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Chapter 7: Normal Subgroups and Quotient Groups: Exercises

7-3: Let G be the group Qs discussed during the classification of groups of order eight in
Chapter 5. Let N be the subset {1, x2}. Show that N is a subgroup of G. By listing cosets, show
that N isanormal subgroup of G, and determine the multiplication table for G/N.

Answer: Recall from Chapter 5 that Qg has presentation <x, y: y* =1, y2 = x2 and yx =
xy>: and that Qs consists of the following eight elements; 1, x, X2, x3, y, yX, yx2 and yx3. To
show that N is a subgroup of G, we must show that N satisfies the following three
requirements.

(@ theidentity element of GisinH;
(b) ifxandy areinH, then soisxy;
(¢ ifhisinH,thensoish™.

We see that (8) holds automatically in this case because 1T N. To see that (b) holds, all
we must noteisthat (x2)(x3) =x*=11T N (as1=y*= (y?)(y?) = (x3(x?) = x*) so that N is closed
under multiplication. Finally, because 1* = 1, and because (x?)*

= ()™ (asy*=x9)

= y‘2

=y?(asy’=1)

= X2 (aSyZ = XZ)’
then N is closed when taking inverses, and so N must be a subgroup.

To show that N is a normal subgroup, we can list al the left and right cosets of N and
show that each left coset is equal to the corresponding right coset:

LEFT COSETS RIGHT COSETS

IN = 1{1, x2} ={1, x3 N1={1x31={1 x3

XN =x{1, x3} ={x, x3} Nx ={1, xzx = {x, x3}

X2N = x4 1, x&} ={x?, 1} Nx2={1, x3} x2={x?, 1}

X3N = x3{1, x3} ={x3, x} Nx3 ={1, x3} x3={x8, x}

YN =y{1, x3 ={y, yx?3 Ny ={1, x%y ={y, x&} ={y, yx& "

yXN =yx{1, x2} = {yx, yx3} Nyx = {1, xZ}yx = {yx, x2yx} ={yx, yx3}
yx2N = yxq{ 1, x3 ={yx? y} Nyx2 = {1, X3} yx2 = {yx2, x2yx?} ={yx2, y}"
YN = yx3{ 1, x3} ={yx3, yx} Nyx3 = {1, x3}yx® = {yx3, x?yx3} = {yx3, yx} "

11 X2y = X(XY )y = X(YX)Y2 = (Xy)y2Xy? = (yX)y2Xy? = yXx2xx? = yx® = yx.
*2: X2yx = (x3y)x = (by *1) = (yx3®)x = yx3.

31 x2yx2 = (x2y)x2 = (by *1) = (yx)x2 = yx* =y.

*4: X2yx3 = (x2y)x3 = (by *1) = (yX?)x3 = yx° = yX.



As in each case the left coset is equal to the right coset, then we can say that the
subgroup N is anormal subgroup. To finish the question, we must calculate the multiplication
table for G/N, i.e. for the cosets. From the calculations on the previous page, we see that there
are four cosets, namely

E={1, %3, A={xx3,B={y, yx&, and C ={yx, yx3}.

We can use the calculations done on the previous page to work out what the table should
look like: (to get the product of two cosets, we take a coset representative from the first coset
and multiply it with the elements in the second coset to get a third coset, the product coset we
arelooking for.)

1IE=E,1A=A,1B=B,and 1C=C;

XE=A,xA=E, xB=x{y,yx% ={xy, xyx%} ={(xy")y? (xy)y3x%} ={yxy? yxy2x?}
={yx3, yx} =C, and XC = x{yx, yx¥} ={yx? y} = B;

yE=B,yA=C,yB=E,andyC=A;

yXE = C, yxA = B, yxB = yx{y, yx& ={yxy, (yxy)x} ={x, x8 = A, and yxC = E.

Conclusion: The multiplication tableis

as shown on theright.
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7-4: Let G be the dihedral group D(4):
G=<b,a b?=1=4& andab=ba'>,

and let H be the subset {1, b}. Prove that H is not a normal subgroup of G. Show that
multiplication of the left cosets of H in G is not well-defined: there are elements x, y, u and v
with xH = uH, yH = vH, but xyH * uvH.

Answer: To prove that H is not a norma subgroup of G, all we must do is to find an
elementgl1 G suchthat gH * Hg. Consider the element bal G. Then

baH = ba{ 1, b} ={ba, bab} ={ba, b?2a'} ={ba, &};
and Hba= {1, b}ba={ba, b’a} ={ba, a}.

AsbaH * Hba, we conclude that H is not a normal subgroup of G.

Now consider the coset aH = & 1, b} ={a, ab} = {a, ba'} ={a, ba? = ba?H.

We also know that baH = {ba, &%} = a&H.

Following the notation in the question, we therefore let x = ba, u =&,y = a, and v = ba?.
Knowing that xH = uH, and knowing that yH = vH, we must now show that xyH * uvH
in order to complete the question.



LHS =xyH = (ba)(@)H = bazH = baa{ 1, b} = {be?, batb} = { ba?, baab} = { ba?, baba}
= {ba?, b2a?) ={ba, a? ={ba, &

RHS = uvH = (&)(ba®)H = atbatH = a2ha?{ 1, b} = asbaaa{ 1, b} = aba‘aaa{ 1, b}
= ba'aa{ 1, b} = ba{1, b} = {ba, bab} = {ba, bza’} = {ba, a'} = {ba, &%.

AsLHS?® RHS, or xyH * uvH, we have shown that the multiplication of the left cosets
of H in Gisnot well-defined. QED.

Chapter 8: The Homomorphism Theorem: Exercises

8-2: Let G be the dihedra group D(3). Defineamapu: G® {1,-1} byu(g)=1ifgisa
rotation, and u(g) = -1 if g is a reflection. Prove that u is a homomorphism, and calculate its
kernel and image.

Answer: Recall that the dihedral group D(3) has presentation D(3) = <a, b: b2 =1 = &,
ab = ba'>, and that it has elements 1, a, &, b, ba and ba?, where the element ‘a corresponds to
an anticlockwise rotation through 120°, and the element ‘b’ corresponds to a reflection in the
vertical axis.

Using this information, we see that the elements ‘a’ and ‘& are rotations, while the
elements ‘b’, ‘ba and ‘ba?’ arereflections. To prove that u is a homomorphism, we must show
that u(xy) = u(x)u(y) for al possible x and y in D(3). Note that in the following, we invoke
Corollary 8.7 (f (1) = 14) to define u(g) for g = 1: we have u(1lp) = 11,3 = 1

X =1

y =1 u(1x1) =u(l) =1=1x1=u(u(l)

y=a u(lxa) =u(a = 1=1x1=u(u(a)

y =& u(lxa?) =u(e® = 1=1x1=u(Du(e’)

y =h: u(1xb) = u(b) = -1 =1x-1=u(Du(b)

y = ba u(1xba) = u(ba) = -1 =1x-1 =u(l)u(ba)

y = bz u(1xba?) = u(ba?) = -1 =1x-1=u(1)u(ba?)
X=a

u(axl) =u(@ =1=1x1=u(@u(d)

u(axa) =u(e) = 1=1x1=u(au(a)

u(axe?) =u(l) = 1=1x1=u(au(e’)

u(axb) = u(ab) = u(ba®) = u(ba?) = -1 =1x-1=u(au(b)
u(axba) = u(aba) = u(ba'a) = u(b) = -1 = 1x-1 = u(a)u(ba)
u(axba?) = u(aba?) = u(ba'a?) = u(ba) = -1 = 1x-1 = u(a)u(ba?)
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y =1 u(aéxl) =u(e) =1=1x1=u(au(l)
y=a u(eéxa) =u(l) = 1=1x1=u(adu(a
y =& u(axe?) =u(@ = 1=1x1=u(adu(ed
y =h: u(axb) = u(ah) = u(aba’) = u(ba? = u(ba) = -1 =1x-1 = u(a@u(b)
y = ba u(a2xba) = u(aba) = u(ba?a) = u(ba?) = -1 = 1x-1 = u(ad)u(ba)
y = be?: u(axba?) = u(atha?) = u(ba?a) = u(b) = -1 = 1x-1 = u(a)u(bap)
X =D:
y =1 u(bx1) = u(b) =-1=-1x1 =u(b)u(1)
y=a u(bxa) = u(ba) = -1=-1x1=u(b)u(a)
y =& u(bxa?) = u(ba?) = -1 =-1x1 = u(b)u(e?
y =h: u(bxb) =u(1) =1 =-1x-1 = u(b)u(b)
y = ba u(bxba) = u(a) =1 =-1x-1 = u(b)u(ba)
y = be?: u(bxba?) = u(a?) =1 =-1x-1 = u(b)u(ba?)
X = ba
y =1 u(bax1) = u(ba) = -1 =-1x1 = u(ba)u(1)
y=a u(baxa) = u(ba?) = -1=-1x1=u(ba)u(a)
y =& u(baxa?) = u(b) = -1 =-1x1 = u(ba)u(a?)
y =h: u(baxb) = u(bab) = u(b?a?) = u(a?) = 1 = -1x-1 = u(ba)u(b)
y = ba u(baxba) = u(baba) = u(b%a'a) = u(1) = 1 = -1x-1 = u(ba)u(ba)
y = be?: u(baxba?) = u(baba?) = u(b?a'a?) = u(a) = 1 = -1x-1 = u(ba)u(ba?)
X = bag
y =1 u(baéxl) = u(ba?) = -1 =-1x1 = u(ba®)u(1)
y=a u(bagxa) = u(b) = -1=-1x1 = u(ba®)u(a)
y =& u(bagxa?) = u(ba) = -1 =-1x1 = u(ba?)u(e?)
y =h: u(bazxb) = u(bazb) = u(baba?) = u(b?a? = u(a) = 1 = -1x-1 = u(ba?)u(b)
y = ba u(batxba) = u(ba?ba) = u(a?) = 1 = -1x-1 = u(ba?)u(ba)
y = be?: u(bagxba?) = u(ba?ba? = u(1) = 1 = -1x-1 = u(ba?)u(bz?)

We have now shown (by exhaustive search!) that u(xy) = u(x)u(y) istrue for al possible
combinations of x and y in D(3), and so u must be a homomorphism. QED. The kernel of u
consists of the elements of D(3) that map onto 11 {1, -1}. By the definition of u, and because
U(1lp@) = L1, -3, we see that the kernel of u must bethe set {1, a, &} .

Asthe set Im u is the set of elements of {1, -1} which are images of elements of D(3)
under u, then because (e.g.) u(a@) = 1, and because (e.g.) u(b) =-1, thenImu = {1, -1}.



8-5. Determine the elements of Aut(G) when G is the cyclic group C; consisting of the
three complex cube roots of unity, namely 1, w and w2, where w = €3, Write down the
multiplication table for Aut(G).

Answer: Consider that we are trying to construct an automorphismj : C; ® C,. Because
] must be a homomorphism, then we must have j (1c) = lc.. It follows that becausej must be
a surjective map, then we cannot have j (x) = 1 for any x T C; other than for x = 1. This leaves
us two choices for j (w): j (w) =w, or | (w) = w2 Again because ] must be a surjective map,
then if j (w) = w, then we must have j (W?) = w2. Similarly, if j (w) = w?, then we must have
j (W) =w.

In summary, we have found two possible automorphisms:
a.C;® Czdefinedby a(l) =1, a(w) =wand a(w?) = w2
b: Cs® C;defined by b(1) =1, b(w) =w? and b(w?) = w.

As we have ensured that a and b are surjective maps, it remains to check that a(xy) =
a(x)a(y) foral x,y T Cs; and that b(uv) = b(u)b(v) for all u, v Cs. | will do the calculations
for a — the calculations for b will be similar.

x=1 y=1La(lxl) =a(l)=1=1x1=a(d)a(l)
y =w: a(1xw) = a(w) =w=1xw=a(l)a(w)
y =wZ a(1xw?) = a(w?) = w2 = 1xw? = a(1)a(w?)

X =W y =1 a(wxl) =a(w) =w=wx1l=a(w)a(l)
y =w: a(wxw) = a(w?) = w2 = wxw = a(w)a(w)
y =wZ a(wxw?) = a(1l) = 1 =wxw? = a(w)a(w?)

X = W2 y =1 a(w?x1) = a(w?) = w2 =w2x1 = a(w?)a(l)
y =w: a(Waxw) = a(l) = 1 = wxw = a(w?)a(w)
y = W2 a(Ww2xw?) = a(w) = w = WAxXw2 = a(w?)a(w?)

To get the multiplication table for Aut(Cs), we must consider all composition maps
involving a and b:

X | aa(x) ab(x) ba(x) bb(x)
1 1 1 1 1
w w W2 W2 w
W2 W2 w w W2
Thus the multiplication table | a b
for Aut(Cs) isas shown on a a b
the right. b b a



Chapter 10: The Orbit-Stabiliser Theorem

Key Definitions and Results

Definition 10.1: A G-set isa set X together with a rule assigning to each element g of G
and each element x of X, an element gex of X satisfying (G-set 1) for al x in X, 1g*X = X;
(Gsst2)foral giand g inGandal x in X, (g102)*X = gi*(g2*X).

Definition 10.8: Given a G-s&t X, and an element x of X, the stabiliser G, is the set of
group elements which fix x: G, ={g1 G: gex = x}. The stabiliser is a subgroup of G.

A way to change G into a G-set is to define gex to be gxg?. In this situation, the
stabiliser is more commonly known as the centraliser Cs(X), so that Ce(X) = {g1 G: gxg* =

X}.

There is a conjugation action of G on the set of all subgroups of G. In this case, x*H is
defined to be xHx™. In this situation, the stabiliser of H is known as the normaliser Ng(H), the
set{g] G:gHg'=H}. Note that Ng(H) always contains H and that H is a normal subgroup iff
Ng(H) = G.

Definition 10.12: Given a G-set X, define an equivalence relation R on X by xRy iff
there exists an element g in G with y = gex. The equivalence class of x T X under R is known
as the orbit of x, and is given by orb(x) = {gex: g1 G}.

Theorem 10.16: The Orbit-Stabiliser Theorem: Let G be a group and X be a G-set. For
each x in X, |orb(x)| = |G : G4. Note that the Orbit-Stabilier Theorem gives the number of
elementsin a conjugacy class, namely |G|/|Cs(X)].

. The identity element always forms a conjugacy class by itself.
. Conjugate el ements have the same order.
. Let H be a subgroup of the group G. Then, for any x in G, Cs(X) = Ce(X)CH.

For any group G, the centre of G, Z(G), isgiven by Z(G) = {z1 G: zx = xzfor dl x 1
G}. Proposition 10.20: Let p be a prime integer and let G be a finite group with p” elements.
Then Z(G) contains mor e than one element. Proposition 10.21: Let G be a group such that
G/Z(G) iscyclic. Then Gisabelian, so that G = Z(G).

Corollary 10.22: Let p be a prime integer. Any group with p? elements is abelian.
Corollary 10.23: A group with p? elements is either cyclic or isomorphic to the direct product
CoxC,.

Definition 10.24: For any subgroup H of a group G, define the centraliser of H in G by
Co(H) ={g1 G: ghg!=hforal hinH}. Proposition 10.25: Let H be a subgroup of a group
G. Then for all lements g in G, Cy(X) = Cs(X)CH. Proposition 10.26: Let H be a subgroup of
the group G. Then Cg(H) is a norma subgroup of the group Ng(H) and Ng(H)/Cs(H) is
Isomor phic to a subgroup of Aut(H).



