29th January 2001

Revision of G2M85

Example: Maximise M = 8x;+9x,+5x; subject

Mix1 x2 x3 st £ s RHS basc| raio
t0 X1 +Xo+2X3 £ 2, 2X1+3Xo+4X3 £ 3, and 6X1+6X+2X3 £ 1-8 5000 0 =M
8, With X, Xz, Xa> 0. We set out the solution as showr g a9y 2z 2
in the table on the right (remember to take the lar gest 006 6 20 01 8 =g | 43
-ve entry in the objective function row, and the ngiz é? 8 ; g _31 8 g 23'\21 5
smallest positive ratio to get the pivot position). At 002 3 40 10 3 =3 32
the end, all the objective row coefficients are > 0, so RRB-ZEZ% 8 ? 8 i 11 121 == 1

. . 1*+Ra =

thGSOlUtIOﬂ |SX1= l, X2:1/3, X3=0,51:2/3,Srz:0, & 2R>-Ra 0|0 0 10 6 0 -1 4 =6s1
=0, and M = 11. Note that we went from (0,0,0) tc Rs+R:0 0 3 100 3 -1 1 =3

0j2 0 -6 0 21 2 =21

(0,1,0), and then to (1, /5, 0).

The Integer Programming (IP) problem is to

~

maximise M with some constraints and with Xy, X», Xz |
Z’° At (0,0,0), M =0; at (1,0,0), M = 8; and at (0,1,0),

X2

| BX+7x2=51 8xi+bx2=61
~ M\‘*\\i\\\

i ‘*\\\\m:@om moq ed;"oeggrz‘cfiz‘;g M = 9. There are only 3 integer points in this feasible
4% ® }*\.séx region. Consider a more complex case: Maximise M =
3p e e 0 e 2x1+3X, subject to 3x;+8x, £ 41, 6x;+7x, £ 51, and
i s oo 00 e ey, o BTl gy 4B, £ 61, with Xy, X, > 0. From the graph, we see

that the LP solution is at the intersection of the red lines
(at position (**'/, %/7)), with M approximately 19.3.
Taking the slope down, we see that there are two
possible IP solutions: at (5,3), where M = 19; and at (3,4), where M = 18. It follows that (5,3) is
the IP solution.

1st February 2001
Definition: An IP is an optimisation problem where (1) we attempt to maximise or
minimise a linear function (the objective function) in a set of decision variables; (2) the values
of the variables are required to satisfy a set of linear constraints (£, =, >); (3) for each decision
variable x;, either x;> 0, or x; isunrestriced in sign (note: LP to here); and (4) one or more of the
variables is required to be an integer.

AnlIPispureif adl x; T Z, and is mixed otherwise. Iti¢ gasc NON-BASC
O-1if al ;T {0,1}. The LP-relaxation of an IPis obtained by m . Fgg o1 _%g% H [93-%
removing al the “xi1 Z” and “0-1" requirements. Example: | x 23 001 004
Maximise M = 7x;+11x,+9x3 subject to 40x;+20x,+10x3 £ 364  1.& intableauform

and 10x,+30x,+60X5 £ 201, With X1, X, Xs T Z°%. Wetake or J X = = s

trust that the L P relaxation has solution as shown on the right. 1 -09003-002 69
1 23-001004 44

Y 44

X3

2N e Consider 2 cases: (i) x1 £ 6, and (i) x, > 7. Find the LP solutions when (i) x.
9 yoer =6, and (ii) X, = 7. Thisis easy to do graphically (it is now a 2-D problem). P(i):
6 N\ M = 11x,+9%3+42 st. 20x,+10x3 £ 124 and 30x,+60x; £ 141. The solution is

shown on the l€ft.

AN
N X2




P(@ii): M = 11x,+9%3+49 s.t. 20x,+10x; £ 84 and 30x,+60x; £ 131. The * Solution &
M £ 96 solution is shown on theright. By inspection, 8 7 :491'};]
. \ /\ P(ii) has an IP solution at X3 = 0, X, = 4, X3 = 2 \\ M =/95.58
‘\'\\ we6  xi»7 [, and M =93. P(i) has a solution as shown , N/
NN ME£93 M£95 ontheleft,at x; =6, X2 =4,%x=0,ard M = T X
RN e 86. So using the branch and bound method,
AN (730 the solution at this stageisin {93, 94, 95}.

5th February 2001
Previoudly, we solved the problem of maximising M = 2x;+3x, subject to 3x;+8x; £ 41,

6X:+7%, £ 51, and 8x;+5x, £ 61 (x; > 0) graphically. Note that this example is special so that the
three integer points (3,4), (5,3) and (7,1) lie on constraints. In this case, diding the objective

function in a south-west direction, the first integer point met it M x x2 s s s rhs basc
(5,3), where M = 19. Solving by the tableau method, we arrive ¢ o 5 % ‘& o 5 M
at the final tableau (as shown), with solution M = 19%/,; at x; = 8 cl) 8 -27&2277 8/]2527 2 471; X1

-7 27 3

413/27, X2 = 34/9, and X3= 0.

