2nd October 2001

Transformations of the Plane

(1) Linear/Homogeneous which fix the origin. They are defined by images of any basis,
e.g. T: (lo) ® (25), (01) ® (3_1). The associated matrix iIsA = 25 3_1], and then (-27) ® 25 3_1)(-27) =
(17-17). Check: (_27) = -2(10) + 7(01) ® -2(25) + 7(3-1) = (-4.10) + (21-7) = (17-17). This uses the “ analytiC
convention” of functions on the left: (T1T2)(X) = T1(T2(X)), where x isacolumn vector.

A The “algebraic convention” has functions acting on the right:

cean- x(Ti*T2) = (XT)T2, Where x is a row vector. Rewriting our

BY [, example, (1,0)® (2,5);(0,1)® (3,-1); A=[%°4];and (-27) ®

g (-2 7)(% °.1) = (17 -17). Notice that |A| = -17 so that T involves a
reflection and some expansion.

The 2x2 non-singular matrices form the general linear group
"CUn-1 GL(2, R). The subgroup of matrices with |A| = 1 forms the special
linear group SL(2, R). The orthogonal matrices (A = A") form the orthogonal group Ox(R).
The intersection SL(2, R)COx(R) forms the special orthogonal group SO»(R). Note: A
orthogonal P |A|=z1, and |A| = 1 — rotation; |A| = -1 — reflection.

Case |A| = L A = [®4pq . We have 5o | —
anticlockwise rotation about O with angle ¢. Case A q%(mq’s”q) // L
=-1: A =[5 S.00sq] . We have reflection in the line \Jl \

P y = tan(,) .x.

<P

(cosq, sinq)

(sing, -cosq)

bat _ . .
wa. _ Product of reflections. [“Csm S o] [Psm SPww] = [P snpa)

b s o). Thisisarotation through (b-a), where first we reflect in'y
= tan(®/,)x, and then reflect in y = tan(°/2)x.

Affine Transformations

Consider the vector space R3. The vector subspaces are as follows: R3 itself, planes
through O, lines through O, and {0} . Other lines and planes are called affine subspaces. Affine
transformations. Example: T: (x, y) ® (a b) + (x, y)A. Thisinvolves a change of origin: 0 ® (a,
b).

Homogeneous Co-ordinates (Projective Geometry)

Definition: There is an equivalence relation ~ on R3\{ 0} defined by (x4, Y1, z1) ~ (X2, Y2,
z} U (X, Y1, Z1) = r(X2, Y2, Z2) for somer 0. Proof. (i) reflexive: (X1, Y1, z1) = 1(X1, Y1, Z1) SO
that (Xu, Y1, Z1) ~ (X, Y1, Z2). (i) symmetry: (Xu, Y1, 1) ~ (X2, Y2, 22) P (X1, Y1, Z1) = 1(X2, Y2, 22), 1 ?
0P (X2, Y2, Z2) = Yi(X1, Y1, 1), 'L O P (X2, Y2, Z2) ~ (X1, Y1, 1). (iii) transitivity: vi ~ v, and v, ~
Vsb vi=rv,and v, = svs, withr, st O; P vi=rsvsb vi ~Va.



Definition: The projective plane P2 is the set of equivalence classes. (X, Y, W) T P2 In
P2, (5 6, %)) = (10, 12, 1) = (2%, 3, Y4 = ... When W 1 O, (X, Y, W) has a unique
representation (x, y, 1), wherex = */w, and y = ¥/w.

How to visualise P?? (1) The set of linesin R3 through 0. (2) Antipodal pairs of points on
a unit sphere (A) or points in the ., ® o P

® YW

upper hemisphere with antipodal O ' A
points on the equator identified (B). | j{tw"”’ f [;l TR ,;:_-xf_f-'

(3) The plane W = 1 with points at f;:_—'_t_kj < ___EJJ e xyo
infinity (C). \‘n:___’ i TR T {"H.EMT - h"“f;e.,l,_ W=l

Consider the transformation (X', y', 1) = (X, Yy, D[%:c % %] = (ax+by+c, dx+ey+f, 1), i.e.
(X', y) = Y[ + (c D). If (X, Y, W) =W(,vy, 1), then (X", Y, W) = W(X, y, DA = (X,
Y, W)A, i.e. A transforms the whole line (X, Y, W) into the new line (X*, Y’, W’).

Special types of affine transformations. Trandlation: [*o. %1 %;]
i.e. (X, ¥, 1) ® (x+c, y+, 1). Rotations/Reflections: A = [y % %] Na
Al = A' Scaling about 0: A = [>0 %S0 %04]. Rotation about ar (c,f)
arbitrary point (c, f) (see the diagram): Trandate (c, f) to O; Rotate;
and trandate back. [0, 014 001] [©¥.singg SMcosqo 001] [*oc 014 001] = [®¥ sing
(-coosg+fsingre) © T COSY] (-esingrfeosg+f) 201]. Q: Find a reflection matrix in the line
IX+tmy+n=0(n?t 0).

A: (From the Book) (1) The line intersects the y-axis in the point (0, -"y). (2) Make a
translation mapping (0, -"/) to the origin, and thus mapping the line to a line through the origin
with gradient identical to the original line. (3) The gradient of the line is tanq = -'/,,, where q is
the angle the line makes with the x-axis. Rotate the line about the origin through an angle -q.
The line is thus mapped to the x-axis. (4) Apply areflection in the x-axis. (5) Apply the inverse
of the rotation above, followed by the inverse of the trandation of step 2.

The concatenation of the above transformations is (*0p %Lym %01)(®singo S™cosgo %1) (Y00 %10
Ool)(cosq'Si ndo squOSClo 001)(100 o]-—n/m 001) = = (co§q-sin2q 2c0sqsing 2(n/m)singcosq 2eostsing SINPQ-COS”q (n/m)(sinzg-costg-1)
%;). Since tanq = S/ = -, it follows that sing = 1/(12+m?)*, and that cosq = -m/(I12+m?)*,
Hence cos2q = ™/ z+me), SINZQ = " 2+mp), €OSASING = "™ 124np), @N COS2Q-SIN2Q = ™19/ 21

Finaly, substitution for the trigonometric functions in the above matrix yields (™=
-@Am)N2+me ainyizeme 2 (me-12)124me omuiesne ©0 1] . SiNCe in homogeneous co-ordinates multiplication
by afactor does not affect the result, the above matrix can be multiplied by afactor of (12+m?) to
give the general reflection matrix Rymn = (™" -2im 2in 2™ -m2+2 om0 %0 o).

4th October 2001

Question: Construct a rotation matrix for the reflection in the line y = tan(/;)x + f.
Answer: Let A = [100 Olf 001], B = [100 Olf 001] and Q = [cosqsinqo Sinq-Cosqo 001]. It follows that the
matrix we want is given by BQA = [*%sing fsing ¥"-costfeosq+ 201] -
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Rotations in R2

[Rotations in C: i2 = -1; % = cosg+ising. The map z ® €9z is a rotation, as &%
shown on theright]. In R2, let J=[°1 %], a skew-symmetric matrix. 2 = [ %] = - z
p B=-Jand ¥ =1. Now let us calculate e”. €” = (by definition) = S-o* (Jg)V/n! =
+Jq - 19, - o + 1(q¥4Y) + ... = {1-F1+(qH4)-..} + HG-Tla+(0/5))-...} = [ sng S eosg] - SO
themap (x y) ® (x y)e® givesarotationin Rz

Direction Cosines

z Consider the unit vector (I, m, n) T R3. Of course, [2+m?+n2 = 1. Now
¢.mn (,m,n).1,0,0)=I,etc. Sol =cosa, m=cosb, and n = cosc, where

a, b and c are the angles of the coordinate axes. /vy
Y (Note: this generalises cosg+snlg = 1 =

< o0& cos?q+cosi(®/>-q) as shown on the right). Note that the o2
vector (I, m, n) is perpendicular to the plane 9 X
\/ x Ixtmy+nz = 0 as shown in red in the diagram. We
Ix+my+nz =0 want a matrix which rotates by q about (I, m, n) as shown in blue.

z

Method (which is applied numerically with I, m, n = (Y, Y, Ye) in i
worksheet): (1) Change coor dinates, moving (I, m, n) to (0, O, 1) by rotation. (2) Rotate Yoy
about Oz (as shown on theright). (3) Move (0, O, 1) back to (I, m, n). )

Stages 1 and 3: Consider the diagram shown. Now v.(I, m, n) =
2+m2+n? = 0 b ? = "™, = . And ||(I, m, )P =
[2+m2+(n*-2n2+1/n?) = (I2+m2+m?)-2+/,, = -1+% .. Therefore, v/? =
“Yerm(l, M, /). So take A = [ pyexizeme | ™A | jyieeme) o
QM 0 ]: an orthogonal matrix, and the matrix for step (3). Now
calculate A -sing o 5™ cosq 0 ° 0 1]A. [Aside: it is equal to ... =
(also using [2+m2 = 1-n?) = (by column) [[(*/+.(IN(INncosg+msing) -
m(Insing-mcosq)) + 12), (Y/1.x(In(mncosg-Ising) - m(mnsing+lcosq))
+ Im), (-Incosg+msing+in)], [(Yie(mn(incosg+msing) + I(Insing-mcosg)) +  Im),
(*/1-r(mn(mncosg-Ising) + I(mnsing+lcosg)) + m?), (-mncosg-Ising+mn)], [(-Incosg-msing+in),
(-mncosg+lsing+mn), ((1-n?)cosg+n?)]] ]. Note: there is more detail on the above on page 5!

T (Y i2+me)), (I/C(12+m?), 0)

.
(,m, /?=vi?

Now consider J=[%-nm, "0 ™1 o], a skew-symmetric matrix. B = [™™ im 1n '™ -rz12 1y " mn
_m2_|2] = ['1+I2 Im in M _1+me mn " mn -1+n2], e P= -|+K, whereK = [|2 Im |n M e mn " mn n2]- Further, F=
J, ¥ = -2 =+-K, etc. Now €" = | + Jq + (-1+K)¥/, - Iy + (+1-K)(q*/4)) + /D)) - ... =
{1-%/+(g¥4)-..} + Hg-%a+(q/5))-..} + K{¥-(g¥/4)+..} = lcosg+Ising+K(1-cosq) =
M- CoS NS 1rp(1-cosg)+00sq mn(t-cosgyisng e TS

[I2(1-C0$ﬂ)+009q Im(1-cosg)-nsinq In(1-cosg)+msing mn(1-cosq)+lsing

n2(1-cosq)+cosq] .



9th October 2001

Homogeneous Coordinates

Derive an equivalence relation on RN\{ 0} by (X1, Y1, Z1, W1) ~ (X2, Y2, Z2, W) iff X1 = kX, 1
= ky,, z1 = kz, and w; = kw, for some k T R'°. Each equivalence class (X, Y, Z, W) has a
unique representation (x, y, z, 1).

The Projective 3-sphere P3. This is the set of equivalence classes. We visualise P2 as the
plane W = 1 in R* together with points at ¥ (one in each direction: for x = */w, y = Y/w and z =

a ei O
“lw, W = 0 gives points at ¥). Consider the transformation (xy,z1) g‘; |]< g = (ax+by+cz+d,
d hl1
ex+fy+gz+h, ix+y+kz+l, 1). Matrices of this type map one unique representation to another. (0,
.. . | A0 || BO! AB 0O
0,0,1) ® (d, h, I, 1). Closed under multiplication: 1y 1 UB+v 1| where A

and B are 3x 3 matrices.