Exercises

10-2: Let X beaG-set and let x T X. Show that for any g1 G, the stabiliser of gex isthe
subgroup gG.g™.

Answer: By definition 10.8, the stabiliser of gex is the set of group elements which fix
geX: Ggx ={hl G: he(gex) = gex}

={h1 G: hgex = gex} (by (G-s¢t 2))

={hT G: g'hgex = 1c*x} (by multiplying on the left by g'}

={h1 G:g*hgex = x} (by (G-set 1))

={hT G ghgl G} (by the definition of G,, G,={g1 G: gex = x})
={h1 G hgl gG} (by multiplying on the left by g)

={hl G h1 gGg} (by multiplying on the right by g*)

=gGg™ QED.

10-5: Let G be afinite group with precisely two conjugacy classes. Prove that G has two
elements,

Answer: Assume that |G| = n. Knowing that G has exactly two conjugacy classes, this
enables us to say that n > 2 (each conjugacy class has at least one element). From the first
bullet point on the previous page, we know that the identity element always forms a conjugacy
class by itself. Therefore, in this situation, we know that al the other non-identity elements of
G will form the other conjugacy class. Note that there are atotal of (n-1) non-identity elements
inall.

Now we know that the Orbit-Stabiliser Theorem gives us the number of elements in a
conjugacy class, namely |GJ/|Cc(X)|. Therefore, we must have (n-1) = |GJ/|Ce(X)| (X | 1g). As
Co(X) is asubgroup of G, then, by Lagrange's Theorem, its order must divide the order of the
group, so that we have

(n-1)k = |G| for some integer k > 0; or

(n-1)k = nfor some integer k > 0 (as we have assumed that |G| = n);
nk-k = n;

n(k-1) = k;

n=k/(k-1).

As nis an integer, the only assignment for k that will make the right hand side of the
above equation an integer isthe assgnment k = 2, so that

n=2/(2-1)=2/1=2.

Conclusion: G has only two elements. QED.



Chapter 11: The Sylow Theorems

Key Definitions and Results

Definition 11.1: Let p be a prime number, let n be a positive integer, and let k be an
integer not divisible by p. Let G be afinite group with p'k elements. A Sylow p-subgroup is a
subgroup of G with p" elements.

Theorem 11.4 (The First Sylow Theorem): Let p be a prime and let G be a finite group
of order kp", where p does not divide k. Then G has at |east one Sylow p-subgroup.

Theorem 11.6 (The Second Sylow Theorem): The number of Sylow p-subgroups in a
finite group G is congruent to 1 modulo p (i.e. the number, n,, of these subgroups is of the
form 1+tp for some integer t).

Definition 11.8: Let p be a prime integer. A p-group is agroup in which every element
has order a power of p. If Gisafinite p-group, the First Sylow Theorem shows that the number
of elements in G must be a power of p. Conversely, by Corollary 5.12 in the book, any finite
group whose order is a power of p isa p-group.

Proposition 11.9: Let P be a Sylow p-subgroup of a finite group G. Any p-subgroup of
Ng(P) is contained in P and, in particular, P is the unique Sylow p-subgroup of Ng(P).

Theorem 11.10 (The Third Sylow Theorem): If P is a Sylow p-subgroup of the finite
group G, and if Q is any p-subgroup of G, then Q is contained in a conjugate of P (i.e. Q |
gPg' for somegi G).

Corollary 11.11 (The Fourth Sylow Theorem): Any Sylow p-subgroups of a finite group
G are conjugate, so that the number of Sylow p-subgroups divides |G|.

Remark: If G has precisedly one Sylow subgroup, then this subgroup is normal.
Conversaly, if a Sylow p-subgroup is normal, then, using Corollary 11.11, we see that there
can only be one Sylow p-subgroup.

Proposition 11.14: Let G be afinite group. Let P be a Sylow p-subgroup of G and let N
be a normal subgroup of G. Then (i) PCN is a Sylow p-subgroup of N; and (ii) PN/N is a
Sylow p-subgroup of G/N. Note that in order to show that a subgroup H of a group G is a
Sylow p-subgroup of G, we can check that H is a p-subgroup and that the index of H in G is
not divisible by p.



Exercises

11-1: What (if anything) do the Sylow Theorems enable one to deduce about the number
of Sylow p-subgroups in the following cases.

@ »p
(b) p
© p

ge (d)
2; |G| = 48, (€)
2, |G| =32,

Answer: (a) 28 = 4x7. The First Sylow Theorem says that there is at least one Sylow
7-subgroup. The Second Sylow Theorem says that the number of Sylow 7-subgroups in G is
congruent to 1 modulo 7 (i.e. n; = 1, 8, 15, 22, 29, ...). The Fourth Sylow Theorem says that n;
divides 28, i.e. n; = 1, 4, 7 or 28. Using the information from the Second and Fourth Sylow
Theorems enables usto say that n; = 1.

(b) 48 =2x2x2x2x3 = 2*x3.
2nd Sylow Theoremb n, =1, 3,5,7,9, 11, 13, 15, 17, .

4th Sylow Theoremb n, =1, 2, 3,4, 6, 8, 12, 24.
Conclusion: n, =1 or 3.

() 32=2x2x2x2x2 =25,
2nd Sylow TheorembP n, =1, 3,5,7,9, 11, 13, 15, 17, .
4th Sylow Theoremb n, =1, 2.
Conclusion: n, = 1.
Note: G isa2-group so that Sylow’s Theorems tell us nothing new.

(d) 12 =2x2x3 =2°x3,
2nd Sylow TheorembP n, =1, 3,5,7,9, 11, 13, 15, 17, .
4th Sylow Theoremb n, =1, 2, 3, 4, 6, 12.
Conclusion: n, =1 or 3.

() 12=2x2x3=2°x3,
2nd Sylow Theoremb n;=1, 4, 7, 10, 13, ...
4th Sylow Theoremb n; =1, 2, 3, 4, 6, 12.
Conclusion: n; =1 or 4.

11-3: Give an example of a group G with a Sylow p-subgroup P and a subgroup H such
that PCH is not a Sylow p-subgroup of H.

Answer : Consider the group G = D3 =<a, b: b2 =1 = &8, ab = ba’>, with dements 1, a,
&, b, ba and ba?. As |G| = 6 = 2x3, and letting p = 2, we know that we can find a Sylow
2-subgroup of G, namely P =<b> = {1, b}. But if wenow let H = {1, a, &}, whichisclearly a
subgroup of G, wefind that PCH = {1}, which is not a Sylow 2-subgroup of H. QED.



Chapter 12: Applications of Sylow Theory

Key Definitions and Results

Proposition 12.1: Let p and q be primes with p > g. A group of order pg has a normal
Sylow p-subgroup.

Proposition 12.2: Let X, y be elements of a group G such that xy = yx. Then, for al
integers k, (xy)k = xy~,

Proposition 12.4: If p and g are distinct primes, then a group of order p?q has a normal
Sylow subgroup.

Exercises

12-3: Show that a group with 56 elements either has a unique Sylow 2-subgroup or has a
unique Sylow 7-subgroup.

Answer: As 56 = 2x2x2x7 = 23x7, then a group G with 56 elements has at least one
Sylow 2-subgroup and at least one Sylow 7-subgroup due to Sylow’s First Theorem. Using the
techniques of the previous set of exercises, the number of Sylow 2-subgroups divides 56 (so is
oneof 1,2, 4,7, 8, 14 and 28), and isequal to 1 modulo 2 (soisoneof 1, 3,5, 7, ....), S0 is
either 1 or 7. Similarly, the number of Sylow 7-subgroups divides 56 (soisoneof 1, 2, 4, 7, 8,
14 and 28), and isequal to 1 modulo 7 (soisoneof 1, 8, 15, 22, ...), soiseither 1 or 8.

If the number of Sylow 7-subgroups is 1, then we automatically have a unique Sylow
7-subgroup. It remains to show that if the number of Sylow 7-subgroups is 8, then we have a
unique Sylow 2-subgroup. Consider that the 8 distinct Sylow 7-subgroups are labelled as S, S,,

ey Sa.

If i isdifferent fromj (i,j =1, ..., 8), then SCS will be a subgroup of S, which itself isa
subgroup of order 7. By Lagrange’'s Theorem, the subgroup SCS will have order dividing the
order of S, which is 7, so that the order of SCS will be either 1 or 7. But as the Sylow
7-subgroups are distinct, then we cannot have SCS = S, and so we must have SCS = {1}.

It follows that because all the subgroup S share one common element (the identity
element), then the eight Sylow 7-subgroups will contain a total of 8x6 = 48 distinct
non-identity elements. This leaves a total of 56-1-48 = 7 non-identity elements unaccounted
for.

Now remember that as 56 = 28x7, a Sylow 2-subgroup will have 8 elements. We know
that there will be at least one Sylow 2-subgroup in G due to Sylow’s First Theorem, but what
will they consist of? Wdll, if we take the identity element together with the 7 non-identity
elements unaccounted for, these eight elements could form a Sylow 2-subgroup. In fact, thisis
the only possbility for a Sylow 2-subgroup, as al the other elements belong to Sylow
7-subgroups. It follows that there can only be one Sylow 2-subgroup. QED.



Chapter 13: Direct Products

Key Definitions and Results

Recall that, given a pair of groups G and H, the direct product GxH is the set of ordered
pairs (g, h) withgT Gandh1 H under the multiplication (g1, hi)(Gz, h2) = (G1Ge, hihy).

Proposition 13.1: Let G and H be any groups. Then (1) GxH is abelian if and only if
both G and H are abelian; (2) GxH is isomorphic to HxG; and (3) if G and H are both cyclic
finite groups and their orders have no common divisor greater than 1, then GxH is cyclic.

Corollary 13.2: Let ny, ny, ..., Ns be any sequence of integers each of which is greater
than 1, such that the greatest common divisor of any distinct pair n;, njis 1. Let G; be a cyclic
group of order n; (1 £1 £ ). Then the group G;xG;x...xGs is cyclic of order nyn,...N..

Definition 13.3: Let {G;: i = 1, ..., n} be subgroups of G. Then G is the internal direct
product of {Gi: i =1, ..., n} if (1) each G isanormal subgroup of G; and (2) every element of
G can be written uniquely in the form g = giG....gn, With g T G (1 £i £ n).

Proposition 13.5: Let G;, G, ..., G, be norma subgroups of G such that (a)
(G1...G.)CG ={1} (i=2, .. n);and (2 G=GG...G, Then Gistheinternal direct product
of the groups G,, G,, ..., G..

Corollary 13.6: Let G be an internal direct product of G;, G, ..., G, If x and y are
elements of G and G; respectively, withi t j, then xy = yx.

Proposition 13.7: Suppose that G is the external direct product of groups G,, G, ..., G..
Then there are normal subgroups Ni, N, ..., N, of G with N; isomorphic to G, (for 1 £1 £ n)
such that G is the internal direct product of Ni, Na, ..., Nn. Conversely, if G is the internal
direct product of Ny, N, ...., Np, then G isisomorphic to the external direct product of groups
iIsomorphic to N1, N, ..., Nn.

Definition 13.9: Let G and H be groups with Z a subgroup of the centre of G and let W
be a subgroup of the centre of H. Suppose that there is an isomorphismj: Z ® W. Using
elementary properties of homomorphisms, it may be seen that the set X = {(x,j (X)Y): xT Z} is
a subgroup of the direct product GxH. In fact, since Z and W are central, it is easily seen that
X isacentra subgroup of the direct product GxH. The quotient group (GxH)/X, denoted G x;
H, isthe central product of Gand H viaj .

Definition 13.11: Let G and H be groups which have isomorphic quotient groups, so
that there are normal subgroups N of G and K of H such that there is an isomorphism | : G/N
® H/K. The pullback G ¥ H of G and H viaj isthe subset of GxH of elements of the form (g,
h), wherej (gN) = hK. It is easily checked that the pullback is a subgroup of GxH.



Exercises

13-1: Show that the dihedral group D(4) is not an internal direct product of any two of
its proper subgroups.

Answer: Assume that D(4) is an interna direct product of any two of its proper
subgroups, say H and K. Because D(4) has order 8, then Lagrange’'s Theorem implies that any
proper subgroup of D(4) must have order 2 or 4. Therefore, |[H| =2 or 4 and dlso |[K| =2 or 4. If
both H and K have order 2, then there would only be four different elements of the form hik;,
whereh T H, kT K,and1£i,£2.

According to Definition 13.3, in order for D(4) to be the direct product of H and K, then
both H and K must be normal in D(4), and any element in D(4) must be able to be written
uniquely in the form g = hk;, withhy T Hand k; T K. But if there are only four different types
of elements of the form hik;, and eight elements in D(4), then both H and K cannot have order
2 (because part (2) of Definition 13.3 would then surely be violated).

In the case that both H and K have order four, then we would have sixteen elements of
the form hk; (where thistime i and j go from 1 to 4), and so an element of D(4) would not have
a unique representation of the type hik; (remember that as each element hik; is an element of
D(4), as there are a total of sixteen of these elements, and as there are only eight elements in
D(4), then there is bound to be more than one way to write down an element of D(4) in the
form hik;).

From the above discussion, we conclude that if H has order 2, then K must has order 4,
and vice-versa. Assume, without loss of generality, that |H| = 2 and that |K| = 4. H, being a
normal subgroup, will therefore satisfy the condition g*Hg = H for all g in D(4) (see
Proposition 7.4 at the start of Chapter 7 in the book).

But as H consists of the identity element plus a non-identity element a, then as we
automatically have g*1,g = 1, for al g in D(4), then in order to satisfy the stated condition, we
must have g'ag = a for all gin D(4). But thisis entirely consistent with the element a being in
the centre of D(4), Z(D(4)) (ag = ga for al g in D(4)). Looking at the answer to question 5 of
Exercises 7 at the back of the book, we see that the centre of D(4) is given by Z(D(4)) = {1,
a2}, where D(4) has the presentation <a, b: & = 1 = b?, ab = ba'>. As we have found in our
calculations a non-identity element a of Z(D(4)), then we must come to the conclusion that a
= &, so that H isequal to the centre of D(4), i.e. H =2Z(D(4)) ={1, &}.

Now that we know what H is, we go on to analyse what K could consist of. By
exhaustive search, | worked out that the only subgroups of D(4) of order 4 are as follows:
either {1, a &, &%, or {1, &, b, ba?}, or {1, &, ba, ba®}. Now K could be any one of these
subgroups if they are normal, but there is no need to check for normality — in all cases, we
have HCK = {1, &} . Looking at Proposition 13.5, we see that in order for H and K to form an
internal direct product of D(4), then we must have HCK = {1}. By the above analysis, thisis
not possible in this situation, so we conclude that D(4) cannot be an internal direct product of
any two of its proper subgroups. QED.



13-5: Let G be a cyclic group of order 6 generated by X, and let H be the alternating
group A(4), with N equal to <x3> and K equal to the subgroup {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2
3)}. Defineamapj : GIN® H/K by j (N) =K;j (xN) =(123)K; andj (x2N) = (1 3 2)K. List
the elementsin the pullback of G and H viaj .

