop started on line 19), reducing the left hand side
and the right hand side of each rule in turn on lines 29 and 30. If the reduced left and right hand sides
are the same (tested on line 31 using the ‘fMonEqual’ function), we then remove the rule from the
list (on lines 34-37) — otherwise we keep the rule in the list (on lines 40-43). After we have gone
through all the rulesin the list and hence finished the while loop (on line 44), we then return the list of
rules with redundant entries removed (on line 45) to the piece of code that called the algorithm.

Example 3.2: If L={(D,C), (D, E), (C, E)}, then the command
R = f MonRul esReduce( L );

will assign thelist { (D, E), (C, E)} to the variable R.

3.2.3: fMonKnuthBendix

We now come to implementing Algorithm 2.10, the Knuth-Bendix critical pairs completion
algorithm. The code that implements the algorithm uses the functions described above in Sections 3.2.1
and 3.2.2, and forms atemplate for the algorithms that we will encounter later.

Recall that given an initial rewrite system R associated with a monoid M, the purpose of the
Knuth-Bendix critical pairs completion algorithm isto find the complete rewrite system associated with
R.

Let us now consider the code that implements Algorithm 2.10, noting that the source code that
followsisasimplified version of the full source code that appears in Appendix B.
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FMonPai r Li st

f MonKnut hBendi x( L )

FMonPai r Li st L;

{

/'l Apply the KB conpletion algorithm

/1 Define local variables
ULong leni, lenj, lenf, Ienm added = O;
Short flag;
Fvon i, ri, Iy, rj, If, rf, Im rm pf, sf,
pm sm wl, w2, af, bf, gf, mddle, left, right;
FMonPair pair, div;
FMonPai rList Li, Lj, crit, crws;
int i =0, j =0, d=0, passes = 0;

crws = fMonPairLi st Copy(
added = 1;

while (

{

added > 0 )

passes++]

printf("\nPass nunber % :\n",
crit

added

Li

/1 We now go through Li

L ); // Holds the conplete rewite system conputed so far

= f MonPai rLi st Copy( crws );

= 0; /I enable t

he escape

= f MonPai rLi st Copy( crws );

while ( Li)

{

Lj
l'i
ri

| eni

and Lj,

f MonPai r Li st Copy( Li );

Li ->Ift;
Li ->rt;
= fMonLengt h(li

while ( Lj )

{

j

r)
I enj = fMonLength(

/
i
{

/
f

Lj ->1ft;
Lj ->rt;

)

1)

| ooking for overlaps in each pair of LHS s

passes) ;

Decide on the fixed and noving el enents

( leni <= lenj

| f
I'm

lj; rf rj
i

rm

else // j noving,

/1 We now | ook for overlaps on the left and right

If =1i; rf =ri;
Im=1j; rm=rj
}
for (i =1; i <=1
{
/'l STAGE 1:
11
11 [....
I Im..] -
sm = fMonSuf fi x(
pf = fMonPrefix(
if ( fMonEqual (

{

ri;

) Il i nmoving, j fixed
; lenf = lenj;
Il enm = leni;
i fixed
lenf = leni;
; lenm= lenj;

enm1; i+

Im i );
If, i);
sm pf )

+)

1) 11

if overlap found

Movi ng word overl aps fixed on the | eft (RED OVERLAP)

))'Reduce word in two different ways;

/1 1f the reductions are different, add onto the 'crit' list

} /1 end if ( fMonEqual ( sm pf )

/1 STAGE 3: Moving word overlaps fixed on the right (BLUE OVERLAP)

/1
/1 [....
/1
pm = fMonPrefi x(
sf = fMonSuffi x(
if ( fMonEqual (
{

< [
Im i );
If, i );
pm sf )

1) 1/

if overlap found

1)

U”Reduce word in two different ways;

/1 1f the reductions are different, add onto the "crit' |ist

} Il end if ( fMonEqual ( pm sf )

1)



87 } /1 end for (i =1; i <=lenm1; i++)

89

90 /1 STAGE 2: Moving word as substring (PURPLE OVERLAP)
91 11

92 /11 [ . fo. .. ... ]

93 11 [...Im..] ->

94

95 if (fMonEqual (Im If) !'=1) // if the left hand sides are not equal
96 {

97 for (j =0; ] <=lenf-lenm j++ )

98

99 m ddl e = f MonSubWord(1f, j+1, j+l enm;

100 if (fMonEqual (middle, Im == 1) // if overlap found
101 {

102 C

103 /'l Reduce word;

104 /1 1f the reductions are different, add onto the "crit' list
105 e

106

107 } /1 end if (fMnEqual...)

108 } Il end for (j)

109 } /1 end if (fMnEqual...)

110

111 Lj =Lj ->rest; // cycle through Lj

112 } /1 end while ( Lj )

113

114 Li = Li ->rest; // cycle through Li

115 } /1 end while ( Li )

116

117 printf("% critical pairs added; ", added);

118 if ( added > 0 ) // if critical pairs were added

119 {

120 crws = fMnRul esReduce( crit );

121 printf("% rules in the reduced set.\n", fMnPairListLength(crws));
122 }

123 el se

124 {

125 printf("% rules in the reduced set.\n\n", fMonPairListLength(crws));
126 }

127 } /1 end while ( added > 0 )

128 printf("Nunber of passes made = % .\n", passes );

129 return crws;

130 }

We start (as aways) by defining all the local variables to be used in the algorithm, and then we
begin awhile loop on line 17 that will keep on executing as long as a new rule is added to the rewrite
system during the execution of the body of the while loop. In the while loop itself, we begin by
constructing a mechanism (in lines 26-37) in which we are able to loop through every pair of rulesin
the rewrite system asit currently stands.

After some initialisation in lines 39-49 (in which we decide for a given pair of ruleswhich rule’s
left hand side is the longest), from line 51 onwards we look for overlaps with regards to the left hand
sides of the two rules that we are considering. Following the discussion in Section 2.3, we know that
there are three types of overlap to be considered computationally, and in Section 2.3 we colour coded
these three types of overlap.

In the source code above, we attempt to find the ‘red’ type of overlap discussed in Section 2.3
in lines 54-69, attempt to find the ‘blue’ type of overlap in lines 71-85, and attempt to find the *purple’
type of overlap in lines 90-109. If any of these types of overlap are detected, then any new rules
deduced from these overlaps are added to the rewrite system.

After we have analysed each pair of rules for overlaps, a process which ends on line 115, if any
new rules were added to the rewrite system during the just completed iteration of the algorithm, then
we apply the fM onRulesReduce function (see Section 3.2.2) to the current rewrite system to weed
out any redundant rules from the list (in lines 118-122), and we then cycle back up to line 17 in order
to apply the algorithm to the current rewrite system again. Alternatively, if no new rewrite rules were
added to the rewrite system during the just completed iteration of the algorithm, then the rewrite
system is now complete and so we may now terminate the algorithm (but only after returning the
complete rewrite system to the piece of code that called the algorithm on line 129).



In the above discussion of the source code, | have not talked about the actual processes
involved in finding overlaps and new rewrite rules computationally. To make up for this omission, let
us now consider the processes involved in finding the ‘red’ type of overlap (whose pseudo code is on
page 12 of this report) and the subsequent deduction of new rules from overlap words of thistype. The
following code is the ‘full’ version of the code that appears in lines 54-69 of our previous discussion,
I.e. the code that appeared previously in lines 54-69 was a truncated version of the following code:

1 // STAGE 1: Moving word overlaps fixed on the |eft
2 /1

3 /1 [..... If.o.. .. ]

4 // [...Im..] ->

5

6 sm= fMnSuffix( Im i

7 pf = fMnPrefix( If, i

8

9

if ( fMonEqual ( sm pf ==1) /] if overlap found
{

e
[l ]
k]
3

enmi );
enf-i );

)
)
)
|
|

fMonPrefix( Im
fMonSuf fix( |f

e
AWN
~ o
- =

Reduce word in two different ways:
f MonWor dReduce( fMonTinmes(rm sf), crws );
f MonWor dReduce( fMnTinmes(pm rf), crws );

e
~N o ul
I n

=
[ee)

/ If the reductions are different, add onto |ist
f ( theordFun( wl, w2 ) == 1)

N =
o ©
—_———

N
=

crit = fMonPairListPush( w2, wl, crit );
added++;

}

else if ( theOdFun( w2, wl ) == 1)

{
crit = fMonPairListPush( wl, w2, crit );
added++;

NNNNNNDN
O~NOOPWN

}
/1 end if ( fMonEqual ( sm pf ) == 1)

N
©
—

Recall that for a given pair of rules, in searching for a ‘red’ type of overlap, we are trying to
find an overlap between the left hand sides of the rules of the form suffix(left hand side of rule 1) =
prefix(left hand side of rule 2). In the above code, this is what is happening in lines 6-9 — we are
testing to see if the prefix of the left hand side of one rule is equal to the suffix of the left hand side of
the other rule — for every possible suffix and prefix (recall that the above code is in the body of a‘for’
loop, where the loop runs over the variable ‘i’ which in turn has a maximum value governed by the size
of the left hand sides of the rules).

If a match is reported, and so an overlap has been found, we now follow  oyerlap Word
computationaly the instructions set out in Algorithm 2.10 regarding what to dc
when an overlap word is found. In line 15, we reduce the overlap word according tc |
the first rule (Im ® rp) so that the overlap word reduces to rnxs (Ins ® rns). We
then reduce the word r,s to normal form according to the current rewrite system ir ~ Pm Iy
use, so that we obtain a word wi. Similarly, in line 16, we reduce the overlap word according to the
second rule (It ® ry) so that the overlap word reduces to pmxrs (Pmlt ® pmrs). We then reduce the word
pmf¢ to normal form according to the current rewrite system in use, so that we obtain a word ws.

Now that we have obtained a critical pair of words (w1, W,), we can therefore go on (in line 19)
to check to see whether it is true that we have w, > w; according to the total order of wordsin use. If
thisis the case, then (on line 21) we can add the rule (w. ® w;) to our rewrite system (which is stored
as the variable ‘crit’). Similarly, we then go on (in line 24) to check to see whether it is true that we
have w; > w, according to the total order of wordsin use. Again if thisis the case, then (on line 26) we
can add the rule (ws ® W) to the rewrite system ‘crit’. Of course, it is evident that if wy = ws, then we
do nothing (as required by the algorithm).

This completes our discussion regarding what is required to detect ‘red’ overlaps and to
subsequently deduce new rules from these overlaps. The code for detecting ‘blue’ and ‘purple
overlaps and then deducing new rules from these overlapsis similar to the above code.



3.2.4: fMonMonoidElements

In order to implement Algorithm 2.15, which will (amongst other things) be used in
constructing M-actionsin later algorithms, the following source code was written. As areminder, recall
that Algorithm 2.15 returns a list of al the elements of some monoid M given a complete rewrite
system for M and alist of the generators of M.

Inputs: A complete rewrite system for M; alist of M’s generators.
Output: A list of all the elements belonging to the monoid M.

1 FMonlLi st

2 fMonMnoi dEl ements( gens, crws ) // use conplete rws to list elenents

3 FMonLi st gens;

4 FMonPairList crws;

5

6 ULong | en;

7 Short flag;

8 FMon w, g, wg;

9 FMonLi st used = fMonListNul, found = fMnListNul, revf, gen2;

10 int i =0, d=0, lenu =0, lenf =0, inf, inu;

11

12 found = f MnLi st Push( fMnOne(), found );

13 lenf = 1;

14 while ( lenf > 0)

15 {

16 revf = fMonLi st FXRev( found );

17 w = revf -> first;

18 used = fMonListPush( w, used );

19 found = fMnLi st FXRev( revf -> rest );

20 lenf = lenf-1;

21 lenu = | enu+l;

22 gen2 = f MonLi st Copy( gens );

23 while ( gen2 )

24 {

25 g = gen2 -> first;

26 gen2 = gen2 -> rest;

27 wg = f MonWordReduce( fMonTines(w, g), crws );

28 inu = fMonListlsMenber( wg, used );

29 inf = fMonListlsMenber( wg, found );

30 if ((inf ==0) & (inu==0))

31 {

32 found = fMonLi st Push( wg, found );

33 lenf = lenf+1;

34 } /1 end if

35 } /1 end while ( gen2)

36 } I/ end while ( lenf > 0)
37 return fMonLi st FXRev( used );
38 } // end FMonMonoi dEl enent s

The principle that Algorithm 2.15 uses to find al the elements of M is simple: every element of
M has to be aword in the generators of M. By constructing all possible words in the generators of M
modul o the complete rewrite system for M, we can obtain all the monoid elements of M.