Affine Rotations

Method: (1) Change the origin, P ® 0. (2) Rotate about the line

T=[1 through O, with direction (I, m, n). (3) Shift the origin bacl
{ ' } again. Note that (3) uses T as shown on the left; that (1) o

F 1M uses T, and that (2) uses known rotation.

Reflections
The reflection matrix in the plane Ix+my+nz = 0 (with 12+m2+n2 =
1) is given by V = [*®* 2am n @™ 1202 o A" -2mn 120 = 1-2K,
[Calculation: BP=-I+K P K = P+l; V2= (1-2K)2 = (-I-2P)2 = |2+4P+4F
= 1+4FP-4F =1 (using F = -J)]. Ix+my+nz = 0

(From the Maple Worksheet). Rotations about the three coordinate axes produces
familiar matrices: X: [*00 °cosgsng “Sntcosg]; Vi [ 0sng %10 S™0cos]; Z [©-singo S™cosqo %01]. The
direction (1, 1, 1) makes equal angles cos’(*/¢s) with the three axes. A rotation through 120°
permutes the three axes (R120 = [%; oo %10]). Applying the transformation to an arbitrary
vector permutes the coordinates.

As for two dimensions, a 3x3 matrix can be extended to a 4x4 matrix which can then be
used to transform homogeneous coordinates. The method is to insert afourth row and afourth
column, with zero entries except for the ‘corner’ entry which is 1. To perform a rotation
through an angle g about a line with direction u = (I,m,n) through a point p = (a, b, c), the method
isasfollows: (1) move p to the origin; (2) apply the rotation; (3) move the origin back to p.



e\ e For example, a rotation through P/, about the line with direction (1, 1, 1)
|\ #%r= a1 through the point (2, 3, 6) has graphical representation as shown, and
X*yy*z B (Mept2+ ) + (3-Heptes) + (6-%es) = 11.

Now construct arotation matrix in R3 about the line with direction cosines (I,
x m, n) = (Y, Yes, Yes) by (1) rotating (I, m, n) in the z-axis, (2) applying a
rotation through theta in the xy-plane, and (3) applying the inver se rotation to step (1). Here is
the rotation matrix for step 2: (“*-singo S™cosqo %01).

We now set up numeric values for (I, m, n) where, of course, 12+m?+n2 = 1; and choose
two more directions forming an orthonormal basis for R3, namely normalised versions of (-m, |,
0) and (I, m, ©*™/). So let | = Yep, m = Yeg, N =Yg, I = Yegzemey, S = Yeywm-1), and A = a 3x3 matrix
with entries (row by row) (Is, ms, ™9/, -mr, Ir, O, |, m, n). We then compute A, check that it is
orthogonal, and compute the transform A'RA.

Now construct a reflection matrix in R3 through the plane Ix+my+nz = 0 which is
perpendicular to the line with direction cosines (I, m, n). The method is as follows: (1) rotate (I,
m, n) into the z-axis; (2) apply a reflection in the xy-plane; and (3) ' m n’- 1

apply the inverse rotation to step 1. For step 2, the reflection matrix , _| J'nfz 3 -70
isV = [Yoo % %4]. Given direction cosines (I, m, n) where, of e e

course, 12+m2+n2 = 1, choose two more directions forming an ! m n

orthonormal basis for R3 — namely normalised versions of (-m, I, 0) and (I, m, **"/,). The
~212+1  -2m -2n | matrix (A) is as shown. Now calculate A, simplifying using [2+n?
C=| -2m -2m*+1 -2nm | = 1-n?, and then calculate the transform C = A*VA, smplifying as
-2l -2nm 1-2n? | pefore, C is as shown on the right.
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Tutorial

Q: Determine the 4x4 matrix of a reflection in the plane Ix+my+nz = k. To do this, you
must first choose a point in the plane. The obvious point to choose is on the line with direction
cosines (I', m', n') (dashes = normalised versions). A: For the plane Ix+tmy+nz = Kk, the point
(a1, ¥/am, /2n) is dways a point in the plane. So we trandate this point to the origin, do reflection
V as defined in the previous lecture, and then trand ate back. So the matrix we want is given by

1 0 00} 1-2% -2I'm -2I'n' O 1 0 00

G= 0 1 00 -2I'm 1-2m? -2m'n’ 0 0 1 00
0 0 10 -2'n" -2m'n’ 1- 2n? 0 O 0 10

-k/3l -k/Bm -k/3n 1 0 0 01 )| K3 kiS3m k/3n 1

Q: Projection onto the plane Ix+my+nz = 0. There are two possible types of projection: by
parallel rays, or from a single point. We will only consider the parallel case now. When a point
Is reflected in a plane, think of the point as travelling from its initial position along a line
perpendicular to the plane, through the plane, and onto its final position, the reflected image.
The point in the plane is the mid-point between the initial and final positions! So the matrix of
the projection is precisely one half of the sum of the reflection matrix and the identity matrix.
Obtain the 4x4 version of this matrix. A: The 4x4 matrix we want is given by H = %5(1+G).
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Projection

Points and lines in homogeneous coordinates. L has equatior
Ix+my+n = 0, or IX+mY+nW = 0 (in homogeneous coordinates). I

V> is defined by | = (I, m, n), the homogeneous line coordinat:
vector. P is the point (x, y) or (X, Y, W) =P. PliesonL if [{P= /P
IX+mY+nW = 0.

Line through P, and P.. If P, and P, both lieon L, then Pie]l =0 =P»el, i.e.
IS perpendicular to P, and P,, i.e. | = PixP, (or some multiple). Example 1. If P; =
(1,3,2) ° (% 32, 1), andif P,=(2, 1, 3) (° %5, Y5, 1), then PixP, = [1, 73, k23| = (7
1,-5) =1, and L has equation 7x+y-5 = 0.

‘L
A point through L, and L. Plieson both L, and L, P
Pel; =0 = Pel, P P is perpendicular to both|; and I, b P =
11 5 l1x1> (or some multiple). Example 2: Li: x+3y+2 = 0; L,: 2x+y+3
2 " =0:L=(13,2;,=(21,3);and ixl, = (7, 1, -5) (° (-"Is, -'1s,
=N L 1)) = P. Conclusion: Ly and L intersect at (-/s -/s).

(-7/5, -1/5)

Projection onto a Line in R2

Theorem 4.1: The matrix of the projection isM = 1'V-(I*V)l5s = (m)(t
o s uv)-(Im N)(‘w) (oo %10 %01) = ("mtee “muny Mrvey) - (™™o Ot+murtnvg
| /v 0ttrmurv) = (™ ™mtr -tt-rvey Ymvaemy). Proof. Suppose the projection maps

Pto P on L. The line through V and P has line coordinates VxP. This
line intersects L at the point |x(VxP). Using the identity Ax(BxC) =

Example: | = (1, 1, -2), V.= (6, 1, 1): sV = 5, M = [®6.45 1.
115] - [P00 %o %0s] = [*6.12 %42 117]; and PM = [3, 1, 1][*6.12 4., 117 :
[®33] ~['u]. Now Q=(3,2,1) P QM = [>7] °® [*3v]. Repea p.
with M o (6, 1, 0) M = (11-2)(6 1 0) - 7(100 010 001) = (66.12 l1.2 000) - (70|
070 007) = (_16_12 1—6_2 00_7), s0 that PM = (3 1 1)(_16_12 1—6_2 00.7) = ('9-5_7) - X+y-2=0
(9/7 517 1), and QM = (3 2 1)(-16-12 1—6_2 00_7) = (_3-11_7) ~ (3/7 11/7 1).

Q° (B2

Ve (6 1)

For the diagram shown, where V is not in the plane, we have

the MU- NV- KW LU LV LW
V> projection MT -LT- NV- KW MV MW
] matrix M = NT NU LT-MU-KW  NW
v=TuUv,w) KT KU KV -LT- MU- NV
nV - (nV)ly
n=(L,M,N,K)

= the matrix shown above. Proof. Assume that neP = 0, i.e. that P
lies in the plane. We need to check that PM ° P. Now PM =Pn'V - P(n*V)l,.. AsPn'=Pen=0
by assumption, we have PM = -(n*V)P, a multiple of P (non-zero).



Now suppose that neP ¢ 0. So P = aP+bV for some a, b T R. P in the plane b
ne(@aP+bV) =0p a(nP)+b(nV) =0P a =-b[(nV)/(n*P)]. So P' = -b[(n*V)/(n*P)]P + bV =
b/(n*P){-(n"V)P+(n*P)V} = -(n*V)P + (nP)V = (because (n*P) = Pn) = P{n'V - (n*V)l,}. The
case W = 0 gives parallel projection = projection from¥ inthe (T, U, V)-direction.

Let us go back to the previous example. Recall that when we

considered V = (6, 1, O), we had M = [-16.12 1-6-2 00.7], EM = (12/7, 5/7 ‘ D, ge0-0
1), and QM = (%5, 17, 1). The blue lines in the diagram are paralldl 25— 1., xera=o
lines with gradient Y/s. Finally, we can think of parallel projection as |
the average Y4(identity+reflection). The
mid-point of x and y is ¥(x+y) so that P = P{¥(l+the reflection
matrix)}. In non-homogeneous coor dinates, we have ¥4 (*o %10 °01) +
P" = P(ref. matrix) (1—2I2 -2lm _ain -2Im 1-202 o -2In -2mn 1-2n2)} — (1-I2 Am -Im 1-M2 -In -mn
). Since 12+m2+n2 = 1, then we have (™™ -im 4 ™™ 2 1y M -mn
1-me) = the previous matrix with V © |.

x+y-2=0

P=Pid
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Rows in Transformation Matrices

Linear Transformation: ¢: R%® R? with matrix M

(w.r.t. standard bases). xM = (x y)(% %), with (1

OM = (ad) and (0 )M = (b €). Therows of M are

Q the images of the basis vectors. If now . PZ® P?,

 vieraren then M = (b % %). The three rows of M are: (10

roprz 0)g,(010)g,and (001)g ((ad0), (be0),and (cf
1)). _B0.10

R3or P3

B B’ (b, eO)/ \C|rcleet¥

g: R3® R? is determined by (100)q, (01 0)q _ .~ [ 0(00,)
and (0 0 1)q (a linear transformation). q: P3® P js ° *° & i1 / A0
determined by (100 0)g, (0 1 0 0)g, (0 0 1 0)q (three png | @

reg POINts at infinity) and (00 0
® 1)q, the new origin. If we want g: R2® R3, then M = (% % %), with (1
“ 0)qg=(adg) and (01)g=(beh). For q: P2® P3, M = (® % % %) =
A K (asin the book), with (100)q=(adg0),(010)g=(beh0), and
(001g=(cfk1l)=0.