Answer: If Gisacyclic group of order 6 generated by x, then G = {1, x, X%, x5, x4, x°}
and <x3> =N = {1, x3. It follows that N = 1IN = x3N. Similarly, we see that K = 1K = (1 2)(3
HK = (1 3)(2 49K = (1 4)(2 3)K. From this information, and looking at the definition of the
iIsomorphism j , we can find the following elements in the pullback of G and H viaj :

o @Y

(2  (1,(22(34)
@)  @L@A3)(24)
4 (1,129 23)
® 1

6 (% (12)(34)
(1) (3 (13)(24)
@ (¢ (1A49(23)

Now as xN = x{1, x3} ={x, x*}, then xN = x*N.

Similarly, (123)K=(123)}{1,(12)(34),(13)(24), (14)(23)}
={(123),(243),(142), (134)} (composing left to right),

sothat (123)K=(243)K=(14 2K =(134)K.

We can now find more elementsin the pullback of G and H via| :

(becausej (IN) =j (N) =K = 1K)
(becausej (IN) =j (N) =K = (1 2)(3 4)K)
(becausej (IN) =j (N) =K = (1 3)(2 4)K)
(becausej (IN) =j (N) =K = (1 4)(2 3)K)
(because| (x3N) =j (N) =K = 1K)
(becausej (x3N) =j (N) =K = (1 2)(3 4)K)
(becausej (x3N) =j (N) =K = (1 3)(2 4)K)
(becausej (x3N) =j (N) = K = (1 4)(2 3)K).

©  (x,(123) (becausej (xN) = (1 2 3)K)
(10)  (x, (243)) (becausej (xN) = (12 3)K = (2 4 3)K)

(11)  (x, (142) (becausej (xN) = (12 3)K = (1 4 2)K)

(12)  (x, (134)) (becausej (xN) = (12 3)K = (13 4)K)

(13)  (x* (123)) (becausej (x*N) =j (xN) = (12 3)K)

(14) (x* (243)) (becausej (x*N) =j (xN) = (12 3)K = (2 4 3)K)
(15) (x* (142)) (becausej (x*N) =j (XN) = (12 3)K = (1 4 2)K)
(16)  (x* (134)) (becausej (x*N) =j (XN) = (12 3)K = (1 3 4)K).

Finally, as x2N = x¥ 1, x3} ={x?, x°}, then x2N = x°N.

Similarly, (132)K=(132){1,(12)(34),(13)(24),(14)(23)}
={(132),(143),(234),(124)} (composing left to right),

sothat (132)K=(143)K=(234)K =(124)K.

We can now find the final batch of elementsin the pullback of G and H viaj :

(17) (%2 (132) (becausej (x2N) = (1 3 2)K)

(18) (x2 (143)) (becausej (x2N) = (13 2)K = (14 3)K)

(19) (2 (234) (becausej (xN) = (13 2)K = (2 3 4)K)

(20) (%2 (124)) (becausej (x2N) = (13 2)K = (12 4)K)

21 (S (132)) (becausej (x3N) =j (x2N) = (13 2)K)

(22) (x5 (143) (becausej (X°N) = (x2N) = (13 2)K = (14 3)K)
(23) (x5, (234)) (becausej (X°N) = (x2N) = (13 2)K = (2 34)K)
(24) (x5 (132) (becausej (X°N) = (x2N) = (13 2)K = (1 2 4)K).

This concludes our search for elementsin the pullback of G and H viaj .



Chapter 14: The Classification of Finite Abelian Groups

Key Definitions and Results

Proposition 14.2: Let A be an abelian group, and let x and y be elements of A. Then for
any positive integer k, (xy)* = xyX,

Proposition 14.3: Let G be a finite group such that, for every prime p dividing |G|, the
Sylow p-subgroup of G isnormal. Let py, p2, ..., pr be the distinct primes dividing |G|, and let P,
be the Sylow p-subgroup of G (for 1 £ i £ r). Then G is the internal direct product
PixPxx...xP.. In particular, every finite abelian group is the direct product of its Sylow
p-subgroups.

Proposition 14.5: Let G be a finite abelian p-group of order p". Then G is an internal
direct product of cyclic subgroups of orders p®,p®,...,p% wheree, > e > ... > e > 1 and
etet...+e =n.

Corollary 14.7: A finite abelian group of order n can be written as a direct product
Cn, XChp, X...x Cy,,, Where n isdivisible by n for j > i, n. > 2, and nyne...n; = n.

Definition 14.8: In order to avoid excessive use of subscripts and superscripts, we say
that afinite abelian p-group G isof type (e1, &, ..., &) if G= Cper X Cpez X ... X Cper aNd €1 > €, >
... > & > 1. The next result introduces two standard subgroups of afinite abelian group.

Proposition 14.9: Let p be a prime. For any finite abelian group G, the subset G, of G
consisting of elements of order 1 or p is asubgroup of G. Also, the subset G’ of p-th powers of
elements of G isalso a subgroup of G. Let G be an abelian p-group of type (e, &, ..., &) with t
the largest integer such that & > 1. Then G, has order p’, and G® hastype (ei-1, -1, ..., e-1).

Proposition 14.10: Suppose that G is an abelian p-group. Then the type of G is
uniquely determined. Thus, if G is of type (e, &, ..., &) and also of type (fi, f2, ..., f5), thenr =
s,ande=f,for1lEi£r.

Corollary 14.11: Every finite abelian group G has a unique decomposition of the form
Cn, XChp, X...x Cy,, Where n isdivisible by n for j > i, n. > 2, and nine...n; = |G].

Definition 14.12: A field is a set F which is an abelian group under addition. There is
also a multiplication on F which is closed, associative and commutative, and there is an
identity element 1= which is not equal to the zero element. The other axioms are the
distributive laws, x(y+z) = xy+xz and (X+y)z = xz+yz;, and the requirement that every
non-identity element has a multiplicative inverse: if x ¢ 0, then thereexistsay 1 F such that xy
= 1. Notice that the non-zero elements of afield F form a group under multiplication. It is an
easy consequence of these axiomsthat Ox = O for all elementsx in afield F.



Definition 14.13: A finite abelian p-group G is elementary abelian if every element of
G has order dividing p. It follows from the classification theorem that an elementary abelian
p-group is of the form C,xC,x...xC,, so that G hastype (1, 1, ..., 1).

Proposition 14.14: Let F be afinite field. Then there is a prime p and a positive integer
n such that F has p” e ements. The additive group of F is elementary abelian.

Proposition 14.15: The multiplicative group of afinitefield iscyclic.

Exercises

14-1: Write down the complete list of abelian groups with 360 elements.

Answer: Let G be afinite abelian group with 360 elements. Corollary 14.11 saysthat G
has a unique decomposition in the form C,, x Cp, x ... x C,, Where n isdivisible by n; for j > i,
n. > 2, and mne...n, = 360. We therefore have to find al the possible valid combinations of
N1MNo...N;.

Now as 360 = 23x32x5, then Proposition 14.3 allows us to write G as the internal direct
product of its Sylow subgroups, namely G =C»xCsxCs. We then use Proposition 14.5 to write
each Sylow subgroup as a direct product of cyclic subgroups. So we can have Cx =C,xC,xCy,
Cxn = CxCy and Cx = Cg; Ca= C3xCs and Caz= Co; and Cs= Cs. This leaves us with the
following possible combinations:

Caso = CgXCoxCs CsxCgxCy  (using Proposition 13.1, part (2))

Cago = CiXCoxCoxCs = CoXCyxCsxCy

Caso = CoXCoxCoxCoxCs = CoxCoxCyxCsxCy
Cago = CeXCaxCsxCs = C3xCsxCsxCg

Caso = CyXCoxCaxCsxCs = CoxCaxCaxCyxCs
Caso = CoxCoxCyxCsxCsxCs = CoXCoxCyxC3xCsxCs

We now use Corollary 13.2 repeatedly on each above combination so as to obtain a
cyclic factor of G. For example, in the first combination, 5 is coprime so 8 so that CsxCs =Cy,
and then 40 is coprime to 9 so that C,xCy = Csso. Thus the above combinations change to the
following:

Cas0 = Caso

Cago = CooxCy or Cas0 = CigoxC
Cago = CooxCoxCy

Cas0 = C120%XCs

Caso = C30XCr2 or Caso = CeoxCs
Caso = CapXCeXC;

The combinations marked above in red are the only ones in which we do not have G in
the form C,,, x C,, X ... x Cp,,, Where ny isdivisible by n for j > i, n, > 2, and nin,...n; = 360.



However, by noticing that C, =~ C,xC, and that C,; = CsxC; (these manipulations are
done using the same methods as before, where in doing so no extra valid combinations are
found), then we can change the red combinations to valid combinations which are already in
the list, so that we can now write down the complete list of abelian groups with 360 elements:

Cas0= Caeo

Cas0 = CigoxC
Caso = Ci120%C3
Cago = CooxCoxCy
Cas0 = CeoxCs
Cago = CaoXCexCo.

14-2: Prove that in a finite abelian p-group the elements of order dividing p" form a
subgroup. Give an example of a finite p-group in which the elements of order dividing p do
not form a subgroup.

Answer: In order to prove that the elements of order dividing p’ form a subgroup H
(say) of afinite abelian p-group G, then we have to show that the identity element isin H, that
the product of any two elementsin H is aso in H, and that the inverse of any element in H is
also an element of H. To begin, we notice that because the identity element always has order 1,
and because 1 will always divide p, then the identity element will always be an element of H.

Secondly, if two elements x and y are in H, then because the orders of x and y divide p',
then we must have xPr = yP = 1. We want to show that the element xy isin H. If itisin H, then
its order will divide p', so that we must have (xy)P =1 But using Proposition 14.2, and
knowing that G is an abelian group, we notice that (xy)Pr = xPyPr =1x1=1sothat (xy)’ =1
as required.

Finally, if an element z is in H, then we must show that z* is dso in H. By elementary
properties of indices, (z1)P =(z")1=11=1 and so z' must be in H. This completes the
proof that H is a subgroup of G.

Let us now consider the Dihedral Group D(4) with presentation D(4) = <b, a b? =1 =
a', ab = ba'> and elements 1, a, &, a8, b, ba, ba? and ba3. It is clear from the presentation that
the element 1 has order 1, that the elements a and & have order 4, and that the elements & and
b have order 2. By using the relations in the presentation, we can also show that the elements
ba, ba?2 and ba® also have order 2 (e.g. (ba)?2 = baba = b(ab)a = b(ba')a = bz = 1). We have
therefore found that D(4) consists of a single element of order 1, five elements of order 2, and
two elements of order 4.

Because |D(4)| = 8 = 23, and because the orders of all the elementsin D(4) are powers of
2, then D(4) is a finite 2-group. Further, the elements in D(4) with order dividing 2 are the
elements 1, &, b, ba, ba? and ba3. Because there are exactly six elements of this type, then the
set H = {1, &, b, ba, ba?, ba®} cannot possibly form a subgroup of D(4) because Lagrange's
Theorem requires that the order of any subgroup divides the order of the group, which is not
the case in this situation: |H| fD(4), or 6 /8.



Chapter 15: The Jordan-Holder Theorem

Key Definitions and Results

Definition 15.1: Given agroup G, asubnormal seriesfor Gisachain G=G, > G, > G;
>...> G ={1} of subgroups of G, with G; anormal subgroup of G.; (fori =1, ..., 1).

Definition 15.2: A normal seriesfor Gisachan G=G, >G> G, > ... > G = {1}, of
normal subgroups of G. Note that every normal series is subnormal, but that the converse is
not true in general.

Definition 155: LetG=G; >G> G, >..>G ={1} andG=Hy>H; >H,> ... >Hs=
{1} both be subnormal series of G, denoted as (A) and (B). Then (B) is said to be a subnor mal
refinement of (A) if each group which appearsin (A) also occursin (B). Similarly, if (A) and
(B) are both normal series for G, then (B) isanormal refinement of (A) if each group which
appearsin (A) also occursin (B).

Definition 15.6: The series (A) and (B) are isomorphic if there is a bijection between
the sets { G/Gy, GI/G,, ..., G.i/G} and {Ho/H1, Hi/Ho, ..., Hs1/Hg} of quotient groups such that
groups which correspond under the bijection are isomorphic. Thus, in particular, r = s. Note
that this definition applies to the case when (A) and (B) are both subnormal series and also to
the case when (A) and (B) are both normal series.

Proposition 15.9: Let H, H; and K, K; be subgroups of a group G with H; a normal
subgroup of H and K, anormal subgroup of K. Then 4 s = i

Theorem 15.10 (Schreier’s Refinement Theorem): Any two subnormal series of a
group G have subnormal refinements which are isomorphic. Similarly, any two normal series
of a group G have isomorphic normal refinements. Note that the proof of this theorem uses
Proposition 15.9.

Definition 15.12: A composition series for a group G is a subnormal series without
repetitions which can be refined only by repeating terms.

Definition 15.13: A chief series for G is a normal series without repetitions which can
be refined (by a normal series) only by repeating terms.

Remark 1. The infinite cyclic group G = <x> has neither a composition series nor a
chief series. Remark 2: Suppose that we aregiven asgriesG =Gy > G, > G, > ... > G = {1}
for G which may be either normal or subnormal. If we know that for some value of i, the index
of G in Giisaprimeinteger p, then the series cannot be refined between these terms,

Theorem 15.16 (The Jordan-Holder Theorem): If a group has a composition series
then any two composition series are isomor phic. A similar result holds for chief series.



Exercises

15-1: Find composition series and chief series for (@) the symmetric group S(4); (b) the
quaternion group of order 8 with presentation <a, b: & = 1, & = b2, ba = ab™>; and (c) the
dihedral group D(6).

Answer: (@) S(4) is a group with 24 elements, thus by Lagrange’'s Theorem, any
subgroups will have order 1, 2, 3, 4, 6, 8, 12 or 24. It is well known that the Alternating Group
A(4) isasubgroup of S(4), and because theindex of A(4) in S(4) is2 (i.e. |S(4):A(4)| = 2), then
it follows by Example 7.6 that A(4) isanormal subgroup of S(4).

We can now ‘borrow’ the calculations from Example 15.15, which showed that a
composition seriesfor A(4) isgivenby A(4) >V >{1, (12)(34)} >{1}, whereV ={1, (1 2)(3
4), (13)(24), (1 4)(2 3)}. Thus a composition series for S(4) isgiven by S(4) > A(4) >V >{1,
(12)(34)} >{1}. Thisis supported by the fact that the index of A(4) in $(4) is 2; the index of
VinA(4)is 3, theindex of {1, (1 2)(34)} inV is2, and theindex of {1} in{1, (12)(34)} is
2: dl of these numbers are prime numbers, so that (by Remark 2 on the previous page) the
series cannot be refined without repetitions, and thus the series must therefore be a
composition series.

The above composition series for S(4) is not a chief series for S(4) because the subgroup
{1, (1 2)(34)} isnot anormal subgroup of S(4) (e.g. (123){1,(12)(34)} ={1,(243)} * {1,
(134} ={1, (1 2(34)}(123)). Similarly, none of the other two subgroups of V (of order 2)
are normal in §(4) either. This eliminates any normal subgroups of order 2 from our chief
series.

The question now arises as to whether V is normal in $(4). It turns out that V is indeed
normal in §(4) (we could if we really wanted to prove this assertion by showing that gV = Vg
for al g1 S(4)). It follows that as A(4) and V are normal subgroups of S(4), and as there are
no normal subgroups of orders 2 or 3, then achief seriesfor S(4) isgiven by S(4) >A(4) >V >

{1}.