In the above source code, we start with the knowledge that the identity word is always an
element of M, and we therefore place it in alist caled ‘found’ on line 12 which is alist of elements of
M that we find as we go along (this notation is taken directly from Algorithm 2.15). We then start a
while loop (on line 14) whose purpose is to find new monoid elements belonging to M — which we
find as follows: for each monoid element mT M that we found during the previous iteration of the
while loop (note that if we are executing the while loop for the first time, then we only have the
identity word to consider), place min alist called ‘used’ (on line 18), and then multiply m on the right
by al the monoid generators of M to give alist of words, each of which we reduce on line 27.

If we have not yet encountered a particular reduced word so far (i.e. if it hasn't previously
appeared in either the 'found’ list or in the 'used' list — checked on lines 28-29), then it must be an
element of M — and thus we place it in the ‘found’ list of elements on line 32. The algorithm
terminates when the ‘found’ list becomes empty, and when this happens, the ‘used’ list will now hold
all of the monoid elements of M, which we return (on line 37) to the piece of code that called the
algorithm, as required.



3.2.5: The ‘kbe’ and ‘kba’ Programs: Part 1

In order to use the fMonKnuthBendix algorithm discussed in Section 3.2.3, we need to be able
to give the algorithm some suitable input to process. In order to do this, two programs were created,
called ‘kbe’ and ‘kba’, that allow the computation of the complete rewrite system associated with a
given monoid presentation.

We shall discuss the two programs in further detail in Section 3.2.10 (and there are two
programs because we shall later define different tasks (concerned with induced monoid actions) for
each program to accomplish), but for now let us just say that the programs take command line
parameters in the form of text files, and giving a single parameter to either of the programs in the form
of a text file containing a monoid presentation for a monoid M returns some output including the
complete rewrite system associated with the monoid M.

The format of the text file required to specify a monoid presentation for a monoid M can be
summarised by the following example concerning the symmetric group S(3).

Example 3.3 The input file associated with the monoid presentation for S(3) shown on page
12 isasfollows:

A;B; ab;
A*a; ;
aA;
B*b; ;
b*B ; ;
A3
Br2:
(A*B)"2;

Notice that the first line of the input file specifies the generators of the monoid
(separated by semicolons); and that the remaining lines specify the relators of
the monoid (which also double up as the initial rewrite system), where a rule of
theform (I ® r)iswrittenas I; r;.

The usual mathematical notation when working with a computer is adopted in
the input file, such as the use of an asterisk to denote multiplication and the use
of the ‘hat’ symbol ‘" to denote indices. We shall aso by convention use a
space to denote the identity word — which, incidentally, isrepresented as ‘1’ in
the computer output and not as ‘|’ as we have been discussing.

If we were to run the ‘kbe’ program with the above presentation for S(3) as
input (in the form of the file ‘s3.in’), then the following would be the output
obtained:

deno: gar et h/ kbi a> kbe s3.in

Data read in. Now processing...

N is presented as foll ows:

(Cc ->1)
(c C->1)
(Dd->1)
(d D->1)
(3 ->1)
(Dr2 -> 1)

(CDCD->1)
[7 rule(s)]



Now conputing a conplete rewite systemfor N.....
I n f MonKnut hBendi x usi ng RenDups:

Pass nunber 1:
8 critical pairs added; 7 rules in the reduced set.

Pass nunber 2:
8 critical pairs added; 10 rules in the reduced set.

Pass nunber 3:
O critical pairs added; 10 rules in the reduced set.

Nunber of passes nade = 3.
..Conplete rewite systemfor N conputed.

This is the Conplete rewite systemfor N

(Dc ->CD)
(cn"2 -> 0O

(c D->DQ
(D2 -> 1)

(c C->1)
(Cc ->1)
(C2 ->¢)
(DCD->¢)
(CDC->4d)
(d -> D

[10 rule(s)]
El enents of the nonoid M
1

A

B

a

A B

B A

[6 elenment(s)]

Notice that the elements of S(3) are given at the end of the output — obtained of course with
the algorithm discussed in Section 3.2.4.

3.2.6: intFMonListWordReduce

Now that we have seen all the algorithms required to implement the Knuth-Bendix critical pairs
completion algorithm for a free monoid, we now come to consider the algorithms required to
implement Algorithm 2.24, the Knuth-Bendix critical pairs completion algorithm for induced monoid
actions.

As before, the place to start isto write an algorithm that reduces an arbitrary word w as far as it
will go using a given rewrite system R. In this context, an arbitrary word w is a pair of the form (X, n)
(wherex Is an element of some monoid M-set X and n isaword in the generators of amon0|d N,i.en
N"), and a rewrite system R is alist of rules of the form (x;, n;) ® (Xz, Ny) (xl, X2 T X, n, T NY).
We will discuss the algorithm for reducing an arbitrary word (x, n) (x T X, nT N using a suitable
rewrite system after seeing the following ssimplified version of it, noting first that the algorithm is
modified from (and uses) the algorithm in Section 3.2.1.

Inputs: A complete rewrite system for amonoid N (with rules of the form (I ® r));
A rewrite system R for the set XxN" (with rules of the form (xi, n) ® (X2, Ny));
A word of the form (x, n) to reduce (xT X, nT N).

Output: The normal form of the word (x, n) (with regards to R).

| nt FMbnLi st

i nt FMonLi st Wor dReduce( word, rulesl, rules2 ) // reduce word using both sets of rules

I nt FMonLi st wor d;

FMonPai r Li st rul esl; /1 conplete rewrite systemfor Nwith rules of the form(l ->r)
I nt FMonPai rLi st rules2; // rewite systemof the form(x1, nl) -> (x2, n2)

/'l Define variabl es
I nt FMonLi st back, pass, transfer, new, newZ2;
FMonPai r Li st crws;
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10 I nt FMonPai r Li st conpari son;
11 FMon origWwrd, redwWrd, natchMon, newhbn, newnonE;
12 ULong lenl, len2;

13 int check =0, i =0, j =0, k =0, match =0, match2 = 0, newint = 0;
14 int mn = 0;

15

16 /1 Initialise variables

17 back = intFMonLi st Nul ;
18 new = i nt FMonLi st Nul ;
19 crws = fMnPairlListCopy( rulesl );

21 /1l Reduce word iteratively
22 transfer = intFMnListCopy( word );

23

24 check = 1; // escape integer

25 while( check '=0)

26 {

27 check = 0; // to enable the escape!

28 pass = intFMonLi st Copy( transfer );

29 origWwrd = pass -> non;

30 match = pass -> i;

31 i+,

32

33 /1 Reduce the FMon part of our |ntFMon using the

34 /'l crws passed into the function

35 redword = f MonWor dReduce( origWrd, crws );

36

37 new = i nt FMonLi st Push(mat ch, redWrd, new);

38 transfer = intFMonListCopy( new ); // transfer now holds (match, redWrd)
39 new = int FMonLi st Nul ;

40

41 conpari son = intFMonLi st Copy( rules2 );

42

43 /1 Now that we have reduced our word using the Type 1 rules,
44 /1 we look for sinplifications in the Type 2 rules.

45

46 whi | e(conparison) // while there are rules left to conpare with
47 {

48 mat ch2 = conparison -> ilft;

49 mat chMon = conparison -> nmft;

50

51 if (mtch == match2) // possible transition (matching integers)
52 {

53 /'l Look for overlap

54 Il enl = fMonLengt h(redWrd) ;

55 | en2 = f MonLengt h( mat chMbn) ;

56

57 if(len2 <= 1lenl) // if list word is <= reduced word

58 {

59 if (fMonEqual (matchMon, fMnPrefix(redWwrd, len2)) == 1)
60 {

61 /1 Overlap Found! Now changing (x, pp') to (y, gp')
62 newint = conparison ->irt; // irt =y

63 newnmonE = conparison -> nrt; // mt =q

64

65 if (lenl !=1en2) // i.e. if p' is not enpty

66 {

67 newMon = fMonTi mes(newnronE, fMnSuffix(redWrd,|enl-len2));
68 }

69 else // i.e. p' is enpty

70 {

71 newibn = newnonE;

72 }

73 check = 1;

74 new = i nt FMonLi st Push(newi nt, new\bn, new) ;

75

76 /'l Escape from | oops

77 transfer = intFMonLi st Copy( new );

78 new = int FMonLi st Nul ;

79 conparison = int FMonPairLi st Nul ;

80

81 } /1 end if (fMnEqual (matchMon, fMnPrefix(redWord, |en2)) == 1)
82 } Il end if(len2 <= lenl)

83 el se

84 {

85 mn = 0;

86 }

87 } Il end if (match == match2)

88 if (check == 0) // only carry on if no match found so far
89 {

90 conpari son = conparison -> rest;

91 }

92 } /1 end whil e(conparison)

93 } /1 end while( check !'=10)

94 return transfer;



The algorithm starts (as usual) by defining all the variables to be used in the algorithm. Note
that an IntFMonList is a variable which stores a (linked) list of expressions of type IntFMon (which
are variables of the form (x, n)), and that an IntFMonPairList is a variable which stores a (linked) list
of expressions of type IntFMonPair (which are variables of the form ((xi, ni), (X, Nnz)), used to
represent rules of the form (x;, n;) ® (Xz, n2)). Note further that we will use the convention that the
elements of the monoid M-set X will be stored as integers — we will do this in order to simplify the
implementation of the algorithm, and the justification for doing this (as discussed earlier) is that we
may take any representation of the monoid M-set X — it isjust a set of elements.

On line 25, we start a while loop which will keep on executing until the word (x, n) that we are
reducing to normal form did not reduce any further during the previous iteration of the while loop. In
the while loop itself, the first thing we do (on line 35) is to reduce the monoid part ‘n’ of the word (X,
n) using the complete rewrite system for the monoid N passed into the algorithm. This leaves us with a
word (X, n’) to reduce, where n’ isthe normal form of the word n.

The next stage is to try to reduce the word (x, n’) using our collection of type 2 rules of the
form (X3, N;) ® (X, Ny). To do this, for each type 2 rule in the system (we use a while loop started on
line 46 to cycle through all the type 2 rules in the system), we look to see if a particular type 2 rule
reduces our word (X, n") — for this to be the case, then two conditions must be met: first, the integers
x and x; must be the same, and secondly, n; must be a prefix of n’.

We check the first condition on line 51 and check the second condition on line 59, and if the
two conditions are met, then we may reduce our word (x, n’) as follows (on lines 61-74): because we
now know that the word (x, n’) is a word of the form (x;, mn’’), where n’’ may or may not be the
identity word (checked on line 65), we may therefore reduce the word (x;, n,n’") using the type 2 rule
(X1, M) ® (X, Ny) to leave us with the word (%, nn'’).

After the word (x, n) has been reduced as far as it will go using all the type 1 and type 2 rulesin
the system, on line 94 we then (just before terminating the algorithm) return the reduced form of the
word (X, n) to the piece of code that called the algorithm.

3.2.7: intFMonRulesReduce

Recall that in Section 3.2.2 we constructed an algorithm that removed redundant rules from a
rewrite system with rules of the form (I ® r) by removing the rules in the system that had identical
reduced left and right hand sides when the left and right hand sides were reduced by using all the other
rewrite rules in the system.

The algorithm in this section implements the above for a rewrite system with rules of the form
(X1, m) ® (X2, N2). We can modify the algorithm in Section 3.2.2 to accomplish this task, the only major
modifications needed being variable changes, e.g. changing FMons to IntFMons. Here is a summary of
the important changes that were made to the algorithm in Section 3.2.2:

Old Algorithm (fMonRulesReduce) New Algorithm (intFMonRul esReduce)
/' Renove Duplicates /'l Rermove Duplicates
L = fMonPairLi st RenDups( K ); L = int FMonPai rLi st RemDups( L );

/1 Reduce left and right hand sides /
pl = fMonWordReduce( ql, L1 ); p
pr = fMonWordReduce( qr, L1 ); r

/ Reduce left and right hand sides
| = intFMonLi st WrdReduce( pl, crwsN, L1, 1 );
| = intFMonLi st WrdReduce( rl, crwsN, L1, 1 );



/1 If LHS = RHS, get rid of elenent... /1 If LHS = RHS, get rid of elenent....

if ( fMonEqual ( pl, pr ) == 1) if ( (fMonEqual ( IftM2, rtM2 ) == 1)
& (1ftl2 ==rtl2) )
{
L3 = fMonPairlListCopy( L1 ); L3 = int FMonPai rLi st Copy( L1 );
} }
/1 ...else keep el enent /'l ....else keep el enent
el se el se
{
LO = fMnPairlListPush( gl, gr, LO ); LO = intFMonPairListPush( Iftl, IftM

rel2, rtMe, LO );
}

3.2.8: intFMonKnuthBendix

We have now obtained all of the necessary tools required to implement Algorithm 2.24, the

Knuth-Bendix critical pairs completion agorithm for induced monoid actions. Recall that the purpose
of the algorithm is to produce a complete rewrite system for the set XxN" by using an initial rewrite
system for the set XxN" and a complete rewrite system for the monoid N (computed using Algorithm

2.10). Let usnow consider (asimplified version of) the source code that implements Algorithm 2.24.