We seek aright inverse KR for K (K is not square, so we cannot have an inverse). KR isa
4x3 matrix so that KKR = I3 — but KRK 1 1,. Now KKT (KT = the transpose of K) is a 3x3
matrix so that (KK™)* exists (if [KK'| 1 0), so that KKT(KK™)* = |5, Define KR = KT(KK™)?,
where KR is amatrix associated to an affine transformation P3® P2,

Y 400 In the diagram, the surface S is projected onto the
Q plane P/I@g P, CF}OéD)se the origin O' and the unit

vectors O'A" and O'B’ (probably orthogonal to each
Viewscreen

KL RZ or PZ Otha)

<—K




Construct K as a matrix for g: P2® P® mapping (a) O (on the viewscreen) to O', (b) A
point at infinity in the direction (1, 0) to apoint at infinity in the direction O'A’, and (c) A point at
infinity in the direction (0, 1) to a point at infinity in the direction O'B'. So if O'A'°© (ry, 12, I3, 1),
with Q(ri2+r2+r:2) = 1; if OB'° (s, S, S, 1), with Qs2+52+s:?) = 1; and if O' © (Qu, Qp, s, 1),
then K = ("siqy s "siqs %01). Finally, construct KR = KT(KK ™)™,

Consider a parallel projection of the prism shown in the diagrar
onto the plane z = 0 in a direction parallel to the z-axis. The viewpoint i<
V(0, 0, 1, 0), the point at infinity in the direction of the z-axis; and the

viewplane has equation 0x+0y+1z+0 = 0, so that n = (0, O, 1, 0). Thus M ,

0 1000 -1 000 g
_lo 0100| | 0-100
=1 11]0010-2 565101(7 0 00 0

0 0001 0 00-1

The prism has vertices A(0, 0, 0), B(2, 0, 0), C(2, 3, 0), D(0, 3, 0), E(1, 2, 1) and F(1, 1,
1). Applyl ng the projection to the vertices of the pnsm gives

,

(A 0001 0 00-1 Paralle
B’ 2001 1000 -2 00-1 Pr ection
cC | |2301| 0-12001]_|-2-30-1

DP|"|l0301| 0 00O ]| | 0-30-1"

E' 1211 0 00-1 -1-20-1

F' 1111 -1-10-1, 2/

Following the usual procedure of dividing each point by its
fourth coordinate yields the Cartesian coordinates A'(0O, 0, 0), ;?gg?;xe
B'(2,0,0),C'(2,3,0),D'(0,3,0),E'(1, 2, 0) and F'(1, 1, 0). The Fromv(1,53 Al
image of the prism is shown in the first diagram on the right. '

Consider a perspective projection onto the plane z = 0 from B
the viewpoint (1, 5, 3). The viewpoint has homogeneous AR .
coordinates V(1, 5, 3, 1), and the viewplane vector isn = (0, 0, 1, 0=(1201

0 1000 3000
_|o 0100| | 0-300

0). ThusM = 1128303 SO o0 1F 1 601 |
0 0001 0 00-3

Apply| ng the projection to the vertices of the prism yields

0001 0 00-3
B’ 2001-3000 -6 0 0-3
c | |2301| 0-300]_|-6-90-3
DD||0301| 1 501 ]| | 0-90-3]
E’ 1211 0 00-3 -2-10-2
F' 1111 -2 20-2
The images have Cartesian coordinates A'(0, 0, 0), B'(2, 0, 0), C'(2, 3, 0), D'(0, 3, 0),

E'(1, 0.5, 0), and F'(1, -1, 0). The image of the prism is as shown in the second diagram above.

Now set up a viewscreen as in Exercise 4.5 (in the book), with origin (1, 2, O, 1),
U-direction (3, 4, 0), and V-direction (-4, 3, 0) (these directions are normalised to produce unit
vectors, so that we obtain basis vectors (°/s, /s, 0, 1) and (-%/s, 3/s, 0, 1)).



35 4500 Zg '3‘}/558
SoK=|-453500 andK*=| "> ~“° | where K}® = KI(KK')". Check: KK" = Is,
1 201 S11/5 -2/5 1
1000
KRK = 8388 . s that KRK is not a left inverse  Now
0001
(0 00-3 (335 6/5 -3
6 00-3| 35 -450 3 6 -3
6-90-3| 45 35 0 -21/5 35 -3 _— _— _—
0 .90 .3 o o ol7 G5 5us.a , sothat A" = (-*Y/s, -%/5, 1), B"" =(-1,-2,1),C" =
2-10-2| -115 -255 1 125 9/5 -2
2. 20-2 24/5 18/5 -2
(7/51 _1/51 1)! D” = (7/51 _1/51 1)1 E” = (_6/51 _9/101 1)1 and F” = (_12/51 _9/51 1)’ and
(0 00 -1 (115 25 -1
2 00-1| 35 -450 1 2 -1
2-30-11| 45 35 0 75 15 -1 _— _— _—
6 .30.1 o o ol7 “1e 7 1 , sothat A" = (-%/s, %5, 1), B = (-1, -2, 1), C" =
“1-20-1 | -115 -255 1 0 0 -1
1-10-1 45 35 -1

) ) J
(7/5, -1/5, 1), D"’ = (7/5, -1/5, 1), E’ = (O, 0, 1), and F’ = (-4/5, -3/5, 1)

Exercises. Q: Determine the projection matrix for a parallel projection in the direction
(-1, 4) and viewline 2x-y+8 = 0. Apply to the triangle ABC, where A = (2, 2),B=(4, 3),and C
=(3,5). A: The viewline has equation 2x-y+8 =0, so that | = (2, -1, 8). The viewpointisV = (-1,
4, O), so that I‘M = '6, andsoM = ITM - (I’M)lg = (2-18)('1 4 0) + 6(100 010 001) = (_21—8 8-432 000) + (600
060 006) = (41-8 8232 006)- The new vertices are glven by (A,B’c) = (ABC)M = (243 235 111)(41—8 8232 006) =
(1/3 11/6 3 2 35311 1 1 1), sothat A’ = (1/3, 26/3), B = (11/6, 35/3), andC = (3/2, 11)

Q: Determine the projection matrix for a perspective projection from V(2, -1, 1) onto
-Xx+3y+2z-4 = 0. A: The viewpoint has homogeneous coordinates V(2, -1, 1, 1), and the
viewplane vector isn = (-1, 3, 2, -4). Thus

-1 1000 21 -1-1)Y (7000 5 1 -1 -1
_| 3 0100/ | 6 -2 3 3 0700| | 6 4 3 3
M= 2(2'111)”0010"4-222+oo7o‘4-292'
-4 0001 84 -4-4) 0007 8 4 -4 3

Q: Is (KTK)YYK'K) = 1,7 A: K is a 3x4 matrix; K" is a 4x3 matrix; and K'K is a 4x4
matriX, so that (K'K) ! exists & (K'K)*K'K =1, aslong as [K'K|* 0. Q: IsK" = (KTK)'KT aleft
inverse? A: Using the previous answer, K- = (KTK)*KT isaleft inverse for K, i.e. KK = |,.

25th October 2001

Tutorial

In Maple, we plotted triangles in the plane using a predefined procedure (the triangles
were defined by points or by lines). We then rotated a particular triangle in the plane (with
vertices not on the coordinate axes) by an angle theta around the origin; projected the triangle
onto aline Ix+my = O; generated a matrix representing the affine rotation of P2 about a point Q
through an angle theta (using homogeneous coordinates); and generated a matrix representing
the affine projection of P2 onto aline Ix+my+nz = 0 (using homogeneous coordinates).
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Curves in R2

Define parametrically, e.g. x = acost, y = bsint — easier than */-+/ = 1. Consider the
curve C or C(t) defined ont T | = [a, b] by the set of points (x(t), y(t)). C can be rendered by
plotting n+1 points (x(t), y(t)), wheret; = a+ (/,)(b-a), 0£ i £ C(tn)

n; and then joining these points by line sequences as shown. .+ /
The speed of C is given by n(t) = Ox2+y?), where x = */4. C is C) /
regular if n(t)* Oforal tl I. )

m Example: the cardioid x = 2acost-acos2t, y = 2asint-asin2t. Here, n(t)

=0 = 8a2(1-cost). Recall: 1-cost = 2sin(,), and 1+cost = 2cosi(y).

(t=p)i3a 0 a Therefore, n(t) = 4alsin'/,|, whichisO at t = 0, and 4a at t = p. Note: n(t)
isnot the radius of curvature, whichisp = ', where k =xy-xy /n(t)*-.

Tangents and Normals (perhaps not important?): t(t) = & (t),y (t)) is the tangent vector.
Further, (x(t)/n(t), y(t)/n(t)) is the unit tangent vector, the tangent line is given by

y-y(t) = (y(©)/x(t))(x-x(t)) (or x(t)(y-y(t) = y(t)(x-x(t))), the unit normal vector is Y L
given by (-y(t)/n(t), x(t)/n(t)), and the normal line is given by the following
expression: X(t)(x-x(t)) + y(®)(y-y(®)) = 0.

Arc Length: s = | Q1+(%s)?dx, which is obtained from SQdxz2+dy?).
Parametrically, s = = Qxz+y?)dt = 12> n(t)dt. For the cardioid, s = 1o® 4ajsin',|dt =
4a[-2cos/;]o® = 4a{ 2+2} = 16a.

Reparametrisation

) Idea: we want constant speed. Let | and Jbe real intervals, and let h: J® | be
\ adifferentiable function withh(t) ¢ Ofor al tT J. We define D(t) = C(h(t)) for all t
h re 1 J — areparametrisation of C. Theorem (5.1): If C(t) = (x(t). 3\6
/ y(t)) has length function L: I® J (t — arc length fromt =atot =t), e -
¢ i.e. J = [0, length of C], then C(s) = (x(L'X(s)), y(L'X(9))) is a unit /
| C

speed curve. Note: L ismonotonic increasing.

Example: Cycloid: x = a(t+sint), y = a(l-cost). Here, n(t) =

/N N 2acosh], and L(t) = 1o n(u)du = 1o 2acostdu =

t=0 t=2 [4asin'/,]', = 4asin’/, = s (for O £ t £ p). Further, L™(s) =

t = 2arcsin(%.), so that x = a(2arcsin(®s,) + sin(2arcsin(?y)), and y =
ca. a(1-cos(2arcsin(*/.a)) (for O £ s£ 44).

z=idx2+ypse . ) . . .
Review of Conics. Conics can be thought of as the intersection of a

parabpemo|a cone with a plane. Parabola: y2 = 4ax, or x = at?, y = 2at. Ellipse; */z+ /i
<1 > =1 orx=acost,y = bsint. Hyperbola: */.-/» = 1, or x = asect, y = btant.

(¥21oop)




General Conic: ax2+2hxy+by2+2gx+2fy+c

= 0, or aX2+2hX Y +bY 2+2gX W+2fY W+cW?2 = ( T/ / N

(---(*)). Associated matrix: M = [y "br %g]. It " \\

followsthat (*) isgiven by [X Y W]M[*yw] = 0.

Parametrisation of a Conic

(1) Choose a point P(ps, p2) on C. (2) Consider the family of lines
L: through P. Each line meets C in a second point Q;, so that L ha
equation y-p, = t(x-pa). (3) Eliminate y from C and L, to get a quadratic
equation in x with one solution x = p; — the other solution is the
x-coordinate of Q.. Substitute in L; to get the y-coordinate of Q..

Example: x2+2y2+5xy = 3x+4y+1. Take P° (1, 1) so that L is given by y = 1+t(x-1). It
follows that x2 + 2{ 1+2t(x-1)+t2(x-1)2} + 5x{1+t(x-1)} - 3x - 4{1+t(x-1)} - 1 = O; x3(1+2t>+5t) +
X(4t-4t245-5t-3-4t) + (2-4t+2t2-4+4t-1) = 0O; x3(2t2+5t+1) + x(-4t>-5t+2) + (2t>-3) = O;
(x-D{ x(2t2+5t+1)-(2t2-3)} = 0 (by long division) P at Q,, X; = *3/5e:5.1. Note: X, = 1 when 5t+1
=-3,i.e.t=-45s =thegradient at P (Q;° P on tangent). Now y; = 1+t(X-1) = 1 + t(**%/xees41 - 1)

— 2t2+5t+1+2t3—3t—2t3—5t2—t/2t2+5t+l — —3t2+t+l/2t2+5t+1

Bezier Curves

Linear: 2 control points, by and by. B(t) = (1-t)be+tby (t T [O,
1]) = the line segment from by, to by. B(t) = -be+b:. Quadratic: =
control points, b, b: and b,. B(t) = (1-t)2be+2t(1-t)b,+t2b, (t T [O.
1]). B(0) = by, B(1) = by, B(¥) = Ya(bo+2bi+b,). B(t) = -2(1-t)bo + bo
2(1-t)by - 2thy + 2th, = 2{(1-t)(br-bo) + t(bx-b)}. B(0) = 2(bs-by),
and B(1) = 2(bz-by).

