Introduction

We do propositional logic for 6 weeks (truth tables, semantic tableau, resolution), and
then do predicate logic (e.g. $x (p(x)Uq(x))) and alittle Prolog. Four applications of the course:
|: Software correctness — formal methods and logic. (a) Program verification: program ® an
equivalent logic form in which we can prove properties.

Example: if X then emit A dse emit B goes to (XUA)U@XUB). (b) Program
specification: we specify a program using logic. Example: BUTTON ® (LIGHT A U
LIGHT_B) goesto if BUTTON then emit LIGHT _A; emit LIGHT _B;. Il: Prolog and Deductive
Databases (facts, rules, ?questions). I11: Circuit Design (specify using logic; reason; simplify).
IV: Automated Theorem Proving.

Propositional Loqgic

(1) <formula> ::= p, wherep 1 P, and p is an atom while P is the set of propositional
letters. (2) <formula> ::= @(<f>). (3) <f> = (<f>)U(<F>). (4) <f> = (<f>)U(<f>). (5) <f> =
<f>® <f>. (6) <f> ;1= <f>« <f>, Operators. @ (not), U (or/dioint), U (and/conjunct), ®
(implies), « (equivalence). F is the set of formulae that can be derived from this grammar.
Examples: p, Dp, pUq, pUq, ...

Consider the expression (pUg)® (rUs). Derivation: (1) <f>. (2) <f>® <f> by rule 5. (3)
(<f>U<f>)® <f> by rule 4. (4) (pUg)® <f> by rule 1. (5) (pUg)® (<f>U<f>) by rule 3. (6)
(pUg)® (rUs). The derivation tree and the formation <f>

tree are as shown on the right. Note that in the / \ ®
formation tree, we replace <f> by its child that is an / \\® \ U/ \u
operator or an atom. We then do In Order traversa ((<f> U <f>‘ (/f> () <f>) VAN
of the tree: visit LEFT subtree, visit root, visit RIGHT | P g rs
subtree. CEENC “
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Definition: A truth assignment is a[a V(A) V(A2 V(A)

functionv: P® {T, F}, i.e. v assignsone| g A, T F
of the truth values T or F to every atom, | @A, F T
e.g. v(p) =T, or v(q) = F. Definition: The A, UA, E = E
assignment v can be extended to a|p, Ua, otherwise T

functionv: F® {T, F} mapping formulae
to truth values by the inductive definition
in the table shown on the right. Note that v
is an interpretation. AB® A, (T F
A® A, otherwise

Definition: Let Ay, Az T F. If v(AD)|Ar« Az | V(A) = V(A,)
= v(A,) for dl interpretations v, then Ay is[ A1« _As | V(A1) * V(A2
logically equivalent to A,, written A; © A,. Q: IspU(qUr) © (pUg)Ur? A: If v(p) = F, v(q) = T and
v(r) = T, then v(pU(qUr)) = FU(TUT) = FUT = F, but v((pUg)Ur) = (FUT)UT = FUT =T.

A UA, T T
ALUA, otherwise

‘4 ﬂ"ﬂ —
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Theorem 1.1: A; ° A, iff As « A, inevery interpretation. Note: ‘°" is English, while ‘« ’
is aboolean operator. Proof (P ): if A1 ° Asthen A; « A, Supposethat A; ° A, and that visan
arbitrary interpretation. By the definition of logical equivalence (°), v(A1) = V(Ay). By the table
on the previous page, then v(Ai« A) = T. Note that v was arbitrary, so that v(Ai1« A,) =T in
all interpretations.

Definition: A is a subformula of B if the formation tree for A occurs a /®&
a subtree of the formation tree for B. A is a proper subformula of B if A isno /w U
identical to B. As an example, consider the formation tree of (pUg)® (rUs) & | / H \\ . ‘
shown on the right. The red circles show potential (proper) subformulas. (\p ‘\qjﬁ*i ) S/

Definition: If A isasubformula of B, and if A’ isany formula, then B’, the substitution of
A’ for A in B, denoted by B{ A—~ A’}, isthe formula obtained by replacing all occurrences of the
subtree for A in B by the tree for A’. Example: B = (p® g)« (Zp® @q), A = p® g, A’ = @pUQq:
B’ = B{A- A’} = (@pUBq)« (Tp® D).

Theorem 1.2: Let A be asubformula of B, and let A’ beaformulasuchthat A °© A’. Then
B° B{A- A’}. Example: B = (pUg)U(sUt), A = pUg, A’ = qUp: B’ = B{A- A’} = (qUp)U(slt),
with B © B’. Now consider the logical equivalences below, where ‘false’ is a shorthand for
pUZp, and ‘true’ is a shorthand for pUdp. Further, A — B stands for nor, @(AUB); A - B
stands for nand, @(AUB); and A A B stands for XOR, (AUZB)U(@A UB).

AUtrue® true AUtrue® A A° GDA AUB° BUA AUB ° BUA
AUfalse® A AUfalse® false A° AUA A° AUA A« B°B« A AAB° BAA
A® true® true  true® A° A AUZA© true  AUDAC false(4) A-B° B- A A" B°B A
A® false® JA false® A° true A® A ° true A® B° JB® GA

A« true® A AAtrue® @A A« A° true AAA© false

A« false® @A  AAfalse° A DGA° A- A GA° A A

AU(BUC) ° (AUB)UC AU(BUC) ° (AUB)UC A« B° (A® B\UB® A) AAB° Z(A® B)UB® A)

A« (B« C)° (A« B)x C AABAC)° (AAB)AC A®B° @AUB (3) A® B° @(AUDB)

A- (B-C)° (A-B)-C A (B C°(AB)C AUB ° @(BAUDB) AUB ° @(GAUDB)
(de Morgan) (de Morgan)

AUBUC) ° AU(BUC) ° AUB° GA® B AUB ° @(A® ZB)

(AUB)U(AUC) (2) (AUB)U(AUC) (1)

AUAUB)° A AUAUB)° A A®B° A« (AUB) A® B ° B« (AUB)

AUB° (A« B)« (AUB) A« B° (AUB)® (AUB)

_ Examples (1) pi@pUc) ° (pUp)U(pUa) (by (1) ° (false)U(ple) (by (4) ° pla. (2
pU(BpU(qUp)) ° pU((@pUa)U(@pUp)) (by (1)) °© pU(@pUa) °© (pUdp)U(pUa) °© pUd. (3)
Consider the diagram shown on the right. We could have the code ‘if X x Light
then Light on; if Y then Light off;’, or the logic =
(X® Light)U(Y® @Light). Now (@XULight)U(@Y UBLight)UXUY (by (3), Y
° ((@XULight)UaY) U ((@XULight)UBLight)UXUY (by (1)) © ((@XUBY)U(Lightuay)) U
(@XUdLight) U  (LightUBLight)lUXUY  © [(@XUBY)U(LightUY)UXUY] U
[(@XUBLightUXUY)] ° [((ZXUBY)UXUY)U(LightUZY UXUY)] ° false.
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Definition: A propositional formula A is satisfiable iff v(A) = T for some interpretation v.

A satisfying interpretation is called a model for A. A is unsatisfiable/contradictory iff it is not

satisfiable, i.e. v(A) = F for al v. Q: Is pUgU(@pUdq) satisfiable? A: No — e.g. withv(p) = T
and v(q) = T, we have TUTU(FUF) = F.

Definition: A isvalid, written=A (‘=’ = ‘double turngtile’), iff v(A) =T for al v (A isa
tautology). A is not valid, or falsfiable, #A, iff it is not valid, i.e. v(A) = F for some v. Q: Is
pU(qUr) vaid? A: No — to see this, set v(p) = Fand v(q) = v(r) = T.

Theorem 1.3: (a) A isvalid iff DA isunsatisfiable (valid: v(A) =T for al v; unsatisfiable:
V(DA) = F for al v). Proof. (P ) If A isvalid then DA is unsatisfiable. Consider an arbitrary
interpretation v. v(A) = T iff v(@A) = F. Alisvalid (A istruein all interpretations) iff JA isfase
in al interpretations — so JA is unsatisfiable.

(U) If @A is unsatisfiable, then A is valid. If @A is unsatisfiable, then V(@A) = F for an
arbitrary v. Further, v(dA) = F iff v(A) = T. Since v is arbitrary, then @A is fase in all
interpretations iff A istruein all interpretations, i.e. A isvalid. End of Proof. (b) A issatisfiable
iff DA isfalsifiable.

Definition: Let U be a set of formulae. An algorithm is a decision procedure (DP) for U
if given an arbitrary formula A T F, it terminates and returns the answer ‘yes if AT U, and
returns ‘no’ if AT U. Truth tables as DP's: satisfiability (a‘T’ in the RHS), validity (all ‘T’ in
the RHS), and inefficiency: natloms b 2" rowsin the truth table.

Q: Is A valid? A: Apply DP for satisfiability to @A. Refutation: If DP reports QA is
satisfiable, then A is not valid — and if DP reports @A is not satisfiable, then A is valid.
Definition: A set of formulae U = {A4, ..., A} is (Smultaneoudly) satisfiable iff there exists an
interpretation v such that v(A,) = ... = v(A,) = T. The satisfying interpretation is called a model
of U.

U is unsatisfiable iff for every interpretation v there exists an i such that v(A)) = F.
Example: U = {p, @pUg, qUr}. Now v(p) = T, v(g) = T and v(r) = T satisfies every formula —
so U is satisfiable. Example: U = {p, @pUq, qUr, @p}. Not satisfiable: v(p) = T means that
v(9p) = F, and v(dp) = T means that v(p) = F.

Theorem 1.4: Let U ={A,, ..., An}. () If U issatisfiable, then soisU—{Aj} forany 1 £
i £n. (b) If U is satisfiable and if B is valid, then UE{B} is satisfiable. (c) If U is unsatisfiable,
then for any formula B, UE{B} is also unsatisfiable. (d) If U is unsatisfiable, and for some 1 £ i
£ n A isvadlid, then U—{Aj} isunsatisfiable.

Definition: Let U be aset of formulae{ A, ..., An}, and let A be an arbitrary formula. A is
a logical consequence of U if every truth assignment v making U true also makes A true.
Notation: Ay, ..., AL A.



Consider U ={p, @q}, and let A = (pUnNU(@qUBr). IsU = A? Now v(p) = T and v(g) = F

P A= (TU)WTUGr) = TUT =T, sothat U A. Now consider U = {p, @q}, and let B = @pUr.

IsUEB?Nowv(p) =Tandv(g) =Fb B=FU =F, sothat Uk B. Theorem 1.5: U A iff=
AUALU..UA,® A E = valid).
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Tutorial 1

(1) Are the following formulae true or false under the assignment v(p) =T, v(q) = T, v(r)
=T, v(9 = F v(t) = F and v(w) = T? (8 pUg; (b) Z(pUa); (c) (pUBqU(rUZs); (d)
(PU) U(rUds)® (tUsUq); and (e) (pUBq)U(ruds)« (tUaw). A: (&) T; (b) F; (¢) T; (d) FUT® T
givesT; (e) T« FgivesF.

(2) For each of the following formulae, define one assignment that makes the formula
true, and one assignment that makes the formula false: (&) pUg; (b) (p® (sUr)); (c)
(P® (sUn)U(g« ((tUs)Ur)); and (d) (p« q)UB((p® q)U(a® p)). A: (a) Truel v(p) =T, v(q) = F;
Fase v(p) =F, v(q) =F. (b) True: v(p) =v(s) =v(r) =T, Fase: v(p) =T, v(s) = v(r) = F. (¢)
True: v(p) =v(s) =v(r) =T, v(q) =v(t) =F, Fase v(p) =T, v(s) =v(r) = F, v(q) = F, v(t) = F.
(d) True: v(p) = v(q) = T; False: Not Possible (the formulais a tautol ogy).

(3) Are the following formulae logically equivalent? Either find an interpretation which
proves that they are not logically equivalent, or show that they evaluate to the same truth value
for all possible interpretations. (a) AUB © @(@AUB); (b) (AUBUC)) ° (AUB)UBUC); and (c)
A® B° @AUB. A: (a) Show using atruth table that LHS = RHS in all cases. (b) With v(a) =T,
v(B) = Fand v(C) = F, wehave LHS =T, but RHS = TUF = F — so not logically equivalent. (c)
Aswith (a), use atruth table to show that logical equivalence holds.

(4) Use logical equivalences and substitution to simplify the following formulae as much
as possible: (a) (pU(qUdp)); (b) (pU(qUdp)); and (c) (p® q)U(Da® r)Uar. A: (&) (pU(qUdp)) °
(PU)UEUBP) © (PUYUT ° pla. (b) (PUEUBP) ° (pUgUpUp) ° pla. (o)
(P® QU(Ba® NUSr °  (GpUg)U(qunUadr © (GpUag)U((qUanu(rudr)) ° (Gpugu(qudr) °
(DpUquUBrU(quguadr) ° (GpUqudn)U(quadr).

(5) Prove the validity of each formula D below by showing whether or not @D is
unsatisfiable:  (a) (A® B)JUB(DAUB); and (b) (A®B)UW@AUB). A: (8 @D =
D((A® B)UB(DAUB)) ° D((A® B)U(AUDB)). If we consider all the different choices for v(A)
and for v(B), then v(@D) = F in all cases, meaning that D isvalid, e.g. for v(A) =v(B) =T, we
have @D = @(TU?) © @T ° F. (b) @D = B((A® B)J(DAUB)). Here, if we take v(A) = T and
v(B) = F, then v(@D) = @(FU(FUF)) © @F = T. Conclusion: D is not valid.

(6) With regards to the formulae of question 2, (a) which of these formulae are satisfiable,
and (b) which of these formulae are valid? A: All are satisfiable; only (d) is valid. (7) Which of
the following sets of formulae are satisfiable: (a) {pUag, pUar}; (b) {p, pUg, rUBq, @r}; and (c)
{p, pUg, DpUdq}. A: (a) v(p) = v(q) = T, v(r) = F satisfies all the formulae. (b) v(p) =T, v(r) =
v(q) = F satisfies all the formulae. (c) Not satisfiable.



(8) Which of the following are logical consequences of { pUq, pU@r}: (a) pUa; (b) pUr; (c)
pUs; and (d) pUs. A: Let U = {pUqg, puDr}. v(p) = T, v(r) = F and v(q) = T is the only
assignment that satisfies U. (a) If v(p) = T, v(r) = Fand v(q) = T, then pUq = T, OK. (b) If v(p) =
T, v(r) = Fand v(g) = T, then pUr = F, so not alogical consequence. (c) If v(p) =T, v(r) = F and
v(g) =T, thenpUs=T for all s, so OK. (d) If v(p) =T, v(r) = F and v(q) = T, then pUs = F if v(9)
=F, so not alogica consequence.

(9) The following are al true statements concerning a murder mystery. Convert to
symbolic form and determine who murdered Lord H. (&) Lord H, the murdered man, was killed
by a blow to the head with a brass candlestick. (b) Either Lady H or the maid was in the dining
room at the time of the murder.

(c) If the cook was in the kitchen at the time of the murder, then the butler killed Lord H
with the poison. (d) If Lady H was in the dining room at the time of the murder, then the
chauffeur killed Lord H. (e) If the cook was not in the kitchen at the time of the murder, then the
maid was not in the dining room when the murder was committed. (f) If the maid was in the
dining room at the time the murder was committed, then the wine steward killed Lord H.