©CoO~NOUOAWNE

Inputs: A complete rewrite system for amonoid N, with rules of the form (I ® r);
Aninitial rewrite systemfor the set XxN" (where X isamonoid M-set),
with rules of the form (x4, Ny) ® (X, Ny).

Output: A complete rewrite systemfor the set XxN", with rules of the form
(X, M) ® (X2, M2) (X1, X2 1 X, Ny, 2T N).

I nt FMonPai r Li st

i nt FMbnKnut hBendi x( crwsN, irws ) // conpute crws
FMonPai r Li st crwsN,

I nt FMonPai r Li st i rws;

{

/1 Define Variabl es

int i, j, k, check, IftlA I1ftIB, rtlA rtlIB, count = 0, swapl,
redl A, redl B, decide, beginK endK executeK added, i1, i2;
ULong si zei, sizej, lengthA IlengthB, startSize, endSize, m dSize;

FvMon [ ft MA = fMonOne, [ ftMB = fMonOne, rtMA = fMonOne, rtMB = f MonOne,
redMA = fMonOne, redMB = fMonOne, ml, n2, swapM = f MonOne;

FMonPai rLi st tenpN, cycl e3;

I nt FMonPai rLi st tenpXW back, cyclel, cycle2, adder;

I nt FMonLi st redA, redB;

/1 Check initial list for m stakes
irws = intFMonPairListRenDups( intFMonScout( irws ) );

/1 Initialise Variables

t empXW = i nt FMonPai r Li st Copy( irws );
tenpN = f MonPai r Li st Copy( crwsN );
back = intFMnPairListCopy( irws );
adder = intFMonPairListNul;

check = 1;

while( check '=0 ) // until no nore rul es added

{
check = 0; // enable escape
added = 0; // reset nunber of critial pairs added
startSi ze = i nt FMonPai rLi st Length( tenmpXwW);
count ++; // used to count the nunber of iterations
printf("\nlteration %...\n", count);

[[ ****x*x E| RST STAGE: TYPE 2 WTH TYPE 2 ****x*

cyclel = int FMonPairLi st Copy( tenmpXw);

sizei = intFMonPairlListLength( cyclel );
sizej = sizei;
for( i =1; i <=sizei-1;, i++)

{
IftIA = cyclel ->ilft; I1ftMA = cyclel -> nmft;
rtlIA =cyclel -> irt; rt MA = cyclel -> nrt;

/1 Set up second list - get to correct part of I|ist
cycl e2 = intFMonPairLi st Copy( tempXW);
for( j =1, ] <=1i,; j+t+)
{
cycle2 = cycle2 -> rest;

}

for( j =1i+1; j <= sizej; j++ )
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107
108
109

111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138

ftIB = cycl
tIB = cycle

B
VE'

v}

| A ==

/1 Match!
| engt hA =

if (length
{

| engt h
| engt h
}

if (length

/'l Check
if (fMn
{
/1 Mat
redA =

/! Red
redl A
/1 Red
redl B

e2 ->ilft; I1ftMB = cycle2 -> nmft;
2 ->rt; rtMB = cycle2 -> mrt;

E COWPARI NG (1 ft1A IftMY) -> (rt1A rtMY) with (1ft1B, IftvB) -> (rtlB,

1ftIB) // Check matching integers

Check if one nonoid is a subnonoid of the other
f MonLength(l1 ft MA); | engthB = fMonLength(lftMB);

B < lengthA) // swap el enents

= IftIA IftlA=1ftIB; IftlB = swapl;
=rtlA rtlA=rtlB; rt1B = swapl;
= IftMA IftMA = IftMB, | ftMB = swapM
=rtMA  rtMA = MB; rt MB = swapM
A = fMnLength(IftMA

B = f MonLengt h(l

A= 0)

if

| ft MA appears in [ftMB
Equal (|

ftMA, fMnPrefix(lftMB, lengthA)) == 1)

ch, add onto list if necessary
int FMonLi stNul ;  redB = int FMonLi st Nul ;

uce word first way

rt VB)

=rtlA redMA = fMonTines(rtMA, fMnNSuffix(IftMB, |engthB-1engthA));

uce word second way
=rtIB, redMB = rtMg;

/1 Sinplify reduced words using rewite system

redA
redA
redB
redB
redl A
redl B

if (in
{

dec

/1
if
{

els

{

}

/1
if
{

Pl
Il e
} /1 end
} /1 end
} 1l end if
cycle2 = cyc
} Il end for (]
cyclel = cyclel

i nt FMonLi st Push(redl A, redMVA redA);
i nt FMonLi st Wor dReduce( redA, crwsN, tempXW 1 );
i nt FMonLi st Push(redl B, redMB, redB);
i nt FMonLi st Wor dReduce( redB, crwsN, tempXw 1 );
=redA -> i; redMA = redA -> non;
=redB -> i; redMB = redB -> non;

t FMonLi st Equal (redA, redB) != 1) // Now conpare words

ide = fMonEqual (redMA, redMB); // See which one is the 'largest’

FI RST, deci de by the nonoids
( theOrdFun( redVA, redMB ) == 1)

adder = intFMonPairListNul;

adder = intFMonPairlListPush(redl B, redMB, redl A redMA adder);

t enpXW = i nt FMonPai r Li st Append(t enpXW adder) ;
added++;

eif ( theOdFun( redMB, redVA ) == 1)

adder i nt FMonPai r Li st Nul ;

adder = intFMonPairlListPush(redl A redMA redl B, redMB, adder);

tenpXW = i nt FMonPai r Li st Append(t enpXW adder) ;
added++;

SECONDLY, if the nonoids are the sanme, decide by the integers.
(decide == 1)

if (redlA < redl B

{

adder = intFMonPairLi stNul ;

adder = intFMonPairlListPush(redl B, redMB, redl A, redMA adder);

t empXW = i nt FMonPai r Li st Append(t empXW adder) ;
added++;

else if (redlB < redl A

adder = intFMonPairListNul;

adder = intFMonPairlListPush(redl A redMA redl B redMB, adder);

t enpXW = i nt FMonPai r Li st Append(t enpXW adder) ;
added++;

}
/ end if (decide)
nd if (intFMnListEqual...)
if (fMonEqual..)
f (lengthA = 0)
(A ==1B)
le2 -> rest;

)

-> rest;
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} Il end for (i)

/1 Tidy Up...
tenpXW = i nt FMbnRul esReduce( tenpXW crwsN );

back = intFMonPairLi st Copy( tenpXW);
endSi ze = i nt FMonPai rLi st Lengt h( back );
m dSi ze = endSi ze-start Si ze;

/] ***** SECOND STAGE: TYPE 1 WTH TYPE 2 *****x

cyclel = intFMonPairlListCopy( tempXW); // with new el enents
sizei = intFMonPairListLength( cyclel );
for( i =1, i <= sizei; i++ ) [/ for each (x, w)
{
IftIA = cyclel ->ilft; IftMA = cyclel -> nift;
rtlIA = cyclel ->irt; rt MA = cyclel -> nrt;

/'l Set up second |ist

cycl e3 = fMonPairListCopy( tempN );

sizej = fMnPairlListLength( cycle3 );

for( j =1, j <= sizej; j++ ) [/ for each nonoid LHS of Type 1 rules

IftMB = cycle3 -> Ift; rtMB = cycle3 -> rt;

/1 Now | ook for overl aps.
I engthA = fMonLength(lft MA); lengthB = fMnLength(lftMB);

/1 Cverlap type 1: IftMB inside |ftMA
if ((lengthB <= lengthA) & (lengthA = 0))
{

/1 Check if |ftMB appears sonmewhere in |ftMA
for(k = 1, k <= lengthA-1engthB+1; k++)

if(fMnEqual (1ftMB, fMnSubWord(lftMA k, k+lengthB-1)) == 1)

/1 Match found. Now reduce as before
redA = int FMonLi st Nul ; redB = int FMonLi st Nul ;

/! Reduce word first way
redlA = rtlA redMA = rt MA
/! Reduce word second way
rediB = I ftIA

if (k!=1)
redMB = fMonTimes(fMonPrefix(IftMA k-1), rtM);
;jf (k !'= Il engt hA-1 engt hB+1)
redMB = fMonTi mes(redMB, fMnSuffix(lftMA |engthA-|lengthB-k+1));

/1 Sinplify the reduced words using the rewite system & conpare words
/1 AS CARRIED QUT I N LI NES 86-132

} /1 end if fMnEqual...
} Il end for (k)
} /1 end if(lengthB <= |engthA)

/'l Overlap type 2: IftMB overlaps on right. To begin, set up conditions on |oop
beginK = 0; endK = lengthA-1; executeK = 0;
if (lengthB <= | engthA)

begi nK = 1;
endK = | engt hB- 1;
}

/'l Look for overlaps on right hand side
for( k = beginK k <= endK, k++ )
{
executeK = 0; // reset swtch
if((lengthB <= lengthA) & (lengthA = 0))
i f(fMonEqual (fMonSuffix(lIftMA k), fMnPrefix(lftMB, k)) == 1)
{

executeK = 1;

}}
else if (lengthA !=0) // i.e. and |l engthB > | engthA

i f(fMonEqual (fMonSuffix(l1ftMA lengthA-k), fMnPrefix(lftMB, lengthA-k)) == 1)
{

}
}

executeK = 1;



225 i f(executeK == 1)

226 {

227 /1 Match found. Now reduce as before

228 redA = int FMonLi st Nul ; redB = int FMonLi st Nul ;
229

230 if (lengthB <= | engthA)

231 {

232 /'l Reduce word first way

233 redlA = rtlA redMA = fMonTimes(rtMA fMnSuffix(lIftMB, |engthB-k));
234 /!l Reduce word second way

235 rediB = I ftIA

236 }

237 el se

238 {

239 /1 Reduce word first way

240 redlA = rtlA redMA = fMonTimes(rtMA fMnSuffix(lftM, |engthB-IengthAtk));
241

242 /! Reduce word second way

243 redlB = IftlA redMB = rtMB;

244 if (k!=0)

245 {

246 redMB = f MonTi nes(fMnPrefix(IftMA k), redwB);
247 }

248 }

249

250 /1 Sinmplify the reduced words using the rewite system & conpare words
251 /1 AS CARRIED OUT I N LI NES 86-132

252

253 } Il end if (executeK)

254 } /1 end for (k)

255 cycle3 = cycle3d -> rest;

256 } Il end for (j)

257 cyclel = cyclel -> rest;

258 } /1 end for(i)

259

260 /1 Get rid of unwanted rules

261 back = intFMnPairListCopy( tenpXW);

262 endSi ze = intFMonPai rLi st Lengt h( back );

263 t empXW = i nt FMonRul esReduce( tempXW crwsN );

264 back = intFMonPairLi st Copy( tenpXW);

265

266 /'l Look for shortcuts

267 back = shortCuts( back );

268

269 endSi ze = i nt FMonPai rLi st Lengt h( back );

270 printf("...% elenments in the reduced set\n", endSize);
271

272 /1 if the size of the list has increased, do the algorithm again
273 if (added > 0)

274 {

275 check = 1,

276

}
277 } I/ end while
278 return back;
279 } /1 end I ntFMonPairlList

The first thing to note about the above algorithm is that it doesn't implement part (1) of
Algorithm 2.24, and the reason for thisis that there is no need to implement part (1) of Algorithm 2.24
because we will only be using the algorithm computationally with initial rewrite systems for the set
XxN" where all the rules of the form (x;, n;)) ® (%, n,) are such that the n; are already reduced to
normal form with regards to the complete rewrite system for N (due to the way that the data is
processed in the programs that use the computerised version of Algorithm 2.24). The above algorithm
does however implement all the other parts of Algorithm 2.24, and we shall now look at how it goes
about accomplishing this task.