Example: by = (1, 5), by = (3, 1), and b, = (5, 2). We can tabulate
as shown, where we use B(t) = (1+4t, 5t2-8t+5) (which comes frormr
applying B(t) = (1-t)2bo+2t(1-t) b, +t2by,).

t | 0 | 7 v | % | 1
B) | @5 | @%) | B2 | 418 | (52

6th November 2001

Bernstein Polynomials

Bin = (Wt(@-t)™ for 0 £t £ 1, and B, = 0 otherwise.

Properties. (a) Sizo” Bin(t) = 1. (b) Bin(t) = tBixna(t)+(1-1)Bina(t) (l—t)l .
(recurrence relation). "Bernstein’'s Triangle" is as shown on the (Ltp 21 P

fight. (C) Bin(t) = Brin(1-t). (d) O £ Bin(t) £ 1 (indeed Biypa(t) £ (17 (L2 32(1) €
Bin(t) £ Bina(t)). éc.



Proofs. (a) Uses the Binomial Theorem: (a+b)" = Si-o" (")ab™. Recall that for Pascal's
triangle, we have Si-o" (%) = (1+1)" = 2". Smilarly, S=" (-1)'(") = (-1+1)" = 0. Therefore, Si="
Bin(t) = (1-t+t)" = 1.

(b) Uses the binomial recurrence (%) = (“.0)+("%). Proof. Algebraically, RHS =
(n-l)!/(i_l)!(n_i)! + (n'l)!/u(n.1_i)! :(”'1)!/”(n_i)!{i+(n-i)} = n!/i!(n.i)! = LHS. Combi natorially, (ni) = the number of
ways of choosing an unordered i-element subset from {1, 2, ..., n} = (the number of such subsets
which include the last element n) + (the number of such subsets which do not include n) = (%)

+ (™).

1 Proof. RHS = (™)t *(1-) ™20 + (1-)("HEA-)™ = { () +("}H ()™
t= By = Bin(t). (¢) Trivial. (d) O£ Bin(t) £ 1 for t1 [0, 1]. Proof by induction. Case
1t/ =Boit) N = 1. see the diagram on the left. General 5, X=la(lb

. Lot caser Bin(l) = Bana(H(1-0B() saystha | [ g ] EV’ el

Bi—l,n—l(t) £ Bi,n(t) £ Bi,n—l(t), or tha[ Bi—l,n—l(t) E /:( Bi-JL,n-lt o D Apointona

Bin(t) > Bia(t) (see the diagrams on the right). O line segment

1 ylor Exercise: f is a continuous function with domain [0, 1]. f has

g, auy  Seres : >
/@~ a0 Bernstein approximation By(t) of degree n, By(t) = Si=" f(t;)Bin(t),
\\ o wheret; = i/n. Exampl €. B3(t) = f(O)Bog + f(lls)Bl,s + f(zls)BZ,s + f(l) B3,3.
Now consider the function g: x ® sin(px) in the region [0, 1].
Consider the Bernstein approximations for n = 5, 9 and 13 as shown

0 05 1 in the diagram on the | eft.

de Casteljau Algorithm

This algorithm finds 0 0 0 0
. . bo b1 b2 bs
a point on a Beizer curve bt bt bt
corresponding  to @ b2 bz~
parameter t. Recursive bc?
i Qi (€Y @7 8,6) (12,2)
formula for b' giver (54, 104) (44, 2714) (3614, 20/4)
control points bo, ..., b (2916,57/16) (7816, 10116)
0= b bl = —1 bj'l_+ t=14 (165/64, 272/64) » (2.58, 4.25)
b® = b, b = (1-O)b @y @7 (8.6) (12,2)
tgﬂl'l. (5/3, 15/3) (18/3,19/3)  (32/2, 10/3)
(429,539 (829, 399)
t=2/3 (205/27, 181/27) » (7.6, 4.9)
b Example: forn =3, @9 w1 @27 o 8.6 00 (12,2
1 . ) y
o I bi' b, consider by = (1, 1), b = (L) @7 _
b — \bQ_ (2 7) b, = (8 6) and b3 t=0 (L 1) (givesthegart point)
bo . ’ ’ ’ ' L=

' =(12, 2). We have atriangular table of b/ for O£ j £ 3 and 0O
b: £ £ nj as shown. We consider three examples above on the
0 3 6 9 1 right:t=%t=2%3 andt=0. Thediagramsfort =Y and t =
?l5 are shown above on the | eft.

(7.6, 4.93) ‘
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Exercise 6.28: ij = Si:()j Bi,j(t)DHk. Recall the dlagrarr Dlo =b1
shown. be® = B(t). Recurrence: b° = by, b/ = (1-t)b/*+tbi./ ™.
Proof (by induction on j): Casej = 0: b% = Boo(t)bowk = b o'} b’
(since B;j(t) = 0wheni >j or wheni < 0). B

bo’ = bo

In general, bl = (1-t)bd+thd™? = (1-1)Si=d'Bija(t)bisk + tSi=d*Bij.1(t)bissa. In the first
part, replace i by h; and in the second part, replace i+1 by h (or i by h-1) — we obtain
(1-t)Sp=d 'Bhj1(t)brex + tSn=1'Bn.1j1(t)bre. In the first summation, change to Si-J (because B;;1 =
0); and in the second summation, change to S.¢ (because B.,;; = 0). It follows that
Sh=d{ (1-1)Bn,-2(t)+tBn.1,-2(t)} Brex = Std Binj(t) Dk

Exercise 6.29: Prove that Bin(at) = Si=o" Bij(@)Bjn(t). Proof. Bis(at) = (%)(1-at)*(at) =
()((2-)+t(1-a))™(at) = S ()(MI(L-H)mH(L-a)(at) = Sk=0™
”!/i!(n_i)!(”")!/k!(n-i_k)!(1—t)”""‘t‘+"(1-a)"a‘. Qubstitution:; j = j+k or k = j-i: we get Sj:in
”!/”“/j!l/(j.i)!(n-j);(1—t)”‘jtj(1-a)j'iai = Sj:in ’”/,-;(n.j)!(1—t)”'jt"(“/ug-i)!)(l-a)j'la‘ = szi”Bj,n(t)Bi,,-(a). This is the
same as Si—o" because Bj; = 0 when j <i. Note: the case i = n is Byy(at) = Bm(a)Bnmn(t) = (at)" =
a"t", with only 1 non-zero term.

b’ b? b° . b 6.4 The Subdivision Theorem
bot bt br1t origina This theorem gives us control points
S Cuve for B and Biyigy in the diagram. The
Bigx  Fequired control points are the sets of
diagonal points as shown in the
diagram on the left. Note that this is
well defined in R3.

6.10: Applications. (1) Renderinc
a curve by linear approximations. Algorithm: subdivide into "almost
linear" pieces and plot the linear approximations. (2) Intersection of ¢ ~
curve with a line. (3) Intersection of 2 Bezier curves. If C; is Bezier of ™
degree n, and if C; is Bezier of degree m, then there may be up to mn intersections. Subdivide
both.

Symmetric Form for the Binomial Coefficients

j (") is the number of ways of choosing an i-element subset from {1, ..., n} =
ne the number of ways of partitioning {1, ..., n} into an i-element subset and a
* j-element subset, where j = n-i, i.e. an ordered pair of subsets, = "/i;y = (by
i definition) = (7). Binomial Expansion Formula: (a+b)" = Segijen, i+ = n (%;)ab.
0 n Therecurrencerelationisgiven by (") = ("4.15) + ("hj-0).

AN
AN

Trinomial Coefficients. (";x) = "/iju, where 0 £i,j,k £ n, and i+j+k = n. Now (a+b+c)" =
Si,j,k (”i,j,k)dUCk, and (ni,j,k) = (n'li-l,j,k) + (n-li,j-l,k) + (n'li,j,k.l) = the number of ways of partitioni ng
{1,...,n} into [subset 1, subset 2, subset 3], where |subset 1| =i, |subset 2| = j, and |subset 3| = k.



v Pascal 3-Simplex

————— Each face in the diagram is a Pascal triangle. ? is the coefficient of

; 3 — (3 — (2 1464 115 10 105 116 15 20 15 6 1
22 abcm(a+b+c) _(1,1,1)_(0.1,1) 412124 520 3205 630 60 60 30 6

2 2 —_ o 6 12 6 10 30 30 10
T3 3 1 + (1,0,1) + (1’110) = 2+24+2 = 6. 15 60 90 60 15

4 4 10 20 10 20 60 60 20
3 3? 33 The next levels are shown on 1 S o 5B
1 the r | ght =3° 1 90=1(5,2)

Section 7.3: Conversions Between Representations

Given a polynomial curve in R2, A = a+at+...+at", wherea T R2, this is equivalent to
[Potpat+...+pat", Qotait+...+0ut"], where a = [p;, g]. Suppose that this has Bezier representation B
= bo(2-t)" + bin(1-t)™t + ... + bit" (---(*)). Comparing the coefficients

a 1 b
of the t, we get [ & ... &]" = My[bo by ... b]]". Case n = 3 ai _|-33 bi
Dtaut+apt?+ast® = Po(1-3t+3t2-18) + 3by(t-2t2+1%) + 3b,(12-1°) + bis(%). So | 22 31 -36 33 . Ez

az - - 3

we have what is shown on the right, where the 4x4 matrix is Ms.

The coefficient of t in (*) is given by bo(-1)(in) + Du(-1)("ini)(ens) +

. 3 D(-1)2("2n2) ("2izmi) + oo. + Bi(-1)°(,ni) (Vo). The coefficient of by in thisis given by
133 | (D)) = D) M oy = (1)7(igei), for O£ £i £n. Now Mzt is
111 17 the matrix shown on the left. Exer cise: write down M, and calculate M,
Answer: Case n = 4 atat+at+at+at’ =
bo(1-4t+6t2-4t3+t*) + by (4t-12t2+123-4t%) + by(6t2-12t3+6t%) + 2‘1’ 14 A E‘;
1 bs(4t3-4t%) + by(t?). So we have what isshown | 4, [=| 6 -12 & by
LY on the right, where the middle matrix is M. | as 4 12 -12 4 bs
Ma™= 153; Calculating the inverse in the usual way (i.e. ' 2 1 -4 6 -411b
1111 1 | manipulating [M4]1] to get [I | M4], we get M4 as shown on the | ft.
Symmetrising B(t)
Bu(t) = Sio(M)(L-t)™thy, for t ]
0[ ]1\ [0, 1]_. _This becomes B(t,u) = ’
u (—\ Si,,-(”i,j)t'ulg, where 0 £ |,] £ n, |+] =
1 ~7 n, t+u=1, and 0 £ t,u £ 1. With 2
: ! parametres, we have the diagram 005 0 ~

on the right, and By(tuyv) =

Sij(M)tUVkD for 0 £ij.k £n, i+j+k =n, 0 £ tuy £ 1, (100 ©.10
and t+u+v = 1.