A: Information gathered from the text above (by converting each statement into a
propositional logic formula): (a) p (p = killed with candlestick); (b) qUr (q = Lady H in dining
room; r = maid in dining room); (c) S® t (s = cook in kitchen; t = butler kills with poison); (d)
g® u (u = chauffeur kills); (e) @s® @r; (f) r® v (v = wine steward kills). More information: there
was one method of murder so that @(pUt), and there was only one murderer so that
@(tUu) UZ(tUv) Ua(ulv).

If U={p, qUr, ®t, q® u, @® @r, r® v, @(pUt), B(tUu)UB(tUv)UB(ulv)}, then we ask
whether U = t, U = u, or U = v. Recall that U = B iff A;UALU...UA® B isvalid. Firstly, we ask
whether U = t? Now A;U...UA,® B is only false if we have T® F. So we set v(t) = Fand try to
satisfy A;U...UA,. Looking at the equations, we see that v(p) = T, v(s) = F, v(r) = F, v(q) = T,
v(u) =T and v(v) = F satisfies all equations, so the Butler did not commit the murder.

Similarly, if we ask whether U = v, then we find that this cannot happen if we set v(v) = F
and letv(p) =T, v(r) =F, v(t) = F, v(s) = F, v(r) = F, v(g) = T and v(u) = T to satisfy A,U...UA..
Finally, to find out whether we have U = u, we set v(u) = F and try to satisfy A;U...UA,. But we
cannot do this (there is a contradiction), so indeed we have shown that U = u — and that the
chauffeur killed Lord H.
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Alternative solution: manipulate A U...UA: p U (s®t) U(@s® @r) U(qUr) Ug® uU r® v
U (extra) (where (extra) denotes the extra rules we deduce (e.g. only one murderer)) © p U
(@sUt) U (sU@r) U (qUr) U (@gUu) U (@rUv) U (extra) ° ((pUds)U(pUt)) U (sUzr) U (qUr) U
(@qUu) U (@rlv) U (extra) © ... ° pUZsUdrUguu(@rUv)U(extra) ® u.




Binary Decision Diagrams

A BDD for aformula A is a rooted directed binary acyclic graph. Each nonterminal is
labelled with an atom, and each leaf is labelled with a truth value. No atom appears more than
once in a path from the root to a leaf. One outgoing edge is the false edge and is denoted by a
dotted line; the other outgoing edge is the true edge and is denoted by a solid line.

With each path from the root to a leaf is associated an assignment to the atoms of A.
Assign F to the atom if the false edge is taken from the node labelled by the atom, and assign T
Is the true edge is taken. The leaf gives the value of A under this assignment. The path need not
include all the atoms in A, but it must include assignments to enough atoms to enable the value
of A to be computed.

The Reduction Algorithm. Input: An ordered binary decision diagram bdd. Output: An
ordered binary decision diagram in reduced form. Algorithm: If bdd has more than two distinct
leaves (one labelled T and one labelled F), then remove duplicate leaves and direct all edges that
point to leaves to the single remaining leaf for each truth value. Then perform the following steps
for aslong as possible:

(1) If both the false and the true edges of a node labelled v; point to the same node
labelled v;, delete this node v; and direct vi's incoming edge(s) to v;. (2) If two distinct nodes are
the roots of identical sub-BDDs, delete one sub-BDD and direct its incoming edges to the other
node. Examples on the application of (1) and (2) are shown below. Note that there is also an
Apply Algorithm for combining two OBDDs, but thisis not examinable.

Application of (1):

Consider pU(qUr) / @ ) @

v(p/(//(p) =T>@ both outgoing b
edgesgo to F
0 \@ N

Definition:  The  appiication of (2):
ordered sequence of
aoms labeling the
nodes on a path is called
an ordering of the
aoms. A st of ((y)
orderings {0y, ..., O} is -
compatible iff there are [ [F| |
noatomspandp st.p —
comes before p’ in o, and p’ comes before pin g, withi  j. In Diagram A, we have orderings
(p, ), (p, 0, 1), (p, g, 1) and (p). Definition: An ordered BDD (OBDD) isaBDD st. the set of
orderings of the atoms of all pathsis compatible. Diagram B isan OBDD.

/




Theorem 1.2 (Bryant): The agorithm reduce is correct — it returns a reduced OBDD
that is equivalent to the OBDD in the input, in the sense that they give the same value to each
assignment. For a given ordering of atoms, the reduced OBDD’s for logicaly equivalent
formulae are structurally identical.

Properties: (1) A formulais satisfiable iff aboxed ‘T’ appears in the reduced OBDD. (2)
A formula is valid iff its OBDD is simply a boxed ‘T". (3) A formula is unsatisfiable iff its
OBDD issmply aboxed ‘F'. (4) A © B if their OBDD’ s are structurally identical. Theorem 2.2
(Bryant): The OBDD for the formula (p.Up,)U...U(p2r.1Upzn) has 2n+2 nodes under the ordering

P1, ..., P2n, and has 2™ nodes under the ordering pi, Pret, P2, Pre2, +--r Pry Pn.
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Semantic Tableau

Definitions: (i) A literal is an atom or the negation of an atom. (ii) An atom is a positive
literal and the negation of an atom is a negative literal. (iii) For any atom p, {p, 9p} is a
complementary pair of literals. (iv) For any formula A,
{A, DA} is a complementary pair of formulae. (v) A isthe

complement of @A, and DA is the complement of A. Note: gz le =
Literal = p or @p, Atom = p. AUA, A, A,
B(AUA,) | @A, @A,
The‘a’ and ‘b’ tables (conjunct and disjunct tables) G(A® A7) | Ax DA,

associated to the forthcoming algorithm are as shown onthe A Az |A® A, |A® A
right. Examples: a: @(AUA,) ° (BAUDA,): D(A® A,) °

B(@AUA) ° AUDA,. b: @(b:Uby) ° @b,UdDb.,. Z(B UB,) ng ;25
Algorithm: The Construction of a Semantic Tableau. 510,132 ? B, ' B, i
Input: A formula A of the propositional calculus. Output: A g @ B, @B, B.

semantic tableau T for A, al of whose leaves are marked. @(Bi« By) | B(B:® B,) | G(B® By)

A semantic tableau T for A is a tree, each node of which will be labelled with a set of
formulae. Initidly, T consists of a single node, the root, labelled with the singleton set {A}. The
tableau is built inductively by choosing an unmarked leaf | labelled with a set of formulae U(l),
and then applying one of the following two rules. The construction terminates when all leaves
are marked with either a“‘x’ ora‘@’.

(1) If U(l) isaset of literals, check to see if there is a complementary pair of literals in
U(l). If so, mark the leaf as closed, ‘<’ — and if not, mark the leaf as open, ‘®’. (2) If U(l) is
not a set of literals, choose a formula in U(l) which is not a literal. (@) If the formula is an
a—formula, create anew node I’ as a child of |, and label I’ with U(I’) = (U()—{a})E{a., a}.
Note that in the case that a is =—A, then there is no a.. (b) If the formulais a b—formula, create
two new nodes I’ and I’ as children of |. Labe I' with U(I’) = (U()—{b})E{b.}, and label I’
with U(I"") = (U()—{b})E{b.}.



Let us first consider two examples in which we treat things informally. Example 1: Let A

° pU(@qUdp). Now v(A) = T iff v(p) = v(@qU@p) =T, iff v(p) = Tand v(@g) = T,orv(p) = T
pU(@a02p) (UaUepteg  and v(Dp) = T. First case: {p, Da}, OK. Second case: {p, Qp},

» oz ooz Mot OK. Example 2: Let B ° (pUa)U(@pUda). Now v(B) = T iff
/ \@ @ v(puUq) = v(BpuUdq) =T, iff v(Bp) =T, v(Bq) =T and v(p) =T, or
Poa R %U}@pbfq v(@p) = T, v(@q) = T and v(q) = T. In both cases ({@Dp, B4, p}

p.2p.2a  G20.20 and {p, Dq, q}), we cannot satisfy the list of formulae. Using the

" * agorithm, we could build up diagrams as shown on the left.

Let us now consider some more examples. Note that in the first example, we shall draw
the diagram more formally than is usual. (1) (pUq)U@a, (2) (pUBp)Ug, (3) (pUBp)Ua, (4)
(PUg)U(@pUBq), and (5) (more complicated) ((pUdq)U(ruds))® (tUsUr).

(1) u@) = {m} ) ®UZP)Ua (3) (PUZp)Ug (4) (pUgU@pUe) (5  ((pUBGUIUZe)® (tUslr)
u@) = {pUlq gc;} TJDILDQ pﬁa{ q  pUd 2l WJ@T)U(TU@%)) Usr
(U()—{b})E {bz} (U(l)—{b}E{bz} pq/ gpéq p,‘@p @ p, 0, ZpUTq @(pU20), B(rugs) é/ EYj
an'Zl oqxiz % D q,xgé }q 29 @p /@(ru\@s)\@'@'_ j_(i&)\\g r
@p, & @p, BT  q AU
° | /N

@p,s 0,9r q 90s
(O]

° |
as
©

Definition: A tableau whose construction has terminated is called a completed tableau. A

completed tableau is termed closed if all leaves are marked closed. Otherwise (i.e. a leef is
marked open), it is termed open.

Assignment 1: Set 19/2: In 5/3; Back 15/3

(1) (&) Prove whether the formulae below are satisfiable or otherwise. Based upon your
results, determine whether the negation of each formulais valid. (i) @[(A« (AUB))UZ(A® B)],
(i) [(AUBUC)U(B(AUB)UAUC))]. (b) Prove that @(DpUd(qUr)) © pUqUr. (c) Prove that
(b« (g« ) © p. (d) Prove that (p® @a)U(qU(pUnN)U(@r« p) © @pUqur. (€) Prove that A is
satisfiable iff DA isfalsifiable.

A: (a) (i) Let X be the formula in question. If v(A) = F, and if v(B) = T, then v(X) =
[ (F« (FUT))UB(F® T)] = O[(F« T)UB(T)] = G[FUF] = T. This proves that X is satisfiable.
Using part (a) of Theorem 1.3 (A isvalid iff @A is unsatisfiable), then @X cannot be valid as we
have found a truth assignment that satisfies @X = X. (ii) Let Y be the formula in question. If
VA) = F, v(B) = F and v(C) = T, then v(Y) = @[(FUFUT))U@(FUF)UFUT)]
G[(FUP)U(D(F)UFUT)] = G[FU(TUFUT)] = @[FUF] = T. This proves that Y is satisfiable. Asin
the above, we can therefore say that @Y isnot valid.



(b) LHS° @(@pUd(gqUr)) °© @(@pUaquar) °© @@pUa(@quar) © pUadquadr © pUgUr ©
RHS. (c) LHS® (p« (g« q)) © (p« T) © p°® RHS. (d) LHS® (p® Ga)U(qU(pUn))U(Dr« p) °
(@pUZe) UaU(pUn) U(@r® pUp® @) ©  (@pUg)U(qUp)UaUn)U((rdp)U@pler) — ©
(@pUga) U (qUp) U (qUn) U (rUp) U (@pUen) ° [((@pUga)Ua)U(@pUgg)Up)] U (qUr) U (rUp) U
(Gpuar) ° [(GpUg)U(Gqup)] U (qur) U (rtUp) U (GpuUdr) ° ([{(GpUa)U(Dqup)}Ua] U
[{ (@pUg) U@qUp)} Ur]) U (rUp) U (@p0ar) © ([{ (@pUa)}] U [{ (@pUaln) U@qUpln}]) U (rp)
U (@pUadr) ° [(FpUag) U (GpUgur) U (3qUpUr)] U (rup) U (GpUdr) ° [(DpUgUr) U (GpUguUr) U
(@qUpUn] U [@qUpUr] U (@pU2r) © ((3pUqUr) U (BqUpUr)) U (BpUr) © (@pUqUr) © RHS.

(e) If. If A is satisfiable, then there is an assignment of truth values such that v(A) = T.
But if v(A) =T, then v(JA) = F, and so the same truth assignment falsifies @A — and so DA is
falsifiable. Only If. If DA is falsifiable, then there is an assignment of truth values such that
V(DGA) = F. But if v(dA) = F, then v(@BA) = v(A) = T, and so the same truth assignment
satisfies A — and so A is satisfiable.

(2) (a) Define an interpretation which makes the set of formulae { pUg, @qUr, rU(@pUs)}
simultaneously satisfiable. (b) Prove the following: { ((® (pU(G® p)))UB(p® q))} |= (pUD0). ()
Prove the following: {p® q, q®r, Dr« s, s} |= Dp. (d) Prove that if a set of formulae U is
satisfiable, and if aformulaB isvalid, then UE{B} issatisfiable. (€) Let U ={A,, .., A;}. Prove
that U |= B iff |= A,UA,U...UA,® B.

A: (a) Theinterpretation v(p) = v(q) = v(r) = v(s) = T sufficesto satisfy all the formulae in
the set. (b) Method 1: By considering all the possible truth assignmentstop and qinturn (i.e. T,
T, T,F F, T and F, F), we check that whenever the formula in the set is T, then the formula
(pUD0) istrue as well. For example, when v(p) = v(q) = T, then v((q® (pU(g® p)))UB(p® q)) =
(T® (TU(T® T))UG(T® T)) = (T® (TUT)UGT = (T® T)UF = TUF = T. Then as v(pUBq) =
TUGT = TUF =T, then { ((q® (pU(a® p)))UB(p® 0))} |= (pUBq) holds in this case.

Method 2 (use in an exam!): LHS = ((a® (pU(a® p))UB(p® q)) °
((ZaU(pU(BqUp)))UB(DpUag)) (using A®B ° BAUB) ° (BqUpUdqUp)U(pUda) (using a
derivative of de Morgan's law) © @qUpU(pUda) ° (pUa)U(pUdag) ® (pUdq), so that we can
use Theorem 1.5 to say that { ((q® (pU(g® p)))UB(p® q))} |- (pUDdq). QED.

(c) Method 1: Looking at the set of formulae, we see that in order to satisfy the set of
formulae, the last formula implies that we must have v(s) = T, the second last formula then
implies that we must have v(r) = F, the third last formula then implies that we must have v(q) =
F, and then the first formula implies that we must then have v(p) = F. So because the only
interpretation that satisfies the set of formulae isv(s) = T and v(r) = v(g) = v(p) = F — and
because this interpretation satisfies @p, then we have proved that {p® q, q® r, Dr« s, s} |= Dp.
QED.

Method 2 (used in the solutions): By Theorem 1.5, { A1, A, ..., A} |= A iff A;UALU...UA,
® A. So we manipulate A;UAU...UA, in this case (p® q)U(a® r)U(@r« s)Us, to get
@pUBqUBrUs, which implies @p (i.e. @pUBqUarUs ® @p), and so because we have shown that
(P® QU(O® NU(@r« s)Us® @pUdquarUs® @p, then the result we want holds. QED.



(d) If U is satisfiable, then there is an interpretation that satisfies all the formulae in U.
Because B is vdlid, then the interpretation that satisfies U will also satisfy B. It follows that
because there is an interpretation that satisfies U and B, then UE{B} is satisfiable. QED.

C.J. Rudall’s answer: Let U ={A, ..., A}. If U is satisfiable, then there existsa Vv’ such
that V' (A1) =V (A2 =...=V'(Ay) =T.If Bisvalid, then v(B) =T for every possiblev. Let v be
arbitrary such that v(B) = T. (i) Let v’ and v assign truth values to digoint sets of atoms. It
follows that v’ can be extended to include v, and now v’ (A1) =V (A2) =...=V'(A) =v'(B) =T,
and so by the definition of simultaneous satisfiability, UE{B} is satisfiable.