(b) The quaternion group in question (hereafter referred to as Qs) is a group with 8
elements, and thus by Lagrange’'s Theorem, any subgroups will have order 1, 2, 4 or 8. It is
easly shown that <a> is a subgroup of As of order 4, and thus must be a normal subgroup of Qs
because |Qg:<a>| = 2.

We now look for a (non-trivial) normal subgroup of <a>. This normal subgroup can only
be of order 2, so that the only candidateisH = {1, &} . Elements of H obviously commute with
a, but do they commute with b? Well, 1 always commutes with anything, so our only problem
isin whether we have ba2b™ = . Well, as & = b?, then ba?b* = bb2b™* = b2 = 2, so we have our
answer — {1, &} isanormal subgroup of <a>. Now note that since |Qs:<a>| = 2, since [<a>:{ 1,
&}|=2,and since [{ 1, &} {1} | = 2 — all prime integers — then there are no more refinements,
and so the composition group we require is given by Qs > <a> > {1, &} >{1}. Thisisaso the
chief group for Qs as {1, &} is aso a normal subgroup of Qs by the same technique used to
show that {1, &} isanormal subgroup of <a>.



(c) Since D(6) has 12 elements, then by Lagrange's Theorem, any subgroups will have
order 1, 2, 3, 4, 6 or 12. Now if we present D(6) as D(6) = <a, b: & = 1 = b?, bab® = a'>, then
we see that <a> is a subgroup of D(6) with 6 elements. It therefore follows that <a> is a normal
subgroup of D(6) as |D(6):<a>| = 2.

Looking for normal subgroups of <a>, we see that the only candidates are <a?> and <a>.
Now as <a&> = {1, &, &'} isdefinitely asubgroup of <a>, and as |<a>:<a®>| = 2, then <a&&> isa
normal subgroup of <a>. And since <a> has no non-trivial normal subgroups (because of
Lagrange’'s Theorem), then a composition series for D(6) isgiven by D(6) > <a> > <a®> > {1}.

To show that D(6) > <a> > <&> > {1} isachief seriesfor D(6), al we need show is that
<a2> isanormal subgroup of D(6). Now it is obvious that a<e?>a' = <a&&> = a'<a?>a, so we
need to look at what b<a2>b* and b'<a2>b are. Now b<az>b?* = b{1, &, a}b* = {1, batb?,
ba'b'} = {1, (bab™)? (bab)* = {1, (aY)? (aY)*} = {1, a% a*} = {1, &, & = <a&>. Similarly,
bl<a2>b = <a?> so that we may apply part (¢) of Theorem 7.4 to say that <a&&> is a normal
subgroup of D(6) . Therefore, a chief seriesfor D(6) is given by D(6) > <a> > <a&> > {1}.

“We may show that g'<ag>g = <a&> = g<a&>g™ for al g in D(6) by the fact
that as all the elements in D(6) are words written in the generators a and b, then
repeated application of a'<a@>a = <a®&> = a<az>a’ and b'<a&>b = <a&> = b<a@>b*
will allow us to write g'<a@>g = <a&> = g<az>g* for al g in D(6) (remember that
(a;az....an)™ = (@n'an™...aztar)).

15-3: Give examples of: (a) a group with a normal series with an infinite number of
terms; (b) a group with a composition series which is not a chief series; and (c) a group with
two different chief series.

Answer: (a) Looking a Remark 1 on page 133 of the book, we see that an example
comes from the infinite cyclic group G = <x>. Assume that G has a finite normal series of the
fomG =Gy, > G, > G, > ... > G ={1}. Since each subgroup of a cyclic group is cyclic
(Proposition 4.13), so that every normal subgroup G is cyclic, then the group G is cyclic
generated by x° for some s. This means that G.; is actualy an infinite cyclic group, so that
<x*> is a proper subgroup of G.;. We would then obtain a non-trivial refinement G = G, > G;
> G, > ... > G > <x*®> > {1} so that our assumption that G had a finite normal series was
false, and so G must have an infinite normal series.

(b) We have already encountered such an example in Exercise 15-1, part (a). () An
example of a group with two different chief series is provided by Examples 15.3, 15.8 and
15.17 in the book. Consider the case of a cyclic group G = <x> of order 6. The two series G >
<x2>> {1} and G > <x®> > {1} aretwo normal series for G since any subgroup of an abelian
group is normal. These series are also chief series because |G:<x%>| = 2, |<x&>:{1}| = 3,
|G:<x3>| = 3, and [<x®>{1}| = 2 — all prime numbers, so no more refinements are possible.
Finally, notice that because G/<x2> =<x3> and G/<x3> =<x2>, then these two chief series are
iIsomor phic — as required by the Jordan-Hdlder Theorem.



Chapter 16: Composition Factors and Chief Factors

Key Definitions and Results

Definition 16.1: Supposethat G =Gy > G; > ... > G, > G, = {1} isacomposition series
for the group G. The quotient groups Go/G;, Gi/G,, ..., G.1/G: are the composition factors of
G.

Definition 16.2: If G=Gy > G, > ... > G, > G, = {1} is achief series for the group G,
the quotient groups Go/G:, Gi/Gy, ..., G.1/G: are the chief factor s of G.

Remark: It follows by the Jordan-Holder Theorem that the set of composition factors of
agiven group G isindependent of the composition series and this set is therefore an invariant
of the group G. A similar remark applies to the chief factors of a group.

Definition 16.3: A group G issimpleif the only normal subgroups of G are {1} and G.
Proposition 16.4: Any composition factor of a group is asimple group.

Proposition 16.5: A simple abelian group is cyclic of prime order. In particular, a
composition factor of afinite abelian group is cyclic of prime order.

Definition 16.6: A subgroup H of agroup G is characteristic if for each automorphism
j of G, j (H) = H. Remark: Notice that for any fixed dement g1 G, the map j , defined by
j oX) =gxgtforal xT Gisanautomorphismof G. It follows that any characteristic subgroup
Isnecessarily anormal subgroup.

Proposition 16.8: Let N be a normal subgroup of a group G and let K be a
characteristic subgroup of N. Then K isanormal subgroup of G.

Definition 16.9: A group G is characteristically simple if the only characteristic
subgroups of G are {1} and G itsdlf.

Proposition 16.10: Every chief factor of agroup G is characteristically simple.

Proposition 16.11: A finite characteristically simple group is a direct product of
iIsomorphic simple groups. In particular, a chief factor of a finite group is a direct product of
iIsomorphic simple groups.

Corollary 16.12: A finite abelian chief factor of a group is an elementary abelian
p-group for some prime p.

Theorem 16.13: The alternating group A(5) is a non-abelian simple group. Proposition
16.14: The aternating group A(n) is generated by its 3-cycles. Corollary 16.15: The only
normal subgroup of A(n) which contains a 3-cycle is A(n) itself. Theorem 16.16: The group
A(n) issimplefor n > 5.



Exercises
16-1: Give an example of two non-isomor phic groups with isomorphic chief series.

Answer: Consider the two groups G = D(3) and H = C(6), both with six elements but
not isomorphic. Since D(3) has 6 elements, then by Lagrange' s Theorem, any subgroups will
have order 1, 2, 3 or 6. Now if we present D(3) as D(3) = <a, b: & = 1 = b2 bab™ = a'>, then
we see that <a> is a subgroup of D(3) with 3 elements. It therefore follows that <a> is a
nor mal subgroup of D(3) as |D(3):<a>| = 2.

It follows that D(3) > <a> > {1} is a chief series for D(3) as <a> has no non-trivial
normal subgroups. Notice that <a> is isomorphic to C(3) so that the chief series for D(3) may
be written as D(3) > C(3) > {1}. Now we saw in Exercise 15-3 that a chief series for C(6) is
given by C(6) > C(3) > {1}.

To prove that the two series D(3) > C(3) > {1} and C(6) > C(3) > {1} are isomorphic,
we must show that there is a bijection between the sets { D(3)/C(3), C(3)/{ 1}} and { C(6)/C(3),
C(3)/{1}). But this follows as D(3)/C(3) and C(6)/C(3) are both groups of order 2, so must be
isomorphic to C(2). We therefore conclude that we have found an example of two
non-isomor phic groups (D(3) and C(6)) with isomorphic chief series (D(3) > C(3) > {1} and
C(6) > C(3) ={1}).

16-4: Let H be a characteristic subgroup of G and K be a characteristic subgroup of H.
Show that K is a characteristic subgroup of G.

Answer: If H is a characteristic subgroup of G, then for each automorphismj of G, we
have j (H) = H. To show that K is a characteristic subgroup of G, then we must show that for
each automorphism|j of G, we havej (K) =K.

Consider an arbitrary automorphismj of G. We know that j (H) = H, so that for al h1
H, we havej (h) T H. Because of this, then we can define an automorphism j y of H from the
automorphism | of G by restricting the definition of j to involve elements of H only. Thisis
known as an induced automorphism.

Because the subgroup K is a characteristic subgroup of H, then we know that j 1(K) = K.
But because then it follows that K is an invariant under the restricted map j 4, and because K
involves elements of H only, then K must also be an invariant under the map j aswell, so that
] (K) =K asrequired. QED.



Chapter 17: Soluble Groups

Key Definitions and Results

Definition 17.1: A group G is said to be soluble if G hasanormal seriesG = Gy > G; >
G;>...> G ={1} inwhich the quotient groups Gy/G:, Gi/G,, ..., G.1/G; are abelian groups.

Proposition 17.5: Let G be a soluble group. Then (i) for any subgroup H of G, H is a
soluble group, and (ii) for any normal subgroup N of G, the quotient group G/N is soluble.

Proposition 17.6: Let G be a finite soluble group. Then (i) if G is simple, then G is
cyclic of prime order; (ii) any composition factor of G is cyclic of prime order, and (iii) a
chief factor of G isan elementary abelian p-group for some prime p.

Definition 17.7: Let x and y be elements of a group G. The commutator [X, y] is the
element xyxty ™,

Definition 17.8: The commutator subgroup or derived group, denoted by [G, G] or G,
is the subgroup generated by all commutators: [G, G] =G’ =<[x, y]: x,y1 G>.

Proposition 17.9: For any group G, the derived group G’ is a characteristic subgroup of
G and is the smallest normal subgroup of G with abelian quotient group, in the sense that if N
iIsanormal subgroup of G with G/N abelian, then N contains G'.

Remark: Given a presentation for G, it is quite easy to obtain a presentation for the
abelian quotient group G/[G, G]. This is done by adding to the presentation the relations
saying that each pair of generators commute thereby accounting for the fact that G/[G, G] is
abelian.

Definition 17.13: Define the derived series of G iteratively as follows; G? = G; G =
G:G?=[G,GY]; ... G =[G", GI].

Proposition 17.14: Each group G isanormal subgroup of G.
Proposition 17.15: The following conditions on a group G are equivalent: (i) G is
soluble; (ii) G has a subnormal series G = Gy > G, > G, > ... > G, = {1}, with the quotient

groups Go/G;, Gi/G,, ..., G.1/G; abelian; (iii) thereisan integer n for which G = {1} .

Proposition 17.16: Let G be a group with a normal subgroup N such that N and G/N
are soluble groups. Then G is a soluble group.

Remark: The analogue of Proposition 17.16 does not hold for abelian groups. The
group D(3) is a non-abelian group with an abelian normal subgroup N with G/N also abelian.



Exercises

17-4: For any elements X, y of a group G, denote by x¥ the product yxy™. Let a, b and ¢
be elements of agroup G. Prove that

(@ [ab, c]=[b,c]qa c]; ad
(b) [a bc] =[a b][a c]"

Answer: (@) LHS=[ab,c] = (ab)(c)(ab)*(c)*
= abcb*a'c?
= abcb*(c'a’ac)a’c?
= abcb'ctatacalc?
= a(bcb'ctat(aca'c?)
=a[b, cJa’[a, c]
=[b, c]qa, c] = RHS.

(b) LHS=[a, bc] = (a)(bc)(a)*(bc)*
= abcalclb?
= ab(a’b*ba)ca'cb*
= aba'bbacalclb?
= (aba'b*)b(aca’ch)b?
= [a, b]b[a, c]b*
= [a, b][a, c]° = RHS.
17-6. Let G bethe et of all real 4x4 matrices of the form
labc
o10d
0O0l1le ]|
0001

Find a formula for the product of two elements of G and find the inverse of an
element of G. Deduce that G is a group with respect to matrix multiplication. Let
A be the subset of matricesin G of the form

100c

0100

0010 |

0001

Show that A is anormal abelian subgroup of G. Prove that G’ is contained in A
and deduce that G is soluble.



labec

_ ~|010d
Answer: Let A = 001e
0001

labc) 1fgh

1 010dj|j010i
AB = 001le|| 001
0001)Ll0001

1fgh
010
001
0001

,andlet B =

lf+ag+bh+ai+b+c

/0 1 O i+d
0O 0 1 jte
O 0 O 1

which is an element of G — and therefore G is closed under matrix multiplication.

Now to obtain A, we manipulate (A | 1) to get (I | A™).

(1abc
010d
OO01le
L0001

(1abo
0100
0010

L0001

1a00
0100
0010
0001

1000
0100
0010
L0001

(1| A%,

(Alr)=

Therefore, At =

which is an e ement of

1000

0100

0010

0001

100-c R; - cRy
010-d | Rx-dry
001-e | R3-€eRy
000 1
10-b-c+be)Ri- bRs
010 -d
001 -e
000 1

-c+be+ad | Ri- aR

G — and therefore every element of G has an inverse.

Aswe have shown that G is closed under matrix multiplication and that every element in
G has an inverse; plus knowing that matrix multiplication is associative and that the 4x4
identity matrix is an element of G, we can therefore say that G forms a group under matrix

multiplication.



Now to show that A isanormal subgroup of G, it is sufficient to show that gag* = a for
dlgl Gandadlal A. Further, to show that A is an abelian group, it is sufficient to show
that ab =ba forall a andb in A.

Clam1l:gag'=aforallgl Gandalal A.

labc)f100al) 1-a-b-c+be+ad
010d| 0100 01 O _d
. -1 —

Proof1:0ag"=| np1e | 0010 0 0 1 “e
0001)00001J)l00 O 1
laba+c|[ 1-a-b-c+be+ad

|o10 d |01 0 -d
1001 e 00 1 -e
000 1 Jl0OO O 1
l-ata-b+b(-ctbe+ad)- ad- be+a+c
10 1 0 -d+d
10 0 1 -e+e
L0 0 0 1
(100«
|o100]_
=l 6010 |72 QED.
0001

Clam2 ab=baforadla,bl A.

(100a) 1008 100 B+a
o100 0100 010 O

Proot2:ab = 0519 0010 001 O
0001)l0001 000 1
100a+p 1008)100a

|o10 o0 0100/ 0100]_
“loo1 0 0010 0010 |~ Pa QED.
000 1 00010001

By the above proofs, we deduce that A isanormal abelian subgroup of G.



Now in order to show that G’ is contained in A, it is sufficient to show that any element
of G’ isalso an element of A. Consider an arbitrary commutator of G, ghg*h*, where g and h
are elements of G. If we can show that this commutator is also an element of A, then we have
shown that G’ is contained in A, because (a) all commutators of G will therefore be elements of
A; and (b) products of commutators will therefore be elements of A because A is a norma
abelian subgroup.