15th November 2001

Tutorial. We can join together Bezier curves to draw a chosen curve.

o Consider an attempt to draw an ampersand. First, chop the sketch up into

‘ e pieces, e.g. AB, BC, CD and DE. For each piece, choose control points, e.g.

bN\ea AB =[ABO, AB1, AB2, AB3, AB4] =[[3.2, 0.3], [2.4, 0.5], [1.6, 1.5], [1.4,

01 2 3 4 25],[13, 3.2].

4
3
2
1




We must apply a continuity condition, eg. AB4 = BCO and y *
AB4-AB3 = BC1-BCO, so that BC = [AB4, 2* AB4-AB3, BC2, BC3, BC4] :
etc. Now plot these curves using procedures defined in Maple. . //

AB

20th November 2001

Derivatives

d/dtBi,n(t) = (i_nt)/t(l-t)Bi,n(t) = n(Bi-l,n-l(t)-Bi,n-l(t)). Example: d/dthy4(t) = d/dt6(l-t)2t2 =
6x2(-1)(L-1)t2 + 6x2(1-t)2% = 4{ 3(1-1)2t-3(1-)t8} = 4{ By s(t)-Bs(t)} = 4t-11t2+76. Corollary 7.2:
| f B (t) = Si:on Di Bi ,n(t), then d/dtB(t) = Sizon_ln(piﬂ't_)i) Bi ,n-1(t) , dz/dtZB(t) =
Sizo”'zn(n-1)(g+2-2g+1+g)Bi,n_z(t), . (dr/dtr)B(t) = Si:On-r n!/(n.r)!{ Sj:or(-l)j rj)l_Ji+r_j} Bi,n.r(t).

Piecewise Bezier Curves

The diagram on the right shows two quartic curves joined
together. If co = bs, and if ci-Co = W(bs-bs), then the join i
"visually tangent continuous'. If ¢, = bs, and if ¢i-Co = bs-bs, ther
the join is “tangent continuous’ or "C*-continuous'. The formule
for Y4B(t) whenn =4 is: at t = 1, 4(bs-bs) on the first curve; and, o
at t =0, 4(ci-Co) on the second curve. The second derivatives are:
att=1, 12(bs,-2bs+b,) on thefirst curve; and, at t = 0, 12(c-2¢,+¢o) on the second curve.

So we make the join C*-continuous by setting ¢, = b, and ¢, = co+bs-bs = 2bs-b; — and
C?-continuous by setting ¢, = 2¢,-Cot+bs-2bs+b, = 2(2b4-bs)-bat+bs-2bs+b, = 4bs-4bs+b,.

Surfaces

S={(x,y,2) 1T R3|F(x,Y, 2) = 0} for some function F is ar P i
implicit surface. Example: x2+y2+72 = &, a sphere with centreQanc ,._\-':\,.
radiusa. Sisalgebraicif Fispolynomial. A point on Sis singulat p _____.f"_.__ﬁ A
if "e = "y = "™y, = 0 a P, and regular otherwise. For a f\'“’ ol .n]
parametric surface, we have S: UT R2® RS, (s, t) — (X(s, 1), Y(S, '-\,.H"“""--- '—*'x. /
t), z(s 1), eg. (q, f) — (asinqcosf, asingsinf, acosg). In the . v

.

diagram shown, wehave O£f £2pand0£ g £ p. I

I|.Ir

Tangent vectors at P(s, t). S{(s, t) = (/g Mys, ™/ss), and S(s, t) = ™y, Mg, ¥/q). These
define the tangent plane if not linearly dependent. In the example, Si(q, f) = (acosgcosf,
acosqsinf, -asing), and S(q, f) = (-asingsinf, asingcosf, 0). The normal at P is the vector
product S(s, t)xS(st) = N(s, t). In the example, N(q, f) = asinq(singcosf, singsinf, cosq) =
asinq(x, y, 2)!

Maple Note: to specify A = [%?%], we use A = matrix(2, 2, [[1, 2], [3, 4]]); or A =
matrix(2, 2, [1, 2, 3, 4]). We have to use the former version for A =[5 4> g].



Bernstein Polynomials in 3-D

Bijn(s, t) = (by definition) = Biy(9)Bix(t) = ()()(1-9™s(1-t)™t, where s, t T [0, 1]. A
Bezier surface of degree n has (n+1)2 control points bi; (O £ 1, j £ n). Bezier surface. B(s, t) =
Si:onszon Bi,j,n(S,t)Di,j. 4 speCIaJ values: B(0,0) = D0,0, B(l,O) = Dn,o, B(O,l) = Qo,n, and B(l,l) = Dn,n
— because (1-9)™s(1-t)"t = O unlessi, j 1 {0, n}.

~—_ de Casteljau Algorithm. \ |0 1 ) 3
‘y“(‘ Cpnsder the table and 1o = [0.0,6] Doz = [1.0.8] bos = [2.0.8] bos = [3.0,6]
<" ", diagram shown and calculate 1 |[0,1,g] [1,1,9] [2,1,9] [3,1,8]

B(¥2, ¥%2). Method: Apply the 2-D agorithm 2 {[0,2,9] [1,2,9] [2,2,9] [3,2,8]
to each row with s = %. Row 1: As shown 3 |[0,3,6] [1,3,8] [2,3,8] [3.3,6]
below. Row 2: Similarly, [0.5,1,85], [1519], [25,185 ® [1,18.75], [2,1,85 ®
[0,06] [108 [208 [306] [151875]. Row 3. [05285], [1529], [25285 ®
[0.50,7] [150,8 [2.50,7] [1,2,8.75], [2,2,8.75] ®
oL T [1528.75. Row 4,

[0.5,3,7], [1.5,3,8], J

[253,7] ® [1,3,7.5],[2,3,7.5] ® [1.5,3,7.5].
e _ Bt Y
Now apply the 2-D agorithm to this column of Ny
answers.  [15,0,7.5], [1518.75], [15,28.79]
[1.5,3,7.5] ® [1.5,0.5,8.125], [1.5,1.5,8.75]
[1.525,8.125] ® [1.51.84.375], [1.52,8.4375] ®
[1.5,1.5,8.4375]. So B(Y2, ¥2) = [1.5, 1.5, 8.4375].

Piecewise Bezier Surfaces oo bon = o0 ——— an

Sufaces /N We can connect surfacesmuchthesame |~ b = 00— an

Curves /-t way that we connected curves. To betangent dn= o o
= “ M"}\\ C*-continuous, we require Co = bin, doi = bu,
IS N /’ €i = Cniy €0 = Bin, G1 = 2Din-Bi 01, A1 = 20ni-bna,

) \\Z’ € = 2C-Cnaj, and €1 = 2bin-bi p1. Gno On = o €mn
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Inteqral B-spline curves

Data: An interval [a, b]; a degree d; a knot vector to, ti, ..., ta, ta, ..oy tnat, oy vy Ty
where ty = a, tng = b; and we have the end from t, to ty, the interior from tg.1 to tn.q.1, and another
end from tyq4 to t,. Note that t; £ t.,, and that we also have control points by, by, ..., bn.

Basis Functions, N;q4(t). They are determined by the knot vector and the recursive formula
Ni,o(t) =1 if t T [ti, ti+1), Ni,o(t) =0 OtherWise, and Ni,d(t) = ((t-ti)/(ti+d-ti))Ni,d.l(t) +
((tirgs1-t)/(tirar1-tiva) )Niz1a2(t). Notes: % is assumed to be 0, (notation) the formulae should be
N;ij(t) = ... for 1 £ ) £ d; and the degree of Nij(t) is . Definition: The B-spline curve of degree d
isdefined on [a, b] = [td, tm-d] by B(t) =S QiNi,d(t).




Examplee d=3,withO=th=ti=t, =t (k=a),and 1 =t, =ts = ts = t; (ts = b). Now Ngo =
1if tT [O, 0) (: f), and N()o = 0 otherwise. So Noo = N]_O = Nzo °0. N30 =1if tT [0, 1), and N3o
= 0 otherwise. Again Nio = Nsp = Ngo © 0. Nz = (t_O/o-o)Noo + (O_I/o-o)Nlo = t(O/o)-t(O/o) =0on [O,
O)E[O, O), and No; = 0 elsewhere. SO Nog = N1 © 0. Ny, = (t'o)/(o_o)Nzo + (l't)/(l_o)N3o =0+ (l-t) (On
[O, 1]), so that N, = 1-t for ti [0, 1), and No; = 0 elsewhere. N3 = (t_o)/(l-o)Ngo + (l_t)/(l-l)N4o =ton
[O, 1), and N3 = 0 elsawhere. Ni; = Ns; = 0.

Levd 2. Noz © 0. Npp = (t_o)/(o-o)Nll + (1_t)/(1_0)N21 = (1—t)2 on [0, 1) N,, = (t_o)/(l-o)Nz;L +
(1_t)/(1-0)N31 = t(l—t)+(1—t)t = 2t(1-t) on [O, 1) Ni, =2 0 0 0 1 0 0 0
and N4, © O. Leve 3. Noz = (1—t)3, N1z = 3t(l—t)2, N>: 0 0 1t t 0 0
= 3t?(1-t), and N3z = t3. SO0 we have the diagram as 0 (Tt 2a(1t) ¢ 0
shown on the right — cubic Bernstein polynomials. (Tt @ty ey ©

Exercise: Repeat the above using the knot vector t, = 0, t; = 1, ..., t; = 7 (a uniform
B-spline). Noo = L for t T [0, 1), and Ngo = O otherwise. Nyo= 1 fort1 [1,2); Ny =1fort1 [2,
3): ... Neo=1fortl [6, 7). N = (“U1.0)(1) + (*o1)(1) = t+(2-t) =t for t1 [0, 1), 2-tfortT [1,
2), and 0 otherwise. Ni; = ("42.1)(1) + (3Y22)(1) = (t-1)+(3-t) = t-1fort1 [1, 2), 3-tfortT [2, 3),

Noaft) and 0 otherwise. Ny = ("%/5.5)(1) + (*Yas)(L) = (t-2)+(4-t) = t-2, t1 [2,

3027 I 3]; 4t, t1 [3, 4]; and O otherwise; and so on. No; = (“%20)No1 +

Ly / . (B-t/3-1)N11 = t/2N()1'|'1/2(3-t)N;]_]_ = t22 = j/Z(t-O)z, t T [O, 1),

Bt 2B )(tD) = 3, = V()2 t T [1, 2); YA3t)2 =
T 5 3 W(3)2,t1 [2, 3); and 0 otherwise, etc.

From the graph above, N, is continuous. Is it differentiable? Y«Np(t) =t for 0 <t < 1,
-2(t-3/;) for 1<t <2, and -(3-t) for 2<t< 3. Notethat itis1l at 1 and -1 at 2. Expect that it is not
twice differentiable: */@Noo(t) = 1forO<t<1,-2forl<t<2,and1for2<t<3,

Now Ni,(t) = ¥4(t-1)2 for [1, 2), ¥+(t->/,)2 for [2, 3), and ¥2(4-t)2 for [3, 4), etc. Note: reflect
t ® 5-t to get the third expression from the first. Nos(t) = (*%5.0)No2 + (*/41)N12 = Y3tNgy +

Neo(t) Y5(4-t)Ny. For [0, 1), we have Y/5t(¥442) = Ye(t-0)3 (= Ys at t = 1). For
23 [1, 2, we have Yt(@et)?d) + HudO)@At-1)?) =
o H1o(3t-t(2t-3)2+2(4-t) (t2-2t+1)) = Y3t + (-4C+12t2-0t) + (8t2-16t+8)

+ (-23+412-2t)) = Yyo(-6t24+2412-24t+8) = ;5((-6t2+36t2-72t+48) +
;‘ U (-12t2+48t-48) + (8)) = Yuo(-6(t-2)2 - 12(t-2)2 + 8) = -Vx(t-2)° - (t-2)2 +
2 3 4 2 (=Ysat=1). It hasastationary point at t = 2.