The Dual Simplex Algorithm

This is applicable when (1) the objective row has non-negative coefficients only, and (2)

a least one RHS/basic variable is negative. This may occur when an additional constraint is
added to a solution tableau. The algorithm goes as follows:. Iterate: (1) Find the most negative
basic variable (this determines the pivot row).

(2) For each negative coefficient in this row (if there are none, there is no solution),

calculate the negative ratio (row O entry in same column) / (negative coefficient). (3) Choose a
column with the smallest negative ratio (this determines the pivot column). (4) Pivot on this
row/column entry, and make this column basic.

Primal and Dual. A primal problem, P. N w v u s s rhs basc
max(M = c.x) st. AX £ b, x > 0, has dual D(P) = Q: Cl) 431, 5615 6; 2 8 _% 2':_;’
min(N = b.u) st. Au>c,u>0;andthisdua has ¢ g5 7 5 o 1 3 g=3 -
max form max(-N = (-b.u)) st. (-A")u £ (-c), u > 0. ratio: -5% -7/, -12's
The dual of our example is to minimise N = RN T TR e T
41u;,+51u,+61u, SijeCt to 3u;+6u,+8us > 2, and 0 0 27 -49 8 3 7 312_7/8. .
8u;+7u+5u; > 3 (U > 0). 0O 8 7 5 0 -1 3 w=%

ratio: -4.48 -5.78 -136

Max form: maximise N' = -41u-51Ur-61Us 57555 1715 o6s 744 4168 N =193

subject to -3u;-6u,-8us £ -2, and -8u;-7Tu-5Uz; £-3 (U 0 0 27 49 -8 3 T W=y
> 0). Tableau as shown on the right. Solution: N’ = 9216 0 -208 56 -48 32 ="

-19%,7 at ui= %27, U = “I57, and uz = 0. Compare the
entries in this solution tableau to the entries in the
solution tableau of the primal problem.

Converting to fractions
1 Uz Us St s rhs basic
0 7Py 4%y 3y -19%, N’
1 12y Yy Y In Uz
0 By Tln Py Uy Uy

c

ooprl|Z2
oo




Now consider the solution tableau of the original problem. Mxix s o ss rhs
At the solution, X;+Xz = 7%/,7. Add a constraint X;+x; £ 7. SOwe R O o7
have a new row as shown, and x; and X, are now no longer unit 0 0 0 %27 (-527 0 1 -2527
vectors. Subtract R, and R, from R to rectify this, and we get &~ "o "oW basics: =-2927
new row as shown. So the solutionisM = 18 at (3,4).

X1 -09 003 -002 || s 6.9 | >0, wherec = ("115), A = (“10 L3 %), b = (**51), and

X2 23 -001 0.04 A s 44 ) x = (“xx). (i) Find the LP-relaxation solution of the
initial problem, P: this goes through as normal using the simplex method. The L P-relaxation of P
has optimal solution as shown above, i.e. M = 96.7 at x; = 6.9, X, = 4.4, and X3 = 0.

[ M } [ 100 0.10 0.30 }[ X3 } [96.7} IP Problem: maximise M = c.x subject to Ax £ b, x
+ =

Now add the constraint x; = 6. Solve graphically: M = 11x,+9x3+42 X3
subject to 20x,+10xs £ 124, and 30x,+60x3 £ 141. When x; = 6, the 124
LP-relaxation of P;. has solution M = 93.7 at x;= 6, Xo=4.7, and x3= 0. The IF
Solution at x;=6isM =86 at x; = 6, X, = 4, and x;= 0. Now solve P,. using the
dual simplex algorithm (add a constraint x;+a = 6). The & row is the only row 2_35\?;7:\
with a negative RHS. The only negative entry on the LHS of thisrow isin the s 7%2
column, so pivot at this position. Again, the LP-relaxation P;. has solution M = o
93.7,at x1=6, x,=4.7, and x3= 0.

N \\ X3
N (= 4.4, x:=0.9)

Now with problem Py, add the constraint x, = 7. Solve graphically:
N /M = 11x,+9x3+49 subject to 20x.+10x; £ 84, and 30x,+60x; £ 131. The
2.183 LP-relaxation of P.. has solution M = 95.5888... at x;= 7, x» = 4.1444..., and

4% % x;=0.1111.... The IP solution of P isM = 93 & x,= 7, X, = 4, and xs = 0.
42 Note that we could solve P.. using the dual simplex algorithm as well.