Now ghg*h*
labc)1fgh)Y1abec)(1fgh)’
1 010d| 0210 o010d 010
"|o001e||001j|O001e 001 ]
000O1))0001) 0001 0001
l1f+ag+b h+ai+bj+c | 1-a-b-c+bet+tad || 1-f-g-h+g+fi
10 1 0 i+d 01 0 -d 010 -1
1o 0 1 j+e 00 1 e 00 1 -
0O O 0 1 00O 1 00O 1
1l-a+f+a-b+g+b -c+tbe+tad- dff+a)- e(g+h)+h+ai+bj+c || 1 -f -g -h+gj +fi
10 1 0 -d+i+d 010 -1
1o o0 1 -e+j+e 00 1 -
0 0 0 1 00O 1
1 f g be-df-eg-eh+h+ai+bj || 1-f-g-h+gj+fi
{010 [ 010 -
1001 i 00 1 -
000 1 00O 1
1-f+f-g+g-h+gj+fi-fi- gj+be- df- eg- eh+h+ai + b
|0 1 0 -i+i
1o o 1 S H]
0O O 0 1
100 be- df- eg- eh+ai + b
010 0 A
1001 0 LA,
000 1

sothat G' iscontained in A (G’ £ A) as discussed above.

Now because A is an abelian group, then any subgroup of A will aso be an abelian
group. It follows that G’ is an abelian group. But if G’ is an abelian group, then by Example
17.10 in the book (a group G is abelian if and only if G’ = {1}), we conclude that G® = {1}.
But if G® = {1}, then Proposition 17.15 (part (iii)) implies that G is a soluble group, and thus
we have reached our required conclusion. QED.



Chapter 18: Examples of Soluble Groups

Key Definitions and Results

Definition 18.1: For any group G, let Z(G) = Z1(G) denote the centre of G, and let Zy(G)
denote the subgroup {1} . Let Zx(G) be the subgroup of G defined by Z,(G)/Z(G) = Z(G/Z(G)),
and in genera let Zi.1(G) be defined by Zi..(G)/Z(G) = Z(G/Z(G)). The series {1} £ Z(G) £
Z5(G) £ ... £ Z(G) £ ... isthe upper central seriesfor G.

Proposition 18.3: A finite p-group is soluble. Every chief factor of afinite p-group is of
order p.

Definition 18.4: A group G is nilpotent if the upper central series terminatesin G. If the
upper central series terminates after r steps, so that Z,(G) = G but Z..,(G) * G, then we say that
G is nilpotent of class r. Remark: Proposition 18.3 shows that a finite p-group is nilpotent.
Since the upper central seriesisanormal series, any nilpotent group is soluble.

Proposition 18.5: Let G be a nilpotent group and let H be any subgroup of G other than
G itself. Then H isaproper subgroup of Ng(H).

Definition 18.6: A subgroup H of agroup G is maximal if H is a proper subgroup of G

and no subgroup of G lies properly between H and G: if K isasubgroup of G withH £K £ G,
then K iseither H or G.

Corollary 18.7: A maximal subgroup of a nilpotent group is normal.

Proposition 18.8: A finite group G is nilpotent if and only if G is an internal direct
product of its Sylow subgroups, so that G = PixP,x...xP,, where py, p2, ...,pr are the distinct
primes dividing |G|, and P, is the Sylow pi-subgroup of G (for LEi £71).

Corollary 18.9: Every subgroup and every quotient group of a finite nilpotent group is
nilpotent. Remark: The conclusions of Corollary 18.9 hold for any nilpotent group, but a
different proof isrequired if the group is not finite.

Proposition 18.10: Let N be a non-trivial normal subgroup of a finite nilpotent group
G. Then the intersection NCZ(G) has order greater than 1.

Proposition 18.11: Let p be an odd prime. A non-abelian group of order p® is
isomorphictooneof <x,y: x*=1=yP, z=[X,y],Z°=1,zx=Xz,zy =yz>, or <X, y: xX¥ =1 =
YP, yxy™ = x>,

Theorem 18.12: Every group with less that 60 elementsis soluble.



Exercises

18-2: Let G bethe group of order 27 consisting of the 3x3 matrices of the form

lab
A=01c |

001
where a, b and ¢ are integers modulo 3, so that each of a, b and ¢ may be taken to
be one of 0, 1 or 2, with arithmetical operations modulo 3 (so that, for example,
1+2 = 0 and 2x2 = 1). Prove that every element of G has order 3. Find the centre
of G. Hence find a chief seriesfor G.

Answer: To show that every element of G has order 3, we show that if A isan arbitrary
element of G, then A3 isthe 3x 3 identity matrix.

lab labij| labj lab
Nowif A=| 01 c |,then A3 Olc| O0O1c| O1lc

001 001)l001)l001
l2a2b+ac ) 1ab
=101 Zc Ol1lc
00 1 001
13ab+2ac+2b+ac 1 3a 3b+3ac
=01 3c =01 3c
00 1 00 1

Because when working modulo 3 we have 3x © 0O for any X, then we see that 3a° 0O, that
3b+3ac® 0, and that 3c© 0, so that A3 isthe 3x3 identity matrix as required.

Now the centre of G consists of those elements of G which commute with every element
of G, sothatif BT Z(G),thenBC=CBforal Cl G.

lde 1gh
NowifB=| 01 f [,andifC=| 011 |,
001 001
1g+dh+d+e 1d+ge+gf+h
thenBC=| 0 1 i+f LandCB=| 0 1 f+i
0 O 1 0 O 1

We see that in order for B to belong to the centre of G, then we must have di = ¢f for al
possible i and g. But this will only happen if d =f = 0, leaving us with three choices for e in
the matrix B, and so the three matrices in the centre of G are as follows:

100 101 102
010,/ 010 |and| 0210 |
001 001 001



At this stage, we have found a normal seriesfor G, namely G > Z(G) > {1}, by virtue of
the fact that Z(G) is always a normal subgroup of G. Now the quotient group Z(G)\{1} has
three elements and so is cyclic of order 3 —and because 3 is a prime number, then by Remark
2 following Definition 15.13 on page 134 in the book, we can say that the normal series cannot
be refined between Z(G) and { 1} . However, the series can be refined between G and Z(G):

Consider the subset N of G given by settingb =01in A, i.e. the matrices of the form
l1a0
O1lc|
001

Because there are three choices each for aand c, then there are nine matrices of type N.
To show that the set of matrices given by the set N is a subgroup of G, al we need do is to
show that the product of two elements from N is an element of N, and that the inverse of an
element from N is also an element of N.

1p0Oyj 1r0O 1r+p O
Butsince| 01q | 01s|={0 1 s+q |l N,
001) 001 0 0 1
1t0) (1-to0
andsince| 01u | ={ 01 -u|l N,
001 00 1

it followsthat N is a subgroup of G.

To show that N is anormal subgroup of G, we recall that all elements of G have order 3
and so G is a 3-group (by definition). It therefore follows that G is soluble by Proposition 18.3,
and thus G is nilpotent by the Remark following Definition 18.4. Now if N is a maximal
subgroup of G, then it followsthat N is anormal subgroup of G by Corollary 18.7. But because
N has order 9 and because G has order 27, then Lagrange's Theorem implies that there are no
proper subgroups of G with order greater than 9 — and so N must be a maximal subgroup of
G, and thus (by the above discussion) N must be a normal subgroup of G.

So we have now obtained a refinement of our previous normal series, and the normal
series that we are now dealing with is given by G > N > Z(G) > {1}. Now because G\N is
cyclic of order 3, and because N\Z(G) is adso cyclic of order 3, then (as before) there cannot be
any refinements of this normal series between G and N and between N and Z(G). It therefore
follows that the normal seriesG > N > Z(G) > {1} isachief series.



18-3: Let P be the group <x, y: x° = y3 = 1, yxy* = x*>, so that P consists of the 27
elements of the form xiy¥, with j being one of 0, 1, ..., 8, and k being 0, 1 or 2. Show that <x> is
anormal subgroup of P and that x3 isin the centre of P. Find a chief seriesfor P.

Answer: To show that <x> is a normal subgroup of P, it is sufficient to show that
p<x>p'=<x>foral pl P.But because every element of P can be written in the form xy* for
O£j£9and0£ k£ 2, then al we need do in order to show that p<x>p™* = <x>for al p1 Pis
to show that (a) x<x>x* = <x>, and that (b) y<x>y* = <x>. The result will then follow by
induction, as p<x>p* = xlyk<x>(xyK) T = Xyk<x>y*x,

Before starting, note that <x> is the set given by {1, x, x?, X3, x4, x5, X, x’, x®} because
the presentation for Ptellsusthat x° = 1.

(@ x<x>x?
=x{1, x, X3, X3, x*, x°, x% x’, x& x*
={1, x, x4, x5, x* x° x® x’, x&
= <x>asrequired.

(b) y<x>y*!

=y{1, x, X3, X3, x* x5 % x’, xy?

={yyh yxy?h vy yxy yxAy yxy yxey yxfy, yxBy

— {1’ X4, (X4)2, (X4)3, (X4)4, (X4)5, (X4)6, (X4)7, (X4)8} |
(because y(x)y™ = (yxy ") (yxy )(yxy™)...(yxy™) (i times) = (x%))

={1, x4, X8 x12 = x3 x16 = x7 x0 =x2 x4 =x5 xB=x, x2= X5}

={1, x, X3 x5, x* x° x® x’, x&

= <x> asrequired.

It now follows that <x> isanormal subgroup of P.

To show that x3 is in the centre of P, we need to show that px3p* = x3for adl p1 P. By
the same sort of argument as above, this can be achieved by showing that x(x3)x* = x3 and that
y(3)y* = x3. The first hit follows immediately — and we note from the above calculations that

yx3yt = (x*)3 = x*2 = x3 asrequired.

It therefore follows that x3 is an element of Z(P). Further, the subgroup generated by x3,
<x3>, is a normal subgroup because (using the same methods as before and using the
caculations written down above) x<x3>x* = <x3> and y<x®>y! = <x3>, where <x3> = {1, X5,
X%},

It therefore follows that P > <x> > <x3> > {1} is a norma series for P (as we have
shown that <x> and <x3> are normal subgroups of P). As in Exercise 18-2, because the
quotient groups P\<x> and <x>\<x3> are cyclic of order 3, a prime number, then the normal
series that we are considering cannot be refined between any of its elements — and thus P >
<x> > <x3> > {1} must be achief seriesfor P. QED.



Chapter 19: Semidirect Products and Wreath Products

Key Definitions and Results

Definition 19.1: A group G is a semidirect product of a subgroup N by a subgroup H if
the following conditions are satisfied: (i) G = NH; (ii) N is a normal subgroup of G; and (iii)
HCN ={1}.

Proposition 19.4: Let G be asemidirect product of N by H. For each element h of H, the
map j n. N ® N defined by j n(n) = hnh* is an automorphism of N. Themap j : H ® Aut(N)
defined by j (h) =j 1 isahomomorphism.

Proposition 19.5: Given any groups N and H, and a homomorphism from H to Aut(N)
for which the image of h is denoted by j n, let G be the set of ordered pairs{(n, h): nT N, h1
H}. Then G is agroup under the multiplication defined by (n., hy)(n, hy) = (N r{Mne), hihy).
ThesetsNo ={(n, 1): nT N} and Ho={(1, h): hT H} are subgroups of G isomorphic to N and
H, respectively, and G isa semidirect product of Ny by Ho.

Example 19.6: One natural example of the construction of Proposition 19.5 arises when
H is equal to Aut(N) and the map j is the identity map from H (= Aut(N)) to Aut(N) so that
] (f) =f. Theresulting semidirect product is known as the holomorph of N.

Remark: Aswith internal direct products, it is often convenient to drop the ordered pair
notation, and write elements of a semidirect product of N by H by juxtaposing elements of N
and H. In this notation, the definition of multiplication becomes nhinzh, = nyj  p(n2)hihe.

Definition 19.8: Let G and H be any two finite groups. The regular wreath product G
rwr H is a semidirect product of the group N by H, where N is G", the direct product of |H|
copies of G. Thus, if |H| = n, then the elements of N are n-tuples of the form (g, 9z, ..., On), With
each g in G. Now to specify the extension, choose some fixed ordering hy, hy, ..., h, of the
elements of H. The automorphism j ,, of G" associated with an element h of H is then defined by

j h(g11 Q2 ..y gn) - (gp(l), Op2)s s gp(n)),

where p is the permutation of {1, ..., n} defined by hh; = hy;). It may be checked that j j «
=] m Thusthemap H ® Aut(G") determined by h | n is @ homomorphism. The semidirect
product is therefore well-defined. Note that the number of elementsin G rwr H isn|G|", where n
= |H|.

Proposition 19.10: Let p be a prime integer, and let k be any positive integer. The
Sylow p-subgroup of the symmetric group S(p") is the iterated wreath product (with k copies
of Cp)

(...((Cp rwr Cp) rwr Cp) ... rwr Cp).



Corollary 19.11: Let p be aprime and let n be any positive integer. Let
N=a+ap+ap?+..+ap (withO£a £ p-1l)

be the expansion of n to the base p. Then each Sylow p-subgroup of the symmetric group
S(n) is a direct product (S;)* x(S)2 x ... x (S)*, where S is a Sylow p-subgroup of the
symmetric group S(p'), so that S is the regular wreath product of i copies of C,.

Definition 19.12: Let G and H be finite groups with H a subgroup of the symmetric
group S(n). The permutation wreath product, G pwr H, is the semidirect product of a normal
subgroup N by H, where N is the direct product of n copies of G. Thus, the elements of N are
n-tuples (01, G, ..., On), With each g in G. The automorphism j , of G" associated with a
permutation hin H isthen defined by j w(g1, 92, -, Gn) = (Gh@), Gh@)y «+-r Onn)-

Remark 1: In the above construction, H acts by conjugation on N, permuting the n
direct factors. Since the map H ® Aut(G") determined by h — | y, is easily checked to be a
homomor phism, the semidirect product is well-defined. Note that the number of elementsin G
pwr H is [H||G]".

Remark 2: The regular wreath product may be regarded as a special case of the
permutation wreath product. In this case, H is regarded in its regular permutation
representation as a subset of S(|H[) in which the permutation py associated with an element h of
H ={h,, ..., hy} is defined by ps(h) = hh.. In genera, these two constructions have different
orders. For example, if H = S§(3), then the group G rwr H would have order 6|G|°, whereas G
pwr H would have order 6|GF.

Exercises

19-1: Let each of G, H and K be finite non-trivial groups. Explain why the wreath
product (G rwr (H rwr K)) cannot possibly be isomorphic to the wreath product ((G rwr H) rwr
K).

Answer: In Definition 19.8, we found out that the number of elementsin G rwr H is
given by [H|IG|". It follows that the number of elements in the first wreath product, (G rwr (H
rwr K)), is given by ([K|H[<)|G] KIH™: and that the number of elements in the second wreath
product, ((G rwr H) rwr K), is given by |K|(JH||G|")¥I. Assuming that the two wreath products
are isomorphic, then they must have the same number of elements. It follows that

(KIHFIGI ™M™ = [K|(HIGI)X,

K |[HK)G]KIH™ = K |([H[<IG[HIKD:
(K01 = (I
IG|IKIHI™ = |GJHIKI ’
IG|'H"™ = |G|

As G, H and K are finite non-trivial groups, then it follows that |G| IH"1 |GJ*, and
therefore the two wreath products (G rwr (H rwr K)) and ((G rwr H) rwr K) cannot possibly be
iIsomorphic, asthey will have different orders. QED.



19-5: Construct al semidirect products of C3xCs.