(ii) Consider the situation in which every atom given atruth assignment in v is also given
oneinV’': because v(B) = T for every possible v, then it follows that v'(B) = T, and so V' (A,) =
V' (A) = ... =V (A,) =V (B) =T, so that (by definition) UE{B} is satisfiable. (iii) Consider the
situation in which only some atoms given a truth assignment in v are given a truth assignment in
v'. Extend v’ to include those assignments of v not already given in v’ — then asv(B) = T for
every possible v, then v'(B) = T — and so, with v’ (A;) =V’ (A,) = ... =V'(A,) = T, we note that
UE{B} is satisfiable by definition. (iv) Consider the situation in which every atom given a truth
assignment in v’ isalso given onein v — we treat this situation like we treated situation (ii).

(e) If. If U = B, then every time that U is simultaneoudly satisfiable, we must have v(B) =
T. But every time that U is simultaneously satisfiable, it follows that v(A;UAU...UA,) = T. So
because every time that v(A;UA,U...UA,) = T we have v(B) = T, it follows that A;UA,U...UA, ®
B is always true when v(A;UA.U...UA,) = T. But because in any other situation AiUA,U...UA,
® B isawaystrue (i.e. because F ® ? =T, where the F comes from the situations where the
interpretation v makes at least one of the A;’s false, so that v(A1UA,U...UA,) = F), then it follows
that A,UAU...UA, ® B isvalid.

Only If. If A;UAU...UA, ® B is valid, then v(A;UA,U...UA, ® B) is never false. But
because v(AUAU...UA, ® B) isonly ever false when v(A;UA,U...UA,) istrue and when v(B) is
fase, then whenever v(A,UALU...UA)) is true, then we must have v(B) = T as well. But if
V(A;UAU...UA)) is true, then all the A; (1 £ £ n) must be true so that U is simultaneously
satisfiable. We have therefore found that whenever U is simultaneously satisfiable, it follows
that we must havev(B) =T. It follows that U = B. QED.

(3) (& Using Ordered Binary Decision Diagrams (OBDDs), prove that the following
formula is wvalid (all stages of the reduction process should be shown):
(p« QUB((p® q)U(g® p)). (b) Using OBDDs, prove that the formula @(@pud(qur)) is
equivalent to the formula pUqUr. All stages of the reduction process should be shown. (c)
Bryant states that the OBDD for the formula (p.Up2)U...U(p2n.1Up2n ) has 2n+2 nodes under the
ordering p, ..., P2n, and 2™* nodes under the ordering pi, Pne1, P2, Pre2, --+» Pry P2n. Show that the
first part of this theorem is true for the formula (pUqg)U(rUs). All stages of the reduction process
should be shown.



A: (@) The diagram is as shown on the (p)
right. Notes: we first draw the initial OBDD for vg=rvp=1
the formula in question, writing down the @
calculations for the truth values below the diagrar E
(not shown here). We then apply the reduction
algorithm, the first step being to draw a diagram with asingle boxed ‘T’ and a single boxed ‘F'.
We then go on to simplify as shown. Because the OBDD for the formula consists simply of a
single boxed ‘T’ then it follows that the formulais valid. QED. Tip: Always show all stages of
the reduction process, i.e. don’'t be tempted to combine two or more stages onto one diagram.

(b) In this question, we draw a diagram for each formula, smplify or reduce the diagrams,
and because the reduced diagrams are identical, we conclude that the formulae are equivalent.
(c) Consider the formula (pUg)U(rUs) under the ordering p, g, r, s. We have an initial diagram as

(p) p) shown on the left, and after reduction (including
V(p/il(p)=T>:q> b removing identical sub-BDD’s), we are left with the

g

/ 19) second diagram on the left. As you can see, there
are 6 nodes in our reduced diagram (including the
/ / @ boxed ‘T’ and the boxed ‘F’). This agrees with

Bryant's theorem in that we were dealing with the

\@ formula (pUg)U(rUs) so that 2n = 4, and so 2n+2 =
E

6, which agrees with our diagram. QED.
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Soundness and Completeness of Semantic Tableaux

Let T be a completed tableau for a formula A. Theorem 3.1 (Soundness): If T is closed
then A is unsatisfiable. Theorem 3.2 (Completeness): If A is unsatisfiable then T is closed.
Proof of Theorem 3.1. We will prove a more general theorem. Consider a subtree T rooted at n.
We'll prove: if the subtree closes, then U(n) is unsatisfiable. Soundness is the special case
where n isthe root.

Proof by induction on the height h of the node nin T. h = O, base case: n is a leaf. We
know that T closes so that U(n) must contain a complementary pair of literals, and therefore
U(n) is by definition unsatisfiable. Case h > 0: (a) An a rule was used, so that n hasachild n’" of
height h-1, U(n) = { A;UA2} E Uo, where U, is some set of formulae, and U(n') = { A1, A2} E Uo.

Inductive step: Assume that the theorem is true for n-1, i.e. that U(n') is unsatisfiable
since the subtree rooted at ' closes. Let v be an arbitrary interpretation. We know that v(A’) =
Ffor some A’ T U('). (i) A’ is A,, therefore (by definition) if v(A,) = F then v(A;UA,) = F and
s0 A;UA; T U(n). Since v was arbitrary, then U(n) is unsatisfiable. (ii) A’ is A, — same as (i).
(i) A’ T Uo. Now v(A’) =F, and A’ T U(n). Since v was arbitrary, then U(n) is unsatisfiable.
(b) ab rule was used (not proved).




Definition: Let U be a set of formulae. U is a Hintikke bi  be Right hend side path:
set iff (1) For all atomsp appearing in aformula of U, either pT P99 i), qogq, o o0
Uor@pl U; (2) Ifal Uisana- formula thena; 1 U anda p  qizq Leﬂhmdsdegéh ar a
T U3 Ifbl Uisab-formula, thenb, T U or b, T U. Al ?E (P02, p)
example is shown on the right (where the first set is not & b

Hintikka set and the second set is a Hintikka set). Further examples of valid Hintikka sets:
{pU(qUr), qUr, q, r}, { pU(qUr), p} and { (pUa)U(GpUda), pUa, GpUdaq, p, G0} .

Theorem 3.3: Let L be an open leaf in a completed tableau T. Let U = E; U(i), where i

runs over the set of nodes on the branch from theroot to |. Then U isaHintikka set.
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Theorem 3.4 (Hintikka’'s Lemma): Let U be a Hintikka set. Then U is satisfiable.
Proof: Let P = {1, .., pm} be the set of atoms appearing in all formulae in U. Define the
following interpretation for U asfollows: v(p) = Tif pT U, v(p) =Fif @p1 U,andv(p) =Tif p
I Uand @pl U. By condition 1 of Hintikka sets, we know that each atom is given only one
truth value.

Proof by structural induction: For any formula A in U, (@) If A isan atom p, then v(A) =
v(p) = T aswe know that pT U. (b) If A isthe negated atom p, then v(A) = v(@p) = T asDp 1
U. (c) If A is a, then by condition 2 of Hintikka sets, a1, a- T U. Inductive step: Assume that
v(ai) = v(a,) = T, then v(a,Ua) = T. Therefore, v(A) = T. (d) If A isb, then by condition 3 of
Hintikka sets, either by T U or b, T U. Inductive step: Assume that v(b.) = T or v(b,) = T, then
v(b,Ub,) = T. Therefore, v(A) = T.

Now recall Theorem 3.2: Let T be a completed tableau for a formula A. If A is
unsatisfiable then T is closed. Proof: We will prove the contrapositive (C® D; @D® @C). Let
T be a completed open tableau. Then by Theorem 3.3, U, the union of the labels of the nodes on
an open branchisaHintikka set.

By Theorem 3.4, U is satisfiable and a model can be found. A is the labelling of the root,
sothat AT U. Therefore, the model for U is also a model for A. So if T is a completed open
tableau for A, then A is satisfiable. Therefore, if A is not satisfiable, then T must be a completed
closed tableau.

Theorem 3.5 (Soundness and Completeness): If T is a completed tableau, then A is
unsatisfiable iff T isclosed. Corollary 3.1: A is satisfiable iff T is open. Proof: A is satisfiable
iff A is not unsatisfiable (by definition); iff T is not closed (by Theorem 3.5) ar_a

iff T isopen. Corollary 3.2: A isvalid iff the tableau for @A closes. Q(;p@aq)U(pU@q))
.. @(p® q), B(PUBaq)
Q: Is the formula (p® q)U(pUAq) valid? A: By showing that the b1 b

semantic tableau for the negation closes (as shown on the right), we prove thal P @, (pUc)
(P® q)U(pUBq) is valid. Note: when drawing a diagram, you can stof b, @q D, gq q

expanding a branch once you find a pair of complementary literals.
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Tutorial

(1) Which of the following are Hintikka sets: (a) {pU(qUr), r}; (b) {pU(qur), r, (qUr), p,
@r}; (©) {pU(aUr), r, (qUr), p, a}; and (d) {p® (qUr), p, B(p« q), p® g} A: (8) Not a Hintikka
set — p and gUr are not elements of the set. (b) Not a Hintikka set — the set contains a
complementary pair of literals r and @r. (c) Is a Hintikka set. (d) As p® (qUr) isin the set, then
we must have @p or (qUr) in the set. But thisis not the case, so we conclude that the set is not a
Hintikka set.

(2) For the sets in question 1 that were not Hintikka sets, add/remove/alter formulae to
make them into Hintikka sets. A: () Add (qUr) and p to the set. (b) Remove @r from the set. (C)
Add @p, (qUr) and r; remove p. We now have Q = {p® (qUr), @p, (qUr), r, B(p® q), p® q}. As
@(p« q) T Q then we must have @(p® q) or B(q® p) T Q. So add B(g® p) to Q, say. Now
P(q®p) T Q sowemust have g and @p in Q — so add them in to give Q = { p® (qUr), @p, q, T,
(qUr), D(p« q), D(O® p), p® g}. Now p® g1 Q so we must have @p or g in Q — which is OK.
Conclusion: Q is now a Hintikka set.

(3) Draw the completed semantic tableau for the following formula and construct the
@enuy Hintikka sets for each open branch: pU((q® r)Us). A: The tableau is as shown on the
. |eft. First branch: { pU((oq® r)Us), p}. Second branch: { pU((a® r)Us), (q® rUs, q®r,
P (q®\r ™ @q}. Third branch: {pU((oq® rUs), (®r)Us, g®, s, r}. (4) What interpretation
q@; satisfies the following Hintikka sets: (a) {pU(qur), (qUr), p, q}; (b) {D(pUglr),
q, S

r

-~

ga's r.s B(QUn), @q, p}. A (@ v(p) =T, v(q) =T, v(r) =2 say T; (b) v(p) = T, v(a) = F, v(1)
° =72 say T again.

(5) Prove that the formula pU(qUnU(gq® @p) is satisfiable by showing that a completed
tableau for the formula is open. Using the tableau, give al the interpretations which make the
formula true. A: The tableau is as shown below. The interpretation which makes the formula
trueisv(p) =T, v(r)=Tandv(q) =F.

(6) Prove that the following ©® pU(qu)t“J(q® ) © @Y« (qup)
completed tableau for the negation is m\(q@@p) Tq‘@( ) TQ‘J( "

. s N . ; - (qurn), pLla. 9q qup, O(p
closed: (pUa)« (qUp). A: The tableau is ne7 - | \
as shown on the right. From the tableau, p/ aq®2p pr, /q® gp P, q,/QJ(ng) a, p/ @(p\Uq)
we conclude that the formule p, g g p,éﬂp pr.@q pr.@ P4.2q P42 opdp 9P 29
(pUg)« (qUp) isvalid. X X ° X 8 * X )
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Resolution

Conjunctive Normal Form. Definition: A formula is in CNF iff it is a conjunction of
digunctions of literals. Examples: (@pUqUn)U(@qUr)Ugr is in CNF, (@pUqgUn)U((pUdg)Ur)Udr
isnot in CNF, (@pUgUr)Ug(@gUnUgr is not in CNF, and (BpUgUr) isin CNF.




Theorem 4.1. Every formula in the propositional calculus can be transformed into an
equivalent formula in CNF. Examples: p® q ° @pUg, and p« q° p® qUg® p. Proof: Perform
the following on A to turn it into CNF: (a) Use logical equivalences to eliminate all operators
except for negation, conjunction and digjunction.

(b) Push all negations inwards using de Morgan's laws, @(AUB) © @AUZB, and G(AUB)
° @AUDAB. (c) Eliminate double negations using the equivalence @@A ° A. (d) The formula
now consists of conjunctions and digunctions of literals. Use the following distributive laws to
eliminate conjunctions within digunctions: AUBUC) ° (AUB)U(AUC), and (AUB)UC °
(AUC)U(BUC).

Example: (Zp® 2O)@ (p® q) © B(@p® B)U(p® o) ° B(@BpUZ)U(@ple) (step (a)
now completed); © (Q@QpUQ@q)Q(QQUq), (step (b) now cqmplgzted); ° (QpUq)U(QpUq) (step
(©) nlowedtiompleted); ° (DpU(pUa))U(qu(GpUa)) ° (GpUdpUa)U(qUdpUa) (step (d) now
compl eted).

Definition. A clause is a set of literals which is considered to be an implicit digunction,
e.g. @pUgUr is written as {@p, g, r}. A unit clause is a clause consisting of exactly one literal,
e.g. Dp is written as {Jp}, a unit clause. A formulain clausal formis a set of clauses which is
considered to be an implicit conjunction. Example: (pUgUrn)U(pUdqUr) is written as {{p, q, I},
{p, Dq, r}}. Notice that the commas represent ‘U or ‘U depending on their position.

Example: For the formula (@qU@pUg)U(pUrUds) in CNF, the clause representing
(@qUdpUq) is {Dq, Dp, q}, the clause representing (pUrUds) is{p, r, @s}, and the clausal form
of the entire formula is {{@q, Dp, q}, {p, r, Fs}}. Corollary 4.2: Every formula in the
propositional calculus can be transformed into an equivalent formulain clausal form.

Notation: (a) Write the clauses with the delimiters ‘{* and ‘}’ removed, and (b) write the
clauses with negation as a bar over the propositional letter, e.g. p represents @p. Example:

{{Dq, Dp, a}, {p, r, s} } iswritten as{gpq, prs} .

Now if L isaliteral, then L¢ isits complement, i.e. if L = pthen L°=p, and if L =p then
L¢ = p. Lemma 4.3: Suppose that a literal L appears in some clause of S (where Sis a set of
clauses), but L° does not appear in any clause of S. Let S be obtained from S by deleting every
clause containing L. Then Sissatisfiable iff S’ is satisfiable (denoted by S~ S').

Example: S={paf, pa, ap} (= (pUqUaBr)U(pUBq)U(@qUp)). Take the letter ‘r':T appears
but r does not, so S’ = {pg, gp}. Case (a): Sis satisfiable. AsS 1 S, then S’ is automatically
satisfiable. Case (b): S is satisfiable. This means that there is an inter pretation which makes
v(pg) = v(gp) = T. So either v(p) = T and v(q) = T, which makes v(pcr) = T; or v(p) = F and v(Q)
= F, in which case v(pcr) depends on the value of v(r). Trick: in this situation, smply extend
S’sinterpretation by adding v(L) = T —i.e. we set v(r) = F so that v(pcfr) = T.
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Lemma 4.4: Let C = {L} T S be aunit clause. Let S’ be obtained from S by deleting

every clause containing L and by deleting L° from every remaining clause. Then S~ S.
Example: When S={r, pcf, pg, qp}, S ={pad, pg. ap} -

Lemma 4.5: Supposethat LT Candthat LT CforsomeCl S. LetS =S—{C}. Then
S~ S. Example: When S={ppq, qrs}, S ={qrs}. Lemma 4.6 Let C;, C,T SwithC, i C..
Let S =S—{C;}. Then S~ S'. Example: When S={pq, par, pdgr}, S = {pq, par}. Definition:
An empty clause is denoted by the symbol [, and an empty set of clauses is denoted by f.
Lemma4.7: f isvalid and O isunsatisfiable.