V6| o

In summary, Nes(t) = Y(t-0)3 for [0, 1), 2/s-/2(t-2)3-(t-2)2 for [1, 2), %/5-*/2(2-1)3-(2-1)2 for [2,
3), and Y/s(4-t)3 for [3, 4). Note that we can get the third and fourth from the first and second by
doingt ® 4-t. Smilarly, Nus(t) = Ye(t-1)3 for [1, 2), %/3-*/5(t-3)%-(t-3)2 for [2, 3), 2/s-1/x(3-1)3-(3-1)2
for [3, 4), and Y/s(5-t)3 for [4, 5), etc.

Exercise: Noa(t) = Y4tNos+/4(5-t)N1s on [0, 5]. For [0, 1), we have Y/4(t-0)*. For [1, 2), we
have Y,t(%/s-15(t-2)3-(t-2)2) + Y4(5-1)Ye(t-1)3 = ... (multiply out, gather terms, factorise and tidy
up). Smilarly for [2, 3): get a polynomia in (t-°/;)2. Obtain the expression for [3, 4) from the
onefor [1, 2). [4, 5): Y4(5-t)~
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Example. T={0, 1, 2,3,4,5,6, 7}, m=7,d = 2. Control points: be
= (8, 10), b = (10, 10), b, = (10, 8), bs = (8, 10), and bs = (10, 10). n = 4 * =L £1=bs
and m = n+d+1. Basis functions: Ngo = 1 on [0, 1) and O otherwise, ..., Ng
=1on|[6, 7) and O otherwise. No; =t on [0, 1) and 2-t on [1, 2), ..., Ns; =
(t-5) on [5, 6) and (7-t) on [6, 7). Ng. = %42 on [0, 1), ¥x(t-*,)2 on [1 2) be
and ¥(t-3)2 on [2, 3), ..., Naz = ¥4(t-4)2 on [4, 5), ¥+ (t-5%2)? on [5, 6), and ¥A(t-7)2 on [6, 7).

B-spline: B(t) = Si:on D,N.d(t) =S 4 DiNi,z(t). M: here, there = .

are only d+1 non-zero terms. Example: B(3%2) = biN(3¥9) + T OSSN
boN2(3%%) + bsNax(3Y2) = (10, 10)(V4(3v2-4)?) + (10, 8)(/:-(3¥+3Y)2 0 1 2 3 4 5 6 7
+ (8, 10)(¥A(3¥2-3)?) = Y/4(10, 10) + 3/,(10, 8) + Y/4(8, 10) (Check: Yg+3/4+s = 1, OK) = (°/4, °4) +
(7%, 6) + (1, °14) = (9%, 8Y%).

Note: Si-o"Nig(t) = 1 so that B(t) is of the

form| oot 1bi+...+l b, WithOE 1, £1,and Sl = wn<0 & s
1, i.e. B(t) is in the convex hull of the control H<0.p | 29 o -
points. In the first example on theright, | +p=1, 0 ﬂéﬂb ! ’n“:oo p. I,n>010Q=b
£1,4 £ 1, and the line segment PQ is the convex b Q . <0 é@R:C
hull of P and Q. In the second example, | a+pb+nc © <o Q@ yn>0 'R -

isagenera point, withO£ 1, u, n £ 1inthe shadec >0
region, and | +p+n = 1 always. The convex hull of {P, Q, R} isthetriangle.

Definition: If S={x, ..., X} [ R™, then the convex hull o
Sisgiven by {l xi+.. 4l X, |O£1,£1,SlI;=1}. Also, if x, y 1
S, then the line segment |x-y]| isin the convex hull. @ Convex Hull

Special Types of B-spline

An open B-spline of degreed hasto =t; = ... = tg and tp.g = ... = tm1 = tm. Then B(ty) = by,
B(tm-d) = Dn, B'(td) = [d/ (td+1-t1)] (Ql-po), and B'(tm-d) = [d/(tm-l-tm-d-l)] (Qn'bn-l) (Same start, finish and
tangency behaviour as for Bezier curves). A uniform B-spline has ti.;-t; = constant (as in our
example, where ti. -t = 1).

A periodic B-spline of degree d with n+1 control points is obtained by choosing to £ t; £
... £ t; and then setting thi = tia + (t-ti) uptoty, 9. N =3, d=2, T ={0, 1, 3, 6, ...}
(differenceS: 1, 2, 3, ) =1 L=t + (tl-to) =6+l = 7 | =2 =t + (tz't]_) =7+2= 9, =3
te=ts+ (ta-tx)) =9+3=12.S0 T ={0, 1, 3,6, 7,9, 12}, withm = 6. A closed periodic B-spline
of degree d with n+1 control points is given by a periodic knot vector of length
(n+2d+2) = (n+d+2)+d, and r epeating control points: b1 = bo, bz = by, ..., brea = bga,

e.g. as shown on the | eft.



The de Boor Algorithm

Evaluate B(t) for t T [t, t.1). Method: start with b = b, for r-d £ j £ r, and then use the
following recursive definition: bi(t) = (1-ai(t))b.4*(t) + ai(t)bi*(t) (on a line brd brd+1 b

segment), where aj(t) = (t-t))/(tiwgj+1-t) for LE£j £d and r-d+j £i £ r — giving ¢ bl bl

triangle as shown on the right. Q: Attempt B(3%2) as in the previous example. A N

Now 3%1 [3,4) (= [ts, ts)), so that r = 3. b’ =B()
d=2 2 bo = (8, 10) = bs, by = (10, 10) = b4, b, = (10, 8). b’ = 1} B 2) [oit

(10, 10), b = (10, 8), b = (8, 10). Now a7' = (L)1) = () =
(®2/) = %4, and as* = (t-ta)/(ts-ts) = % = ¥/, = ¥Ya. So b,* = ¥410, 10) +
%410, 8) = (10, 8v), and bs' = ¥410, 8) + V48, 10) = (9%, 8Y5). Now
a3 = (t tg)/(t4 tg) = t3/1 1/2/1 =1 S0 b32 = 1/2(10 81/2) + 1/2(91/2 81/2) =
(9% 8Y5).

Another example: t = 3. b,° = (10, 10), b,° = (10, 8), b’ = (8, 10), a,* =%, as' = 0, b)* =
(10, 9), bs* = (10, 8), az* = 0, and bs? = (10, 9). Example 3: B(2): 21 [2,3) sothat r = 2. We
aso haved = 2. by’ = (8, 10), b,° = (10, 10), b’ = (10, 8). Now a;' = (t-t)/(ts-t;) = 2'1/2 = Y5, and
ayt = (t-t)/(ts-t2) = 2%, = 0. Therefore, bi' = %4(8, 10) + ¥4(10, 10) = (9, 10), and b,* = 1(10, 10)
+ 0= (10, 10). Further, a,* = (t-t,)/(t>-t) = 2%, = 0, so that b,? = B(2) = 1(9, 10) = (9, 10).

Example4 B(4): 41 [4,5)sothatr = 4. Weagam have d = 2. b,° = (10, 8), bs° = (8, 10),
(10 10) as' = (t t3/t5-t3) 3, =Y, and a,* = (t t4)/ (te-t4) 0.0 Q31 = 1/2(10 8) + 1/2(8 10)
= (9, 9), and b4 (8 10) Now a4 = (t t4/t5-t4) 44/1 =0.%0 b4 8(4) = (9, 9)

Definition: The multiplicity (t) for t T T isthe number of timest occursin T. Breakpoints
={u, ...., U}, where u; < u, < ... < U, is the set of distinct values of interior knots. Claim: If an
interior knot t; has multiplicity m, then N;(t) is differentiable k-m; times at t = ;. With d = 2,
expect B(t) tohavea‘corner’ att=4, withT=10, 1, ..., 4,4, ..., 7].

Sample Paper

Q: Prove that the relation on RA{ 0} defined by (X1, Y1, Z1, W) ~ (X2, Y2, Z2, W2) U (X4, Y1,
Z1, W1) = r(Xz, Y2, Zz, Wp) (for some r 1 0) is an equivalence relation. Explain how this
equivalence is used to define the projective plane P2, and how affine transformations of R3 may
be represented by linear transformations of P3. Obtain the matrices associated to the following
affine transformations. (i) Rotation through an angle P/, about the line x = 4, y = 5; (ii)
Reflection in the plane x+y+z = 6.

A: First part — book work — generalise the proof on page 1 to the definition on page 4.
P3 is the set of equivalence classes (R\{0})/~. Except for points at infinity (when W = 0),
elements (X, Y, Z, W) T P2 have standard representative (X, y, z, 1), where x = X/, etc. Aside:
Affine transformations of R2 such as (X', y') = (X, Y)[% %] + (c, f) can be represented as a linear
transformation of P2as (X', y', 1) = (X, Y, 1)[% % %04].



An affine transformation of R3 such as X' = ax+by+cz+d, y' = aeil 0

ez+fy+gz+h, and Z° = ix+jy+kz+l, may be represented by the linear | bf O
transformation of P3 given by (X', y', Z, 1) = (X, ¥, z, 1)A, where A isasshown A~ | ¢ gko
on theright. dhl1l

(i) The required matrix is given by T*'RT, where T trandates (0, 0, 0) to (4, 5, 0), and R
rotates about the z-axis by "/,.

1 1
1 7z 2 1 z
1 7 1 /4
IAT = Z 7z
T-1AT 1 . 1 y p
4-50 1 1L4501
1 1 1 1 00
Z [z 1 2 7z T (4,50
L1 1 -— = 00
_| "7z | Tz 2
0 0 1 1 0 0 10 X
1 9 1 9
L -2 o1)4501 445 5- 201

(i1) Here, if we consider the reflection in the plane Ixtmy+nz = k, wehavel =m=n=1,
I’ =m’ =" =Y, and k = 6. Looking at page 5, we see that the matrix we need is given by

1 0 00)1-27 -2'm -2'n' 0 1 0 00
M = 0 1 00| -2'm 1-2m? -2m'n' 0 0 1 00
0 0 10| -2'n" -2mn' 1-2n20 0O 0 10
-k3l -k/3m -k/3n 1 0 0 01 ) K3l kiS3m k/3n 1
1 1-2-20) 1 1-2-20) 1 1-2-20
_ 1 | -21-20 1 4 -21-20 1 4 -21-20
- 1 |} -2-210 1 |73 -2-210 1 |73 -2-2107]
2-2-21 0001jl2221 6 6 6 1) 2221 8 8 81
Q: Let (I, m, n) be the direction cosines of aline L in R3 J% J%z
and let A be as shown. Prove that A is an orthogonal matrix, 5 — mn L m
and that (I, m, nN)A = (0, 0, 1). Explain how this matrix A may be Jrne Jin?
used to calculate the rotation matrix R, 4 for the rotation of R3 -J1-n* 0 n

about L through an angle g. Calculate the rotation matrix for the rotation about the line with
direction cosines (Y/¢s, Yes, Hes) through an angle /3. Comment on the results of your calculation.

A: To prove that A is orthogonal, we proceed as follows. Let R;, R, and R; be the three
rows of A". Then Rs.R; = 12+m2+n2 = 1, R,.R, = (12qm?)/(1-n?) = (1-m)/(1-n?) = 1, Ri.R; =
(1Z+m?)r?/(1-n?) + (1-m?) = n?+(1-n?) = 1, Ri.R; = (-Imn+Iimn)/(1-n?) + 0 = 0, Ri.Rs = ... = O,
R2.R; = ... = 0. The three rows are orthonormal, so A isorthogonal.