Answer: Consider all possible semidirect products G of N=C;={1,y,y3 by H=C; =
{1, x, x3}. Looking at Proposition 19.5, we need to associate an automorphism of N to the
elements 1, x and x? of H.

Let usfirst consider what the elements of the group Aut(N) are. Since the automorphism
associated to 1 must be the identity, we only have two choices to make: to either definej (y) =
y or to definej (y) = y2 Therefore, the group Aut(N) consists of two elements:

a: a(l)=1aly) =y a(y’) =y and
b b(1) =1,b(y) =y% b(y?) =y,

with the compositions asa = a, a*b = b, bea = b and beb = a (Aut(N) is isomorphic to
C,, with b being the ‘generator’ of Aut(N)).

We must now define a homomorphism from H to Aut(N) for which the image of hin H

Is denoted by | . There are eight choices for the homomorphism in al, summarised by the
following table:

hi H hi H
choice 1 X X2 choice 1 X X2
1 Jn a a a 5 jn b a a
2 i n a a b 6 jn b a b
3 i h a b a 7 jn b b a
4 j n a b b 8 J n b b b

But only choice 1 is valid because all the other choices are not valid homomor phisms:
using the compositions for a and b, we see that choices 2 and 3 are not valid becausej 1 =] xe
1 4 x4 choice4isnot valid becausej =] «wx ! ] 5 x; ad choices 5 to 8 are not valid because
J1=] 11l ] 1 Thisleaves us with only one valid homomorphism, choice 1, the identity
homomorphism, givenbyj.=a,jx=a,andj .=a.

It follows that there is only one semidirect product of C3xCs, and it is given by the group
G consisting of the ordered pairs{(n, h): nT N, hT H}, with multiplication defined by

(N1, hy) (N2, hy) = (ny) hl(nz), h:h,) = (N, hihy)
(because =] 4, istheidentity homomorphism).

It now follows that our semidirect product is the internal direct product C;xC; (with nine
elements).



Chapter 20: Extensions

Key Definitions and Results

Definition 20.1: A group G is an extension of N by H if G has a normal subgroup N
such that the quotient group G/N isisomorphic to H.

Remark: Suppose that G is a semidirect product of N by H. The First Isomorphism
Theorem shows that G/N = HN/N =H/HCN =H, so that G is an extension of N by H.

Definition 20.4: Let G be an extension of N by H withf: H® G/N an isomorphism. A
section of G through H isany set {s(h): hT H} of eements of G such that: (i) S(1) = 1; and (ii)
s(h) is arepresentative for the right coset f (h), so that f (h) = Ns(h).

Remark: If G isasemidirect product of N by H, then the elements of H are a section of
G through H which is a subgroup.

Remark: Let G be an extension of N by H withf: H ® G/N an isomorphism. Sincef is
an isomorphism, for any elements h; and h, of H, s(h;)s(h,) is in the same right coset as s(h;hy),
and so there exists an element f(hy, hy) in N such that s(h;)s(h,) = f(hy, hy)s(hihy).

Definition 20.6: Let G be an extension of N by H with {s(h): hT H} a section of G
through H. The map f: HxH ® N defined by f(hy, hy) = s(hy)s(hy)(s(h:h2))?, for all hy and h, in
H, is the sectional factor set for the extension G, with section {s(h): h1 H}.

Remark: It is clear that in genera the sectional factor set depends on the choice of
section. If G isasemidirect product of N by H, taking the section to be the elements of H, then
there is a sectional factor set such that f(hy, h,) = 1 for all hy, h,T H.

Remark: Recall that sometimes we use exponential notation for conjugation, so that x°
denotes the product gxg™.

Proposition 20.8: Let G be an extension of N by H, and let {s(h)} be a section of G
through H. The sectional factor set f: HXH ® N for the extension satisfies the following
conditions: (i) for al hin H, f(1, h) = 1 = f(h, 1); and (ii) for al hy, hy, hs T H, f(hy, hy)f(hahy,
hs) = f(h, h3)X")f(hy, hyhs).

Proposition 20.9: Let G be an extension of N by H with {s(h): hT H} a section of G
through H, and let f be the sectional factor set of the extension. For each hin H, themap | »: N
® N defined by j n(n) = s(h)n(s(h))™* = " is an automorphism of N. Furthermore, for al nin
N and for all hy and h, in H, we havej pj n,(N) = ( nn,(N)) e 2,



Definition 20.10: Given groups N and H, for each hiin H, let | , be an automorphism of
N (with j 1 being the trivial automorphism). A factor set with respect to the choice {j n: h1 H}
iIsamap f: HxH ® N such that (i) for al hinH, f(1, h) = 1 =f(h, 1); and (ii) for al h,, h, and
hs in H, f(hy, h)f(hihy, hs) = j, (F(he, hg))f(hy, hehs). We shall say that a factor set f is
compatible if aso (iii) foral ninN and hy, ho inH, j nj n(n) =] nnn) (M2 n2),

Remark: Let G be an extension of N by H, and let {s(h): h T H} be a section of G
though H. By Proposition 20.9, conjugation by an element s(h) of G is an automorphism j 1, of
N (with conjugation by s(1) being the trivial automorphism). Propositions 20.8 and 20.9 show
that the sectional factor set for this extension is then a compatible factor set in our newly
defined sense.

Proposition 20.11: Given groups N and H, for each hin H, let j , be an automorphism of
N, with j 1 being the identity map on N. Suppose that f: HxH ® N is a compatible factor set.
Then the set G of ordered pairs{(n, h): nT N, hT H} isagroup under the multiplication

(N1, a)(Nz, D) = (Mg 1, (M) T, ), Maby).

Furthermore, G is an extension of a group isomorphic to N by a group isomorphic to H,
and{(1, h): h1 H} isasection of G through H.

Corollary 20.12: Let G be an extension of N by H, and let {s(h): hT H} be a section of
G through H. Let f be the corresponding sectional factor set. Then, if we define j , to be
conjugation by s(h), f is a compatible factor set. Conversely, given automorphisms{j n: h1 H}
of N and a compatible factor set f, let G be the group constructed as in Proposition 20.11. Then
{(1, h): hT H} isasection of G through H. The map No ® N, defined by (h, 1) ~ (j n, 1) is
conjugation by (1, h), and f is a sectional factor set.

Remark: It is not in general obvious how to find a compatible factor set when N, H and
the automorphisms {j : h T H} are given. This is one reason why various restrictions are
placed on the type of extensions considered. We consider two of these possibilities in the next
chapter. If the map h ~ | » isa homomorphism, then the trivial factor set is compatible, and the
resulting extension is a semidirect product.

Exercises

20-1: When G is the group (3), regarded as an extension of A(3) by C,, determine all
the possible sectional factor sets of the extension.

Answer: Let usfirst familiarise ourselves with the groups that we are dealing with:

S3)={(1),(12),(23),(13),(123),(132)};
A(3) ={(1), (123),(132)}: and
C,={1,x}.



As we have assumed that S(3) is an extension of A(3) by C,, it follows that there is an
iIsomorphism f: C, ® S(3)/A(3). The two elements of the quotient group S(3)/A(3) are A(3)
itself and A(3)g, where g is not an element of A(3). Therefore, taking g to be (1 2) (without
loss of generality), we find that the group S(3)/A(3) can be written as

SE)/A(3) {(1),(123),(132)},{(1),(123),(132)}(12)}
{(1),(123),(132)},{(12),(123)(12),(132)(12)}}

{(1),(123),(132)},{(12),(23),(13)}}.

Now in any isomorphism, the identity element maps onto the identity element, so that we
must have f (1c,) = 1sga@; of F(1) = {(1), (1 2 3), (1 3 2)}. This leaves us no choice but to
definef (x) ={(12), (2 3), (1 3)}.

I
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The next step is to ask ourselves what elements might form part of a section of S(3)
through C,. By definition, a section of this type is any set {S(z): z1 C,} of elements of S(3)
such that (i) s(1) = 1; and (ii) S(z) is a representative for the right coset f (z), so that f(2) =
Ns(z). From the definition, it follows that in this example such a section will have two
elements, and it aso follows that we will have (1) = 155 = ().

The only remaining choice is the choice of the right coset representative of f (x) to assign
to s(x). Asf(x) ={(1 2), (2 3), (1 3)}, then there are three possible right coset representatives,
so that there are three possible sections:

@ {1, (12}
(b)  {(1),(23)}; and

© {(@),@3)}.

Let us now go on to find the three sectiona factor sets corresponding to the three
sections shown above. By Definition 20.6, the map f: C;xC, ® A(3) defined by f(z1, z) =
z1)(z2)(S(z122)) Y, for all z; and z; in C,, is the sectional factor set for the extension G = §(3),
with section given by {s(h): hT H}. Let us now apply this definition to our three sections to
find three sectional factor sets.

Section (a): With f(1) = (1) and f(x) = (1 2), we have

f(1, 1) = (Ds(D)(s(1x1))* = (H(1)(S(D))* = (D) = (D(1)(D) = (1);

F(1, %) = S(Ds(x)(s(1xx)) " = (1)(1 2)(s()) ™ = ()(1 2)((1 2))* = (1)(1 2)(2 1) = (D);

f(x, 1) = sp)s(D)(s(xx1))* = (1 2)(1)(s(x))* = (1 2(1)((1 2))* = (1 2(1)(2 1) = (1); and
f(x, X) = s()s(x)(s(x*x))* = (1 2)(1 2)(s(1))* = (1 (1 J((1))" = (1 (1 (D) = (D).

Section (b): With (1) = (1) and f(x) = (2 3), we have

f(L, 1) = s(Ds(D)(s(1x1))* = (D()((D))* = (D)™ = (D(1)(D) = (D);

F(1, %) = S(Ds(x)(s(1xx)) " = (1)(2 3)(s(x))™ = ()(2 3)((2 3))* = (1)(2 3)(3 2) = (1);

f(x, 1) = sp)s(D)(s(xx1))* = (2 3)(1)(s(x))* = (2 3)(1)((2 3))* = (2 3)(1)(3 2) = (1); and
f(x, X) = s()s(x)(s(x*x))* = (2 3)(2 3)(s(1))* = (2 3)(2 3)((1)) " = (2 3)(2 3)(D) = (D).



Section (¢): Withf(1) = (1) and f(x) = (1 3), we have

f(L, 1) = s(Ds(D)(s(1x1))* = (D(1)((D))* = (D)™ = (D(21)(D) = (D);

F(L, X) = (Ds()(s(1xx)) " = (1)(1 3)(s(x)) " = (1)(1 3)((1 3))* = (1)(1 3)(3 1) = (1);

f(x, 1) = s()s(1)(s(xx1))* = (1 3)(1)(s(x)) ™ = (1 3)(1)((1 3))* = (1 3)(1)(3 1) = (1); and
f(x, ) = s()s(x)(s(x*x))* = (1 3)(1 3)(s(1))™ = (1 3)(1 3)((1))™ = (1 3)(1 3)(D) = (D).

As you can see, al the sectional factor sets are trivial, and this is to be expected as the
three sets{(2), (1 2)}, {(1), (2 3)} and {(1), (1 3)} are subgroups of S(3).

20-3: Find all extensions of a cyclic group of order 2 by acyclic group of order 3.

Answer: Let N =C, = {1, x},and let H = C; = {1, y, y?}. According to Proposition
20.11, in order to construct an extension of C, by Cs, we first need to find a compatible factor
set f: HXH ® N. In order to do this, we need to choose an automorphism of N to associate to
each element of H, and then need to defineamap f: HXH ® N such that the three conditions of
Definition 20.10 are satisfied (we need a compatible factor set):

(i) for al hinH, f(1, h) =1 =1f(h, 1);
(i) for dl hy, hy and hs in H, f(hy, hy)f(hihz, hs) = 1, (F(h2, hs))f(hy, hahs); and
(iii) for al nin N, and for al hy, ha inH, j nj n,(N) =] n,n(N) e h2),

Because N = C,, then there is only one element in Aut(N), this element being the identity
automorphism, j (1) = 1, and j (X) = X. Therefore, each element of H will be associated to the
identity automorphism of N, so that if we denote the identity automorphism by j ;, then we
have

J1=)y=]
We now move on to defining the map f: HxH ® N. To do this, we need to associate an
element of N = C, = {1, x} to each element of HxH = C;xC; = {(1, 1), (1, ¥), (1, y3, (y, 1), (v,

y), (¥, Y3, (Y34 1), (V3 Y), (Y3 y?)}. Now condition (i) of Definition 20.10 forces us to define f(1,
D=1(1y)=f1Ly) =1y, )=1f(y>1) =1

Because we are only dealing with identity automorphisms, then condition (ii) of
Definition 20.10 simplifies to the following condition:

For al hl, h2 and h3 in H, we reCIUi re that f(hl, hz)f(hlhz, h3) = f(hz, hg)f(h]_, h2h3).

Putting in hy = h, = hy =y, we see that we need
fly, )I(y2 y) = f(y, y)i(y, y?); or f(y2, y) = f(y, y?);

and putting in h; = h, =y, hs = y2, we see that we need
fly, y)i(y2 y2 = f(y, y3f(y, 1); or f(y, y)f(y2 y?) =f(y, y?) (because f(y, 1) = 1).

The above eliminates 12 of the 2* = 16 possible definitions for f.



It follows that the remaining possible definitions for f are as follows:

f(k)
kT HxH Definition A Definition B Definition C Definition D
(1,1 1 1 1 1
1, y) 1 1 1 1
(1, y?) 1 1 1 1
(y, 1) 1 1 1 1
v, y) 1 1 X X
(v, y?) 1 X 1 X
(y?, 1) 1 1 1 1
(Y% y) 1 X 1 X
V%, 1 X X 1

Condition (iii) of Definition 20.10 does not eliminate any of the above definitions for f
(because 1* = 1, x' = x, and x2 = 1 in C,), so we conclude that there are four possible
compatible factor sets f for use with Proposition 20.11. So let us now consider the
multiplication tables for G as defined in Proposition 20.11 for the above four factor sets A, B,
C and D:

Definition A Definition B
LY Gy @Ly) X1 Xy Xy) LY Ly 1y) X1 xy xy)
1LDIELY Ly @Ly) X1 Xy Xy 1LDIEY Ly @Ly) X1 Xy &XVy)
@Ly) @y @y) 1,1 Xy Xy) (X 1) @y @y @Ly) x1) xy) xy) (1,1)
Ly)|Ly) (1,1) Ly xy) x1) (XV) Ly)[Ly) 1) xy) xy) (1,1 (Ly)
x| xy) xy) (11 1Ly 1y) x1D|x1) xy) xy) (1,1 Ly 1y)
xy) | xy) xy) x1) Ly Ly) (1,1 xy) | (xy) xy) (L1 @1y Ly) (x1)
xY)[xy) X1 xy) (Ly) L1 @Ly) xy)[xy) (LD Ly 1y) X1 xy)

Definition C Definition D
1) @y @y XY Xy XyY) 1Y) @y 1y) X1 xy *XVy)
1LDH|IEY @y Ly X1 Xy xy) 11X Ly @y) X1 Xy Xy)
@y @y xy) LD Ky 1y) (x1) @y @y xy) x1) xy) (Ly) (1,1)
Ly)|Ly) (1,1) (xy) xy) (x,1) (Ly) Ly)|Ly) 1) @1y xy) (1,1 (xy)
DD xy) xy) (11D @1y 1y xDIx1D Xy xy) (1,1) 1Ly @Ly)
xy) [y (Ly) x1) @1y xy) (1,1 xy)[(xy) (1y) (1L,Y) @y xy?) (x1)
YY) X1 Ly 1Ly) 11D XY) Xy |xy) (1Y) xy) @Ly) x1) @y

Note that the entries in tables B, C and D which are different from the entries in table A
are marked in red.