Exercises: Smply the following: (a) S = {pdr, par, §}, (b) S={par, s, gs, 3qp}, (c) S=
{pprs, ars, rs}, (d) S={s, g5, ar}. A: (&) S ={pdr, par} by Lemma 4.3 (s). (b) S = {pgr, qp}
by Lemma4.4; S’ =f by Lemma4.3 (p). (c) S = {os,ts} by Lemma 4.5 (p,p); S’ =f by
Lemma4.3 (s). (d) S ={q, ar} by Lemma 4.4 (s); S’ ={r} by Lemma44@); S’' =f by
Lemma4.4 ().

Resolution Rule. Let C, and C, be clauses suchthat L T C, and L¢T C,. The clauses C,
and C, are then said to be clashing clauses and are said to clash on L and L°. C, the resolvent of
C, and C,, is the clause C = Res(C,, C;) = (C—{L})E(C—{L%}). Note: C, and C, are the
parent clauses of C.

Example: C; = aac, C; = bce: as C, and C; clash on c and¢c, then it follows tha abe
C = Res(Cy, C,) = (abc—{c})E (bce—{c}) = abE be = abe. Example: If C, =pgranc / \
if C, = sqt, then Res(Cy, Cy) = prt. abc  bce

Theorem 4.8: The resolvent C is satisfiable iff the parent clauses C; and C, are mutually
satisfiable. Proof (P direction): If the resolvent C is satisfiable, then C, and C; are. Let v be an
interpretation which satisfies C, let L bein C;, and let L° be in C,. Then v(L’) =T for at least
oneliteral in C. By theresolutionrule, L’ T Cyandlor L’ T Co. If L’ T Cy (Smilarly for Cy), then
v(C,) =T, and neither LT Cor L¢T C (the resolution rule removed L and L°). It follows that v
is not defined on L, and so v can be extended to an interpretation v’ by defining v’ (L°) = /c\ L

T.\ ,v(C)=T,and soVv'(Cy) =Vv(C,) =T because v’ is an extension of v. G
L L

Resolution Procedure (for propositional logic). Input: A set of clauses S. Qutput: S is
satisfiable or unsatisfiable. Algorithm: Let S be a set of clauses, and define S = S. Assume that
S has been constructed. Choose a pair of clashing clauses C;, C, 1 S that has not been chosen
before. Let C be the clause Res(C,, C,) defined by the resolution rule, and let S.; = SE{C}. If
C =0, then terminate the procedure — Sisunsatisfiable. If S.; = S for all possible choices of
clashing clauses, then terminate the procedure — Sis satisfiable.
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Example: IsS={pg, p, g} ={C,, C,, C3} satisfiable? Now Res(C,, C;) ={q} sothat S
= SE{q}. Is S satisfiable? If there is an interpretation that makes S true, then that same
interpretation will make SE Res(Cy, Cy) true.




Now let S={p, pa, T, par} = clauses {1, 2, 3, 4}. Choose a pair of clashing clauses. 3
and 4, say. Then Res(f, pgr} = pa, clause 5, and so S; = SEpg. Now choose a different pair of
clashing clauses. 5 and 2, say. Then Res(pg, pa} = p, clause 6, and s0 S, = S,Ep. Choose
another pair of clashing clauses: 6 and 1, say. Then Resp, p) = O, the empty clause. It follows
that Sisunsatisfiable. Definition: A derivation of O from Sis caled arefutation of S.

In the following examples, do not simplify S (i.e. don’t apply lemmasto find S', where S
»S). (1) S={paq, parr, a} ={1, 2, 3,4};(2) S={pa, pa, i, 7P} ={1, 2,3, 4}; (3) S={pd,
par, pay ={1, 2, 3}.

A: (1) Clashing clauses: 2 and 3: Res(pqr, F) = pqg, clause 5. 1 and 5: Res(pq, pq) = q,
clause 6. 4 and 6: Res(q, q) = O. It follows that S is unsatisfiable. (2) Clashing clauses: 1 and
2: Res(pg, pg) = p, clause 5. 3 and 4: Res(rp, Tp) = p, clause 6. 5 and 6: Res(p, p) = O. It
follows that S is unsatisfiable. (3) Clashing clauses: 1 and 2: Res(pcf, par) = pq, clause 4. 1
and 3: Res(par, pa) = g, clause 5. 2 and 3: Res(par, pg) = gr, clause 6. 1 and 6: Res(pdf, qr) =
pg. 2 and 5: Res(par, gr) = pg. 3 and 4: Res(pq, pq) = q, clause 7. As there are no more clashing
clauses to consider that will give more elements (when we have S = {pcf, par, pg, pa, oF, dr,
q}), then it follows that Sis satisfiable.

Consider a set of clauses S and define Res(S) = SE{R | R is a resolvent of 2 clauses in
S}. Also define Res(S) = S, Res™(S) = Res(Res'(S)), and Res'(S) = En’ Res(S). It follows
that Res(S) = ResX(S)ERes(S)ERe(S)E.... = SERes(S)ERes(Res(S))E... Theorem 4.9
(Soundness and completeness): Sis unsatisfiableiff 01 Res'(S).

Soundness (U ): if O is derived, then S is unsatisfiable. (Informal) Proof: Theorem 4.8
says that Res(C,, C,) is satisfiable iff C; and C, are mutually satisfiable. Let S = {C,, C,, ...},
and consider SE Res(C,, Cy). The interpretation that makes C, and C, mutually satisfiable also
makes Res(C;, C,) satisfiable. So we can add the resolvent to S and not affect the satisfiability
of S. Further, if S={L, LS, ...}, then Res(L, L°) = O, and it is obvious then that LUL°U... © false,
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Completeness (b ): If Sis unsatisfiable, then the empty clause [0 will be derived by the
resolution procedure. Two questions. does the resolution procedure terminate, and will we get
O7? In the Resolution Completeness Proof, we will use the following algorithm for the
construction of a Semantic Tree:

Construction of a Semantic Tree. Input: A set of clauses S. Output: A semantic tree T
for S which is either open or closed. Algorithm: Let {p,, ..., pn} be the propositiona letters
appearing in S. Form the complete binary tree T of depth n, and label the left-branching edges
from a node of depth i-1 by pi, and the right-branching edges byp..

Each branch b in T defines an interpretation v, by vi(p) = T if pi labels the i edge in b,
otherwise pi labels the i edge in b, and vi(p) = F. A branch b is termed closed if v,(S) = F,
otherwise bisopen. T isclosed if al branches are closed, otherwise T is open.



Example: Consider S={p, pq, T, pgr} = clauses
{1, 2, 3, 4}. Propositional letters. {p, q, r}. We
construct the tree as shown on the right. Definition: Le
T be a closed semantic tree for a set of clauses S, and

P (13— failure node—

the clause falsified
isclause 1

let b be abranch in T. The node in b closest to the root 3 _@\ )
which falsifies Sisafailurenode. A clausefalsified by vp-1 ~ vo-F 9T
afailure node is known as a closure associated with the V271 0=

failure node.

Another Example: S = {q, gp, gpr, qpr} = clauses {1, 2, 3, 4} as
shown on the left (Propositional letters = {p, q, r}). Lemma 4.10: A
i clause C associated with afailure node n is a subset of the complement
+ of the literals appearing on the branch b to n. Example: In the example
on the left, take failure node 2: Subset of literals on branch = {p, g},
CIE complement of subset = {p, q}, clause falsified = {gp}. For the first
failure node 1, subset = {p, g}, complement = {p, g}, and clause falsified = {q}. Ar p
informal proof is shown on the right, where the red node is a failure node, so that C \
isfasified, eg. C = pUg. It followsthat v(C) = F, v(puUqg) = F, v(p) = Fand v(q) = F.
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Tutorial

Q: Transform the following formulae into conjunctive normal form (CNF) and then write
them in the equivalent clausal form. Note: in any exam, any logica equivalences that you need
will be given. Also note that you can use any sequence of (logically equivalent) steps you like to
get to CNF — you don’'t need to use the exact sequence that we used in the proof of Theorem

4.1. (a) (p« q)UrUs, (b) (p® a)U(pUg).

AL @ (peUUs ° [(p®QUE®P)IUUs  °  [(@pUg)U(@qUp)UrUs  ©
(@pUg)U(DquUp)UrUs, CNF. Clausal form: {pq, gp, r, s}. (b) (p® q)U(pUa) ° (GpUa)U(pUa) °
((©pUa) Up)U((PpUa)Ua) ° (GpUpUg)U(@pUaUa) © (truelg)U(@pUa) © truell(@pUa) © BpUa,
CNF. Clausal form: {pq} .

Q: For each set of clauses S below, derive the simplest possibleset S st. S» S: (a) S=

{p, rs, prs, parst, (b) S={ar, ars, r}, and (c) {ppar, s, rs, ars, q}. A: (a) r appears andr does
not, so S' = {p}. Now p appearsand pdoesnot, s0 S’ =f, and so Sis satisfiable.

(b) risaunitclauseso S =f, and so Sis satisfiable. (c) sisaunit clauseso S = { ppar,
gr, ¥g}. Now p and p appear in thefirst clause, so S’ = {qr, rg}. There is no more reduction.

Q: Work out the following resolvents and find a mutually satisfying interpretation for C,
and C,. Show that the interpretation also satisfies their resolvent, noting that this is aways the
case — this is why in the resolution procedure we can add the resolvent to the origina set of
clauses and not affect the satisfiability of that set. (a) Res(qr, ), (b) Res(par, gr), (c) Res(p, p).



A: (a) Res(gr,T) =g. Now v(q) = T and v(r) = F satisfies C; and C,, and this satisfies the
resolvent as well. (b) Res(pgr, gr) = pr. v(p) =T, v(q) = T and v(r) = T satisfies C, and C,, and
this satisfies the resolvent as well. (c) Res(p, p) = O. There is no interpretation which satisfies
both C; and C..

Q: Determine the satisfiability of the following sets of clauses by applying the resolution
procedure. No simplification of the sets should be carried out before applying the procedure
(i.e. don’'t work out asimpler S’ (st. S» S') and apply the resolution procedure to that set). (a)
S={pr, p, a, par}, (b) S={ars, ars, ra, g}, (c) S={ars, spq, 7gp, wg, pw, W}, and (d) S={ars,
qrs, pr, pa, rq, Ta} -

A: (8) S =clauses {1, 2, 3, 4}. Clashing clauses: 1 and 2: Res(pr, p) =r (5); 3 and 4:
Res(q, par) = pr (6); 2 and 4: Res(p, pgr) = gr (7). There is nothing more to consider, so S is
satisfiable. (b) S = clauses {1, 2, 3, 4}. Clashing clauses: 1 and 2: Res(qrs, grs) = rs (5) or ogr
(9). In this question, (asin (a)) we carry on finding clashing clauses until we cannot find anything
new. Note that in order to verify that Sisindeed satisfiable, reduce it (g is a unit clause) to give
S ={rs}, which is obvioudly satisfiable.

(c) S=clauses{1, 2, 3, 4, 5, 6}. Clashing clauses: 4 and 6: Res(wg, w) =q (7); 5 and 6:
Res (pw, W) = p (8); 3and 7: Res(fgp, g) = (9); 8 and 9: Res(p, rp) =T (10); 2 and 8: Res(Spq,
p) =39 (11); 7 and 11: Res(q, 30) = 5(12); 1 and 12: Res(qrs, §) = gr (13); 10 and 13: Res(f, qr)
=q(14); 7 and 14: Res(q, ) = O. It followsthat Sis unsatisfiable.

(d) S=clauses{1, 2, 3,4, 5, 6}. Clashing clauses: 1 and 2: Res(qrs, qrs) = gr (7); 3 and 4:
Res(pr, pg) = 7q (8); 6 and 8: Res(rq, Tq) =T (9); 5 and 9: Res(rg, ) = q (10); 7 and 9: Res(ar, 1)
=(q(11); 10 and 11: Res(g, g) = O. It follows that Sis unsatisfiable.
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Definition: Let n; and n, be failure nodes which are children of a node n
—nisthen cdled an inference node. Lemma 4.11: In aclosed semantic tree T p/”\'“;me”"de
for a set of clauses S, there is at least one inference node. Informal Proof: n e
Let's assume no inference nodes. Looking at the diagram on the left, ny is o= ™
faillure node while n, is not. No ancestor of n, is a failure node

" no tailure nodes because n; is a failure node — by definition n; is the closest failure

here or 2bove node to the root. But T is closed so there is at least one failure node

y |TJ1I‘ . nz (not afailurenode) jn n,’s subtree. If there are no inference nodes, then we get a strictly
X X decreasing sequence of nodes which goes on forever or until you get

an inference node.

Lemma 4.12: In a closed semantic tree T, let b be the branch Inference node
from the root terminating at inference node n. The children n, and n; 0 W
n are fallure nodes, so let C; and C, be any clauses associated with taiuwe n1 M failure

them respectively. Then C, and C, clash, and v, the partia (> C1 C2<>

Interpretation associated with n, falsifies C, their resolvent clause. (Clauses Associated)



Informal Proof: (1) C; and C; clash. Assuming that b, is the branch finishing at n;, and
that b, is the branch finishing at n,, then b, and b, are identical except for the edgesnto n; and n
to n,. By Lemma 4.10, C; is a subset of the complement of the literals on b,. Smilarly for C;
and b,. So C; and C; clash on (say) p andp. (2) vus(Res(Cy, C;)) = F. n,isafailure node so C, is
not satisfied — but C; is a digunction. Smilarly for n, and C,. But Res(C,, C;) =
(C—{p})E (C—{p}), e.g. Res(qrp, r) = qrs— therefore C is false.

New falurenode | emma 4.13; Let n be an inference node, let C;, C, 1 S be clauses

n ™

A‘N'th c associated with the failure nodes that are the children of n, and let C be

n o their resolvent. Then SE{C} has a failure node that is either n or is an
faillure failure ancestor of n, and C is a clause associated with that failure node.

Completeness (of the resolution procedure): If a set of clauses Sis unsatisfiable, then O
(the empty clause) will be derived by the resolution procedure. Proof: Sis an unsatisfiable set of

clauses, so it follows that there is a closed semantic tree T for S. Inference node
Clauses of S can be associated with failure nodes in T, and, by
Lemma4.11, thereis at least one inference nodein T. Failure node Failure node

Associated clause C1 Associated clause C2

An application of the resolution rule at this inference node will do the following three
things: (1) Add the resolvent to the set S, i.e. add (Res(C,, C,)); (2) Create a new failure node
(by Lemma 4.13); and (3) Delete two failure nodes (remember that the definition of a failure
node is the node closest to the root which falsifies S. So if you add a failure node further up the
branch, the original failure node will no longer be afailure node).

Keep applying the resolution rule at inference nodes and eventually the number of failure

root nodes decreases to two, so you have the situation shown on the

% m left. Applying the resolution rule at this inference node (i.e. the

Failure node Falurenode  root) adds Res(C,, C,) = [ to the set, so it follows that the empty
Associated clause C1 Associated clause C2 clause will be derived.