After defining all the variables to be used in the algorithm in lines 6-14, and then checking and
initialising some of these variables in lines 16-24, we start the algorithm proper on line 26 by initialising
a while loop which will keep on executing as long as new rules were added to the system of rewrite
rules for the set XxN" during the previous iteration of the algorithm.

Inside the while loop, the first task is to implement part (2) of Algorithm 2.24. To do this, we
must ook for overlaps between the left hand sides of all the type 2 rules in the current rewrite system.
This process begins on line 39 where, for each type 2 rule in the system, we compare the left hand side
of that rule with the left hand sides of al the other type 2 rules in the system (due to the ‘for’ loop
begun on line 52). This means that the code on lines 57-135 executes for every possible (ordered)
pairwise combination of left hand sides of type 2 rules.



For a particular pair of rules A = (IftlA, ItMA) ® (rtlA, rtMA) and B = (IftIB, IftMB) ® (rtlB,
rtMB), the first thing we do in order to ook for an overlap is to check to see whether we have IftIA =
IftIB or not (done on line 58). If thisis not the case, then we can go on to compare a different pair of
rules — but if this is the case, then we may continue to look for an overlap, the next condition
regarding the presence of an overlap being the requirement that we must have either IftMA = IftMB,
IftMA = prefix(IftMB), or I1ftMB = prefix(IftMA).

So that we only have to check for one kind of prefix, on lines 63-71 we determine which word
out of the words IftMA and IftMB is the longest word. We then (on line 76) check to see if the smaller
word is a prefix of the larger word, noting that if the two words have the same length, then line 76
serves to check to see whether it istrue that we have IftMA = IftMB or not.

It the test on line 76 is passed, so that we have now found an overlap between the left hand
sides of two type 2 rules, we now go on to reduce the overlap word using rules A and B to give a pair
of words redA and redB, where the overlap word is the left hand side of either rule A or rule B,
dependent upon which word out of IftMA and IftMB is the longest word. As specified by Algorithm
2.24, we must then simplify this pair of words using the rewrite system for the set XxN" at our disposal
(on lines 86-92) so that the pair of words redA and redB is now acritical pair of words.

The next stage is to decide whether or not our critical pair of words redA = (redlA, redMA)
and redB = (redIB, redMB) gives rise to a new rewrite rule for the set XxN". In order to do this, we
start by following the total order given in Definition 2.23 to check to see (on line 99) whether we have
redMB > redMA or not. If it turns out that we do have redMB > redMA, then (on lines 101-104) we
may add the rule redB ® redA to our rewrite system. Similarly, if redMA > redMB (checked on line
106), then we may add the ruleredA ® redB to our rewrite system (on lines 108-111), and if redMA =
redMB, then we may add a new rule to our rewrite system based on which integer is the biggest
integer out of redlA and redIB (done on lines 114-131), noting that if the integers are the same, then
we do not add a new rule to our rewrite system, as required by the algorithm.

After tidying up the rewrite system we now have after completing stage (2) of Algorithm 2.24
on lines 141-145, we then go on to implement part (3) of Algorithm 2.24, starting on line 147. Here,
for every type 2 rule in the system (line 151), we go through every type 1 rule in the complete rewrite
system for the monoid N (line 160), and look for overlaps. As we know, there are two different
overlaps to look out for (Types ‘D’ and ‘E’ — see page 24), and we have a separate piece of code to
detect each type of overlap.

For the overlap type known as ‘ Type D’, the task is to find an occurrence of the left hand side
of atype 1 rule (IftMB) inside the monoid part of the left hand side of atype 2 rule (IftMA). We do this
on lines 167-196, where the if loop started on line 168 checks to see whether IftMA can fit inside
IftMB (otherwise there is no point in looking for type D overlaps), the for loop started on line 171
analyses each potential type D overlap between IftMA and IftMB, and the if loop started on line 173
checks to see whether a particular potential overlap isavalid overlap.

If avalid overlap is found, then we reduce the overlap word IftMA using both the type 1 rule
(on line 179) and the type 2 rule (on lines 181-189) to give a pair of words redA and redB. We can
then go on to obtain acritical pair of words corresponding to redA and redB exactly as we did earlier,
and we can also use exactly the same method as before to deduce new rewrite rules from this critical
pair of words.

For the overlap type known as ‘ Type E’, the task is to find an overlap where a prefix of the left
hand side of atype 1 rule (IftMB) is equal to a suffix of the monoid part of the left hand side of atype 2
rule (IftMA). We do this on lines 198-254, where the for loop started on line 207 analyses each
potential type E overlap between IftMA and IftMB, and the if loops on lines 210-223 test to see
whether each potential overlap isvalid.



If avalid overlap is found (and so the variable ‘executeK’ has been given the value 1), we then
reduce the overlap word using both the type 1 rule (on line 240) and the type 2 rule (on lines 243-247)
to give apair of words redA and redB. We then go on to obtain acritical pair of words corresponding
to redA and redB exactly as we did earlier, and we aso use exactly the same method as before to
deduce new rewrite rules from this critical pair of words.

The successful completion of all of the above means that we have now completed an iteration
of the agorithm. After again tidying up the current rewrite system on lines 260-267 (including
removing any redundant rules from the system on line 263 and looking for any rule short cuts on line
267), we go on to decide whether to start another iteration of the algorithm based upon whether a new
rule was added to the rewrite system during the just completed iteration of the algorithm (this check is
performed on line 273). If a new rule was added to the rewrite system during the just completed
iteration of the algorithm, then we cycle back up to line 26 to begin another iteration — otherwise we
terminate the algorithm, returning (on line 278) the found complete rewrite system for the set XxN" to
the piece of code that called the algorithm.

3.2.9: intFMonMonoidElements

In order to implement Algorithm 2.27, which returns the list of all the equivalence classes that
belong to the induced monoid N-set Y = XxN/<<R>>, the following code was created. Note that the
complete rewrite system we give the algorithm as input is calculated using the algorithm that we have
just discussed in Section 3.2.8.

Inputs: A complete rewrite system Cyx.n+ for a set XxN°, where X is a monoid M-set
with numerical representatives and N* consists of all wordsin the generators of a
monoid N;

A complete rewrite system for the monoid N;
A list N's generators;
The number of elementsin the monoid M-set X.

Output: A list of all the elements belonging to the set XxN/<<R>>, where <<R>> isthe
equivalence relation generated by the following set of rewrite rules on the set
XxN (wherexT X,m1 M,nT Nandf: M® N isamonoid morphism):
(x, f{(m)n) ® (x™, n).

1 IntFMonNLi st

2 int FMbnMonoi dEl enent s( size, gens, crwsN, crwsXW) // use conplete rws to |list elenents
3 int size;

4  FMonLi st gens;
5 FMonPairList crwsN;

6 I ntFMonPairlList crwsXw

7 A

8 FMon g, nobnE, nobnE2, M M;
9 FMonLi st gen2;

10 I nt FMonLi st used = intFMonLi stNul, found = int FMonLi st Nul , revf,
11 answer = intFMonListNul, L1, L2, L3, LO = intFMnListNul, check = intFMnNLi stNul;
12 int i =0, lenu =0, lenf =0, inf, inu, intE intE2, 1|, 12;

13

14 /1 Assune that all [x, 1] are elenents

15 for(i =1; i <= size; i++)

16 {

17 found = int FMonLi stPush( i, fMnOne(), found );

18 }

19

20 /1 Check that all [x, 1] are indeed el enents

21 L2 = int FMonLi st Copy( found ); // L2 will hold the remaining el enents
22 L3 = int FMonLi st Copy( found ); // L3 will hold the returned |ist

23 /1l (To begin with, we assune that all elenments are valid)
24 while ( L2 ) // while there are elenents to anal ayse

25 {

26 Il = L2 ->1i;

27 M= L2 -> non;

28 check = intFMonListPush( |, M check );

29 L2 = L2 -> rest; // Cycle through L2



30 L1 = int FMonLi st Append( LO, L2 ); // L1 is the list without the current entry:

32 /'l Reduce el enents

33 check = int FMonLi st Wor dReduce( check, crwsN, crwsXw 1 );
34 12 = check -> i;

35 M2 = check -> non;

36

37 if (intFMonListlsMenber( 12, M2, L1 ) == 1)

38

39 /1 'elenent' can be reduced to another elenent - get rid!!
40 L3 = i nt FMonLi st Copy( L1 ):

41 }

42 el se

43 {

44 /'l keep el ement

45 LO = intFMonListPush( I, M LO );

46 }

a7 } I/ end while

48

49 /1 finished checking - now set found to be checked el enents
50 found = int FMonLi st Copy( L3 );

51

52 I enf = intFMnListLength( found );

53 while ( lenf > 0)

54 {

55 revf = intFMonLi st FXRev( found );

56 intE = revf ->1i;

57 monE = revf -> non;

58 used = intFMnListPush( intE nonE, used );

59 found = int FMonLi st FXRev( revf -> rest );

60 lenf = lenf-1;

61 lenu = | enu+l;

62 gen2 = fMonLi st Copy( gens );

63

64 while ( gen2 )

65 {

66 g = gen2 -> first;

67 gen2 = gen2 -> rest;

68 answer = intFMonListPush(intE, fMnTi mes(nonE, g), answer);
69 answer = int FMonLi st WrdReduce( answer, crwsN, crwsXW 1 );
70 intE2 = answer -> i;

71 nmonE2 = answer -> non;

72 inu = intFMonLi stlsMenber( intE2, nonE2, used );

73 inf = intFMnListlsMenber( intE2, nonE2, found );

74 if ((inf ==0) & ( inu==0))

75

76 found = int FMonLi st Push( answer -> i, answer -> non, found );
77 I enf = | enf+1;

78 } /1 end if

79 answer = intFMonLi st Nul ;

80 } /1 end while ( gen2)

81 } I/ end while ( lenf > 0)
82 return int FMonLi st FXRev( used );
83 } // end int FMonMonoi dEl enent s

After defining al the variables to be used in the algorithm on lines 8-12, including the important
‘“used’ and ‘found’ lists (see Algorithm 2.27 for their meanings), we start implementing Algorithm 2.27
on lines 14-18 by assuming that all expressions of the form [x, | y] (for al x T X) are elements of the
set Y, and thus we place them in the ‘found’ list on line 17.

The next step is to check that all the elements that we have just placed in the found list are
valid elements of the set Y, and we do this (on line 33) by reducing each word (x, | n) separately using
the complete rewrite systems ‘crwsN’ and ‘crwsXW' passed into the algorithm. If a particular word (X,
| v) has anormal form of the form (y, | n), whereyT X andy? x, then we get rid of the equivalence
class [x, | n] from the found list (on line 40) — otherwise we keep the equivalence class [x, | n] in the
found list (on line 45).

Embarking on the iterative stage of the algorithm, we set up a while loop on line 53 so that the
code on lines 55-79 will keep on executing until the found list becomes empty. In the while loop itsalf,
the first thing that we do is to take the first equivalence class [x, n] (xT X, n1 N) from the found list
and placeit in the used list (on line 58). Notice that thisis the part of the algorithm that ensures that the
used list will always contain all of the elements of the set Y at the end of the algorithm.



In order to cycle through each generator g of N in turn, we set up another while loop on line 64
so that we may (i) act on the equivalence class [, n] on the right by g to give an equivalence class
represented by the word *answer’ (on line 68); (ii) reduce (on line 69) the word ‘answer’ using the
complete rewrite systems for the monoid N and for the set XxN" passed into the algorithm; and (iii)
place (the reduced form of) the word ‘answer’ in the found list as an equivalence class (in line 76) if it
istrue that the word ‘answer’ is not the representative of an equivalence classin either the found list or
in the used list (checked on lines 72-74).

Note that the code on lines 64-80 (described in the above paragraph) implements stages (b), (c)
and (d) of the iterative part of Algorithm 2.27 (as specified on page 28). Recalling that stage (a) was
implemented on line 58, we can therefore say that we have now completed the implementation of the
iterative part of the algorithm.

When this iterative part of the algorithm (which spans lines 53-81 of the code) finishes, the
whole agorithm finishes, and the used list will now hold all of the elements of the induced monoid
N-set Y. Asthisis what the output of the algorithm is required to be, we therefore return the used list
(on line 82) to the piece of code that called the algorithm.