We see from the above tables that the group G with factor set A is cyclic of order 6
(generated by the element (X, y), for instance); that the group G with factor set B is cyclic of
order 6 (generated by the element (1, y), for instance); that the group G with factor set C is
cyclic of order 6 (generated by the element (1, y), for instance); and that the group G with
factor set D is aso cyclic of order 6 (generated by the element (1, y?), for instance). We
therefore conclude that any of the four possible extensions of a cyclic group of order 2 by a
cyclic group of order 3 isacyclic group of order 6, i.e. we have adirect product C,;xC; =Cs.



Chapter 21: Central and Cyclic Extensions

Key Definitions and Results

Definition 21.1: A group G isacentral extension of N by H if it is an extension of N by
H and N is in the centre of G. Suppose that we are given such a central extension G, with
section {s(h)}. Since s(h) will commute with each element of N, the sectional factor set of the
extension satisfies (by Proposition 20.8) the conditions (i) for all hin H, f(1, h) = 1 = f(h, 1);
(ii) for al hy, hy, hg in H, f(hy, hy)f(hihy, hs) = f(hy, hg)f(hy, hahs). We shall refer to a factor set
satisfying these two conditions as a central factor set.

Suppose now that we wish to construct a central extension of N by H. To do this, we
choose each automorphism {j» h T H} to be the identity automorphisnm of N. The
compatibility condition then holds for trivial reasons and the factor set conditions become the
requirements that f be a central factor set: (i) for al hin H, f(1, h) =1 =f(h, 1); and (ii) for al
hi, ho, hs in H, f(hy, hy)f(hihy, hs) = f(hy, hs)f(hy, hahs).

Definition 21.4: The second special type of extension which we consider is that of a
cyclic extension of N by H. This occurs when H is a cyclic group. In the case of cyclic
extensions, it is possible to give an explicit description which enables one to determine the
extensions of N by H.

Theorem 21.5: Let G be an extension of agroup N by acyclic group H = <h> of order r.
Choose s(h) to be an element of G such that Ns(h) is a generator for G/N, so that (s(h))" = no

for some ny I N. Then there is an automorphism j of N satisfying the conditions: (@) j " is
conjugation by the element ny of N; and (b) j fixes n,.

Conversely, given an element n, of N and an automorphism|j of N satisfying (a) and (b),
then the set of ordered pairs (n, h), withn1 N and O £i £ r-1, is a cyclic extension of N by H
under the multiplication (ny, h')(nz, B) = (ni(j )'(n)f (', 1), h*), where f(h*, hY) = 1if u+v <,
and f(h", ") = ng if u+v >r. It follows from this that (1, h)" = (no, 1).

Corollary 21.6: Let G be an extension of an abelian group N by a cyclic group H of
order r, and let Ns(h) be a generator for G/N. Then there is an automorphismj of N with | "
the identity automorphism, and an element n, of N fixed by j with ny = (s(h))". Conversdly, in
order to construct a cyclic extension of N by H, we need to be given an automorphismj of N
of order r and an element of N fixed by j . The group G then consists of elements ns(h'), where
s(h)" isthe chosen element of N fixed by j .

Proposition 21.8: Let p be an odd prime and let G be a finite p-group which has only
one subgroup of order p. Then Giscyclic. Remark: It may be shown that a 2-group which
only has one element of order 2 is either cyclic or a generalised quaternion group.

Proposition 21.9: Let p and g be prime integers with p > g. A group of order pqg has
presentation <x, y: x* = 1 = y4, yxy* = x¥, with kq © 1 mod p>. If q does not divide p-1, then a
group of order pg is cyclic.



Exercises

21-1: Let N = <z> be a cyclic group of order 2, and let H be the non-cyclic group of
order 4 with elements{1, a, b, c}. Given that the factor set

ab

N L
Y k)
RN N R|O

1
Z
Z
1

8 oo |-

iIsacentral factor set, construct the central extension G. Is G isomorphic to D(4)?

Answer: AsN isacyclic group of order 2, it follows that the only automorphism of N is
the trivial automorphism j ; defined by j 1(1) = 1 andj 1(z) = z. It follows that all the elements
of H are associated to thisidentity automorphismj 1, sothatj 1 =] a=j =]

Now because H is non-cyclic, then H is the Klein 4-group

congisting of three non-identity elements of order 2, with
multiplication table as shown on the right (see page 27 in the book
for the justification of this). As ¢ = ab, then this accounts for the
appearance of the element ab (and thus the non-appearance of the
element c) in the central factor set shown above.

O T o Bk
O T o9 K|k
0O LoD
O L O T|T
RO T OO0

Given the central factor set shown above, Proposition 20.11 implies that the central
extension G is a group consisting of the set of ordered pairs {(n, h): nT N, hT H} under the
multiplication

(nl, h]_)(nz, hz) = (nlnzf(hl, hz), hlhz).

It follows that the eight elements of G are (1, 1), (1, a), (1, b), (1, ©), (z, 1), (z, @), (z, b)
and (z, ¢); and that the multiplication table for G is as follows:

(1, 1) (1, @) (1, b) (1, c) (z,1) (z, & (z, b) (z,0)

@y ( &y @@&a @b (Lo (=1 (za (b (209
La | La (@) (=9 (b Za ) (@o (@b
(Lb | @b (Lo =) (=a (zb (zo @) &L
Lo | &g (&b @& @Y (o9 @b (za (D
z1) | ) @Za (@b (zo (@€Y @GLa (@b (Lo
za | za (1) (Lo (@b @GLa G I) (=9 (zDb
(zb) | b (o9 @) (@a (Lb (Lo (1) (29
29 | z9g @b zad 1) @Fo @b (@La &I




Now that we have constructed the central extension G, we ask ourselves whether G is
isomorphic to D(4) or not. Recall that D(4) isthe group given by D(4) = <x,y: x*=y2=1,xy =
yx>. It follows that in order to show that G isisomorphic to D(4), we need to find elementsin
G that will alow usto present G as we have just presented D(4).

Consider first the orders of the elements of G. By looking at the table on the previous
page, we can work out that the orders of the elements of G are as follows:

Element | (1,1) (@La (@Lb) @o (1) (@za (b (0
Order | 1 2 4 2 2 2 4 2

Let x = (1, b), and let y = (z, 1). From the above table of orders, it follows that we have
x*=1andy2= 1. It only remains to show that xy = y*x. Now xy = (1, b)(z, 1) = (z, b); and y'x
=yx =(z, 1)(1, b) = (z, b), so that xy = y"*x asrequired.

It followsthat G =<x,y: x*=y2=1, xy = yx>, wherex = (g, b) andy = (z, 1), so that G
Isisomorphic to D(4).



Chapter 22: Groups with at most 31 elements

Key Definitions and Results

Definition 22.1: Let p be a prime integer. The automor phism group of a cyclic group of
order piscyclic of order (p-1).

Proposition 22.3: For n > 2, the automorphism group of a cyclic group G of order 2"isa
direct product C,xCy, wherek = 22,

Proposition 22.4: Let p beaprime, and let G be an elementary abelian p-group of order
p", so that G isadirect product of n copies of C,. The automorphism group of G isisomorphic
to the group GL(n, p) of invertible nxn matrices, with entriesin the finite field Z,..

Proposition 22.6: The automorphism group of the dihedral group D(3) isisomorphic to
D(3).

We now start our investigation of groups of given orders by gathering together some of
the results from earlier sections. In the following, p and g always denote prime integers.

(1) A group of order piscyclic (Proposition 5.19).

(2) A group of order p?isabelian and is isomorphic either to C. or to C,xC, (Corollaries
10.22 and 10.23).

(3) An abelian group of order p3 is isomorphic to one of Cy, CxC, or CoxCpxC,. A
non-abelian group of order p3 is isomorphic to the dihedral or quaternion group when p = 2,
and, for odd p, the group is either <x,y, zZz xXP =y =7z° = 1, xz = zx, yz = zy, X 'y'’xy = z>, in
which every non-identity element has order p, or is <x, y: x* = y? = 1, y'’xy = x***>, which has
an element of order p? (Proposition 18.11).

(4) A group of order pg, with p > g, is cyclic unless g divides p-1, in which case there is
also a non-abelian group pq with presentation <x, y: x* = 1 = y4, yxy = x* with k * 1 mod p,
and k9° 1 mod p>. (Proposition 21.9).

It is convenient to recall some of our standard classes of groups. As well as cyclic
groups, which exist for every possible order, for every even integer 2n, there is a dihedral
group D(n) of order 2n with presentation <a, b: & = 1 = b2, bab* = a'>. As we have seen in
chapter 17, the commutator quotient group of D(n) is C; if nis odd, and is C,xC; if nis even.
There is another standard group for integers of the form 4n:

Proposition 22.7: For any integer n, there is a group of order 4n with generatorsaand b
satisfying therelations &" = 1, & = b?, and bab™* = a*. Thisis the generalised quaternion group
Qun. Its derived group is generated by &, and its centre is generated by &



Proposition 22.8: There are five isomorphism classes of groups with 12 elements,
namely C,, CsxC,, D(6), the aternating group A(4), and the generalised quaternion group Q.
with presentation <a, b: & = 1, & = b?, bab* = a*>.

The methods that we have outlined have aready enabled us to determine the
isomorphism classes of groups with 13, 14 or 15 elements. The next case which requires some
discussion is that of groups with 16 elements. Since any 2-group is nilpotent, a maximal
subgroup of a group of order 16 has 8 elements and is normal. We can then use the method of
Theorem 21.5 to complete the list of isomorphism types. In the book, these are given in
Appendix B, but one of the cases which needs to be considered (the case when there isa cyclic
subgroup with 8 elements), is easily generalised to give the following result.

Proposition 22.9: Let n be an integer greater than 2. Let G be a group of order 2™*
which has an element of order 2". If G isabelian, G isisomorphic either to a cyclic group or to
the group C.nxC,. If G isnon-abelian, G isisomorphic to one of: (a) the dihedral group D(2");
(b) the generalised quaternion group, Q s, With presentation <a, b: a2"= 1, 2= a 2"’ bab’ =
a®>: (c) the group given by <x, y: x 2"=y2 = 1, yxy = x 2" *%: or (d) the quasi-dihedral group
givenby <x,y: x2"=y2=1, ylxy = x 2" 1>,

Proposition 22.10: A group with 24 elements contains a proper normal subgroup of
index at most 3.

The above proposition makes it clear how to produce the list of isomorphism classes of
groups with 24 elements. Consider the two possibilities that the group has a normal subgroup
of index 3 or one of index 2, and use the methods of extension theory on the list of groups of
order 8 and groups of order 12, respectively, to complete the classification. There is
considerable effort involved, not least in determining the isomor phism types of the constructed
groups. The complete list of groups with 24 elementsis given in Appendix B in the book.

Similar methods may be used to classify other groups whose orders have a small number
of prime divisors, but note that these methods have severe limitations. The complete list of
iIsomorphism types of groups of order £ 31 is presented in Appendix B in the book. The choice
of 31 is not arbitrary: there are 51 isomorphism classes of groups with 32 elements. Even
worse, there are 267 isomor phism classes of groups with 64 elements!

Exercises
22-6: Which of the groups in Proposition 22.8 isisomorphic to (3)xC,?

Answer: Consider the external direct product S(3)xC,. We know that if two groups are
iIsomorphic, then the two groups must have the same number of elements of a particular order.
Therefore, if we can show that a group G has x elements of order p, and that the group S(3)xC;
has y elements of order p, it follows that if x 1 vy, then G and S(3)xC, cannot possibly be
iIsomorphic.



So let us first find the multiplication table for S(3)xC, (using the multiplication (g,
h,)(g2, h2) = (0192, hihy)), and let us then use it to calculate the order of each of the 12 elements
of S(3)xC..

(1,1H (12,1 (13,1 (23D ((123),1) ((132),1) ((1.x) ((12.x) ((13),x) ((23),x) ((123),x) ((132),x)
(D, | (O, (12,1 ((13),1) (3,1 ((123),1) ((132),1) ((1),x) ((12),x) ((13),x) ((23),x) ((123),x) ((132),x)
(12,11 (12,1 (1,1 ((123),1) ((132),1) ((13),1) (23,1 ((12,x) ((1).x) ((123),x) ((132),x) ((13),x) ((23),%)
((13), 1) 1 ((13),1) ((132),1) ((1),1) ((123),1) ((23),1) ((12,1) ((13),x) ((132),x) ((1),x) ((123),x) ((23),x) ((12),x)
((23),1) | (3,1 ((123),1) ((132),1) ((1.1) (12,1 ((13),1) ((23),x) ((123),x) ((132),x) ((1).x) ((12.,x) ((13),x)
((123), 1)1 ((123), 1) ((23),1) ((12),1) ((13),1) ((132),1) ((1),1) ((123),x) ((23),x) ((12),x) ((13),x) ((132),x) ((1),%)
((132), 1)1 ((132), 1) ((13),1) ((23),1) ((12,1) ((1),1) ((123),1) ((132),x) ((13),x) ((23),x) ((12),x)  ((1),x) ((123),x)
(D.x) | (D) ((12,x)  ((13),x) ((23),x) ((123),x) ((132),x) (1), ((12,1) ((13),1) ((23),1) ((123),1) ((132),1)
((12,x) | ((12),x)  ((D,x) ((123),x) ((132),x) ((13),x) ((23),x) ((12,1) ((1).1) ((123),1) ((132),1) ((13),1) ((23),1)
((13),x) | ((13),x) ((132),x) ((1),x) ((123),x) ((23),x) ((12),x) ((13),1) ((132),1) ((1,1) ((123),1) ((23).,1) ((12,1)
((23),x) | ((23),x) ((123),x) ((132),x) ((1,x) ((12),x) ((13),x) ((23),1) ((123),1) ((132),1) ((1),1) ((12),1) ((13),1)
((123),x) 1 ((123),x)  ((23),x)  ((12),x) ((13),x) ((132),x) ((1),x) ((123),1) ((23),1) ((12,1) ((13),1) ((132),1) ((1),1)
(132, 1((132),x) ((13),x) ((23),x) ((12),x) ((1).x) ((123),x) ((132),1) (13,1 (3.1 (12,1 (1.1 ((123).1

Element | (1.1 (12D (13,1 (23,1 ((123),1 ((132),1) ((1D,x) ((12.,x) ((13),x) ((23),x ((123),x) ((132),x)
Order 1 2 2 2 3 3 2 2 2 2 6 6

From the above, it follows that S(3)xC, has 1 element of order 1, 7 elements of order 2,
2 elements of order 3, and 2 elements of order 6.

The five isomorphism classes of groups with 12 elements in Proposition 22.8 were as
follows: Ci,, CexCy,, D(6), the aternating group A(4), and the generalised quaternion group Q.
with presentation <a, b: & = 1, & = b?, bab* = a*>.

Now as C;; has an element of order 12 (the generator of C;;), and as S(3)xC, has no
elements of order 12, then it follows that C;, cannot possibly be isomorphic to S(3)xC..
Similarly, as the group C¢xC, has 6 elements of order 6 (the elements (x, 1), (x°, 1), (X, y), (X,
y), (X% y) and (x>, y), if Cs ={1, X, X3, x3, x*, x°}, and if C, = {1, y}), and as S(3)xC; has only
two elements of order 6, then it follows that CsxC, cannot possibly be isomorphic to S(3)xC..