Assignment 2: Set 15/3:In 12/4; Back 19/4

(1) (& Construct the semantic tableau for the following formula and for each branch,
where appropriate, construct the corresponding Hintikka set: (pUg)U(@pUar). (b) Use a
semantic tableau to discover a model for the following formula and define that mode:

(P® q)U(BqUrudp).

(c) Prove Corallary 3.2, that A is valid iff the tableau for @A closes. Hint: the proof
should only take a couple of lines. (d) In the inductive proof of Soundness for semantic
tableaux, we proved the case where an a rule is used and the height of the subtree is greater
than zero, i.e. h > 0. Prove the case where ab ruleis used and h > 0.



A: (@) Looking at the tableau on ar  a a1 az

the right, here are the Hintikka sets for @ (ngﬁ(@pm) ®) (pff qgg(gqu%)

the three open leafs in the tableau: (eUa), (2pUer) p® g, 2qUrUgp
Hintikka set 1: {(pUq)U@pUar), (%U% \(5%0%2?) @ﬁuﬁ \Q;Tki}u%fp
(pUa), (BpUar), p, @r}; Hintikka set p/ N ’ AN bl%q\ ! bh b
2: {(pUa)U(@pUar), (pUa), (@pUgr) P P& afp a@  G.0dF &% 6000 0
q oo Hnka st 3T L : g g
{(pUg)U(ZpUar), (pUa), (GpUar), q ° x o

@r}. (b) A model for the formula A = (p® q)U(@qUrUdp) is an interpretation v that satisfies A.
As the shown tableau has an open leaf, then we know that there is an interpretation v that
satisfies A. Looking at the left-most open leaf, we can define a model for A by setting v(p) = F,
v(g) = Fand v(r) =T, say, where the choice for the truth assignment of r was arbitrary.

(c) Theorem 3.5 saysthat if T is acompleted semantic tableau for aformula A, then A is
unsatisfiable iff T is closed. Let T' be a completed semantic tableau for the formula GA. It
follows from the above that @A is unsatisfiable iff T is closed. Now Theorem 1.3 saysthat A is
valid iff DA is unsatisfiable, and, using Theorem 3.5, we can therefore say that A isvalid iff @A
Isunsatisfiable iff T' isclosed, i.e. aformula A isvalid iff the tableau for @A closes, as required.
QED.

(d) Claim: If T isacompleted semantic tableau for aformula A, thenif T is closed then A
Isunsatisfiable. Proof: [Consider asubtree T rooted at n. We'll prove: if the subtree closes, then
U(n) isunsatisfiable. Proof by induction on the height h of thenodenin T. h=0, basecase: nis
a leaf. We know that T closes so that U(n) contains a complementary pair of literals, and
therefore U(n) is by definition unsatisfiable. Case h > 0: (a) An a rule was used: this proof has
been done previoudly].

(b) Case h > 0 and a b rule was used: It follows that n has two children, say n" and n’’, of
height h-1; U(n) = { (B1UB,)} E U,, where U, is some set of formulae; U(n') = B1.E Uy; and U(n"*)
= B,E U,. Inductive step: Assume that the theorem is true for h-1, i.e. that U(n’) and U(n’’) are
unsatisfiable since the subtrees rooted at " and N’ close.

Let v be an arbitrary interpretation. We know that if the subtrees rooted at n" and n’”’
close, then v(B’) = F for some B’ T U(n’), and v(B’’) = F for some B’ T U(n’*). There are now
four cases to consider: (i) B’ is B, and B’ is B,. In this situation, if v(B;) = v(B,) = F, then
v(B,UB,) = F, and so as B,UB, T U(n), and as v was chosen to be arbitrary, then it follows that
U(n) is unsatisfiable.

(i) B isB;and B’ T U, If B” T Uo, withv(B"’) =F, thenasB’ T U(n) (because B’ 1
Uo and Uo T U(n)), and because v was chosen to be arbitrary, then it follows that U(n) is
unsatisfiable. (iii) B’ T Usand B’’ isB,. If B' T U,, withv(B’) =F, thenasB’ T U(n) (because
B'T Usand Uy T U(n)), and because v was chosen to be arbitrary, then it follows that U(n) is
unsatisfiable. (iv) BT Upand B’ T U,. Exactly the same argument as in parts (i) or (iii). As
in all possible cases we have shown that U(n) is unsatisfiable, then the result follows.



(2) The following equivalences may be used in the following sub questions: @(AUB) ©
@AUZB, B(AUB) °© @AUZB, A®B ° @AUB, (AUB)UC ° (AUC)UBUC), (AUB)UC °
(AUC)UBUC), and A« B ° (A®B)UB® A). (a) Transform the following formula into
conjunctive normal form and then write the formula as an equivalent set S of clauses. Derive the
smplest set S such that S is satisfiable if and only if S is satisfiable, i.ee S » S

(P« Q)U((o® r)U(@pUg))Uda.

(b) Determine the satisfiability of the following sets of clauses by applying the Resolution
procedure. No simplification of the sets should be carried out befor e applying the procedure: (i)
{par, pa, ¥, g}, (ii) {pars, prs, 7, 5, q}. (c) Let clause C be the resolvent of clauses C, and C..
Provethat if C, and C, are mutually satisfiable, then C is also satisfiable.

A (3 (p< ) U ((g®nU@pla) U g ° (p@ q) U (g® p) U ((a® r)U@pUa)) U g °
(9pUa) U (GqUp) U ((GqUn)U(GpUa)) U dq ° (FpUag) U (Gqup) U ([(GaUn)Udp] U [(Dqur)Ud])
Udqg ° (FpUg) U (BquUp) U (Gqurudp) U (GquUrug) U @qg ° an expression in CNF. The
equivalent clausal formis given by S={pq, gp, grp, gra, g}. Now g is a unit clause so we can
delete every clause containing g and delete g from every other clause to givethe set S = {f}.
Now p is aunit clause so we can delete it to give S’ = f, which shows that (because f is valid)
the set Sissatisfiable (e.g. v(p) = v(q) = v(r) = F satisfies S).

(b) (i) Let S = {par, pa, ¥, q} = clauses {1, 2, 3, 4}. Apply the resolution procedure:
Clashing Clauses: 1 and 2: Res(pqr, pq) = ar (5); 4 and 5: Res(q, gr) =r (6); 3 and 6: Res(t, r) =
O (7). Because O has been derived using the resolution procedure, then we must conclude that
Sisunsatisfiable.

(i) Let S={pars, prs, 1, §, q} = clauses {1, 2, 3, 4, 5}. Apply the resolution procedure:
Clashing clauses: 1 and 2: Res(pars, prs) = grs (6); 3 and 6: Res(r, qrs) = gs (7); 4 and 7: Res(5,
gs) = q (8); 5and 8 Res(q, 9 = O (9). Because O has been derived using the resolution
procedure, then we must conclude that Sis unsatisfiable.

(c) Claim: If the clauses C, and C; are mutually satisfiable, then C = Res(C,, C,) is aso
satisfiable. Proof: Assume (w.l.0.g.) that C; and C, clash on the literd ‘p’, withpT C; andp 1
C.. Knowing that C; and C, are mutually satisfiable, then there must be an interpretation v which
makes both C, and C, satisfiable. There are now two cases to consider, dependent on the truth
value that the interpretation v assigns to p.

Case 1: v(p) = T. If v(p) = T, then we automatically know that v(C,) = T (because p 1
C,), and so C, is satisfiable. Further, because v(p) = F, then there must be another literal g1 C,
with v(q) = T in order for C; to be satisfiable. But this literal g must appear in C = Res(C;, C,)
by the definition of Res(C,, C,): we therefore conclude that as q1 C—{p}, then g1 Res(C,,
C,) = C, so that the interpretation v that mutually satisfies C; and C, also satisfies C (as v(q) =
T). QED.



Case 2: v(p) = F. If v(p) = F, then v(p) = T, and so we automatically know that v(C,) =T
(because p1 C.), and so C; is satisfiable. Further, because v(p) = F, then there must be another
literdl r T C, with v(r) = T in order for C; to be satisfiable. But this literal r must appear in C =
Res(C., C,) by the definition of Res(C,, C,): we therefore conclude that asr T C.—{p}, thenr 1
Res(C,, C;) = C, o that the interpretation v that mutually satisfies C; and C; also satisfies C (as
v(r) =T). QED. End of Proof.
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Summary of the First Half of the Course

Satisfiability Unsatisfiability Validity Equivalence
Formula true for at Formula cannot be | Formula Atruefor | Is A equivalent to B?
least one true for any every interpretation
interpretation interpretation
Truth Tables | Atleastone T inthe | All Finthe RHS All Tinthe RHS The truth tablesfor A
RHS column column column and B areidentical
BDDs At least one leaf with | The OBDD canbe | The OBDD canbe | A and B are equivalent
Tinit reduced to just a reduced to just a if their OBDDs are
boxed F boxed T structurally identical
Semantic At least one open leaf | All leaves are Thetableau for JA | Seeif A « Bisvalid,
Tableaux closed is closed i.e. whether the tableau
for A(A« B) isclosed
Resolution Cannot derive the Can derive the Write DA in clausal | Write (A« B)in
empty clause empty clause form and derive the | clausal form and derive
empty clause the empty clause

Note: If A is valid, then not every leaf of the semantic tableau for A is open, eg. try
(PUZp) U(pUdp).

Advantages Drawback Exponential or polynomial
time?
Truth Tables Very inefficient — 2" rows, For some formulae the method

where n is the number of atoms | runs in exponential time
in the formula. Have to
evaluate formulafor each row

BDDs Very efficient for For some formulae the method
large formulae runsin exponential time

Semantic Tableaux | Easy and efficient | Becomes arbitrary and Usually more efficient than
for propositional inefficient for predicate truth tables but for some
calculus calculus formulae the method runsin

exponential time

Resolution Efficient for both Usually more efficient than
propositional and truth tables but for some
predicate calculus formul ae the method runsin

exponential time

Note: Due to algorithms that we have not covered, in practice BDDs can be more efficient
than truth tables. Cook proved in 1971 that satisfiability in propositional logic is an
NP-Complete problem, i.e. if an efficient algorithm to solve satisfiability can be found, then an
efficient algorithm can be found for every NP problem. It is highly unlikely that there is a
polynomial algorithm for satisfiability.




Predicate Calculus

Consider the statement “Every student is younger than some lecturer”. (1) We have
predicates S, L, Y and constants Kevin, Jane: S(Kevin) denotes Kevin is a student, L(Jane)
denotes Janeis alecturer, and Y (Kevin, Jane) denotes Kevin is younger than Jane. (2) We have
variables, e.g. x: S(x) denotes x is a student, ...., Y (X, y) denotes x is younger thany. (3) We
have quantifiers: " means “for al”: " x A means “for every x, A istrue’; $ means “exists’: $x
A means “for some x, A istrue’.

Examples: (1) $x S(x) means there exists an x st. x is a student. (2) $x (S(x)UL(x))
means there exists an x s.t. x is astudent and a lecturer. (3) @$x (S(x)UL(x)) means there does
not exist an x who is astudent and alecturer. (4) $x,y (S(x)UL(y)UY (x, y)) means there is an x
and ay st. x isastudent, y isalecturer and x is younger thany. (5) " x (L(X)® S(x)) means
for every x, if X isalecturer then x isastudent, or every lecturer is a student.

(6) D" x (L(X)® S(x)) means not every lecturer is a student, or some lecturer is not a
student. Our statement “Every student is younger than some lecturer” may now be written as™ X
(S(X)® $y (L(Y)UY (x, y)): for every x, if x is a student then there exists ay st. y is a lecturer
and x isyounger thanyy.

Consider another example: B(x) denotes x is a bird, F(x) denotes x can fly, and Q(X)
denotes x quacks. Interpretations: $x (B(x)UF(x)) means there exists an x which is a bird that
flies; @$x (B(X)UF(X)) means there is no bird that can fly; " x (B(X)® F(x)) means for every x, if
X is a bird then x can fly; @" x (B(X)® F(x)) means not every bird can fly; $x (B(x)UQ(X))
means there exists a bird that quacks; and " x (B(x)® Q(x)) means all birds quack.
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Aside: Consider 2 heat sensors. Sensorl(x) means temperature x is detected by sensor 1,
Sensor2(x) means temperature x is detected by sensor 2, G(X, y) denotes x >y, and alarm(x)
denotes that the Alarm is sounded and that the value of x is displayed. (1) If sensor 1 detects a
temperature greater than that of sensor 2, then sound the alarm and display sensor 1's
temperature: " X" y[Sensorl(x)USensor2(y)UG(x, y) ® adarm(x)]. (2) " x" y[(Sensorl(x) U
Sensor2(y)) ® @G(x, y)] means Sensor 1 never detects a temperature greater than that of
sensor 2 (unrealistic). (3) " x" y[(Sensor1(x)USensor2(y)UBG(x, y)] ® @$z darm(z).

Predicate Formulae

We have a set of predicate letters P, a set of variables V, and a set of constants A. A
termisavariable or aconstant. Formula: (1) If p is a predicate taking n arguments (n > 1), and
iIf ty, ..., th are terms, then p(ty, ..., t) isaformula. (2) If f isaformula, then sois@f ; and if f and
y areformulae, thensoarefUy,fUy andf®y. (3) If f isaformula and if x isavariable, then
"xf and $x f areformulae; andif p, g1 P,al Aandx,yT V, then p(x), p(a), q(a x) and q(x,
y) are formulae.



Scope. In aquantified formula $x A or " x A, x is called the quantified variable and A is
the scope of the quantified variable. Examples (scope shown in red): $x p(x), $x (p(x)Uq(x)),
and $x (p(x)U" x (g(x)Uw(x))). In the final formula, we may get rid of the confusion by replacing
the formula with the formula $y (p(y)U" x (q(x)Uw(x))).

Definition: Let A be aformula. An occurrence of the variable x in A is afree variable of
A iff x isnot within the scope of the quantified variable x. A variable which is not freeis bound,
and a formula with no free variables is closed. Examples: in p(x, y), X and y are free; in $x p(x,
y), X isbound whiley isfree; in " y$x p(X, y), X and y are bound (we have a closed formula); in
p(x)U" x q(x), the first x is free while the second x is bound; and in $y (p(x, y)U' x q(x, 2)), free
variables are shown in red while blue variables are bound (g, pT P; x,y, zT V).

Interpretations

Propositional: For pUg, set v(p) = T and v(q) = T so that v(pUq) = T. Predicate:
Consider "x p(a x) (pT P, al A, x1 V). Meaning: For every x, p(a, X) must be true.
Interpretation 1 (I = (N, {<}, {22})): pisthelessthan relation, <, i.e. p(x, y) istrueiff x <y; ais
22; and x is taken from the set N of natural numbers (+ve integers). Now " x p(a, X) means p(22,
X) istrue for every x T N, i.e. 22 < x istrue for every x T N, which is definitely not true (1), so
that " x p(a, x) isfalse.
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Interpretation 2 (1 = (N, {£}, {0}): pis£, ais0, x T N. Here, " x p(a, X) is true iff for
every x, a£ x; iff for every x, 0 £ x — which is true. Interpretation 3 (I = (M, {is the father of},
{Kevin}): p denotes 'is the father of (so that p(x, y) is T iff x is the father of y); a= Kevin; x 1
M, where M is'all Mankind'. Here, " x p(a, x) is true iff for every x, p(a, x) istrue; iff for every
X, aisthe father of x; iff for every x, Kevin is the father of x, which isfalse.