Pilp=967 ] What we know so far i_s summarised in the diagram on 'Fhe | eft.
<6 xi>7 It follows that the IP solution is 93, 94 or 95. On the P.. side, the
P. :LP=937] P, :LP=9558 . best possible IPis93. The next step isto refine Py using X, £ 4, and
bedIP=93 | x, > 5. S0 Ppo isX: > 7 and X2 = 4 M = 7x;+9xs+44 subject to x; >
7, 40x,+10x5 £ 284, and 10x,+60x; £ 81. We have a very small feasible region, as shown on the
right. The red arrow points to the LP relaxation solution, where M i< xs
approximately 94.96, at x; = 7.0565, x, = 4, and x; = 0.174. The blue arrow i
the IP solution (M = 93) as before. For Pi.,., we have x; > 7, and X, = 5. The
second constraint is 10x;+60x; £ 51, which is incompatible with x; > 7, so there
iIsno solution. Conclusion: TheIP solutionisM =93, at x = (7, 4, 0).

04

]7 X1

When doing these kinds of problems, get an initial solution first, eg. M = 42.42857 at x,
=14.14, x, = 0, X3 = 28.28, and x4 = 0. Then add in more constraints to get an integer solution,
e.g. branch out by letting x; £ 14, and x; > 15. If needed, go on to constrain more variables, and
then later on, it may be necessary to re-constrain some variables, e.g. set x; £ 0, or set x; > 1.
The use of Lindo in attempting these problems is aways recommended. Draw a branch and
bound diagram to keep track of the important variables.
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A Simpler Example

S Maximise 2Xi+X+2Xs+Xs subject to 3Xi+X+Xs+5xs £ 99,
|01 934550 | 2X1+X+6X3+Xs £ 99, and X1+ 7X+XstXs £ 99. We have a depth-fir st
M= 765 w-es 7| tree of LP problems, as shown on the left. Afterwards, we have an IP
_mamasea.  L&R29] solution of 75, and there is no need to go further. An interesting
M =7566 M=75" example: M = X;+Xo+XstXs subject to X;+2Xx+3Xz+4x, £ 99,
235201 (2359 X1+ 2Xx+2Xa+3Xs £ 99, and 5x;+3%,+Xa+xXs £ 99. The LP-relaxation

solution from Lindo is M = 42.43 at (14%5, 0, 28%/5, 0).

Now (1,-2,1,0) is perpendicular to (1,2,3,4), (5,3,1,1), and (1,1,1,1). There is a line
segment of points at the boundary of the feasible region, all giving the LP max: (k, 28%-2k,
14Y+k, 0), with k T [0, 14Y], S0 that Xi+Xa+Xs+Xs = 3x14Y; = 42%,. Smilarly, there are 29
points a which the IP solution is obtained: M = 42 at (0,27,15,0)+k(1,-2,1,0), for k 1
{0,1,...,13}; and (0,28,14,0)+k(1,-2,1,0), for kT {0,1,...,14}.

Consider the situation as shown in Diagram 1
Suppose that v = u+l a. Then My = ceu, and M, = c*v
=ceu + | cea; My = M+l (ce@). We can choose a so
that cea > O (if not, take -a instead). Suppose that M,
is the LP-max. When| > 0, M, > M, when ceal O, Diagram 2
so that v is outside the feasible region. For | <0, M,
<Mywhenceal 0, and v may beinside the feasible region.

Diagram 1
" ﬂ

og ective

function

Proposition (Winston, page 514): Let S be a subproblem of an IP problem P with solution
at a in which the basic variable x; has value a T (n, n+1). Let S; be the subproblem of S
obtained by adding the constraint x; > n+1. Then S; has an optimal solution to its L P-relaxation,
with x; = n+1.

Proof by Contradiction. Let b be a point where the LP-max of S; is obtained, with x; = by
‘ ‘ > n+1. Let k = (n+1-a/b-a) (0 < k < 1), and let d = kb+(1-k)a, so that

d = kbi+(1-k)a = a+(n+1-a/b-a)(b-a) = n+1. By convexity, disin the
feasible region for S, and so for S;. The values of the objective function
satisfy My £ Mg £ M, Since My, is optimal for S, it follows that My, =
. Mg. So (either b = d or) d is an alternative optimal point for S;. End of

Proof. Note: thiswas the case in the “interesting” example.
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Special Types of IP

Knapsack Problems. max(c;x;+...+CnX) sSubject to ayx;+...+ax, £ b, withx; =0 or 1. The
significant feature is that there is a single constraint. I nter pretation: items 1...n may (or may
not) be carried in a knapsack; ¢ is the value (benefit) of itemi; and a is the weight (cost) of item
I. These problems may be solved by branch-and-bound techniques, without IP.




Fixed charge problems. max(CiXi+...+CXn-ChYi-...-dhyn) subject to ayXi+...+aunXn £ by, .....,
BnX1F... 8nXn £ Dy X1 £ Mayi, oo, Xn £ Muyn, i T 279, and y; = 0 or 1, where the M; are large
positive numbers. | nterpretation: x; is the number of items of product i produced; d; is a fixed
charge incurred if x; > O; and the constraints x; £ My, forcey; = 1 when x; > 0.