3.2.10: The ‘kbe’ and ‘kba’ Programs: Part 2

Recall that in Section 2.10 we discussed two different applications of Algorithms 2.24 and 2.27.
The first application was to use the algorithms to compute the elements of the induced monoid N-set Y
given presentations for M and N, the monoid morphism f in terms of its effect on the generators of M,
and the assumption that the monoid M-set X is made up of the elements of M. The second application
was to use the algorithms to compute the elements of the induced monoid N-set Y given just the
presentation for N, the monoid morphism f in terms of its effect on the generators of M, and the effect
of the action of al the generators of M on all the elements of the monoid M-set X.

In order to implement the two applications described above, two programs were created, called
‘kbe’ and ‘kba’. Let us now discuss how the two programs achieve their goals.

Let us first consider the ‘kbe’ program, where the ‘kb’ stands for ‘Knuth-Bendix' and the ‘€
stands for ‘elements — as in we assume that the monoid M-set X is made up of the elements of M.
Given presentations for M and N (using the same file format as discussed in Section 3.2.5), plus a text
file listing the images under f of the generators of M, our task now is to compute the elements of the
induced monoid N-set Y.

The first thing to do after reading in all of the data is to compute a complete rewrite system for
the monoid M using the fMonKnuthBendix algorithm (which was discussed in Section 3.2.3):

/1 Conpute crws for M

printf("\nNow conmputing a conplete rewite systemfor M....\n");
crwsM = f MonKnut hBendi x( rwsM ) ;

printf("\n...Conplete rewite systemfor M conputed.\n");

Once we have computed a complete rewrite system for M, we can then use it to compute the
elements of the monoid M (using the fMonMonoidElements algorithm discussed in Section 3.2.4):

/1 Conpute the elenments of M
elts = f MonMonoi dEl ements( M crwsM ) ;

Knowing now how many elements make up the monoid M (we can use the fMonListLength
function to find this out), we therefore also know how many elements make up the monoid M-set X, as
we assume that the monoid M-set X is made up of the elements of M. This then enables us to move on
to the next step, which isto construct an initial rewrite system for the set XxN".



In Example 2.22, we found out that if we are given the monoid morphism f in terms of its effect
on the generators of M, then a valid initial rewrite system for the set XxN" is the set consisting of all
rewrite rules of the form (x, f(m)) ® (x™, | ), where x is any member of the monoid M-set X, f(m) is
the image of any generator m of the monoid M, and x™ is the action of any generator m of the monoid
M on any member x of the monoid M-set X.

Now because we have assumed that the monoid M-set X is made up of the elements of M, then
the expression x™ is simply the monoid product xxm, which we can reduce using our complete rewrite
system for M to give another (possibly different) element of M:

answer = f MonWor dReduce( fMonTi mes(eltsEl ement, build), crwsM);

We now have all the information required in order to build up an initial rewrite system for the
set XxN" with rewrite rules of the form (x, f(m)) ® (x™, | v), i.e. we know what |X| is, we have been
given all the images f(m), and we can calculate al the expressions of type x™.

for(i =1, i <= nOCGen; i++) // for each generator inage

{

genEI ement = f MonWor dReduce( genEl ement, crwsN ); // reduce each f(n) using the crws for N
for(j =1, j <= lengthElts; j++) // for each elenment of X

{

rws2 = intFMonPai rLi st Push( j, genEl enent, position, enpty, rws2 );
/1 push ((x, f(m) -> (x"m 1)

Notice that in the above code we reduce each image f(m) using a complete rewrite system for
the monoid N (which we can compute in the same way that we found a complete rewrite system for the
monoid M). It follows that all the rewrite rules in the initial rewrite system will be of the form (xi, ny)
® (X, | n), With g, 2 T X, and ny T N — and this is why we didn’t implement part (1) of Algorithm
2.24 in our algorithm intFMonKnuthBendix discussed in Section 3.2.8 — part (1) of Algorithm 2.24 is
effectively implemented here.

Now that we have a valid initial rewrite system for the set XxN°, we may ask the
intFMonKnuthBendix algorithm to give us its associated complete rewrite system. Assuming that this
process terminates (i.e. assuming that the associated complete rewrite system for the set XxN" is
finite), we may then go on to ask the intFMonMonoidElements algorithm to give us the elements of the
induced monoid N-set Y, giving the intFMonMonoidElements algorithm as input the complete rewrite
system for the set XxN" that we have just computed using the intFMonKnuthBendix a gorithm:

/1 Now conpute a crws for elements of the form(x, n)

printf("\nNow conputing a conplete rewite systemfor elenents of the form(x, n):\n");
crwsXW = i nt FMonKnut hBendi x( crwsN, rws2 );

printf("\n...Conplete rewite systemconputed for elenments of the form(x, n).\n");

/1 Conpute the elenents for the induced set

printf("\n--------- ELEMENTS---------- \n");

el tsI W= int FMonMonoi dEl ements( lengthElts, N crwsN, crwsXwW);
i nt FMonLi st Di spl ay( eltsIW);

To demonstrate how the kbe program works in practice, consider that we ask it to compute the
elements of the induced monoid N-set Y for the example that we considered throughout Chapter 2
(recall that we considered the monoid morphism f: S(3) ® S(4) defined by f(l s3) = | s, f(A) = D?,
f(B) = C3DC?, f(a) = d? and f(b) = c2dc®). The three input files that are required by the program in order
to begin its work on this example are as follows (see over):



Monoid Presentation for §(3) Monoid Presentation for S(4) Images of the M generators

(infiles3.in): (infiles4.in): (infile edata_s3s4.in):
A;B;ab; C; D; ¢ d; D72; CN3*D*CN2; d2; ch2*d* e,
A*a; ; Crc; ;

aA; cC; Notice that the images above
B*b; ; D*d; ;

must be given in the order that

EAE; o dcﬁ . the generators are specified in
Br2: - D3 - the monoid presentation for S(3)
(A*BY\2: : (C*D)"2; ; on the left, so that the above list

isreally f(A); f(B); f(a); f(b);

The command that we typein at aterminal to run the kbe program on this example is
deno: gar et h/ kbi a>kbe s3.in s4.in data.in,

and the output that we obtain is as follows:

Data read in. Now processing... Continuing to process the data...
Generating set for nmonoid M= Generating set for nmonoid N =
A C
B D
a c
b d
[4 generator(s)] [4 generator(s)]
Mis presented as follows: N is presented as follows:
(Aa->1) (Cc ->1)
(a A->1) (c C->1)
(Bb->1) (Dd->1)
(b B->1) (d D->1)
(A3 -> 1) (C4 -> 1)
(B2 -> 1) (D3 -> 1)
(ABAB->1) (CDCD->1)
[7 rule(s)] [7 rule(s)]
Now conputing a conplete rewite systemfor M.... Now conputing a conplete rewite systemfor N ....
I'n f MonKnut hBendi x usi ng RenDups: I'n f MonKnut hBendi x usi ng RenDups:
Pass nunber 1: Pass nunber 1:
8 critical pairs added; 7 rules in the reduced set. 8 critical pairs added; 8 rules in the reduced set.
Pass nunber 2: Pass nunber 2:
8 critical pairs added; 10 rules in the reduced set. 12 critical pairs added; 16 rules in the reduced set.
Pass nunber 3: Pass nunber 3:
0 critical pairs added; 10 rules in the reduced set. 5 critical pairs added; 18 rules in the reduced set.
Nunmber of passes made = 3. Pass nunber 4:
5 critical pairs added; 21 rules in the reduced set.
...Conplete rewite systemfor M conputed.
Pass nunber 5:
This is the Conplete rewite systemfor M 0 critical pairs added; 21 rules in the reduced set.
(Ba->AB)
(ar2 -> A Nunber of passes made = 5.
(aB->BA)
(Br2 -> 1) ...Conplete rewite systemfor N conputed.
(a A->1)
(Aa->1) This is the conplete rewite systemfor N
(A2 -> a) (c Dc D->DC'2 d)
(BAB->a) (Dc Dc->CDc D
(ABA->Db) (bcr2dCc->CDhc Dec)
(b ->B) (DCr2 D->c Dc)
[10 rule(s)] (dCd->Dc D
(DCd->c¢c D
El ements of the nonoid M (d CD->Dc)
1 (d C*2 ->CDec)
A (c DC->C\2 d)
B (dc->CD
a (cnh2 -> Cr2)
A B (cd->DQ
B A (d*2 -> D)
[6 el ement (s)] (d D->1)
(Dd->1)
(c C->1)
(Cc ->1)
(C'3 ->¢)
(DCD->c¢)
(CDC->d)
(Dr2 -> d)
[21 rule(s)]



Continuing to process the data...

_______ TYPE 2 RULES

(3, Cd) -> (4, C2)
The nunber of generators in Mis 4. (6, C*2d) -> (4, ¢
(6, Cd) -> (2, Cv2
I meges of M generators: (5 C2d) -> (2, ¢
D2 (6, C*2 D -> (2, O
Cc'3 D C'2 (2, Cd) -> (6, C2)
dn2 (4, C2 d) -> (6, ¢)
c”2 d c”3 (3, C*2 D ->(4, O
[4 image(s)] (5 Cd) -> (1, C2
(3, ¢c2d) -> (1, ¢
Type 2 rules for the initial rewite system (5, ¢2 D ->(1, ©
(1, d) -> (2, 1) (1, d) -> (2, 1)
(2, d) -> (4, 1) (2, d) -> (4, 1)
(3, d) -> (6, 1) (3, d) -> (6, 1)
(4, d) -> (1, 1) (4, d) -> (1, 1)
(5, d) -> (3, 1) (5, d) -> (3, 1)
(6, d -> (5, 1) (6, d) -> (5, 1)
(1, ¢2d QO -> (3, 1) (1, D -> (4, 1)
(2, ¢2dQ -> (5 1) (2, D -> (1, 1)
(3, ¢r2d 0O -> (1, 1) (3, D -> (5, 1)
(4, C2d QO -> (6, 1) (4, D -> (2, 1)
(5, C,2d C -> (2, 1) (5, D -> (6, 1)
(6, c*2d Q) -> (4, 1) (6, D ->(3, 1)
(1, D -> (4, 1) (4, c D -> (6, C2)
(2, D -> (1, 1) (2, CD -> (4, ¢
(3, D ->(5 1) (1, CD -> (2, c)
(4, D) -> (2, 1) (1, ¢ D) -> (3, C2
(5, D -> (6, 1) (4, CD -> (1, ¢)
(6, D -> (3, 1) (5, ¢ D -> (2, C2)
(1, ¢2d Q) -> (3, 1) (6, CD -> (5, c)
(2, ¢2d QO -> (5, 1) (3, CD -> (6, c)
(3, ¢r2d 0O ->(1, 1) (2, ¢ D -> (5 C2)
(4, C2d QO -> (6, 1) (6, ¢c D -> (4, C2
(5, ¢2d QO ->(2, 1) (5, CD -> (3, ¢)
(6, C*2dQ -> (4, 1) (3, ¢ D ->(1, C2
[24 rule(s)] (4, C2 D ->(3, O
(1, ¢2d) -> (3, ¢)
Now conputing a conplete rewite system for (4, Cd) -> (3, C2)
elenents of the form(x, n): (1, ¢2D -> (5 ©
(2, ¢c2d) -> (5, ¢)
Checking the initial rewite system.. (1, Cd) -> (5 C2
...Initial rewite system checked. (2, c2 D) -> (6, ©
[42 rule(s)]
Iteration 1...
————————— ELEMENTS- - - -------
...18 elements to begin with [1, 1]
...0 elenents added of Type 2 vs. Type 2 2, 1
...39 elenments added of Type 1 vs. Type 2 3, 1
...42 elements in the reduced set 4, 1
[5 1]
Iteration 2... [6, 1]
1, C
...42 elenments to begin with 1, ¢
...0 elenents added of Type 2 vs. Type 2 2, C
...0 elenments added of Type 1 vs. Type 2 [2, c]
..42 elements in the reduced set [3,
3, ¢c
...Conplete rewite system conputed for 4, C
el ements of the form(x, n). 4, ¢
[5 C
The following is the Conplete Rewite System [5, c]
6, C
——————— TYPE 1 RULES-------- 6, c]
(c Dc D->DC2 d) 1, C2]
(Dc Dc->CDc D [5, C\2]
(bcr2dC->CDhc Dec) [3, C2]
(DC2D->c¢ Dc) 2, C2]
(d Cd->Dc D 6, C\2]
(DCd->c D 4, C2]
(dCD->Dc) [24 el ement(s)]
(d C*2 ->CDec)
(c DC->C2d)
(dc->CD
(cnh2 -> Cr2)
(cd->DQ
(d*2 -> D)
(d D->1)
(Dd->1)
(c C->1)
(Cc ->1)
(C'3 ->¢)
(DCD->c¢)
(CDC->d)
(Dr2 -> d)
[21 rule(s)]

Notice that the above output matches up exactly with what was calculated previously in
Chapter 2 regarding the complete rewrite system for S(3), the elements of S(3), the complete rewrite
system for the induced S(4) action, and the elements of the induced monoid N-set Y.