Now we must show that (I, m, n)A = (0, 0, 1). The columns of A are the rows of AT so
we have shown that (I, m, n)A = (0, 0, 1).



The matrix A rotates the n m

|
i i _axi te Jimw | coso sno o) Tom e Vi
|neL|ntotezaX|sWetenR o | o "o .
. . = m - -
rotate a point about the z-axis by - e W PR
1-n 0 n I m n

an angle g using the standard 3x3
matrix (say R) for this operation, and we then rotate the line back to its original position. In other
words, R g = ARA™ as shown above. For the rest of the question, we substitute in the
appropriate valuesfor |, m, n and g and work out the required 3x3 matrix, which is given by

1 1 - - -4 _— A —
ECl I S AN e bl IR i N B
/6 1 0 0 1 I R S J6 J6/3 1 [ R S N 100
5 0 5 VRN & T8 3 NERE

Comment: The calculated matrix is the matrix for a rotation through 120° (applying the
transformation to an arbitrary vector per mutes the coordinates, i.e. (1, 0, 0) ® (0, 1, 0) ® (0,
0,1) ® (1,0, 0)) Thisisjust what we expect since L makes equal angles with the three axes.

Q: Let V = (Xo, Yo, Zo, Wo) be a viewpoint in P3, and let P be the plane in P? with
equation neX = IX+mY+nZ+pW = 0. Prove that the perspective projection matrix for the
mapping of P3to P from V isgiven by M = n'V - (n*V)l4. Find the matrix M corresponding to
the projection from P° (3, 4,5) 1 R3 onto the plane P with equation x+y-z+2 = 0.

Calculate theimages A’, B’ and C' under this projection of the vertices of the equilateral
triangle ABC in R3, where A ° (1,0,0),B° (0, 1, 0),and C° (0, 0, 1) — and then find the
angle between B’ A’ and B’ C’. Suggest a suitable transformation from P onto a display device
with 1024x640 pixels which displays A’B’C’' near the centre of the display.

A: Proof. Let P (* V) be apoint to be projected. If Pliesin P then n.P = 0 and we need
to verify that PM ~ P. PM = P(n'V) - P(n.V)Il, = (P.n)V - (n.V)Pl, (since n.V is scalar) = 0 -
(n.V)P~P(sincen.V 1 0becauseV isnot in P). Now suppose that P does not liein P (so that
n.P1 0). It follows that every point on the line through P and V. has homogeneous coordinates
aP+bV.

The line intersects P when n.(aP+bV) = 0. In this case, a(n.P) + b(n.V) =0 and a =
-(n.V)/(n.P)b (with b * 0). Thus the line meets P a P, where P = -((n.V)/(n.P))bP + bV ~
-(n.V)P + (n.P)V (multiply by n.P/b), i.e. P ~-P(n.V)l, + (Pn)V = P(nV - (n.V)l4). Hence M =
nV - (n.V)l..

Now P=(3,4,51 R3p V. =(3,4,5 1)1 P2 P hasequation x+y-z+2 =
Oor X+Y-Z+2W =0(inP3). Son= (1, 1, -1, 2). Therefore, M =(11-12)"(345
1) - 41, = the matrix shown on the right. Now consider the triangle specified in
R3. In homogeneous coordinates, A ° (1, 0,0, 1) ® (5, 12, 15, -1) (in P) = (-5,
12,15, 1). SOA’ © (-5, -12, -15). Smilarly, B’ © (-9, -8, -15), and C' °© (-1, -/, -/3).

- 5
5

4 1
0 1
-4 -9 -1
8 10 -2

o WL



Lookw;}q at the sketch shown (not needed

inan exam), B'A’ =B’-A’ = (-4, 4, 0), andBC’
= B'-C' = (-8, -6%s, -14%3) = -Y5(24, 20, 44). Py
Now using cost = uv/AuUAvey), we gel !
cosq = (*9/3)/40+3(P82 » Y41, SO that q is 8
approximately P/, (86.8°). Now for the D
transformation, we need to choose an origin

and some axes. Let us choose B’ asthe origin and B’A’ as one of the axes, so that B'A’ = (-4,
4,0),andn=(1, 1, -1). 2nd axis: B'A’xn = (-4, -4, -8) ~ (1, 1, 2) (or -(1, 1, 2)).

B'(-9,-8,-15)

c

One suitable transformation P ® display deviceis given by (-9, -8, -15) + Y/»(-1, 1, 0) +
Ies(1, 1, 2) — (U, V) © (500+8u, 160+8v). (Aside: The unit vectors are given by Y«(-1, 1, 0)

L5, and -Yex(1, 1, 2). Further, B'C’ = -%/5(12, 10, 22)
-6 (30)510 \Y 640 » _20/3(1’ 1’ 2) o 20(3/3"(_1/615)(1, 1’ 2) s

1024, and that °*/3, = 32. Also,v=-5® V =0,
1024 andv =15® V =640 (ahit tight!) So we need
U 30(u+12) and V = 30(v+5), say).

2205/3), 5 15%(Ye)(1, 1, 2). To get the transformation,
4@% & notethat u=-12® U=0,thatu=20® U =

Q: Let C = C(t) be the segment of a curve in Rz with points {x(t), y(t) |

raioof radii t1 [&, b]}. How can C be rendered on a display device? Define the terms

1:3 speed and regular in this context. Explan the notion of

reparametrisation. The deltoid is athree-cusped plane curve given by x =

2¢(cos(t))+c(cos(2t)), y = 2¢(sin(t))-c(sin(2t)), t T [0, 2p]. Prove that the arc length fromt = 0 to

t =t isgiven by S(t) = 85c(1-cos’,t). Hence obtain a reparametrisation of the deltoid as a unit
speed curve.

A: First pat — book work — see page 10 (e.g. Reparametrisation is
obtained using a differentiable function h: J® | = [a, b], withh () * Oforal t1 J
and we define D(t) = C(h(t)) for dl t T J, with the diagram shown on the right). h R

Second part: X = -2csint-2csin2t, X2 = 4c?Sint+8c?sintsin2t+4c?sin?2t,y = '/
2c¢(cost)-2c¢(cos2t), e = 4c2c0ost-8c2costcos2t+4c2cos?2t. Now X+ P =
4c3(2+2sintsin2t-2costcos2t) = 8c3(1+sintsin2t-costcos2t) = 8c(1-(costcos2t-sintsin2t)) = (using
cos(A + B) = cosAcosB F sinAsinB) = 8c¢?(1-cos3t) = (using cost = 1-2sin2('/,)) = 16c2sin?(*/,).
So n(t) = 4cjsin®/y|. Arc length: s(t) = 1% 4clsin®,|dt = 4c[-%/:c08%,)' = -%/5(cos™/»-1) =
&/5(1-cos™/,). QED.

I~ D

Reparametrisation: We have s = 8/3¢(1-c0s”/,), g = 1-c05™/,, 1-*/s. = cos™/y, ¥/, =
arccos(1-*/g;), t = ?sarccos(1-*/s). So the reparametrisation required is given by x =
2c(cos(?/sarccos(1-*/s))) + c(cos(*/sarccos(1-*/s))), and y = 2csin(*/sarccos(1-*/s)) -
csin(*/zarccos(1->g.)).



Q: (a) The Bernstein polynomials are defined by Bi(t) = (")(1-t)™t for OLi £Enand 0 £ t
£ 1, and Bi,(t) = 0 otherwise. Prove the following: (i) Bin(t) = (1-t)Bina(t) + tBi.1na(t), (i1) O £
Bin(t) £ 1 and Bi(t) lies between Bi.1n1(t) and Bin.a(t). (b) A quartic Bezier curve B = B(t) has
control pointsbe® (0, 0), b1 ° (3,0), b2° (3, 3), bs° (6, 3),and b, ° (6, 6).

Evaluate the point B(Y/5) in two ways: (a) By substituting t = /5 into the defining equation
of the Bezier curve, and (b) By applying the de Casteljau algorithm. Make a sketch illustrating
the points derived when applying the de Casteljau algorithm. Use symmetry to deduce the point
B(°/5), and include in your sketch your best attempt at B(t).

A: (i) Book work — see page 12. (ii)) Whent T [0, 1], al three terms are zero, so equal.
We prove by induction that O £ Bi(t) £ 1. Thisis clearly true when n = 1 — recall the diagram
on page 12. The recurrence relation in (i) above with O £t £ 1 states that Bi(t) is in the interval
between Bin.1(t) and Bi.1n1(t) (though we do not know which of these two is the greater). Since
these two bounding valuesliein [0, 1], it follows that Bix(t) also liesin [0, 1].

(@ We get the defining

0,0 3,0 3,3 6,3 6,6 , _
( )(1,0)( )(3, 1)( )(4,3)( )(6,4)( )equatlon B = (1), +
(5,19 (103,59 (143 10) a(1-tyeb,  +  6R(l-tyh,  +
(74127, 34/27) 43(1-t)bs + thy) by using

“Bernstein’s triangle” — and
then we substitute in t = %/ to get the point ("/27, */27). (b) We apply
the algorithm as shown above. The sketch is as shown on the right
We then use symmetry (about the point (3, 3)) to get B(%/s) = (¥/x7, ©.0b1  (3,0)
128/,,). The attempt at B(t) is as shown in green.

Q: Prove that, when B(t) = Si=o" biBi (1), (i) Y4B (t) = Sizo™* n(bi+1-b)Bin1(t), and (i) */q=B(t)
= Si=o™* n(n-1)(bi+>-2bi+1+b)Bino(t). Deduce that the second derivative of a Bezier curve of
degree n is given by B’ (t) = Sio™® b®Binqo(t), where b® = n(n-1)(bi:2-2bi+1+b;). Determine
control points for the first and second derivatives of the cubic Bezier curve with control points
bo© (6,3), 0:° (4,3),:° (1,2),and b: ° (-1, 2).

A: We first need to prove that B'in = N(Bi.in1 - Bini). Now Bin = (WE(1-t)™ b B'in =
(it L™ - (D(EE-D)™ = it (D™ - YD) = (TP )t ()™ -
Nyt (A-)™ = n("L)HL-)™ - n("HE ()™ = N(Biins - Bind). QED. Applying the
formula and using the fact that B.ini(t) = Bnna(t) = 0 gives Y4B(t) = Siz" bB’iq(t) = Sio"
bN(Bi1n1(t)-Bina(t)) = Si=" NBBi.1na(t) - Siz” NBBina(t) = Si=a" NBBi.1Aa(t) - Siz™ NBBia(t).
Renumbering the first summation gives Y«B(t) = Sizo™ Nbi1Bini(t) - Sizo™* nbiBina(t) = Size™
N(Bi+1-b)Bi na(t).

Now %/4B(t) = Si="* n(:1-b)B’ina(t) = Si=o™ N(N-1)(01+1-b) (Bi-1n2(t)-Bina(t)) = Si=o™*
N(N-1)(b+1-b)Biain2(t) - Si=o™ N(N-1)(0i1-b)Bin2(t) = Sizi™ n(n-1)(bi+1-b)Biina(t) - Si=o™
n(n-1)(bi.1-b)Bin2(t). Renumbering the first summation gives %@B(t) = Sio™
N(N-1)(Bi+2-b1+1)Bina(t) - Si=a™® N(N-1)(0i+1-0)Bin2(t) = Si=e™ N(N-1)(0i+2-20141+0) Bino(t)). QED.
The deduction follows immediately by definition as */4:B(t) = B’ (t).