L ocation problems. min(x;+...+X,) subject to a;Xi+...4&nX, > 1, ...., 8uXst...+a&nXn > 1,
wherex; = 0 or 1, and a; = 0 or 1. Interpretation: service centres are to be built in certain of the
locations 1....n so that every location has a service centre at most d miles away. The constraint
coefficient is a; = 1 if distance(location i, location j) £ d. Again, there are combinatorial
algorithms for this problem.

Example: A county has 6 cities, and needs to build fire stations

1 2 3 456
so that at least one fire station is within 15 minutes driving time of each™ T 10 20 30 30 20
city. The times to drive are as shown on the right. Formulate an IP 10 0 25 35 20 10
problem to solve this problem. A: For each city, define variables x;, ..., 20 25 0 15 30 20

30 3515 0 15 25
30 20 30 15 0 14
20 10 20 25 14 O

Xs, Where x; = 1 if afire station is built in city i, and zero otherwise.
The total number of fire sations that are built is given by
X1+HXo+Xs+Xs+XstXs, and we want to minimise this, the objective
function.

OOk, WN PR

City 1 can reach cities 1 and 2 within 15 minutes. For city 2, itis 1, 2 and 6. 3. 3/4. 4.
3,4,5.5:4,5,6. 6: 2,5,6. To ensure that at least one fire station is within 15 minutes of city 1, we
add the constraint x;+x, > 1. This constraint ensures that x; = X, = 0 isimpossible, so that at least
one fire station will be built within 15 minutes of city 1. Smilarly, the constraint X;+x;+Xs > 1
ensures that at least one fire station will be located within 15 minutes of city 2. We have four
other similar constraints, and combining these six constraints with the objective function gives us
our 0-1 IP. One optimal solution to thisIPisasfollows. z=2at X, =X, =1, and X; = X3 = X5 = Xe
= 0. Thuswe build fire stations in cities 2 and 4 to solve the problem.

Piecewise-linear function: If a piecewise linear function, f(x), with breaks at r,...,rx,
occursin place of alinear function in an LP (as the objective function or as a constraint), add the
variables z,....,zc and vy, ....,Yk1; replace f(x) by zif(r,)+...+zf(ry); and add the constraints z; £
Vi, Z2 £ Vit ooy Zea £ YotV Zk £ Yier, Vit = 1, 2ot 4z = 1,y 1 Z27°°, 2 = zarg+... 4241y,
yi=0or1,andz>0.
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The Cutting Plane Algorithm

The geometrical idea is as shown on the right. The new “cut”
IS an extra constraint which excludes the LP-relaxation solution
M ethod: Take each row (in turn) of the solution tableau which has ¢
fractional basic variable. Rewrite each coefficient in turn as a; = &gl
+ (a; -68,0), where &g,01 Z, and (a; -88,0) T [0,1), e.g. -5%= -6 +Y4
Transfer the integer sto the LHS, and the fractions to the RHS. Add the constraint RHS £ 0.

LP Solution




Example 1: M = 2x;+3x, subject to M X1 X S S S @& rhs basic
3X1+8X2 £ 41, 6X1+7X2 £ 51, and 8X1+5X2 £ Ro 1 Iz g 19%/2
61. The final solution tableau is as shown on R L s 3
the right. Rewrite R: xi + (-1+%%x)s, + 22 1 ;623 _4/92/78 1 ‘71252;
(0+%27)s = 4+5 B X1-51 (10S) - 4 = -2 7%, 20 -8 1 -13
- 85 + ¥/, RHS £ 0, so that -20s,-8s, £ B - ratios

-13. We can't plot this immediately in the

(x1,X2)-plane, but, eliminating s, and s, we find that this constraint is equivalent to x;+2x, £
11%,. Eliminating gives M = 19.2 at x; = 4.65, X, » 3.35, and 3 = 7.3. Similarly for Ry X-5-3 =
Yo-?les1-?lss, gives M = 19 at (5, 3), sy = 2, and s = 6. Now Rs's constraint is -7s,+S-7 =
2 37-2% 3751~ "1sSp. SO Sa-TSo-7 = -*/ 751~ "1§5+%/7: add in -208s,-189s; £ -200.

Past Paper Question: The LP-relaxation of , %

_ X2 S S S & rhs basic
the IP problem P: max (3x,+4xz) subject to 2x;+5x, ™ 1 1 80 M =40
£ 30, 4x;+3%, £ 50, and 5x;+2x;, £ 60, with X, X, > 7 2 - 10 x,=%9,
0, has solution tableau as shown on the right. Apply 14 -3 5 160 x, =%/
the cutting plane algorithm to the x,-row, and solve 29 95 70 320 s=%
the resulting LP-relaxation using the simplex '12 '16 L :
method. A: The X.-row gives X,+%-s-Y+s = 25, s0 2 e ratio
that Xo-5-1 = %/7-°781-°):s,. Therefore, 3-25-62 £0, 75 0 0 2 0 0 1 477] 6R+R,
-25-65; £ -3. Add this constraint tothetableau (ass 0 0 42 14 0 0 -1 63| 6R-R,
shown in yellow), and solve as shown to give O 8 0 -28 0 0 5 945|6R+5R,
solution M =39%, at X, = 1144, Xo = 1%, 5=0,5,= 0 0 0 364 0 420 -9522056R;-95R,
1y 5= 5%, and a = 0. 0 002 6 0 -1 3| -R
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Knapsack Problems