Let us now turn our attention to the second program, ‘kba’, where the 'kb' stands for
'Knuth-Bendix' as before and the *a’ stands for action — as in we must give the program as input the
effect of the action of all the generators of M on all the elements of some monoid M-set X. The other
inputs that we must give the program are the presentation for the monoid N and the monoid morphism
fin terms of its effect on the generators of M — and our task (once again) is to compute the elements
of the induced monoid N-set Y.

The only place in which the kba program differs to the kbe program isin how it manipulates the
input data to obtain an initial rewrite system for the set XxN". All other aspects of the program, such as
computing the complete rewrite system for the set XxN" and subsequently computing the elements of
the induced monoid N-set Y, goes through exactly as in the kbe program.

So, once we have read in all of the data and computed a complete rewrite system for the
monoid N as in the kbe program, how do we go about constructing an initial rewrite system for the set
XxN"? Well, recalling that we are given the effect of the monoid morphism f on each generator of M
(i.e. we are given all expressions of type f(m)), as before the set of rules of the form (x, f(m)) ® (x™,
| n) will suffice to build up avalid initial rewrite system for the set XxN*, where x is any member of the
monoid M-set X, f(m) is the image of any generator m of the monoid M, and x™ is the action of any
generator m of the monoid M on any member x of the monoid M-set X.

The key to constructing an initial rewrite system now lies in the fact that we are given the effect
of the action of all the generators of M on all the elements of the monoid M-set X. Because of this, we
are therefore effectively given all expressions of type x™ (and can therefore deduce the size of the set
X), and thus our only task is to use the data given to us to build up an initial rewrite system for the set
XxN", which we do asfollows:

for(i =

=

i <= nOFGen; i++) // for each generator mof M

bui | d
bui | d
for(j

transferGen -> first;
f MonWor dReduce(build, crwsN); // reduce f(n) using the crws for N
1, j <= rowLength; j++) // for all x in X

/1 Build up the Pair List rules

rws2 = intFMonPairListPush(j, build, transferNum-> i, enpty, rws2);
/1 push((x, f(m) -> (x"n, 1) )
transferNum = transferNum-> rest;

transferGen = transferGen -> rest;

Once the above process of building up a valid initial rewrite system for the set XxN" has
finished (a rewrite system which again has rules of the form (x;, n;) ® (X, | ), where n; is dways
normalised), we may then proceed as in the kbe program.

Let us now consider that we want to use the kba program to calculate al the elements of the
induced monoid N-set Y for our now familiar example regarding the monoid morphism f: §(3) ® S(4)
and its associated M generator images. This time as input, we must give the program a presentation for
S(4) and a special datafile containing all the other information that the program requires to function, a
file whose structure can be summarised as follows:

Linel: The number of generatorsin M (used to simplify the processing of the data);
Line2: The images of the generators of M under the monoid morphism f (in the order

that the generators are given in the presentation file for M);

RemainingLines. The effect of the action of al the generators of M on al the (numbered)
elements of the monoid M-set X, where each line represents the effect of a
particular generator of M on all the elements of the monoid M-set X — and the
lines are ordered so that the first line in this section corresponds to the first
image on line 2, the second line in this section corresponds to the second image
on line 2, etc.



Here are the data files associated with this example:

Monoid Presentation for S(4)
(infile s4.in):

Other Information, formatted as specified on page 54
(infile adata_s3s4.in):

C;D;c d 4,

Crc; ; D"2; Ch3*D*CN2; d2; ch2* d*c3:;
cC;; 2,4,6,1,3,5,

D*d; ; 3,5, 1,624,

d*D; ; 4,1,5,2,6,3,

CrM 3,5 1,62, 4,

D"3; ;

(CD)y2;

Before we consider the computer output that we obtain when we apply the kba program to this
example, let us first consider the origin of the four rows of numbers in the above *other information’
file. Recall that in Example 2.22 we constructed transformations to represent each of the S(3)
generator actions, summarised as follows:

Generator . Generator )
Action Transfor mation Action Transformation
_ 123456 _ 123456
A-action 246135 a-action 415263
_ 123456 _ 123456
B-action 351624 b-action 351624

We now see that the bottom rows of the transformations correspond to the four rows of
numbers in the ‘other information’ file, and this corresponds with what the four rows of numbers are
supposed to represent, i.e. the effect of the action of all the generators of M (which are A, B,aand bin
this case) on al the elements of the monoid M-set X (which are the six elements of S(3) in this case).
Notice that we must always give the numerical transformation representation of the generator actions
to the program kba, as it can only deal with the numerical representatives of the elements of the
monoid M-set X.

The command that we typein at aterminal to run the kba program on this exampleis
deno: gar et h/ kbi a>kba s4.in adata s3s4.in,

and the output that we obtain is identical to the output that we obtained by using the kbe
program on the same example previously, except for the fact that the calculations regarding obtaining
S(3)’'s complete rewrite system and elements are not shown at the beginning of the output for the kba
program, the reason being that we do not give the kba program all the information regarding S(3) —
which, incidentaly, is the advantage of the kba program. It follows that the output that we obtain by
using the kba program on our example starts as follows:

Data read in. Now processing...

Generating set for nonoid N =

¢]

D
c
d
[4 generator(s)]

N is presented as follows:
>

> 1)

> 1)

> 1)

. AS BEFORE WHEN USI NG THE KBE PROGRAM



Chapter 4: Analysis of the Programs

4.1: Using the Programs

Now that we have constructed programs that allow the computation of elements and complete
rewrite systems associated with free monoids and induced monoid actions, we can now go on to use
the programs to carry out the above tasks, tasks which would otherwise be slow, cumbersome and
highly proneto error if done by hand due to their repetitive nature.

As an example of how we may use the programs, let us again consider our by now familiar
example where we consider the monoid morphism f between S(3) and S(4), f: S(3) ® S(4), where the
monoid S(3)-set X is made up of the elements of S(3), and S(3) and S(4) are presented as follows:

S(3) =<A, a B, b| Aa, aA, Bb, bB, A3, B2, ABAB>,
S(4) = <C, ¢, D, d | Cc, cC, Dd, dD, C*, D3, CDCD>.

Thistime, let us consider what the monoid morphism f can be defined as, remembering that we
must define the effect of the monoid morphism on each individual generator of S(3).

By elementary group theory, the kernel of the monoid morphism f must be a normal subgroup
of $S(3), and so is either the identity group I, the cyclic group C(3), or the symmetric group S(3) itself
(asthese are the only normal subgroups of S(3)). By the first isomorphism theorem, we deduce that the
image of fis §(3)/I = S(3) if ker(f) = I; that Im(f) = S(3)/C(3) = C(2) if ker(f) = C(3); and that Im(f) =
S(3)/S(3) =1 if ker(f) = §(3).

Taking the case Ker(f) = | (and so Im(f) = S(3)) first, we note that because S(4) contains
exactly four distinct subgroups isomorphic to §(3), and because each of these subgroups has six
automorphisms, then there are precisely 24 choices for f in this instance. One such choice for f is the
one that we have been considering throughout this report, i.e. f(I sz) = | s, f(A) = D?, f(B) = C3DC?,
f(a) = d2 and f(b) = c2dcs.

In order to verify that Ker(f) = | in this instance, we used the fact that the six elements of S(3)
arel g3, A, B, &, AB and BA in order to deduce that the images of the six elements of S(3) under the
above monoid morphism f arel g4, D2, C3DC?, d?, D2C3DC? and C3DC?D? respectively. Reducing these
images using the complete rewrite system for S(4) (shown on page 25) gives us a list of reduced
images | s, d, c2dC, D, C?Dc and C?DcD, and because all but one of these reduced images are
non-identity elements of S(4), then we must conclude that ker(f) = | as required.

Further, in order to verify that Im(f) = S(3) in this instance, we note that as elements of S(3)
map onto elements in S(4) with the same order (e.g. AT S(3) with order 3in S(3) mapsontod i S(4)
with order 3 in §(4)), and as it can be shown that the set of reduced images {| 54, d, c?dC, D, C?Dc,
C2DcD} forms a subgroup of S(4) isomorphic to S§(3), then f must be an isomorphism between S(3)
and the subgroup {1 s, d, c2dC, D, C?Dc, C?DcD} of S(4), so that Im(f) = S(3) as required.

Now we have already applied the kbe program to the above example in Section 3.2.10, and we
found out there that the induced monoid N-set Y was made up of the following 24 equivalence classes:

D (L1 se] (M (10 (13) [1,c] 190 [1,C7
@ [2]sa] ® [2q (14) [2,c] (20) [2, C7
B3 3]s 9 [38C] (15) [3,c] (21) [3,C7
4[4 s (10) [4C] (16) [4,c] (22) [4C
5) 5,1 sl 1) [5,C] 17 [5d (23) [5CF

6)  [6, sl (12) [6,C] (18) [6,c] (24) [6,C7



Now in our example, because X = {1, 2, 3, 4, 5, 6} correspondsto S(3) ={l g3, A, B, a AB,
BA}, and because S(4) = {l su, C, D, ¢, d, C?, CD, Cd, DC, Dc, cD, dC, C2D, c&d, CDc, CdC, DC?
DcD, cDc, C2Dc, C3dC, CDcD, DC?d, C2DcD}, then it follows that the set XxS(4) has 6x24 = 144
elements, each of which belongs to one of the 24 equivalence classes shown on the previous page. In
order to see which equivalence class contains an arbitrary element from the set XxS(4), we can use the
command

kbe s3.in s4.in edata_s3s4.in word.in

in a suitable terminal, where wor d. i n contains a representation of an arbitrary element from
the set XxS(4). The following is a summary of which elements of the set XxS(4) belong to each
equivalence class of the set Y, obtained by repeatedly using the above command on each element of the
set XxS(4).

Equivalence Class: Member s of the Equivalence Class:

[1, | sa)] (1,1 sw), (2, D), (4, d), (5, C3Dc), (3, C3dC), (6, C2DcD)
[2, ] sw)] (2,1 s@), (4, D), (1, d), (6, C2Dc), (5, C3dC), (3, C2DcD)
[3, | s)] (3,1 s), (6, D), (5, d), (4, C3Dc), (1, C3dC), (2, C2DcD)
[4, | sa)] 4,1 s), (1, D), (2, d), (3, C?Dc), (6, C3dC), (5, C2DcD)
[5, 1 s@)] (5,1 s@), (3, D), (6, d), (1, C2Dc), (2, C3dC), (4, C3DcD)
[6, | sa)] (6, I s), (5, D), (3,d), (2, CDc), (4, C3dC), (1, C2DcD)
[1, C] (1, 0, (2,D0O), (4, dC), (5, C2D), (3, cDc), (6, CDcD),
[2, C] (2, C), (4,DCQ), (1, dC), (6, C2D), (5, cDc), (3, CDcD)
[3,C] (3,0), (6,DC), (5, dC), (4, C2D), (1, cDc), (2, CDcD)
[4, C] 4,0, (1,DC0C), (2, dC), (3, CD), (6, cDc), (5, CDcD)
[5, C] (5,0), (3,DO), (6,dC), (1, C2D), (2, cDc), (4, CDcD)
[6, C] (6, O), (5, DO, (3,dC), (2, C2D), (4, cDc), (1, CDcD)
[1, ] (1, 0, (4, CD), (2, Dc), (3, c&d), (5, CdC), (6, DC2d)
[2,C] (2, 0), (1, CD), (4, Dc), (5, c&d), (6, CdC), (3, DCzd)
[3,C] (3,0), (5 CD), (6, Dc), (1, c&dd), (4, CdC), (2, DCd)

[4, c] (4, ), (2,CD), (1, Dc), (6, c&dd), (3, CdC), (5, DCd)

[5, C] (5, ©), (6, CD), (3, Dc), (2, c&dd), (1, CdC), (4, DCzd)

[6, ] (6, ©), (3, CD), (5, Dc), (4, czd), (2, CdC), (1, DCx)
[1,CY (1, C?, (5, Cd), (3, cD), (4, CDc), (2, DC?, (6, DcD)
[2,CY (2, Cy), (6, Cd), (5, cD), (1, CDc), (4, DC?, (3, DcD)
[3,CF (3,C?, (4, Cd), (1, cD), (5, CDc), (6, DC?, (2, DcD)
[4, Cq (4, C?), (3, Cd), (6, cD), (2, CDc), (1, DC?, (5, DcD)
[5, Cq (5, C?, (1, Cd), (2, cD), (6, CDo), (3, DC?), (4, DcD)
[6, C? (6, C?), (2, Cd), (4, cD), (3, CDc), (5, DC?, (1, DcD)

Asyou can see, each equivalence class contains six members from the set XxS(4).