Now consider $x p(a, x): for some X, p(a, x) is true. Interpretation 1: pis=, ais 44, x is
any integer (x I Z). Here, for some x, we must have p(a, x) = T, i.e. we must have 44 = x, where
x 1 Z — which istrueif we set x = 44. Interpretation 2: p denotes 'is the brother of, ais Mary,
andx1 M (all Mankind again). Here, for some x, Mary must be the brother of x. False?

Definition: For a predicate formula with predicates py, ..., pm, COnstants a, ..., &, and
variables Xy, ..., Xn, an interpretation | is a triple (D, {Ry, ..., Rn}, {d, ..., d}), where x; is a
member of D, x;1 D; & isassigned a value d; from D; and p; is assigned a relation R, on D.

Example: $x (p(a, X)Ug(x)Uw(x, b)). Interpretation 1: | = (N, {>, is even, <}, {10, 13}):
Thereisanx st.a>x, xisevenand x < b, i.e. thereisanx st. 10> x, X iseven and X < 13 —
x = 61is OK. Interpretation 2: | = (N, {=, iseven, isdivisble by}, {14, 7}): Thereisan x st. 14
=X, X iseven and w(x, 7) istrue— x = 14is OK.
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Tutorial

Q: A(x) means x is an animal, F(x) means x has four legs, and T(X) means x has a tail.
Trandate the following into predicate logic: Some animal has 4 legs, No animal has 4 legs,
Every animal has four legs, If an animal has a tail then it has four legs, and No animal with four
legs has atail. A: $x(A(X)UF(X)), @$x(AX)UF(X)), " X(AX)® F(x)), " X([AX)UT(X)]® F(x)), and
@$x(F(X)UA (X)UT(X)).

Q: B(X, y) means x beats y, R(x) means x is a rugby team, P(y, X) meansy is a prop
forward for x, L(x, y) means x loses to y, and Kevin, Llanelli and Merthyr are constants.
Trandate the following into predicate logic: Every rugby team has a prop forward, If Llandlli
beats Merthyr then Merthyr lost to Llandlli, Llanelli does not always lose, and if Kevin is a prop
forward for team X, then x will always lose. A: " X(R(X)® $y(P(y, X))), B(LIanelli, Merthyr) ®
L (Merthyr, Llandli), $y(@L(Llandlli, y)), and " x ((P(Kevin, X)UR(X)) ® "y (L(X, y))).

Q: For the following predicate formulae, classify each variable occurrence as free or
bound, and then determine if the formulais closed or not: (a) " x p(x, ), (b) " x p(X, y) U $x P(y,
x) (", $, @ bind most tightly; then U, U; then ® , « ), (c) Sy [" x p(x, y) U $x p(y, X)].

A: (a) In p(X, y), the x is bound and the y is free — so the formulais not closed. (b) The
formularewritesas[" x p(x, y)]U[$x P(y, X)]. In p(x, y), the x is bound whilethe y isfree; and in
P(y, x), the y is free while the x is bound. Conclusion: the formula is not closed. (c) All the
variables are bound (the y's thistime to the first '$"), so the formulais closed.

Q: Consider the formula $x(p(a, X)Ug(x)), where x is avariable, ais a constant, and p and
g are predicates. Determine whether the formula is true for the following interpretations and
explain your reasons. (@) I; = (Z, {<, isodd}, {0}), where Z is the set of positive and negative
integers, and 'isodd' denotes 'is an odd number'; (b) I, = (Z*, {>, isnegative}, {0}), where Z* is
the set of positive integers, and 'isnegative’ denotes 'is a negative number'.

A:l;: Weneed to find an x sit. 0 < x or sit. x isan odd number — this can be achieved if x
= 1, for instance, so that I, = $x(p(a, X)Ug(x)). I.: We need to find an x st. 0> x or st. X isa-ve
number: we cannot do this because there is no -ve x (because x T Z*), and thereisno x 1 Z*
which is < 0 — therefore the interpretation is false, i.e. 1, # $x(p(a, X)Ug(x)).

Q: For each of the following formulae, write two interpretations, one that makes the
formula true, and one which makes it false: (a) " x$y p(x, ), (b) " x$y [p(X, Y)Uq(y, a)]. A: (a)
It = (Z, {<}, { }): for all x, there exists an integer y which is greater than x (x T Z) — thisis
true, so that I+ =" x$y p(x, y). le = {Z*}, {>}, { }): fordl x T Z*, thereexistsay 1 Z* such
that X >y — thisisnot trueif x =0, and so e " X$By p(X, y). (b) I+ = (Z*, {=, >}, {-1}): for dll
+veintegers x, thereexistsay 1 Z* st. x =y and y isgreater than -1 — thisistrue, so that I+ =
" xSy [p(x, Y)Ua(y, 8)]. Ir={Z*, {=,>},{5}): forall xT Z*, thereexistsay 1 Z*st. x=y and
y isgreater than 5 — thisisfasefor e.g. x = 4, sothat Ir e " x$y [p(X, y)Uq(y, a)].
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The Truth Value of a Predicate Formula

[Handout] Let A be aformula, | an interpretation, and s, an assignment. vs,(A), the value
of A under s, is defined by induction on the structure of A: (@) Let A = p(cy, ..., Cy) be an
atomic formula, where each ¢; is either avariable x; or aconstant a. vs,(A) = T iff {dy, ..., d} 1
Rk, where Ry is the relation assigned by | to pk, and d; is the domain element assigned to ¢,
either by | if ¢ isaconstant, or by s, if ¢ isavariable.

(b) Vs(@A) = T iff vs(A) = F. (©) Vs(A1UA,) = T iff vs(A1) = T or vs(A;) = T, and
similarly for the other Boolean operators U, ® and « . (d) Vs(" XA1) = T iff Vepe (A1) = T for
al dl D. (€) Ve($xAy) = T iff Voxm q(A1) = T for somedi D.

[Notes] Let | be an interpretation. An assignment s,;: V ® D is a function which maps
every variable of | to an element of the domain of I. As an example, consider $x,y p(x, y) with |
=(N, {<},{}). Here, s, isdefined ass: {X,y} ® N,eg.x- 4andy - 5. Further, s|[xi—~ d]
IS an assignment that is the same as s, except that X is mapped to d. With s|[x~ 66], for
example, wewould havey = 5and x = 66.

Let us now consider | = (N, {iseven}, {22}). (1) When is p(a) (for al A) true? Now
Ve (p(a)) = T iff {value assigned to aby 1} T iseven (iseven = {x | x iseven, x T N}). As{22} 1
iseven, then the value of p(a) under the assignment s, istrue. (2) When is p(x) (for x 1 V) true?
Now vs,(p(x)) = T iff {value assigned to x by s} T iseven — but we cannot conclude from this
whether or not p(x) is true. (3) When is $x p(x) (for x T V) true? Now vs,($x p(x)) = T iff
Vo q(P(X)) = T for somed 1 N, iff {value assigned to x by s[x— d]} T iseven for somedi N,
iff {d} T isevenfor somedi N — whichistrue.

Definition: A closed formula A istruein | if vs,(A) =T, written I= A. InthisSituation, | is
amodel for A. Example: Consider A: $y p(a, y) with I, = (N, {<}, {22}). Now v..(A) = T iff
Vauy- a(P(@, y)) = T for somed1 N, iff (22, d)T <forsomedl N (where<={(x, W) |x <Ww; X,
w1 N}), whichistrue, sothat vs.(A) =T, i.e. ;= A (sothat A is satisfiable).

Definition: A formula A is satisfiable if for some interpretation | we have I= A. Example:
Consider A: $y p(a, y) with I, = (Z+, {>}, {0}). Now vs.(A) = T iff ... iff (0, d) T > for somed
T Z*. This cannot be true, so that vs.(A) = F, and so I, = A (A isfalsifiable). Example: Consider
A" X p(x) ® $x p(x). Meaning: if p(x) is true for every x, then p(x) is true for some x. Thisis
true for all interpretations so that A isvalid, written A.

Definition: A formula A is valid, written= A, if for all interpretations | we have I A.
Definition: A formula A isfalsifiable if A isnot valid. Example: Consider A: @$xp(x)Up(a) for a
T AandxT V.Meaning: p(a) istrue, and it is not true that there is an x such that p(x) is true
(a, x1 D). Aswe cannot have both p(x) true for no x and p(a) true for a, then it followsthat A is
unsatisfiable. Definition: A formulais unsatisfiableif it isnot satisfiable.
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Theorem 5.1: If A isnot aclosed formula(i.e. if A hasfreevariables xy, ..., Xy), and if | is
an interpretation, then (a) vs,(A) = T for some assignment s iff vs,($X4, ..., $xn A) = T; (b) vs(A)
=T for all assignments s, iff vo(" Xy, ..., " Xn A) = T. Example: vs,(p(X)) = T for some s iff vq($x
p(x)) =T, and v, (p(x)) =T for all s, iff vs,(" X p(X)) =T.

Logical Equivalence

Definition: Given two closed formulae A; and A, if vs(A1) = vsi((A2) for all interpretations
I, then A, is logically equivalent to A,, written A; © A,. Theorem 5.2: A ° B iff= A« B, i.e
A« B is valid. Memorise These: " x A © @$x DA, and $x A ° @' x JA. Tautologies in
propositional logic also apply to predicate logic, e.g. knowing that AUJA is a tautology in
propositional logic impliesthat (" x A)UB(" xA) is atautology in predicate logic.

Q: Prove $x A(x) © @" x DA(x), i.e. prove that $x A(X) « @" x JA(x) isvdid. A: (®)
Suppose that $x A(x) is true in some interpretation. Then there existsan xo 1 D s.t. A(Xo) istrue,
Now assume that @" x @A(X) isfalsein thisinterpretation, then " x @A(x) istrue, i.e. for al x, 1
D, @A(x,) istrue, i.e. for al x; 1 D, A(x,) isfalse. But we have now found a contradiction, so it
follows that we have proved that $x A(X) ® " x JA(x) isvalid.

(- ) Suppose that @" x DA(X) istrue in some interpretation, then " x GA(X) is falsein that
interpretation, i.e. for all x, I D, @A(x,) is fase, i.e for all x, T D, A(xy) is true. Let us now
assume that $x A(X) is false in this interpretation, then there exists an xo 1 D s.t. A(Xo) is false.
But this is another contradiction, so we have proved that $x A(X) = " x @A(X) is valid.
Conclusion: Whenever the LHS is true then the RHS must be true and vice-versa — so that LHS
° RHS.

Now consider " x$y p(X, y) ® $x"y p(x, y), with | = (N, {<}, { }). LHS: " x3y p(x, y)
means" x$y x <y, i.e. foral xT N, thereexistsay 1 N st. x <y, which istrue. RHS: $x" y
p(x, y) means $x" y x <y, i.e. thereexistsanx 1 N st.foralyl N, wehavex <y. Now ify =
0, then thereis no such x — so the RHS is not true.

Now consider =" x A(X) ® $x A(x). For this not to be valid, then " x A(x) must be true
and also $x A(x) must be false. But if " x A(x) is true, then for al xo T D, we must have A(Xo)
true. Further, if $x A(x) isfalse, then @' x @A(X) isfalse, i.e. " x DA(X) istrue, i.e. for al x; 1
D, @A(x,) istrue, i.e. for al x, T D, A(x,) isfalse. But thisis a contradiction, so when" x A(X)
istrue, then $x A(x) must al'so be true— so it'savalid formula.

Now consider (a) [" x A(X) U" x B(X)] ® " x(A(X)UB(x)), and (b) " x (A(X)UB(X)) ® [" x
A(x) U" x B(x)], with | = (N, {isodd, iseven}, { }). (8) Meaning: If al x are odd or if al x are
even, then al x are odd or even. The LHS is false, so using F® ?° T, we can therefore "factor
the" x out". (b) Meaning: If al x are odd or even then either all x are odd or all x are even. In

this situation, we have T® F ° F, so that the formula is not valid, i.e. we can't "multiply the " x
inwards".



Assignment 3: Set 23/4:In 7/5; Back 10/5

Q: S(x, y) means x is the sister of y, H(X, y) means X is the husband of wife y, and P(x)
means X plays the piano. Trandate the following into predicate logic: There exists a sister who
plays the piano, All Fred's sisters play the piano, None of Fred's sisters play the piano, and All
Fred's sisters-in-law play the piano. A: $x,y (S(X, Y)UP(X)), " x (S(x, Fred) ® P(x)), @$x (S(X,
Fred)UP(x)), and " X,y ((S(x, y)UH(Fred, y)) ® P(x)).

Q: Determine if the formula $x" y (p(a, X)U(g(y, X)Uw(y, X))) is true for the following
interpretations (explain your answers): | = (Z, {>, >, <}, {13}), where Z is the set of al
integers; and | = (N, {=, =, <}, {99}), where N isthe set of natural numbers.

A: Meaning of Interpretation 1: There exists an x such that for all y, we have 13 > x and
(y>xory<x),i.e thereexistsan x < 13 such that for al y, we either havey > x or y < x. But
it doesn't mater which x less than 13 we choose from the set of integers — in all cases, an
arbitrary integer y will always be either greater than or equal to x or less than x — so we
conclude that the interpretation is true for any x < 13, e.g. x = 12.

Meaning of Interpretation 2: There exists an x such that for all y, we have 99 = x and (y =
X or y <X). The only choice for x that satisfies 99 = x isobvioudy x = 99, but with this choice of
X, we cannot have either y = x ory <x for all y T N — take for example y = 100, in which case
neither x = 99 or y < 99 is true — we therefore conclude that the interpretation is false.

Q: Prove that " x p(x) © @%$x Bp(x) (remember to prove both directions of « ). A: In
order to provethat " x p(x) © @%$x p(x), we need to prove that " x p(X) « @%$x p(x) isvaid. (®).
The only way in which " x p(x) ® @%$x p(x) isfalseiswhen " x p(x) is true and @$x Bp(x) is
false. Let us now prove by contradiction that this cannot happen. Suppose that * x p(x) istruein
some interpretation. Then for all x T D we know that p(x) is true.

Now assume that @$x Pp(x) is false in this interpretation, which means that $x @p(x) is
true in this interpretation. But if this is the case, then there exists an x T D which makes @p(x)
true, i.e. there exists an x I D which makes p(x) false. But this contradicts our earlier statement
about p(x) being true for all x T D, which means that there is no interpretation which makes " x
p(x) true and @$x Bp(x) false, sothat " x p(x) ® @$x p(x) must be valid.

(= ) The only way in which @$x @p(x) ® " x p(x) isfalseis when @$x Fp(x) istrue and
" X p(x) is false. Let us now prove by contradiction that this cannot happen. Suppose that @$x
@p(x) is true in some interpretation. This says that there does not exist an x T D which makes
@p(x) true, i.e. there does not exist an x T D which makes p(x) false.

Now assume that " x p(x) is false in this interpretation. This means that in this
interpretation, it is not true to say that for all x T D p(X) istrue, i.e. there must be at least one x
1D which makes p(x) false. But this contradicts our earlier statement about there not being an x
T D which makes p(x) false, which means that there is no interpretation which makes @$x @p(x)
true and " x p(x) false, so that @$x Dp(x) ® " x p(x) must be valid.




Now because we have shown that both " x p(x) ® @%x Fp(x) and @$x Tp(x) ® " x p(x)
are valid, then it follows that " x p(x) « @%x Fp(x) is valid, and so we have proved the
statement " x p(x) © @$x Bp(x). QED.