ltems X;, costs &, values ¢, and x; = 0 or 1 according to if the i™ item has or has not been
taken. Praoblem: max M = Scix; s.t. Saxi £ b. Method: Represent a selection by a vector X =
(Xy,....Xn) 1 {0,1}". Let I(x) denote the position of the last 1 in x, e.g. 1(1011000) = 4, and
[(0000000) = 0. Set M =0, and set x = 0. Construct atree with root 0 and vertices x.

Pick the first vertex x not marked with a“v™ or a“x”. Add edges from x down to the
(n-1(x)) vertices y obtained by replacing 0 with 1 in positions j T {I(x)+1,....n}, eg. X =
(1011000) goesto (1011100), (1011010), and (1011001).

Calculate the value c(y) = c(x)+¢ = Scyi, and the cost aly) = a(x)+a = Sayi. Mark y with
acrossif aly) > b. If c(y) > M, and if a(y) £ b, then a better solution has been found, so set M =
c(y), and set x = y. (Or, if c(y) = M, and if a(y) < a(x)). Now mark the vertex y with a cross if
I(y) = n, or if b-ay) £ min(a) for I(y) <) £ n. Mark x with a tick (which says that x has been
processed). Repeat until all vertices are marked.



Example: A machine in a factory makes items A-E. Thecostsa and i|A B C D E
values ¢ are shown in the table opposite, with b = days of possible operation a|3 7 2 4 4

oo o0+ 2 Shoay @m0y 0o = 10. We start at the root (00000), ©13 143 7 8
M=O§Ego%;j w 7= o0ty « 15 & adding branches to (10000): (01000), (00100), (00010),
x=0 e S (o0 (o1« 13 9 and (00001). We analyse the added costs and values (as

y W Ay "Gows = 1 o shown), and show if a better value is found. At the end,
(mof’)§§iom18.)?)i o 5o com« 10 WE have solution: makeitems C, D and E using 10 days,
-2 \on s 1 1 oo with value £18. P formulation:
(01000) 3(101100) N 61(7Y) ;(y) maX(3X1+1f]-X2+3X3+7X4+8X5) St X+ 7Xo+2X3+4X4+4Xs £
)= ooy 11on 10, with x; I {0,1}, and 1£i£5.

roat y cy) ay) (00100)-(00110) v 11 9

Past Paper Question: A machine makes ijofzo) ooy 7 6 ooon'x 5o
items A-E as shown in the table. The machine x=0 )\~ & 4 (C0010y~(000LD) > 8 7
item|A BCDE is available for 14 days, ;oooo\j\)/;wi(y) 38&) (10010)—(10011) = 17 14 Q/I:ﬂ

time|7 6 5 4 3 and at most one of each (10000 (11000 x/ 16 13 M= 16X (01100} (01110) x 13 15>a
vaue[9 7 6 5 3 jtem is made by the g:g§<mm>« u 1 N
. X) = x 12 10 x
machine. Use a branch and bound method tc y(m(m) @ aw) O OR = B B
— - » (01000 —(01100) v 13 11
maximise the value of the items produced. A: (PPN G070 & |
as shown on the right. ay)=6 (000)* 10 13 Solution: A. 0. B
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Theorem: Let P be a knapsack IP problem, with n items x; having costs ¢ and values v;,
ordered so that vi/c; > vJ/c, > ... > vi/c,, and with constraint Si-," ¢x; £ b. The associated

LP-relaxation has optimal solution vi+vy+...+vi i+ vi, where ¢, +...+caHl c=b (0£1 <1).

(00110 (00111) x 14 12

The Modified Knapsack Algorithm

Render items by decreasing (*¥*¢/««). Calculate the LP-relaxation solution at each vertex.
Mark a vertex with a cross if the LP-relaxation solution is £ the stored optimal value. If the
LP-relaxation is an | P better than the stored value, then store M and x. The calculation of the
L P-relaxation solution: Take the sum of the values chosen so far; keep taking the next item
while cost alows; and if the next item istoo expensive, then take that fraction of the next item to
use up the maximum cost.