The differences of the control points are (4, 3) - (6, 3) = (-2, 0), (1, 2) - (4, 3) = (-3, -1),
and (-1, 2) - (1, 2) = (-2, 0). Multiply each difference by 3 to give the control points of the first
derivative bo® = (-6, 0), b,® = (-9, -3), and b, = (-6, 0). Aside: Therefore, the derivative of the
cubic is the quadratic Bezier curve (1-t)3(-6, 0) + 2(1-)t(-9, -3) + t3(-6, 0). To determine the
second derivative, take the differences of the control points of the first derivative: (-9, -3) - (-6,
0) = (-3, -3), and (-6, 0) - (-9, -3) = (3, 3). Multiply each difference by (n-1) = 2 to give by® =
(-6, -6), and b,® = (6, 6). Aside: Therefore, the second derivative of the cubic is the linear
Bezier curve (1-t)(-6, -6) + (6, 6).

Q: The trinomial coefficients are defined by (i) = "/ When i, j, kT {0, 1, ..., n} and
i+j+k =N, and (ni’Lk) = 0 otherwise. Prove the followi ng: (I) (ni’Lk) = (n-li_lyj’k) + (n-li’j_llk) + (n-li’j,k_l)’
(i) (atb+c)" = S« (”i,j,k)dUck, (i) Sijx (k) = 3" and (iv) Sijx V\lj+2k(ni,j,k) = 0 when w is a complex
cube root of unity. Define the Bernstein surface polynomials by Bij«(t, u, V) = Sijx (") tUvk,
whereO£i,j,KEn,i+j+k=n, 0 £ t,u,v £ 1, and t+u+v = 1. Prove that Bi;«(t, U, V) = tBi.1j«(t,u,v)
+ UBi,j-lyk(t,U,V) + VBi,j,k-l(t,U,V).

A: (i) RHS = ™YY yina + g + T ijweay = @D jua[i+j+K] = "y = LHS. QED. (ii)
and (iv): Pass! (iii) Follows from (ii) by setting a=b = c = 1. In the last part of the question,
jUSt apply the definition; RHS = tBi-llj,k(t,U,V) + UBi,j-lyk(t,U,V) + VBi,j,k-l(t,U,V) = tSi,j,k (”i.l,,-,k)t"lujv" +
USijk (Tt Ve + vSiji (i)t = Sije [+ HCcn)]tuve = (by (1)) = Sijx
(ni,j,k)tinVk =LHS. QED.

Q: Let C, and C; be two quartic Bezier curves with control points b and ¢; respectively,
joined together at b, = ¢,. Explain what it means for the join to be visually tangent continuous
and tangent continuous. Construct sets of control points for an explicit piecewise tangent
continuous Bezier curve with at most 5 components, in order to approximate the characte gj
shown on therightinthebox OEX£6and0£y £ 8.

y A: If ¢ = by, and if ci-co = p(bs-bs), then the join is "visually
tangent continuous'. If ¢, = by, and if ¢i-Co = bs-bs, then the join is
“tangent continuous’ or "C!-continuous'. To approximate the
character, we first draw it and guess the control points as shown.
They are written down as follows: a = (3.5, 3.8), a1 = (4.3, 2.9), & =
(5.8,4.3),8=(45,6.5), a« = (4.3,6.5), bo = (4.3, 6.5), b, = (4.9, 6.5),
b,=(3.1,6.3),b:=(25,57),b:.=(2,5),c0=(2,5), ¢ =(15,43), &
=(12,3),c=(1,19),c=(1,16),d =(1,16),d =(1, 1.3),d> =
(1501),d:=(2,13),d:=(2,16), &=(2,16),e.=(2,19), & =
(1,4.2),e=(1, 6.3), & = (2, 7.5). Notice that “bs = ¢,” and “bs-bs =
Ci-Co” 1n all cases.
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Q (@ Let T =ty ty, ..., t] be a knot vector with to < t; < ... < t,,. The B-spline basis
functions N4 of degree d determined by T are defined recursively by Nio(t) = 1 whent £ t < ti.,
Ni,o(t) = 0 otherwise, and Ni,j(t) = (t'ti/ti+j'ti)Ni‘j_1(t) + (ti+j+1-t/ti+j+1-ti+1)Ni+1,j-1(t) for dl O £j £dand
dl 0 £i £ m-1-j. Provethat (for j > 0) we have Ni;(t) = Ofor all tT (=¥, t]E[tisjs, ¥). (0) Letd =
2andlet T =10, 0, 1, 3, 4, 6, 7, 7]. Evaluate the basis function N,,(t) and verify that it is
differentiableat t = 3 and at t = 4. Sketch the graph of Ny(t).

A: (a) We prove by induction on j. The initial induction step j = 1isasfollows: when | =
1, Ni,l(t) = ((t-ti)/(ti+1-ti))Ni,o(t) + ((ti+2't)/(ti+z'ti+1))Ni+1,o(t). We need to prove that Ni,l(t) =Qforadlt
T (-¥, t]E[twz, ¥). Now if tT (-¥, t), then Nio(t) = O for all i by definition, and Ni.10(t) = O for
al i by definition. Therefore, whent1 (-¥, t;), Nia(t) = 0+0 = 0.

S|m|IarIy, if t= ti, then Ni,l(t) =0+ ((ti+2't)/(ti+2'ti+1))Ni+1,o(t). But because Ni+1,o(t) =0fort
=t (by definition), then when t = t;, we automatically have Ni(t) = 0. Finally, whent T [ti.2, ¥),
thentT [t, tia) SO that Nig(t) =0, and t T [tiss, tiso) SO that Nisio(t) = O. It follows that when t T
[ti+2, ¥), we have N;4(t) = 0.

The induction hypothesisis that all basis functions of degreej, Nio(t), ..., Nij(t), satisfy the
property that we are trying to prove. Now Nij(t) = ((t-t)/(tise-t))Nig(t) +
((ti+j+2-t)/(ti+j+2-ti+1))Ni+1,j(t), where Ni,j(t) =0fort -|. (ti, ti+j+1), and Ni+1,j(t) =0fort .|- (ti+1, ti+j+2). We
need to prove that Nij.1(t) = O for t T (-¥, t]E [tz ¥), i.€ that Nija(t) = 0 for t T (&, tijo).
Supposethat t T (t;, tisjso), SOthat t 1 (t;, tiujer) @and t T (e, tisjso). Thus Nij(t) = 0, Niugj(t) = 0, and
hence Nij.1(t) = 0 asrequired. QED.

(B) N2z = "41Noy + 65Nz = Ya(t-1)N2y + Y3(6-t)Naz. Noz = "Nz + “Y4.3Na0 = Y2(t-1)Nxo
+ (4—t)N30. N3,1 = t_3/1N30 + 6_t/6-4N4o = (t-3)N30 + 1/2(6-t)N4o. Nzyo =1ift T [1, 3), and Nzyo =0
N22() elsewhere. Ngo = 1if t T [3,4). Nyo = 1if t 1 [4, 6). SO Ny =
l/3(t-1)N21 + 1/3(6-t)N31 = l/3(t-1)[1/2(t-1)N20 + (4-t)Ng] +
1/3(6-t)[(t-3)|\|30 + 1/2(6-t)N40] = l/s(t-l)zNzo + 1/3[(t-1)(4-t) +
(6-1)(t-3)]Nso + Ye(6-1)2Nao = Ye(t-1)2Nao + o[-2t2+14t-22]N3p +
/" e(6-t)2N4o. The sketch is as shown on the left. The derivative
<t Na(t) is given by Ys(t-1) for t T [1, 3), Yo[-4t+14] for t T [3, 4),
and -Y/5(6-t) fort T [4, 6). Att=3,itis%sor s OK; and at t = 4, it

| is-?/5 or -/3, OK.
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Exam Paper: January 2002

Answer 3 questions out of 5 (Questions Done: 1, 4, 5)

D)

(2)

3)

Prove that the relation on R3\{ 0} defined by
(X1, Y1, Z1) ~ (X2, Y2, Z2) U (X1, Y1, Z1) = 1(Xz, Yo, Z2) for somer® O
Is an equivalence relation.

Explain how this equivalence is used to define the projective plane P? and how affine
transformations of R2 may be represented by linear transformations of P2, [10 marks]

Obtain the matrices associated to the following affine transformations:
(i)  Rotation through an angle g about the point (5, 7);
(i) Reflectionintheliney =x + 3. [10 marks]

Let v = (I, m, n) be aunit vector in R3. Show that the Householder matrix

H, = l3- 2vlv

Is symmetric and orthogonal. Show aso that H, is the reflection matrix when R3 is
reflected in the plane P through O with normal v. [8 marks]
Hence obtain the projection matrix for the parallel projection of R onto P. [4 marks]
Calculate the product HyHy when u = (Y, %3, -%3) and v = (-?/3, %3, '15).

Comment on the results of your calculation. [8 marks]

Describe the viewing pipeline by which a three-dimensional object may be visualised on a
two-dimensional display device. [5 marks]

When n.X = IX+mY+nZ+pW = 0 is the equation of a plane P in P, and when V = (X,
Yo, Zo, Wo) IS aviewpoint also in P3, the perspective projection matrix for the mapping of
P3to P fromV isgivenby M =n'V - (n.V)l, (you are not required to prove this result!).

Use this formula to find the matrix M corresponding to the projection from P° (3, 3, 3) 1
R3 onto the plane P with equation x+y+z-1 = 0. Calculate the images A’, B’, C' under
this projection of the vertices of the right-angled triangle ABC in R3, where A ° (2, 2, 2),
B° (1,2 2 andCF®° (2, 1, 2), and find the angle between A’'B’ and A’C’.  [8 marks]

Suggest a suitable transformation from P to a screen with 400 x 300 pixels which
displays A’B’C’ near the centr e of the screen. [7 marks]



(4)

()

(@

(b)

(@

(b)

The Bernstein polynomials are defined by
Bin(t) = (")(@A-t)"t forO£i Enand 0 £t £ 1; and B;(t) = 0 otherwise.

Prove the following:
(I) Si:on Bi,n(t) = 1,
(i) Bin(t) = (1-t)Bina(t) + tBi-yna(t). [8 marks]

A quartic Bezier curve B = B(t) has control points
bo© (0, 2),b;° (4, 2),b,° (6,6),bs° (8,2),b,° (12, 2).

Evaluate the point B(¥2) in two ways.
()  Substituting t = %2 into the defining equation of the Bezier curve,
(i)  Applying the de Casteljau agorithm.

Make a sketch illustrating the points derived when applying the de Casteljau
algorithm, including your best attempt at B(t).

If the curve B is subdivided at t = Y2 into two quartic segments By« and Byign, What
are the control points for these two segments? [12 marks]

Let T =[to, ty, ..., tn] be aknot vector withto <t; < .. <tp.
The B-spline basis functions Niq of degree d determined by T are defined
recursively by

Nio(t) = Lwhent £t < t,1, and Nio(t) = O otherwisg;
Nij(t) = ((t-t:)/(tiag=t))Ni 2 (t) + ((tisor=t)/ (tisjoa-tion) )Nisa na(t)
foradl 0Ej£dandO£i £ m-1-j.

Prove, for j > 0, that Nij(t) = Ofor al tT (-¥, t]E [tisj1, ¥). [10 marks]
Letd=2andlet T=[0, 1,2, 3,4, 5,6, 7].

Evaluate the basis function No(t) and verify that it is differentiable
at=1andatt=2. Sketch the graph of Noa(t). [10 marks]