Let us now consider the case where ker(f) = C(3) by defining the monoid morphism f as
follows: f(I s3) = | s, F(A) =1 g4, f(B) = C?, f(@) = | 54 and f(b) = c2. In order to verify that Ker(f) =
C(3) in this instance, we note that as the images under f of the six elements of S(3) = {l 3, A, B, 3,
AB, BA} arel g, | s, C3 | 54, C? and C? respectively, and as these images do not reduce any further
using the complete rewrite system for S(4), then it follows that we must conclude that ker(f) = {I g3,
A, a}, asubgroup of S(4) which isisomorphic to C(3), thus giving us the required conclusion. Further,
as C? has order 2 in S(4) (and is therefore self-inverse), it isatrivial task to show that Im(f) = C(2) for
the chosen monoid morphism f.

As an aside, note that because S(4) has nine elements of order 2, then it follows that there are
nine choices for f in order to obtain ker(f) = C(3) and Im(f) = C(2) — just define f(l sz) =1 s, f(A) =
| s, f(B) = @, f(a) = s and f(b) = a, making sure that a is an element from S(4) of order 2.



Applying the kbe program to the example on the bottom of the previous page yields the
following complete rewrite system and equivalence classes:

Complete Rewrite System for the set XxS(4)":

(1) (3,DC)® (1, Cd)
2) (1,DC)® (3,Cd)
B Go® (1,0
4 (@Lo® 3,0

6 (1,A® G 1s)

7)) G lsa)® 3B sw)
@) (2 1s)® (1,1 s9)
9 (4 1s)® (1,1 s)

G  61s2)® 31 s0) (100 G CO)® (1,1 sw)

Equivalence Class:

[1, ] s@]
[3, 1 s
[1, C]
[3, C]
[1, D]
[3, D]
[1,d]
[3, d]
[1, CD]
[3, CD]
[1, Cd]
[3, Cd]
[1, Dc]
[3, Dc]
[1, dC]
[3, dC]
[1, CD]
[3, CDq]
[1, CdC]
[3, CdC]
[1, DcD]
[3, DcD]
[1, CDcD]
[3, CDcD]

Members of the Equivalence Class:

(1,1 s@), (21 s@), (41 s@), (3, C?), (5,C), (6, C)

3B 1 sw), (5, 'sw), (6,1 s), (1, C?), (2, C), (4, C)
(1,C),(2,C),(4C), (3,0),(5¢),(6,0)

(3,0, (5,0),(6,C),(1,0),(20), (40

(1, D), (2, D), (4, D), (3, C2D), (5, CD), (6, CD)

(3,D), (5, D), (6, D), (1, CD), (2, C3D), (4, C?D)

(1, d), (2,d), (4, d), (3, cd), (5, c&d), (6, cd)

(3,d), (5,d), (6,d), (1, cd), (2, c&d), (4, cd)

(1, CD), (2, CD), (4, CD), (3, cD), (5, cD), (6, cD)

(3, CD), (5, CD), (6, CD), (1, cD), (2, cD), (4, cD)

(1, Cd), (2, Cd), (4, Cd), (3, DC), (5, DC), (6, DC)

(3, Cd), (5, Cd), (6, Cd), (1, DC), (2, DC), (4, DC)

(1, Dc), (2, Do), (4, Dc), (3, C2Dc), (5, C3Dc), (6, C3Dc)

(3, Dc), (5, Dc), (6, Dc), (1, C2Dc), (2, C2D0), (4, C3Dc)

(1,dC), (2, dC), (4, dC), (3, C&dC), (5, CdC), (6, CdC)

(3,dC), (5, dC), (6, dC), (1, C&C), (2, C4dC), (4, C&dC)

(1, CDo), (2, CDo), (4, CDc), (3, cDo), (5, cDc), (6, cDc)

(3, CDo), (5, CDc), (6, CDc), (1, cDc), (2, cDc), (4, cDc)

(1, CdC), (2, CdC), (4, CdC) (3, DC?), (5, DC?), (6, DC?)

(3, CdC), (5, CdC), (6, CdC), (1, DC?), (2, DC?), (4, DC?

(1, DcD), (2, DcD), (4, DcD), (3, C?DcD), (5, C2DcD), (6, C?DcD)
(3, DcD), (5, DcD), (6, DcD), (1, C2DcD), (2, C?DcD), (4, C?DcD)
(1, CDcD), (2, CDcD), (4, CDcD), (3, DC2d), (5, DC?), (6, DC?d)
(3, CDcD), (5, CDcD), (6, CDcD), (1, DC?d), (2, DC=d), (4, DC?d)

As before, we have 24 equivalence classes, each of which contains six members from the set
XxS(4) — but notice this time that the equivalence classes are different and are full of interesting

patterns.

To finish, let us consider the case where ker(f) = S(3). In this situation, there is only one way to
define the monoid morphism f, namely f(l sz) = | s, f(A) = | 5@, f(B) = | s@), f(8) = | s and f(b) =
| 5. It follows easily that Im(f) = I, and applying the kbe program to this situation yields the following
complete rewrite system and equivalence classes:

Complete Rewrite System for the set XxS(4)":

1) @Elsw)® (1,1 s9) 4  51s2)® (1,1 s9)
2 Glsa)® (1,1 52) G  (61s2)® (1,1 5a)
R (41s)® (1,1 s9)



Equivalence Class:

Members of the Equivalence Class:

[1, ] sw] (1, 1's@), (2,1 s@), (B, ), (4,1 s), (5,1 s), (6, 1 s)

[1,C] (1,C), (2,C),(3,C), (4,0, (50C), (6 C)

[1, D] (1, D), (2, D), (3,D), (4 D), (5 D), (6,D)

[1, ¢ (1,0),(2,0),(3,0),(410),(5¢),(60)

[1.d] (1,d), (2,d), (3,d), (4,d), (5, d), (6 d)

[1,CY (1,C9,(2,C),(38,C), (4, ), (5, %), (6, )

[1, CD] (1, CD), (2, CD), (3, CD), (4, CD), (5, CD), (6, CD)

[1, Cd] (1, Cd), (2, Cd), (3, Cd), (4, Cd), (5, Cd), (6, Cd)

[1, DC] (1, DC), (2,DC), (3, DC), (4, DC), (5, DC), (6, DC)

[1, D] (1, Do), (2, De), (3, Dc), (4, Do), (5, Dc), (6, Dc)

[1, cD] (1, cD), (2, cD), (3, cD), (4, cD), (5, cD), (6, cD)

[1, dC] (1, dC), (2,dC), (3,dC), (4, dC), (5,dC), (6, dC)

[1, CD] (1, D), (2, CD), (3, CD), (4, C2D), (5, C2D), (6, CD)

[1, Cd] (1, C&d), (2, C&d), (3, Cd), (4, C&d), (5, C=d), (6, Cd)

[1, CDc] (1, CDc), (2, CDc), (3, CDc), (4, CDc), (5, CDc), (6, CDc)

[1, CdC] (1, CdC), (2, CdC), (3, CdC), (4, CdC), (5, CdC), (6, CdC)

[1, DC? (1, DC?), (2, DC?, (3, DC?), (4, DC?, (5, DC?), (6, DC?)

[1, DcD] (1,DcD), (2,DcD), (3,DcD), (4,DcD), (5,DcD), (6,DcD)

[1, cDc] (1, cDo), (2, cDo), (3, cDc), (4, cDc), (5, cDc), (6, cDc)

[1, CD(] (1, CDc), (2, C3Dc), (3, C2Dc), (4, C3Dc), (5, CDc), (6, C3Dc)
[1, C3dC] (1, CdC), (2, C3dC), (3, C&dC), (4, C&dC), (5, C3dC), (6, C3dC)
[1, CDcD] (1, CDcD), (2, CDcD), (3, CDcD), (4, CDcD), (5, CDcD), (6, CDcD)
[1, DC] (1, DC&), (2, DC%), (3, DC?d), (4, DC=d), (5, DC2d), (6, DC?d)
[1, C?DcD] (1, C?3DcD), (2, C?DcD), (3, C2DcD), (4, C2DcD), (5, C2DcD), (6, C?DcD)

Y et again every one of the above 24 equivalence classes has six members, and this time each
equivalenceclass[1, n] (nT S(4)) has members (x, n), wherex1 {1, 2, 3, 4, 5, 6}.

In summary, for the example where we have a monoid morphism f from S(3) to S(4), and

where the S(3)-set X is made up of the elements of S(3), we have found that there is a total of 34
different ways of defining f — and we have looked at three of these different ways of defining f, where
each of the 3 f'sthat we looked at had different kernels.

The information that we have obtained by looking at our three different ways of defining f has
given us a heap of information to analyse in further detail, and this really is the main advantage and
purpose of the computer programs created in this project — they allow the generation of data to
analyse which would otherwise take an age to compute by hand, thus allowing the mathematician to
concentrate on analysing the data instead of on generating the data.

4.2: Comparisons

The intention when starting this project was first to construct programs in order to apply the
Knuth-Bendix methods to free monoids and to induced monoid actions, and then to compare the
efficiency of our programs with other methods of implementation by comparing the processor time
taken and total memory used to compute certain 'benchmark’ examples.

However, on completion of the programs, it was found that there weren't many other programs
or algorithms available for direct comparison with — indeed, in spite of the relative wealth of
mathematical algorithms available in packages such as Maple and Mathematica, only one package was
obtained containing a program suitable for direct comparison with, that package being the KBMAG
package.



KBMAG stands for "Knuth-Bendix in Monoids, and Automatic Groups’, and the package is
written by Derek Holt of the University of Warwick to be used either as a 'stand-alone' package or as a
share package in the third version of the GAP system (GAP = Groups, Algorithms and Programming).
The program in KBMAG that we were interested in was the kbpr og program, the reason begin that
kbpr og allows the computation of complete rewrite systems associated with finitely presented
monoids. Further, as the program can be used with the length-lex ordering, it follows that it carries out
exactly the same task as our programs kba and kbe do when they are asked to find complete rewrite
systems associated with finitely presented monoids.

To begin the comparison, the two programs kbpr og and kbe were asked to compute the
complete rewrite system associated with the alternating group A(4), which was presented as follows:
A(4)=<A,a B,b|Aa aA, Bb, bB, A3 B3 ABAB>.

The two programs had no trouble in computing this example, and here are the respective inputs
and outputs for the two programs:

KBE KBPROG
[nput File: [nput File:
A, B, a; b; #Al ternating group A(4)
A*a; _RWS = rec(
ar*A; i SRWS : = true,
B*b; ; ordering := "shortlex",
b*B; ; generatorOrder := [A B, a, b],
ANS; inverses := [a, b, A B],
B"3; ; equations := [ [A*3,1dwrd], [B"3,Idwrd],
(A*B)"2; ; [(A*B)~2, 1 dWord] ]
)

Command: Command:
deno: gar et h/ kbi a> kbe a4.in deno: kbrmag/ t est > kbprog a4 -v
Output Obtained (Complete Rewrite System): Output Obtained (Complete Rewrite System):
This is the Conplete rewrite systemfor M _RWE = rec(
(BaB->AbA i SRWS : = true,
(b Ab ->B a B) i sConfluent := true,
(aBa->BaB) maxeqns : = 19,
(BADb->a B) generatorOrder := [A B, a, b],
(b AB->B a) ordering := "shortlex",
(ABa->bA inverses := [a,b, A B],
(aBA->Ab) equations : =
(ba->AB [A*a, | dWerd],
(ar2 -> A [ B*b, | dWord],
(ab->BA [a*A I dWord],
(b"2 -> B) b*B, | dWord],
(bB->1) A2, a],
(Bb->1) Br2, b],
(a A->1) [AB*A, b],
(Aa->1) [ar2, A],
(A2 -> a) b"2, B],
(BAB-> a) b*a, A*B],
(ABA->Db) a*b, B*A],
(B*2 -> b) [B*A*B, a] ,
[19 rule(s)] [ A*B*a, b*A],

a*B*A, A*b],

b* A*B, B*a] ,

B*A*b, a*B] ,

[a*B*a, A*b*A],

[ b*A*b, A*b*A] ,

[ B*a*B, A*b* Al

]
)

Time Taken: Time Taken:

10 milliseconds 12 milliseconds



As you can see, the time taken to compute the complete rewrite system for A(4) is negligible
for both programs, so that no conclusions can be drawn about which program is the most efficient in
this example. This was aso the case when we tested both programs with other simple examples such as
S(3) or C(4), say — so in order to test the programs with a more difficult example, we asked the
programs to compute the complete rewrite system associated with the alternating group A(6),
presented as follows:

A(6) =<A,a B,b|Aa aA, Bb, bB, A% B* (AB)®, (AB?)>>.