# 1 2 3 4 5 Example: Re-order the items from a previous question as
label B E D C A shownontheleft. Start at M = 0, x = 0, and the vector (00000) as
cost a 7 4 4 2 3 normal.

vauec, |14 8 7 3 3

c/a 2 2 1Y% 1 P 7

(01000) v 8 4 18** M =18 X = (01110)

(00100) = 7 4 13 (00000)
(00010) % 3 2 6 Theresulting
(0000 x 3 3 3 tree: —/

For the first part of the tree, (mox(lm,) Cost 11> b 0 omit

(OOOOO)X(M)O)J % 7 20° M= 14 x= (10000)

(109665/(01066) (00100) (00010) (00001)
at *, 7+3,(4) = 10 (max cost), and 88328; SOE 1;>b1§00mit (10010)(&)001) LP=18=1IP
14+%,(8) = 20 (LP solution). At **, (10001) %17 10 17 (anIPsolution< 18)  (91110)

4+4+2 = 10, and 8+7+3 = 18. (01000)— (01110) (Already found solution) M =18



Knapsack Problems: Multiple Items

It may happen that several copies of the same item are available.

Type A B C _ _
Weight 10 8 5 Example: A hill walker has supplies of 3 types of food (as shown on the
Nutrition |24 20 11 left). Select the most nutritious items, up to a maximum weight of 50.
Max # 4 3 9 |P formualtion: x; = the number of type i taken, ¢ = weight, v =
Rank 1 2 3 nutrition. Problem: max(24xA+20xB+11>A<c) subject to 10x,+8Xs+5Xc £
Type B A c 90,Xa£4, x££ 3, and xc£ 9, where x; | Z’°. Compare ratios. (vi/c; or
Weight 8 10 5 GC/a). For type A, the ratio is 0 Prooessed Cost_Value_LPmax
Nut”“on 20 24 11 24 (2nd plme) FOI' type B, (010) x 10 @ 96"'22:@* 042
Max # 3 4 9 theratiois25 (1st place). FOr oy ey ~ + 1 a0 124
type C, the ratio is 2.2 (3rd place). So we reorder as 83% L7 5 % 20196+(2911° 204
shown in the second table. Now construct the usua (ooy—@0) v 24 60 1224 '
tree, with nodes (xi, X2, Xs). As before, each LP max is ooy <R 8 aosaae-2160
easly calculated as shown on the right. Note: * if IP. o< G1) v % @& 1224

(301 x 29 71 60+52x11

For the initial problem, 3x8+2.6x10 = 50, so that L P (310 (320 v 4 224
= 3x20+2.6x24 = 60+62.4 = 122.4. Solution: take 2 01 3 (o1 « = 45 m pia 7
A, 3of B, and 1 of C, so that the weight is 20+24+5 = etc.

49, and that the nutrition is 48+60+11 = 119. Y ou can draw atree.

22nd February 2001

Past Paper Question

1 2 3 4 5 6 7 8
10 45 15 20 70 30 60 65
45 5 55 30 25 25 15 40
15 55 5 30 60 40 65 70
20 30 30 10 65 15 40 45
70 25 60 65 5 50 30 55
30 25 40 15 50 5 25 30

The table shown shows the estimated time from town _r;
I to town j. We want to minimise the number of depots
needed in order that any site can be reached within 30
minutes. Formulate an IP for this problem, and, by
inspection, write down a solution when (i) 3 depots are
needed, and (ii) 2 depots are needed. Now (b) formulate an
|P for an alternative problem: Estimates for the number n; of 60 15 65 40 30 25 10 25
incidents per year in the 8 districts are given in the second 65 40 70 45 55 30 25 10
table. We want to build 4 depots so as to minimise the average
response time. The problem is to determine which towns should
be used.

oOo~NO O~ WN P

i|1 23 456 7
n|17 2 11 14 8 5 18 16

A: Let x; = 1 if thereis a depot in town i, and let x; = 0 otherwise (L £1i £ 8). The 8
constraints are as follows. Xi+Xs+Xs+Xe > 1, Xo+Xa+Xs+Xe+X7 > 1, Xy +Xs+Xs > 1, X1 +Xo+Xs+X4+Xe >
1, Xo+Xs+X7 > 1, XiHXotXa+Xe+X7+Xs > 1, XotXs+Xe+X7+Xg > 1, and Xe+X7+Xg > 1. There is some
redundancy: (8) b (6) and (7); (5) P (2); and (3) P (1) and (4). Problem: Minimise Si-;® x;
such that x; T {0,1}, with 1 £ i £ 8, and such that X;+Xz+Xs > 1, Xo+Xs+X7 > 1, and Xe+Xs+Xs > 1.
3 depots are needed: lots of solutions, e.g. X; = X2 = Xs = 1, the rest 0. 2 depots are needed: 3
solutions: X1 = X7=1, Xs=X7=1, and X, = X7 = 1. (b) Let y;; =1 if town i responds to town j, and
let y; = 0 otherwise. The annual total responsetimeisgiven by R = Si-;®S;-,® nirjy;;. We want to
minimiseR. Now y; =1 P xi=1, sothat y; £ X;. So asuitable IPisasfollows: min. R sit. Sx; =
4, Sy; = 1 (8 conditions), y; £ x (64 conditions), and x;, y; 1 {0,1}, so that we have 72
variables, and 64+(2x(1+8)) = 82 constraints (“u = Vv” isimplemented asu £ v and u > v).