Q: Prove that the formula $x (p(x)Ug(x)) ® ($x p(x) U $x q(x)) is valid. A: The only way
in which $x (p(x)Ug(x)) ® ($x p(x) U $x q(x)) is false is when $x (p(x)Ug(x)) is true and $x
p(x) U $x g(x) isfalse. Let us now prove by contradiction that this cannot happen. Suppose that
$x(p(x)Ug(x)) is true in some interpretation. This means that there existsan x T D such that both
p(x) and q(x) are true at the same time.

Now assume that $x p(x) U $x q(x) is false in this interpretation. Using $x A © @' x @A,
this means that @' x @p(x) U @" x @q(x) is false in this interpretation. Therefore, either (i) @" x
@p(x) isfalse and @" x Dq(x) istrue, (ii) @" x p(x) istrue and " x Bq(x) isfalse, or (iii) both
" x Gp(x) and G" x Aq(x) are false. (i) If " x Dp(x) is false, then " x Dp(x) is true, which
implies that there does not exist an x T D making p(x) true, which contradicts our previous
statement regarding there being an x T D making both p(x) and g(x) true at the same time. (ii)
Asin (i) but with g'sreplacing p's. (iii) Asin either (i) or (ii).

As we have shown that there is a contradiction in each of the situations where @" x
@p(x) U@" x @g(x) could be false, then we conclude that $x p(x) U $x q(x) has to be true when
$x (p(x)Ug(x)) is true — and so $x (p(X)Ug(x)) ® ($x p(x) U $x q(x)) must be valid. QED.
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Prove that the following formulais valid, i.e. true for every interpretation: [(" x A(x) U" x
B(X)) ® " x (A(X)UB(x))]. Proof. Say [" x A(X) U" x B(X)] is true — then either A(xy) is true
fordl x, T D (call this 1), or B(x,) istruefor al x,T D (call this 2). Now let " x (A(x)UB(x)) be
false — then @$x B(A (x)UB(x)) is false (using the equivalence @$x @C(x) © " x C(x)).

But then $x @(A(X)UB(X)) is true, and so for some xs I D, @(A(xs)UB(xs)) is true, i.e.
DA (xs)UDB(x3) is true (using the equivalence @(CUD) © @CUZD), i.e. DA (xs) and @B(xs) are
true, i.e. for somexs 1 D, A(Xs) and B(xs) are false. But this contradicts 1 and 2, so if the LHS
of ® istruethenthe RHS of ® must be true— and if the LHS of ® isfalse then we don't care
if the RHS istrue or false — so the formulais true for every interpretation and is therefore valid.

Now consider that M(x, y) means that x isy's mother, that Eq(x, y) meansthat x and y are
the same, and that Andy and Paul are constants. Express the following: "Andy and Paul have
the same maternal grandmother”, i.e. Andy's mother's mother = Paul's mother's mother. Using
the techniques that we have looked at so far, we would write " x" y" u" v [(M(X, Y)UM(y,
Andy)UM (u, vV)UM(v, Paul)) ® Eq(x, u)].

Consider now that we have a function m, where m(y) returns the mother of y. Using the
function, the expression above could be written as Eq(m(mAndy)), m(m(Paul))). Let us now look
more closaly at the use of functions of this type.



Predicates Extended with Functions

I nter pretations. For aformula with predicates py, ..., pm, CONStants a, ..., &, variables x;,
..., Xn, and functions fy, ..., fj, an interpretation | isa4-tuple| = (D, {Ry, ..., Rm}, {F4, ..., B}, {d4,

..., d}), where x; isamember of D, xi | D; a is assigned a value d from D; pi is assigned a
relation R; on D; and f; is assigned afunction F, on D.

Predicate Formulae. For the set of predicate letters P, the set of variables V, the set of
constants A, and the set of functions F, aterm is any variable in V, any constant in A, or any
expression of the form f(ty, ..., t,), where ty, ..., t, areterms and f T F has arity n. Smilarly, a
predicate formula can be specified as follows: if p is a predicate taking n arguments (n > 1),
and if ty, ..., t, are terms, then p(ty, ..., t,) isaformula; if f isaformulathensoisdf; if f andy
areformulaethen soaref Uy, fUy, f®y and f« y; andif f isaformulawith x avariable, then
" xf and $x f are formulae.

Now consider A =" X"y [p(X, y) ® p(f(x, &), f(y, @)] with | = (N, {>}, {+}, {22}).
Meaning: for al x,y T N, if x >y then f(x, 22) > f(y, 22), i.e. x+22 > y+22. Thisistrue, so that |
= A. Similarly, consider A =" x"y [p(X, y) ® p(f(x, a), f(y, @)] with | = (N, {>}, {*}, {0}).
Meaning: for al x,y T N, if x >y then f(x, 0) > f(y, 0), i.e. x*0 > y*0. Thisis not true, so that |
#A.

New situation: Consider that C(x) means x is a child, that Y (x, y) means X is younger than
y, that M(x, y) means x is y's mother, and that Eq(x, y) means x and y are the same. Q1. (a)
Express the following: "Every child is younger than its mother". (b) Use the function m, where
m(y) returns y's mother, to expr ess the sentencein (a).

Al (@ " x"y [(CE)UM(Y, X)) ® Y(x, y)I. (b) " x (C(x) ® Y(x, m(x))). Q2: (&) Express
the following: "Sally and Sue do not have the same mother". (b) Use the function m, where m(y)
return's y's mother, to express the sentence in (a). A2: (& " x" y ((M(y, Sally)UM(x, Sue)) ®
DEq(X, y)), (b) D(Eq(m(Sally), m(Sue)). Note: Only use functions where we want to denote a
single object, for example m(x) returning x's genetic mother is OK, but b(x) returning Xx's
brothersis not — it is ambiguous — consider Y (Paul, b(Paul)).

The truth value of a predicate formula. Let A be aformula, | an interpretation, and s,
an assignment. vs,(A), the value of A under s, is defined by induction on the structure of A as
follows (where the first three statements are new statements): vs(a) = d for & a constant, a 1
A; Vs (fi(ty, ..., ) = F.(vsl.(tl), oy Vai(8)); Vai(Pilty, .., 1) = Tff (Vsi(ty), ..., Va(t) T Ri; Va(DA) =
T iff vo(A) = F; Vai(A1UAL) = T iff ve(Ar) =T or vs(Az) = T — and similarly for the other
Boolean operators U, ® and « ; Vs (" X A1) = Tiff Vape (A1) = Tforall dT D; and v ($x Ay) =
T iff Vo (A1) = T for somedT D.
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Resolution in Predicate Loqic

Definition: A closed formulaisin clausal form iff it is of the form Q;x;...Qx,M, where the
Q: are universa quantifiers (" ) and M is a quantifier free formula in CNF. Example: " X" y
(PC)Ua(y)) and ™ x* y* z [(p(x)Ua(y))Uw(z)] are written in clausal formas {{p(x)}, {a(y)}} and

as {{p(x), )}, {w(2)}}. Notice that $x (p(x)Ug(x)), " x p(x) U Sy q(y) and " x p(x) U" y q(y)
are NOT in clausal form, while" x" y (p(x)Uq(y)) ISin clausal form.

Skolemization. If A isaclosed formula, then there exists aformula A' in clausal form s.t.
A is satisfiable iff A' is satisfiable, written as A » A', where we note that A and A' do not
necessarily have to be equivaent.

Substitution. A substitution of terms for variablesisaset g = {X;— ty, .., Xo— t}, where
each x; is a distinct variable and each t; is a term which is not identical to the corresponding
variable x;. Note: An expression is aterm (variable, constant or function), aliteral, aclause or a
set of clauses; and an instance Eq of E is obtained by simultaneously replacing each occurrence
of x; in E by t. As an example, if E = p(x)Ug(f(y)), and if q = {x=y, y- (@)}, then Eq =
p(y)Uq(f(f(a))). Similarly, if E = p(x, y)Uq(z), and if g = {x~ f(a), y- f(b), z~ f(a)}, then Eq =
p(f(&), f(b))Ua(f(a)).

Composition of Substitutions. Let g = {x;— ty, ..., Xoo t} ands ={y1~ s, ..., Ykn S} be
two substitutions, and let X and Y be the sets of variables substituted for in g and s respectively.
gs, the composition of g and s, is the substitution gs = {xi— t | x T X, x * ts}E{yi~ 5|y 1
Y,y I X}.Inwords, (step 1) apply the substitution s to the terms t; of ¢ (as long as resulting
substitutions do not collapse to the vacuous xi— xi); (step 2) append the substitutions from s
whose variables are not already substituted for in q, i.e. do not appear onthe LHS of a— ina.

Example If g={x-a y-w},andif s ={a~ p, ¢~ g}, thengs ={x= p, y~ w, a p,
co g}. Similarly, if g={x-a y-w,z~ d},andif s ={a~ p, ¢~ w, d= z}, then gs = {x~ p,
Yy W,zm Z,a p, W, d= z} ={X= p,y-w,a p,c w, dn z}.

Now in propositional calculus, we write (pUg)UZpUdq in clausal form as follows:
(pUq)UBpUaq = {{pa}, {p}, {q}} = clauses {1, 2, 3} — and we can then do Res(1, 2) = q (4)
and finally Res(4, 3) = 0. Now consider p(a, b)Udp(a, b), witha, bT A andpi P.In clausal
form, we have p(a, b)U@p(a, b) = {{p(a, b)}, {Dp(a, b)}} = clauses {1, 2}, and then Res(1, 2) =
O. Smilarly, Res(p(f(a), g(b)), Dp(f(a), g(b))) = O, but what about " x"y" x[p(f(x),
9(y))Udp(f(a), 9(2))] = {{p(f(x), aly))}, {Dp(f(a), 9(2))}}? Well, under the substitution {x- g,
y- z}, the clauses become {{p(f(a), 9(2))}, {Dp(f(a), 9(2))}}, so that the resolvent of the two
clausesis again [, but this time only under the substitution.
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Definition: Given a set of atoms, a unifier is a substitution that makes the atoms of the set
identical. A most general unifier (mgu) is a unifier p s.t. any other unifier g can be obtained
from by a further substitution | s.it. g = pl . Example 1: {p(x), p(y)} has mgu {x- y}. A non

mgu for this example: {x- a, y= a}. Example 2: {p(f(x)), p(y)} has unifier {y- f(x)}. Example
3. {p(x), q(y)} has no unifier. Note: Do not worry about unifiers for the exam.

General Resolution Rule

Let L = {l4, ..., |} be asetof literdls (eg. p(a), Fp(a), ...) — then L° = {1, ..., |.%}.
Further, let C, and C, be two clauses with no variables in common, and let Ly = {ly, ..., l1n} |
Crand Ly ={ls, ..., law} | C, be subsets of literals s.t. L; and L,° can be unified by amgu s. In
this situation, C; and C; are said to be clashing clauses and are further said to clash on literals L,
and L.. C, the resolvent of C, and C,, is given by Res(Cy, C,) = {C;s—LiS}E{C,s—L.s}.

Example: Consider * x* y[p(f(x))Udp(y)] = (in clausal form) = {{p(f(x))}, {@Dp(y)}}.
Here, L: = {p(f(x))}, L2 = {Dp(y)}, L° = {p(y)}, and the mgu for L, and L,° is {y- f(X)}. It
therefore follows that Res({ p(f(x))}, {@p(y)}) = {Cis—LiS}E{Cos—Lss} = {p(f(x))—p(f(x))}
E {Dp(f(x))—Dp(f(x))} =fEf =0, the empty clause.

Prolog, Predicate Calculus and Resolution

A Prolog program has three sections. a database of facts, a set of rules and
queries/goals. (1) Database of Facts. Example: John is the father of Mike, Mike is the father of
Terry, and David is the father of Sally. In Predicate Calculus, we have Father(John, Mike),
Father(Mike, Terry), and Father(David, Sally). In Prolog, we have the same as above.

(2) Sets of Rules. Example: if x isthe father of y, and if y is the father of z, then x is the
grandfather of z. In Predicate Calculus, we have " x" y" z[(Father(x, y)UFather(y, z)) ®
Gfather(x, z)], and this can be turned into clausal form (by using the equivalence A® B °
@AUB) to give " X" y" z[@Father(x, y)UDFather(y, z)UGfather(x, z)]. In Prolog, we have
Gfather(x, z) :- Father(x, y), Father(y, z), where we can think of the symbol :- as- and can
think of the comma as the symbol U.

(3) Goals. Goals represent a query, e.g. does Terry have any grandfathers and, if so, who
are they? In Predicate Calculus, we have $x Gfather(x, Terry) — and what are the possible
values of x. In Prolog, we have Gfather(x, Terry) — and the Prolog system when given this
goal can keep returning possible values of x.

Prolog would resolve a query as follows: (1) Construct the set of clauses consisting of all
the rules, facts and the negation of the goal G: {rule 1 in clausal form, ..., rule nin clausal form,
fact 1, ..., fact m, @G}. (2) Apply resolution to this set, attempting to yield the empty clause .
(3) If resolution succeeds and thus O is derived, then this set of clauses is unsatisfiable, so that
@G is not alogical consequence of the set of clauses, and therefore G is alogical consequence
of the set of clauses. (4) Furthermore, the substitutions made during resolution provide a set of
answersto G.




For our example, (1) The set of clauses would be {@Father(x, y)UdFather(y,
z)UGfather(x, z), Father(John, Mike), Father(Mike, Terry), Father(David, Saly), @Gfather(x,
Terry)} — which can be written as {{ OFather(x, y), QFather(y, z), Gfather(x, z)}, { Father(John,
Mike)}, { Father(Mike, Terry)}, { Father(David, Sally)}, { @Gfather(x, Terry)}}.

(2) For clauses 1 and 5, L, = {Gfather(x, 2)}, L, = {@Gfather(x, Terry)}, L,° =
{Gfather(x, Terry)}, the mgu for L; and L;° is {z~ Terry}, and so Res(1, 5) = @Father(x,
y)U@Father(y, Terry) (call this clause 6). (3) For clauses 3 and 6, L, = {Father(Mike, Terry)},
L, = {DFather(y, Terry)}, L.° = {Father(y, Terry)}, the mgu for L, and L,° is{y—~ Mike}, and so
Res(3, 6) = DFather(x, Mike) (call this clause 7).

(4) For clauses 2 and 7, L, = {Father(John, Mike)}, L, = {@Father(x, Mike)}, L, =
{ Father(x, Mike)}, the mgu for L, and L;° is{x~ John}, and so Res(7, 2) = O. (5) In this case,
resolution has proved that the set of clausesis not satisfiable — therefore " x@Gfather(x, Terry)
is not a logical consequence of the rules and facts, and so $xGfather(x, Terry) is a logical
consequence of the rules and facts.

(6) Furthermore, during the refutation, the substitution {z— Terry, y- Mike, x- John}
was made. Making this substitution in the goal clause $xGfather(x, Terry) provides one possible
value of x, i.e. John is the grandfather of Terry. (7) Prolog can then repeat resolution using a
different substitution and therefore provide another possible value of X, i.e. another grandfather

of Tery.
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General Overview of the Course

(1) General Propositional Logic (equivaences, consequences, validity, satisfiability). (2)
BDD's. (3) Semantic Tableaux. (4) Resolution for propositions. (5) Predicates. The last two
lectures of the course will not be examined (i.e. predicate calculus clausal form, substitution for
predicate calculus, unification for predicate calculus and resolution for predicate calculus).