This time, the inputs and outputs were as follows:

KBE KBPROG
[nput File: Input File:
A, B, a; b; #Al ternating group A 6
A*a; ; _RWS : = rec(
ar*A; i SRWS : = true,
B*b; ; ordering := "shortlex",
b*B; ; generatorOrder := [A B, a, b],
A2 inverses :=[a,b,A B,
Br4; equations :=[ [A*2, |dWwrd], [B"4,Ildwrd],
(A*B)"5; ; [(A*B)~5, 1 dWord], [(A*B*B)~5,1dWrd] ]
(A(B*2))"5; ):
Command: Command:
deno: gar et h/ kbi a> kbe a6.in deno: kbmag/ t est > kbprog a6 -v
Output Obtained (Complete Rewrite System): Output Obtained (Complete Rewrite System):
No out put obtai ned — _RWS = rec(
the programdid not term nate. i SRWS : = true,
i sConfluent := true,
maxeqns : = 69,
generatorOrder := [A B, a, b],
ordering := "shortlex",
inverses := [a,b, A B],
equations := [
[B*b, | dWord],
[b*B, | dWord],
[Ar2, | dWord],
[B"3,b],

[ b* A* B* A* BA2* A* BX A* b* A* B* A,
A* B* A* BA2* A* b* A* Br2* AX B 2],
[ b* A* B"2* A* b* A* BN 2* A* B* A* b,
A* B* A* B* A* b* A* b* A* B* A* b* A]
]

)
Time Taken: Time Taken:
Unknown — Program Halted after 1 hour 35 milliseconds

In this example, the kbpr og program again terminates very quickly, but the kbe program
does not terminate (or at least takes more than an hour to terminate, which is unacceptable when
compared to the time that the kbpr og program takes to compute the complete rewrite system for the
above presentation for the alternating group A(6)). The reason for this becomes clear when you look at
some of the other output provided by the kbpr og program:

deno: kbmag/ t est > kbprog a6 -v
#69 eqns; total len: |Ihs, rhs = 664, 609; 212 states; 0 secs.
#No new eqns for some time - testing for confluence
#Systemis confluent.
#Halting with 69 equations.
#Exit status is O
denpo: kbrmag/ t est >



It seems as though that during the Knuth-Bendix critical pairs completion algorithm, the kbpr og
program tests the rewrite system for local confluence when it fails to find a new rewrite rule after a
specified length of time, recalling (from Definition 2.13) that a rewrite system is defined to be locally
confluent if every time that an arbitrary word u reduces to words v and w using single rules (i.e. we
haveu® vandu® w), then v and w reduce to a common term.

It can be shown that local confluence is a sufficient condition for confluence, so that if it can
be shown that a rewrite system is locally confluent, then that rewrite system is automatically confluent
— and so the Knuth-Bendix critical pairs completion algorithm can terminate with that rewrite system
as output (it is the compl ete rewrite system that we want to obtain).

This means that the kbpr og program can terminate quickly if it can prove the local confluence
of its rewrite system, whereas we do not possess this short-cut and have to follow the Knuth-Bendix
critical pairs completion algorithm to its natural conclusion — a task which will undoubtedly account
for the long time that the kbe program takes to process this example due to the large size of the
rewrite system involved (after an hour, the kbe program records that the rewrite system that it is
looking at has at least 414 rules, so that there are at least “*C, comparisons of left hand sides of rules
to be made — atask which will involve alot of computation!)

We must therefore conclude that for the above example, it is the kbpr og program that is the
most efficient, but we note that it achieves its results by applying algorithms that we have not yet
implemented in our programs (see the next section for more discussion on this). Who knows which
program would be the most efficient if our kbe program had alocal confluence test — would we then
have (with other examples) the proof that the frmon library enables more efficient implementation of
certain mathematical algorithms than any other method?

Whatever the answer to the above question, we must conclude that our programs are the most
efficient at computing complete rewrite systems for induced monoid actions, simply due to the fact that
there are no other similar programs or algorithms to compare any results with!

4.3: Improvements

When considering any mgjor program or algorithm, improvements can always be made, and the
'kba' and 'kbe' programs in this project are by no means exceptions to this rule. Let us now consider a
few improvements that could be made to our programs, improvements that could be implemented if
given enough extratime or the relevant theory.

(D) In the previous section, we saw that the kbpr og program in the KBMAG package tested a
rewrite system for local confluence during the execution of the Knuth-Bendix critical pairs
completion algorithm if no new rewrite rules were found after a specified length of time. Our
first potentia improvement would therefore be to try to implement (in the
f MonKnut hBendi x algorithm) a similar test for our programs. A little investigation yields
that there is a suitable algorithm for testing local confluence in Section 2.3 of [5], and more
time would alow us to implement this algorithm in our code.

(2) In Section 4.1, we considered examples in which we placed every member of the set XxS(4) in
its corresponding equivalence class in the induced monoid N-set Y. In order to do this, we had
to consider each member of the set XxS(4) individualy, typing in a command in the terminal
for every member of the set. Even though this process is still quicker than performing the same
calculations by hand, it is also repetitive and therefore wasteful, in that the equivalence classes
of Y have to be recalculated every time that we want to find out which equivalence class of Y
contains a particular member of the set XxS(4).



3)

A better solution would be to construct a third program, called ‘cl assi f y', say, that took the
output from the kba or kbe programs regarding the complete rewrite systems for the sets N and
XxN" plus the equivalence classes of the induced monoid N-set Y, and then placed each
member of the set XxN in the correct equivalence class automatically, returning the kind of
output that we presented in Section 4.1 (alist of the members of each equivalence class).

In order to implement the above, first we would need to build functions that could output data
such as complete rewrite systems and lists of equivalence classes to disk, and then we would
need to build the cl assi fy program itself in order to take the data on disk as input and

produce a list of all the members of each equivalence class using this data, a task which would
be implemented by repeating the same kind of reduction that we perform at the end of the kba
and kbe programs (see lines 180-195 of page B32 of Appendix 2, for example).

Taking things a stage further, we could extend the usability of the 'r educe' program by
allowing the user to see interactively which equivalence class of Y contains an arbitrary word
from the set XxN", or we could allow the user to pick any word from the set N* to reduce using
the complete rewrite system for the monoid N, and so on. The creation of a menu system would
probably be the best way to proceed in this situation, so that the user could pick an option from
the menu and enter input interactively, instead of having to place any input in one or more input
files. The menu system could look as follows:

*** REDUCE PROGRAM * *
Choose an opti on:

List the Conplete Rewite Systemfor the nonoid N

List the Conplete Rewite Systemfor the set XxN

Li st the Equival ence C asses of the induced nonoid N-set Y
Reduce an arbitrary word fromthe set N

Reduce an arbitrary word fromthe set XxN

Classify an arbitrary word fromthe set XxN

List all the nenbers of the equival ence classes of Y

NooArWNE

In either of our programs, once we have found al the equivalence classes that make up the
induced monoid N-set Y, an extra task that could then be performed would be to find the
transformation representations corresponding to the action of the generators of N on all the
equivalence classes of Y.

For example, if Y was the set of equivalence classes {[1, 1], [1, C], [3, 1], [3, C]}, if N was

generated by the generator 'C' and had a single relation C2 ® |y, and if the action of a
generator n' of N on an equivalence class [x, n] of Y (written as[X, n]™) was defined to be (as it

has been defined previously) the equivalence class containing the word (x, nn'), then the
transformation representation of the action of the generator C on the equivalence classes of Y

would be (numbering the elementsof Y as1=[1, 1],2=[1, C], 3=[3, 1] and 4 =[3, C]) the

transformation

1234

2143)
because{[1, 1], [1, C, [3, 1], [3, CI}¢={[1, 1], [, CIS, [3, 1], [3, C]}
={[L.C], [1, 7, [3,C, [3, &4} ={[1, C], [, 1], [3, C], 3, 1]}

Let us now consider the pseudo code that could implement the above ideas, noting that the
algorithm in the pseudo code would be implemented in ther wsa. ¢ and r wse. ¢ source code
files, and then used at the end of the kba. ¢ and kbe. ¢ source code files.



Pseudo code to find the transformation representations corresponding to the action of the
generators of N on all the equivalence classes of the set Y':

Inputs: The equivalence classes of the induced monoid N-set Y;
A complete rewrite system for the set XxN’;
A list of the generators of the monoid N.

Output: Transformation representations corresponding to the action of each of the
generators of N on all the equivalence classes of the induced monoid N-set Y,
where each transformation has the form

1 2 3 .. p B
[t(l) t(2) t(3)  t(p) ]’Whefep— Y],

Algorithm: i nt FMonLi st Pern(Y, crwsXN, genN)
{

Nunber the elenments of Yas 1, ..., p
(assuming that p = [YVY])

For each generator g of N (for each el enent of genN)

{

For i goes from1l to p (for each el enent of Y)

{
Let t(i) be the nunber corresponding to the
equi val ence class E, where E is obtained
by reduci ng the word
(Yi)e = (xi, ni)9 = (xi, nig)
using the conplete rewite systemfor the
set XxN, crwsXN

}

Let T, be the list {1, t(1), 2, t(2), ..., p, t(p},

a list which represents the transformation
representation for the action of the generator g of
N on all the equival ence classes of the set Y.

Return all of the different T,/ s to the piece of code
that called this algorithm



Conclusions

In this project, we have succeeded in constructing programs that alow the computation of
complete rewrite systems associated with free monoids and induced monoid actions by using variations
on the Knuth-Bendix critical pairs completion algorithm. The programs can currently be accessed by
first logging in to the mat h2 server and then going to the
/ mn3/ usr/1i b/ freenon2/ gar et h/ kbi a directory, and the two programs that can be found at
this location perform the following tasks:

* Both programs alow the computation of a complete rewrite system for a monoid M (using the
usual Knuth-Bendix critical pairs completion algorithm) by typing in either kba M i n or kbe
M i n in a suitable Unix terminal, where M i n is an input file containing a presentation for the
monoid M.

* To obtain a complete rewrite system for an induced monoid action (using a modified version of the
Knuth-Bendix critical pairs completion algorithm), the kba program is used when you can give a
presentation for the monoid N, can give the effect of the action of each of the generators of M on
each of the elements of the monoid M-set X, and can give the monoid morphism f in terms of its
effect on each generator of M. A typical command inthisinstanceiskba N.in data.in.

* Again to obtain a complete rewrite system for an induced monoid action (using a modified version
of the Knuth-Bendix critical pairs completion algorithm), the kbe program is used when you know
that the monoid M-set X is the set of elements of the monoid M, know that the M-action x™ (x T
X, ml M) isthe monoid product xxm, and know that you can give presentations for M and N plus
the monoid morphism f in terms of its effect on each generator of M. A typical command in this
instanceiskbe Min N.in data.in.

In this report, we have discussed the theory behind what makes the programs work, discussed
how the programs were implemented using the C programming language and the frmon library of
functions, and discussed improvements that can be made to the programs as they stand now.

| have enjoyed participating in this project, especially in the implementation and testing of the
algorithms in the C programming language. At this stage, | would like to thank Professor Larry Lambe
for providing us with the frmon library of functions so that the project could start, Professor Ronnie
Brown for guiding us through the theory behind the algorithms, but most of al Dr. Christopher
Wensley for al the advice that he gave throughout the year. This report would not have been possible
without his support.

Gareth Evans 2001-2002

e-mail address: mau402@bangor.ac.uk
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