Plumber Problem

Consider that pipes are availablein 6’ and 12’ lengths. Weneed 8 at 4',5at 5, and 3 at
7 — and want to minimise “waste”. Cutting patterns: (1) 6’ into 4 and 2° waste. (2) 6" into 5’
and 1’ waste. (3) 12 = 5+7, (4) 12 = 4+7 (+1 waste), (5) 12 = 5+5 (+2 waste), (6) 12 = 4+5 (+3
waste), and (7) 12 = 4+4+4. Let x; be the number of times pattern (i) isused (1 £1 £ 7). The
waste function is 2x;+Xx+X4+2X5+3Xe. The number of 4' lengths is X;+X4+Xe+3X7, 8 needed. The
number of 5 lengths is Xo+X3+2Xs+Xe, 5 Needed. The number of 7' lengths is Xs+X4, 3 needed. | P
1: Min. waste Sit. X +Xa+Xe+3X7 > 8, Xo+Xs+2Xs+Xs > 5, and Xa+x4 > 3, with x; T Z*°. Solution: Xs
=5, X7= 3, therest 0. IP_2: min 6(X;+X2) + 12(XstX4+Xs+Xs+X7) = the total length bought, with
the same constraints. Solution: X3 = 3, xs= 1, and x; = 3: 84’ used with 2" waste and an extra 4’
length.
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Piecewise-Linear Objective Function

Example: Maximise M = x;+2x,+3 when x; £ 3, and 3X;+2X,-: xz@-uz
when x; > 3, such that x; £ 5, X, £ 5, and X, +x; £ 6. (Note: x5, X2 > 0, anc (L5)

M = 2x,+6 when x; = 3). The graphical solution is as shown on the right x .
ope

where M is maximum at both (1,5) and (5,1) — with M = 14.
s Alter native Example: M = 3x;+2X,-3 when X (5'1)X
N £ 3, and x;+2x,+3 when x; > 3, with the sam¢ —57 5 32 5 5

constraints. Maximum: M = 12 at (3,3) as shown

=N w bk o

—on the left. This shows that M need not occur at a corner of a feasible
(50 region, but at the intersection of the boundary with (in this case) x; = 3.
o132 3 3 L 6’“ When the number of variablesis> 2, convert the problem to amixed IP.

— N w ol

Step 1: Find the upper bound for x;. In the example, when x, = 0, the
constraints are x; £ 5, and x; £ 6, so that 0 £ x, £ 5. Step 2: Write M as [
f(X1)+2x2, where f(x1) = x;+3 when x; £ 3, and 3x;-3 when x; > 3. Step 3 -

3 I

Introduce variables zi, z,, Zs, Y1, Y2 (all > 0), withyy, y> T {0,1}, yai+ty. = 1

21 £ Y1, £ VitYa, Zs £ Vo, and zi+2o+25 = 1. It follows that either (A) y,=1, | 1 2 3 4 5
yz—o (D ) 23—0 O£Z;|_,Zz£l and 1tz =1; or (B) y1—0 Vo= 1, (D ) Zl—O 0£22,Zg£ 1, and
Z,+7; = 1. Step 4: Write x; = 0z;+3z+5z; 1 [0,5], and f(xy) = f(0)z+(3)z+(5)zs =

32,:+62,+1275. Check: in case (A), x:= 32,1 [0,3]; f(x1) = 3(z:+2,)+32, = 3+x1. OK. In case (B),
X, = 32:+525 1 [3,5]; f(X1) = 62,+1275 = 6+625 = 3(3+223)-3 = 3x;-3. OK. Conclusion: We have
anew mixed IP. max M = 3z;+6z,+127;+2x, subject to X, £ 5, X2 £ 5, Xs;+X2 £ 6, ZLE V1, Z £
Y1tyo, Zg£ Yo, Y1ty = 1, 21t2,t723= 1, X1 = OZ]_+322+523, X1, Xo, (yl, yz), and Z1, 23, Z3 > O, with Y1,
y21 {0,1}.

Tutorial: Maximise (cex) such that Ax £ b, where cex = 2x;+3x, when x; £ 4, and
3x;+3X,-4 when x; > 4, with A = (36 875), and b = (*!5161). So we have constraints 3x;+8x, £ 41,
6X,+7x, £ 51, and 8x;+5x, £ 61. Step 1: The constraints are 3x, £ 41, or x; £ 13%/5; 6x, £ 51, or
X1 £ 8%; and 8x, £ 61, or x; £ 7°/s. Therefore, 0 £ x; £ 7°/s. But take an integer upper bound, so
that O £ x; £ 8.