On the exam paper, the a and b tables and the following equivalences will be given:
@(AUB) ° GAUDB, G(AUB) ° FAUZB, A® B ° @AUB, (AUB)UC° (AUC)UBUC), and A« B
° (A®B)UB®A). You are expected to memorise some things, such as (i) simple
equivalencies such as @@r © r, AUB © BUA and AUZA ° false; (i) " x A °© @$x DA and $x A
° @' x @A; (iii) truth tablesfor eg. U, U, ® , « and &; and (iv) algorithms e.g. for semantic
tableaux and resolution. Further, you will be asked to prove theorems etc. in the exam, and if an
interpretation | for a predicate formula is given as a 3-tuple, then there are no functions in the
formula

Common mistakes: (1) In propositiona logic, an interpretation needs a truth assignment
for every proposition. (2) Make sure that you follow the algorithms and not your own versions of
them e.g. in semantic tableau do not merge together the a and b steps, and in OBDDs do not
merge together steps. (3) ", $, @ bind most tightly, then U, U and then ® , « , s0 e.g. @pUq
means (3p)Ug.




Sample Exam Paper

QL: The following equivalences may be used in the following sub questions. @(AUB) °
@AUZB, B(AUB) °© @AUZB, A®B ° @AUB, (AUB)UC ° (AUC)UBUC), (AUB)UC °
(AUC)U(BUC), and A« B ° (A® B)U(B® A). (a) By finding an interpretation, prove whether
the following formula is satisfiable, valid or contradictory: @[(A« (AUB))UZ(A® B)]. Based
upon your results, determine whether the negation of the formula is valid. (b) Prove that
@(@pUB(qUr)) °© pUgUr. (c) Prove that A is satisfiable iff @A is falsifiable. (d) Prove the
following: {p® g, q® r, Dr« s, s} = Dp.

A: (@) Let X be the formula in question. If v(A) = F, and if v(B) = T, then v(X) =
D[(F« (FUT)UB(F® T)] = G[(F« T)UB(T)] = Q[FUF] = T, which proves that X is satisfiable,
Part (@) of Theorem 1.3 (A isvalid iff DA is unsatisfiable) then enables us to say that @X cannot
be valid as we have found a truth assignment that satisfies @@X = X. Further, X is not valid as
the truth assignment v(A) = F and v(B) = T falsifies X. Note: Contradictory means always fal se.

(b) LHS °© @(@pU(qUr)) °© @(@pUBquadr) °© @@pUa(@quar) © pUddquaddr © pUqUr ©
RHS. (c) If. If A issatisfiable, then there is an assignment of truth values such that v(A) = T. But
if v(A) =T, then v(dA) = F, and so the same truth assignment falsifies A — and so JA is
falsifiable. Only If. If DA is falsifiable, then there is an assignment of truth values such that
V(DA) = F. But if v(GdA) = F, then v(dDA) = v(A) = T, and so the same truth assignment
satisfies A — and so A is satisfiable. QED.

(d) By Theorem 1.5, {A1, Az, ..., A} |5 A iff AJUAU..UA, ® A is vaid. So we
manipulate A;UA,U...UA,, in this case (p® q)U(® r)U(@r« s)Us, as follows: (p® q) U (g® ) U
(@r« 5) Us° (@pUg) U (Dglr) U (@r®s) U (s @r) Us° (@pUg) U (Dglr) U (@arUs) U
(@sU2r) Us® (@pUqg) U (BgUr) U (rUs) U ((DBsUs)U(@rUs)) © (@pUq) U (@gUr) U (rUs) U@r Us
° (@pUg) U (@qUr) U ((ruarUs)U(sUdrUs)) © (@pUq) U (BgUr) U (falseU(sUarUs)) © (@pUq) U
(@qUr) U (sUgrUs) © (@pUg) UBqU@rUs° @p U@qU@r Us® @p, so the result holds.

Q2: (a) Using Ordered Binary Decision Diagrams (OBDD's), prove that the following
formula is vaid (al stages of the reduction process should be shown):
(b« Q)UB((p® q)U(g® p)). (b) Construct the OBDD for the formula (pUg)UwUs, and then
reduce this OBDD as much as possible, showing all stages of the reduction process. (c) Let C =
{I} T Sbeaunit clause, and let S be obtained from S by deleting every clause containing | and
by deleting I° from every remaining clause. Prove that Sis satisfiable iff S' is satisfiable.

A: (a) The diagram is as shown on the p ——> (p) %@
right, and because the reduced OBDD for the V“’/V(p) T 0 ) TN
formula consists simply of a single boxed ‘T", 44
then it follows that the formulais valid.




(b) Standard example — the method to use is as follows: (1) Fill in the leaf truth values,
(2) Reduce the leaves to just one boxed T and one boxed F, (3) Both edges go to the same node
— delete, (4) Identify Sub-BDD's, (5) Repeat (3) and (4) until no more reductions can be made,
(6) Sanity check!

(c) If: Let v be amodel for S. We'll prove that v is also a mode for S by showing that
for every G’ st. G’ = CG—{1%, thenv(C’) =T. Now v(C) =v(l) =T sincev isamodd for S, so
that v(I°) = F. Further, since v isamode for S, then v(C)) = T, and thus there must be some other
literdl I; T Ci sit. v(l)) = T — and so it follows that v(C’) = T.

Only If: If S issatisfiable, then thereisamode v for S st. v(C)=Tforeveey C' 1 S
(because a set of clauses isjust an implicit conjunction so that all clauses must be true in order
for v to be a model). Now extend v by defining v(I) = T — then for every C1 S—S, either C
has | init, so that as v(I) = T then v(C) = T (a clause is an implicit digunction, so that it is
sufficient that we only have one literal true in order for the clause to evaluate to be true), or C
has I° in it, but knowing that C—{I} T S and therefore v(C—{1%}) = T, then v(C) = T so that
v(C) =T for every C1 S—S. QED.

Q3: (The a and b tables are given as an aid to this question...) (a) Construct the semantic
tableaux for the following formulae and for each branch, where appropriate, construct the
corresponding Hintikka set: (i) @(2(Dp® q)Udw), (i) (Fp® q)Uw)U(pUB(rUp)). (b) Use the
method of semantic tableaux to discover a model for the formula (p« q)U((@p® q)Uw) and
define that model. (c) Prove Hintikka's Lemma which states that if U is a Hintikka set then U is
satisfiable.

A: (@ (i) Hintikka sets. first branch

{2(@(2p® q)Udw, (Bp® g), p, w}; second pranch - s A0 ) (e AUpUte)
{D(D(2p® q)UDw, (Bp® q), g, w}. (ii) Hintikka sets m@"@q{@ﬂ” WT QU pU@Truo)
first branch = {((@p® q)Uw)U(pUB(rUp)), (Tp® q)Uw @zp,w  qw Zp@qw  p,A(rp)
(P« YU(@P® )Uw) @p®q, p, w}; second N < q\’w ) 5 p\,ﬁp
branch = {((Zp® q)uw) L o o o x

< Uw

i (®p®T) (PU(rUp)), (Dp® q)Uw, Dp®q, g, w}; third branch =

AR IR {(@p® q)uw)U(pUB(rUp), pUB(rUp). p, B(Up), @r}. (b) The

2, q®p g.q@p pw aw  semantic tableau is as shown on the left. Looking at the first branch

Q,p,@g Q\p,p q,\eh,p of the tableau, we see that a model for the formula in question is
© xox o given by v(p) = F, v(g) = F and then v(w) = T, say. (c) See page 12.

Q4: (a) For the following sets S, derive the simplest set S such that Sis satisfiable if and
only if S is satisfiable, i.e. S» S: (i) S= {@r,qm’, s, $q}, (i) S={rs, g, &, rq, t}.
Remember to explain your moves. (b) Determine the satisfiability of the following sets of

clauses by applying the resolution procedur e (no ssimplification of the sets should be carried out
before applying the procedure): (i) {par, st, T, pqg, g}, (i) {rst, tsw, wr, sr,7}.

(c) In a closed semantic tree, let b be the branch from the root terminating at an inference
node n. The children n, and n, of n are failure nodes, so let C; and C, be any clauses associated
with them respectively. Clauses C; and C, therefore clash, so prove that v, the partia
Interpretation associated with n, falsifies C, their resolvent clause.




A: (i) S={par,qrs, s, Iq}. Now p appears but p does not so that S = {qr5, S, Fq}; sisa
unit clause so that S' = {qgr}; and r appears but t does not so that S" =f — and so S is
satisfiable. (i) S={rst, gpg, &, rq, t}. Now tisaunit clause so that S = {qpg, 5, ra}; s isaunit
clause so that S' = {qpq, ra}; p appears but p does not so that S" = {rqg}; and r appears but ¥
doesnot sothat S™ =f — and so Sis satisfiable.

(b) (i) Let S={pgr, &, 7, pq, g} = clauses {1, 2, 3, 4, 5}. Clashing clauses. 1 and 3:
Res(par, T) = pq, clause 6. 4 and 6: Res (pg, pg) = g, clause 7. 5 and 7: Res(g, ) = 0 — and so
Sisunsatisfiable. (ii) Let S = {rst, tsw, wr, 5r,7} = clauses {1, 2, 3, 4, 5}. Clashing clauses: 1
and 5: Res(r<t, 7) = &, clause 6. 2 and 3: Res(tsw, wr) = tsr, clause 7. 5 and 7: Res(F, tsr) = 15,
clause 8. 6 and 8 Res(st, st) = s, clause 9. 4 and 9: Res(3, s) =1, clause 10. 5 and 10: Res(f, r) =
O — and so Sisunsatisfiable.

() See page 19, and consider the following: Let b, and b, be the Inference node
branches that terminate at failure nodes n; and n, respectively, so tha V\C
b, and b, are identical except for the edges from n to n; and from n tc

n. It follows that n, and n, are associated with clauses C, and C, falue N1 Nz failure
which clash on the literals | and I° of the atom p. Now the partia (> Ca C <>
(Clauses Associated)

Interpretation v, is the same as Vi, and vy, except that it does not assigr,
to p. But vin(Cy) = vi(C,) = F since n; and n, are failure nodes, so certainly vi,,(C,—{1}) = F and
Vi C—{1}) = F — so/it follows that v,(C) = vu((C:—{I})E (C—{1%})) = F. QED.

Q5: (a) Let G(x) mean 'x is a gardener’, let D(x, y) mean 'x dances to the music of
composer Y, and let P(x, y) mean 's performsin band y'. Using these predicate symbols, trandate
the following sentences into predicate logic formulae: "Everybody who dances to Bach is a
gardener"”, "Nobody who performs in the band Oasis dances to Bach", and "A gardener never
dances'.

(b) Determine if the formula " x (w(x, @ ® (p(@USY q(y, X)) is true for the
interpretation (Z, {>, is _poditive, divisible by}, {0}), where Z is the set of al postive or
negative integers, is_positive is a predicate denoting that the argument is a positive number, and
divisble by is a predicate denoting that the fir st argument is divisible by the second argument.

(c) Determine if the formula$y (g(y, AUD" z w(z, y)) istrue for the interpretation (Z, {<,
>}, {0}), where Z is the set of al postive or negative integers. (d) Prove that the formula $x

(p()Ug(x)) ® ($x p(x)Us$x q(x)) is valid.

A: (@ The required formulae are as follows: " x (D(x, Bach)® G(x)), @$x (P(x,
Oasis)UD(x, Bach)), and $x (G(x)UZ$y D(x, y)). (b) Meaning: for all x, x > 0 implies that 0 is
+ve and there exists ay such that y is divisible by x. Thisis true or false depending on whether 0
is considered to be a positive number or not (assume that it does in an exam). (c) Meaning: $y (y
<Qand @" zz>Yy). Thisistruewitheg.y =-1: not all zT Z will therefore be greater than or
equal toy inthisinstance, e.qg. -2 islessthan -1 while 1 is greater than -1. (d) See Assignment 3.
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Answer 3 questions out of 5 (Questions Done: 1, 3, 5)

D

(2)

The following equivalences may be used in the following sub questions:

@(AUB) ° GAUDB
@(AUB) °© PAUDB

A® B° ZAUB
(AUB)UC ° (AUC)U(BUC)
A« B° (A® B)UB® A)
(AUB)UC ° (AUC)UBUC)

@

(b)

(©)

(@

(b)

(©)

By defining appropriate interpretations, prove whether the following formulae are
satisfiable, valid or contradictory:

(i) (A® (BUC))
(i) (B« (AUB))UZ(A® B) [4 marks]

Prove the following equivalences, showing all steps.

(i) @(@rud(qut) ° rUglt
(i) ((P® q)UZ(a® r)UBrUp) ° (qUSBrUp) [8 marks]

Prove, showing all steps, that if U ={p« q, q®T, p, @rUs}, then U= s,
[8 marks]

Use Ordered Binary Decision Diagrams to prove that the following formula is
valid: ((pUq)UnUa((pUg)Ur). All stages of the reduction process should be shown.
[5 marks]

Using Ordered Binary Decision Diagrams, prove that the following formula is
satisfiable but not valid: (pUg)Ur. All stages of the reduction process should be
shown. [6 marks]

Let U={Ay ..., A}. Provethat if U= B then= AUAU..UA,® B. [9 marks]



3)

(4)

The following two tables represent the a and b formulae used in the construction of
semantic tableaux and are provided as an aid to the following sub questions:

a ai a
DDA, Ax

Alqu Al A2
D(AUA,) DA, DA
DAR®A,) | A DA,
A< Az A®A, A® A,
b b, b,
@(B1UB,) @B, B
B]_UBz Bl BZ

B:® B, B, B
@(Bl« Bz) Q(Bl® Bz) Q(Bz@ B]_)

(@

(b)

(©)

(@

(b)

(©)

Construct the semantic tableaux for the following formulae and for each branch,
where appropriate, construct the corresponding Hintikka set.

(i)  pU@quap)

(i)  (pUg)U(@pUda) [6 marks]
Use a semantic tableau to discover a model for the following formula and define
that model: pU(qUr)U(g® Dp). [5 marks]

Prove the following formula is valid by showing that the completed semantic
tableau for the negation of the formulais closed: (pU(qur))« ((pUg)U(pUr)).
[9 marks]

For each set of clauses S below, derive the simplest possible set S such that Sis

satisfiable if and only if S is sdtisfiable, i.e. S » S. Show all stages of the
derivation.

(i)  S={ar, aps, ppas}
(i) S={par, g, prs, ds, ps} [7 marks]

Determine the satisfiability of the following sets of clauses by applying the
resolution procedure. No simplification of the sets should be carried out before
applying the procedure.

() {par, pr,qar, 7}
(i) {par, ars, sp, p, a} [7 marks]

Let clause C be the resolvent of clauses C,; and C,. Prove that if C, and C, are
mutually satisfiable, then C is also satisfiable. [6 marks]



()

(@

(b)

(©)

Let F(x, y) mean 'x is the father of y', and let M(X, y) mean 'x is the mother of y'.
Using these predicate symbols, trand ate the following sentences into predicate logic
formul ae:

(i)  Everybody has a mother,
(i)  Everybody has afather and a mother,
(ii1)  Whoever has a mother has a father. [8 marks]

Consider the formula " x$y (p(x, a)Up(y, X)), where a is a constant symbol, p is a
predicate symbol, and x and y are variables. Determine if the formulais true in the
following interpretations, explaining your reasons.

i) 1=(N,{>},{0}), where N isthe set of positive integersincluding zero.

(i) 1=(Z,{=},{5}), where Z isthe set of all integers, positive or negative.
[6 marks]

Prove the formula” x p(x) ® $x p(x) isvalid. [6 marks]