Continuing in the same vein, because A(4) has three elements of order 2 (the elements
(12)(34), (13)(24) and (14)(23)), and as S(3)xC, has seven elements of order 2, then it follows
that A(4) cannot possibly be isomorphic to S(3)xC,. Finaly, because Q,, has at least one
element of order 4 (the element b), and as §(3)xC, does not have any elements of order 4, then
it follows that Q., cannot possibly be isomorphic to S(3)xC..

This leaves us with the dihedral group D(6) to consider. To show that D(6) and S(3)xC;
are isomorphic, it is sufficient to show that the multiplication tables for D(6) and §(3)xC; are
the ‘same’, given an appropriate assignment; and that the two groups have the same number of
elements of any given order. So let us consider the multiplication table for D(6), where D(6) is
presented as follows: D(6) = <a, b: & =2 =1, ab = ba’>.



D(6) consists of the twelve dlements {1, a, &, &, &, &, b, ba, ba?, ba’, ba’, ba’}. For the
following multiplication table, consider that we order the elements of D(6) in the following
way: D(6) ={1, b, ba?, ba, &, &, a8, ba?, ba’, ba, &, a}.

1 b ba? bat &2 a a8 bad ba® ba & a

1 1 b ba? bat a2 a a8 bad ba® ba & a
b b 1 a ba? bat bad a8 a a ba® ba
ba? ba? at 1 a2 bat b ba® a a8 & ba bad
bat bat &2 a 1 b ba? ba & a a8 ba3 ba®
a2 a2 bat b ba? a 1 a ba bad ba® a as
a a ba? bat b 1 a& a ba® ba bad as a
a8 a8 bad ba® ba & a 1 b ba? bat & at
bad ba3 a8 & a ba® ba b 1 a2 a ba? bat
ba® ba® a a8 a ba bad ba? a 1 & bat b
ba ba & a as bad ba® bat a2 at 1 b ba?
a& a& ba bad ba® a as a2 bat b ba? a 1
a a ba® ba ba? as & a ba? ba' b 1 a2
Element 1 b ba? bat a2 a a3 bad ba ba & a
Order 1 2 2 2 3 3 2 2 2 2 6 6

As you can see, the multiplication tables for D(6) and S(3)xC, are the same (if we set
(1), =1,(12,1) =b, ((13), 1) = bz, ((23), 1) = b, ((123), 1) = &, ((132), 1) = &, ((2), X)
= a8, ((12), x) = ba?, ((13), x) = ba’, ((23), x) = ba, ((123), x) = &, and ((132), xX) = a), and the
two groups have the same number of elements of each order (one element of order 1, seven
elements of order 2, two elements of order 3, and two elements of order 6). We therefore
conclude that the two groups D(6) and S(3)xC; are isomor phic.



Chapter 23: The Projective Special Linear Groups

Key Definitions and Results

Proposition 23.1: Let F be afinite field. There is a prime integer p, the characteristic of
F, such that F is an elementary abelian p-group under addition. It follows that F has g = p*
elements for some positive integer k. The multiplicative group of F is cyclic of order g-1, and
so the multiplicative order of any non-zero element of F divides g-1. Conversaly, for any
divisor d of g-1, there is an element in F of order d. The number of solutions of the equation | "
= 1in Fisthe greatest common divisor of nand g-1.

Definition 23.2: For any positive integer k and for any prime integer p, let F be afinite
field of order q = p*. For any positive integer n, the general linear group, GL(n, q), is the set of
all invertible nxn matrices over F under matrix multiplication.

Proposition 23.3: The order of the group GL(n, q) is (q"-1)(9™9)(q"-P)...(q"-q™ ).

Definition 23.5: The special linear group SL(n, q) is the subgroup of the group GL(n, q)
consisting of those matrices of determinant 1.

Remark: We saw in Proposition 14.14 that any finite field has order q for some prime
power g = p~. In fact, any two finite fields with the same number of elements are isomorphic.
Thisfield is usually denoted by GF(qg) with its multiplicative group of non-zero elements being
denoted by GF(q)*. We have aso seen that SL(n, q) is the kernel of the homomorphism GL(n,
g) ® GK(q)* defined by A ~ det(A). Since there are g-1 possible non-zero determinants, then
the Homomorphism Theorem shows that the index of SL(n, g) in GL(n, Q) is g-1, and that
SL(n, q) is a normal subgroup, with the quotient group GL(n, g)/SL(n, g) isomorphic to the
multiplicative group GF(Q)*.

Definition 23.7: For any positive integer n, the nxn scalar matrices over GF(q) are those
matricesin SL(n, g) which are of the form | 1, for somel T GF(g)*.

Remark: The scalar matrices commute with each matrix, and so any subgroup consisting
of scalar matricesis anormal subgroup of any subgroup of GF(n, g) containing the subgroup.

Definition 23.8: The projective special linear group PSL(n, Q) is the quotient group
SL(n, )/Z, where Z is the subgroup of scalar matricesin SL(n, g).

Remark: If | I, has determinant 1, then | " = 1, and so the number of elementsin Z is, by
Proposition 23.1, the greatest common divisor d, say, of n and g-1. Thus PSL(n, q) has order
(O-D(g-9)(q"-P)...(a™-q™H)/(g-1)d. In particular, when n = 2 and when p is an odd prime, we
have [PSL(2, g)| = q(o?-1)2.

Proposition 23.11: The group PSL(2, 5) is a non-abelian simple group.



Remark: It can also be shown that PSL(2, 4) is simple, although thisis easier than in the
proof of Proposition 23.11 since PSL(2, 4) = SL(2, 4).

Proposition 23.12: Each of the groups PSL(2, 4) and PSL(2, 5) is isomorphic to the
aternating group A(5).

Remark: The conclusion of Proposition 23.12 holds for any smple group with 60
elements. The method of proof shows that we only need to prove that such a group has 15
Sylow 2-subgroups. The main result of this section is the fact that, except when g < 4, the
group PSL(2, g) is simple for all prime powers g = p*. We have seen that the groups PSL(2, 2)
and PSL (2, 3) are genuine exceptions to this result in that both are soluble groups, and also that
PSL (2, 4) and PSL (2, 5) are indeed ssimple. Several preliminaries are needed before we give the
main result.

Definition 23.13: An element of GL(n, ) is a transvection if it is of the form Bi;(l ) =
I+Ei;(l ), where | is the identity nxn matrix, and Ej(l ) is an elementary matrix (a matrix with
one non-zero entry equal to | inlocation (i, j)). Any transvection has determinant 1, and so (by
definition) is in SL(n, g). The importance of these specia types of matrices is that, for any
matrix A, the product B;(l )A is the matrix obtained from A by adding | times the j™ row of A
to thei™ row. Thus, for example,

123 100) 123 123
B.s(2)=| 101 |=[012 | 101|=[521|
210 001/l210 210

This means that we can duplicate any row reduction of any matrix A by multiplying A
on the left by a sequence of transvections.

Proposition 23.14: Every lement A of GL(2, g) can be written as a product TD, where

T isaproduct of transvections, and D is the matrix In particular, each element of

1
0 det(A)
SL(2, q) isaproduct of transvections.

Remark: The next result uses the following elementary fact from the general theory of
vector spaces: If v and w are column vectors of length 2 over GF(q), and neither is a scalar
multiple of the other, then the vectors are a basis for the vector space of all such column
vectors. Thus, any column vector of length 2 over GF(q) can be written in the form av+bw for

somea, b1 GF(q).
Theorem 23.15: The group PSL(2, q) issimpleif g > 3.

Proposition 23.16: Let g be an odd prime power. The matrices | and -I are the only
central elementsin SL(2, q).

Remark: The results of this chapter can be generalised to matrices of arbitrary size. In
fact, for any n > 2 and for any prime power g, the group PSL(n, ) = SL(n, )/Z, where Z isthe
set of scalar matrices of determinant 1, is a non-abelian group.



Chapter 24: The Mathieu Groups

Key Definitions and Results

In this chapter, we shall construct the Mathieu group, and briefly discuss the other
Mathieu groups. The group My, is another example of a finite smple group. However, this
group is not one of an infinite family of examples, but is one of the sporadic simple groups.
The sporadic groups comprise 26 groups which are not members of any of the infinite families
of finite ssmple groups.

We shall define My, in three steps, the first of these being to define a group My of order
72. The automorphism group of N = C3xC; contains the subgroup Q generated by the
following matrices over Zs:

(02 (11
= 92)awo=[11]

Since A2=B2 = -|, and since BAB™* = A, we see that Q is isomorphic to the quaternion
group of order 8. We may therefore form the semidirect product of N by Q. This subgroup of
the holomorph of N is a group of order 72 which we denote by M.. It is also possible to
represent the elements of this group as permutations in S(9) as follows: let p; and p. be the
permutationsp; = (12 3)(456)(789),andp.=(147)(258)(369).

Since p:2 = 1 = p23, and since p1p2 = p2ps1, the group generated by p; and p. is isomorphic
toN.Now letr; =(2437)(5698),andletr,=(2539)(4 87 6). It may be checked that r ;2
= (2 3)(4 7)(5 9)(6 8) =r? and that rorir,* = ryt Hence <ry, r,> is isomorphic to the
quaternion group of order 8. Then ripir 1™ = Po; rapar 1+ = Pa2; ropar 2t = pipz; and ropar 2t =
P1p22, SO that r, and r, act on <p,, p2> in precisely the way in which the matrices A and B act
on C3xCs. This shows that <ps, p2, I 1, I 2> isisomorphic to NQ, as required.

Definition 24.1: A subgroup G of a symmetric group on a set X is trangtive if for any
element x T X, the orbit of x is X.

Remark: Notice that when G is transitive on X, the stabiliser G, has index [X| in G, and
that eachy T X is of the form gex for some g1 G. It follows easily from this that the orbit of
any element y of X isthe whole of X.

Proposition 24.2: With the above notation, G = <py, p,, 1, I 2> is a transitive group of
order 72 isomorphic to Me. The stabiliser of 1 isthe subgroup Q = <r 4, r,> of order 8. If t is
any element of G not in Q, then G = QEQtQ, where QtQ denotes the double coset {xty: X, y

T Q.

The next step is to define the group Mo of order 720.



Proposition 24.3: Let M, be the subgroup of S(10) generated by M, together with the
permutation s = (1 10)(4 5)(6 8)(7 9). Then M1, = MoE Mes My is a transitive group of order
720 in which the stabiliser of 10 is the group M.

This argument may be repeated to show the following:

Proposition 24.4. Let My, be the subgroup of §(11) generated by My, and the
permutation n = (4 7)(5 8)(6 9)(10 11). Then M1 = MyE MonMy is atransitive group of order
7920 in which the stabiliser of 11 isthe group Mo.

Remark 1. The method of proving Proposition 24.4 may be applied once more, by
defining the permutation ] = (4 9)(5 7)(6 8)(11 12), and setting M, to be the group generated
by My; and j . Since | n is the permutation (4 9)(5 7)(6 8)(11 12)(4 7)(5 8)(6 9)(10 11) = (4 5
6)(7 9 8)(10 12 11) of order 3, it can be shown that M1, is the set My;E My;j My, and that My, is
transitive, with the stabiliser of 12 being M. It follows that M, is a group with 95,040
elements. This group is aso smple, but this fact is best proved using more machinery from the
genera theory of permutation groups than we have devel oped.

Remark 2: Similar ideas may be used to construct another sequence of Mathieu groups,
giving Mzo, M21, Mzz, M3 and M24, with |M24| = 24x23x22x21x20x48 = 244,823,040 The
basis for this sequence is the smple group M2 = PSL(3, 4) of order 20,160. It may be shown
that the groups Mz, My and My, are al non-abelian simple groups. These three groups
together with M,; and My, are the five sporadic simple Mathieu groups.

Remark 3: We constructed M, via a sequence of transitive groups: Q, My, Mo and My
are transitive on sets with 8, 9, 10 and 11 symbols, respectively. Furthermore, Q is the
stabiliser of a point in Mg, while My is the stabiliser of a point in Mo, and My, is the stabiliser
of a point in M. In general, a group G is 1-trangitive if it is transitive, and G is said to be
k-trangitive (for k > 2) if it is trangitive and the stabiliser of a point is (k-1)-transitive on the
points other than the point being stabilised. In this terminology, the results in Propositions 24.3
and 24.4 can be generalised to give the following theorem:

Theorem 24.5: Let G be ak-transitive permutation group on a set X, withk > 2. Let X*
be obtained from X by adjoining a point *. Suppose that there is a permutation h on X*, and an
element g 1 G such that h interchanges * with some x in X; h fixes an dement y in X; g
interchanges x and y; (gj)® and h? are in G; and hGih = G;. Then the group <G, h> is a
(k+ 1)-transitive group on X* in which the stabiliser of * isG.

This theorem was applied in Proposition 24.3 with G = My, X being the set {1, 2, ..., 9},
* =10, h=(110)(4 5)(6 8)(7 9), and g being the permutation (1 3)(4 9)(5 8)(6 7); and againin
Proposition 24.4 with G being My, X ={1, 2, .., 10}, * =11, h= (4 7)(5 8)(6 9)(10 11), and g
= (1 10)(4 5)(6 8)(7 9). However, as we have demonstrated, Theorem 24.5 is not essential to a
construction of M.



We have seen that My; is an example of a 4-transitive group. There are other obvious
examples of highly transitive groups. The group S(n) is n-transitive, and it may be shown that
the aternating group A(n) is (n-2)-transitive. These facts follow easily from the sequences S(1)
<3(2) <..,and A(3) < A(4) < ..., the k™ term in each sequence being k-transitive. Apart from
these examples, the only 4-transitive groups are M1; and My, (thisis actualy 5-transitive), Mo
and My, (this group is also 5-trangitive).

Theorem 24.6: The group My, is afinite non-abelian simple group.

Remark: The group My, is associated with two important combinatorial structures, the
first of these being a well-known error-correcting code, the ternary Golay code Gi;; and the
second of these being the Steiner system, denoted by S(r, s, t), which is a collection of
s-element subsets of a set S containing t elements, such that any selection of r elements from S
liesin precisely one of the s-element subsets.

Chapter 25: The Classification of Finite Simple Groups

Summary

One of the mgjor intellectual achievements of all time has been the classification of the
finite simple groups. As we saw in the chapter on the Jordan-Hoélder Theorem, these are the
‘atoms’ of finite group theory. Chapter 25 presents a survey of the groups occurring in the list
of finite ssmple groups.

An outline of the types of groups which appear in the classification is as follows:

(1) Theabeian simple groups: these are cyclic groups of prime order;

(2) Theadternating groups A(n) for n > 5;

(3) Various families of groups of Lie type. The easiest examples of groups in this class are
the groups PSL (2, g) discussed in Chapter 23;

(4) The sporadic groups. a set of 26 simple groups which are not accounted for in the
previous three categories. The easiest example of a sporadic group is the group My
discussed in Chapter 24.

Any finite ssimple group isisomor phic to a group in the above list.

Chapter 25 contains an introduction to the groups in the above list, the main discussion
being about classical groups, which are obtained from groups of matrices over finite fields
satisfying certain restrictions. The results on classical groups were unified by Chevalley (1955)
and Steinberg (1959), when these groups were seen as groups of Lie type.
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