20 T Step 2: M = f(Xx1)+3%,, where f(X1) = 2x; when x; £ 4, and 3x;-4 when x; > 4.
Step 3: Introduce Variables .... (exactly as before). It followsthat .... Step 4: x; =
8- 0z,+42,+8z3; f(x;1) = 02,+82,+20z;; and M = 8z,+20z5+3X,, subject to 3x;+8x, £
Xt 41, etc., yity, = 1, z1+2,+23= 1, ZLE Y1, Z £ VitYo, ZZE

N 4 8 1 _ X1=4
Y2, V1, Y2 | {0,1}, and x; = 4z,+8z;. Note that we can

writethisas2 LPs: (A) withy, =1, y,=0, and (B) withy,=0, y,= 1.

We can dso solve this problem graphically (as shown on the
right). Intuitively, we move the dopes down verticaly, and find twc
candidate solutions. A solution is at the intersection of two lines. We Limarar X

find the co-ordinates by usual methods — and then find M. 02463810 1214
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solution here

CDI\)-&@Q@B'\A)/

Linear Fractional Programming

An LFP has a natural linear objective function, linear
constraints, and some non-negative decision variables. Example:
maximise (3X1+4X2+5/5X1+3X2+1) SJbJ ect to 8x,+9x, £ 36, TX1+5X5
£ 25, and x;+x, > 2. We see the diagrammeatic representation on the
left. Put z = 1/5x;+3x,+1 (*), y1 = X1z, and Yy, = X,z. The objective
function becomes M = (3x;+4x,+5)z = 3y;+4y,+5z. Note that, on S,
X;>0,andXx,;>0,s0that z>0,y:>0,andy.>0.Nowz>0Pp
the first constraint can be written as 8x,z + 9%,z £ 36z, i.e.
8y11+9y,-36z £ 0. Smilarly for constraints 2 and 3. Further, (*) can be written as 5y;+3y,+z =
1. Conclusion: The LFP can be converted to an LP: max(3y:+4y,+5z) st. 8y;+9y,-36z £ 0,
17y1+5y-25z £ 0, y1+y,-2z > 0, and 5y;+3y,+z = 1.

General Case: Max(f = p.x+a/g.x+b) subject to Ax £ b, and x > 0. Note that g.x+b * O
on S, and that the matrix (°q %) has rank 2. Convert to an LP: Put z = 1/g.x+b, and put y = zx, SO
that g.y+bz = 1. The objective function becomes f = (p.x+a)z = p.y+az, and the i" constraint
becomes Si-1" ajx;z £ biz; Si-1" ajy; - bz £ 0. So the LP is max(p.y+az) subject to Ay-zb£0,y >
0,z>0,and g.y+tbz=1.

Lemma: Either g.x+b >0o0n S, or g.x+b < 0on S. Proof: xi, X1 S, with « "
a.x1tb =¢; > 0, and g.xo+b = ¢, < 0. Let X3 = (Co/C2-C1)X1 - (C1/C-C1)X2. NOW g.X5 \

~

b = (cJ/c-ci)(ci-b) - (ci/c-ci)(c-b) + b = 0. By convexity, xs | S, so we have ¢
contradiction. If gx+b <Oforadl x1 S, replace f by -(p.x+a)/-(g.x+b) — so that
we can assume that the denominator is aways +ve.

Proposition: if the LFP is rewritten as an LP, and ify andz gives an optimal solution for
the LP, then x = (1/2)y is an optimal solution for the LFP. Proof: §,z), withz > 0 optimal for
LP P pyt+az £ p.y+az for all (y, z) feasble. Hence (p.x+a/g.x+b) £ (px+a/gx+b) for all
feasible x, where x = y/z, and x = y/z. Therefore, x = y/z is optimal for the LFP. Graphical
Method: Solve 3x;+4x,+5 = 0; 5x;+3x,+1 =0, i.e. X, = 1, Xxo=-2 (C). Refer back to the diagram.
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One-Parameter Families of Curves and Surfaces

Let Gand G be surfaces (curves) with equations f(x) = 0, and f'(xX) =0 (x T R"). The
surface G, with equation | f(x) + pf’ (x) = O passes through the surface D (of curves or p0| nts)
in which G and G intersect. The surfaces G, are said to form ¢ Sy

“pencil of surfaces’. Example 1: A pencil of circles: G (x-1)%+(y-1)*
=1; G: (x+1)>+(y+1)? = 5. Now G and G intersect a D = {(1,0),

(0,1)}. G, has equation | [(x-1)2+(y-1)>1] + p[(x+1)>+(y+1)>-5] = 0 R
which can be arranged as {X-(' "/ )}2 + {y-( *h)}2 = "2 e
which is a circle with centre on the line y = x, and this line i /

perpendicular to the line joining (1,0) and (0,1).

Notes: G = G Gy = G; Gy has equation x2+y2 = 1; and Gy IS

undefined (or isthe line x+y = 1). Example 2: Gisthe line 3x+4y = 7, and

G istheline 4x-3y = 1. Therefore, G, is (3 +4u)x + (4l -3y = 71 +.

Example 3: Gand G are dlipses: x3+3y? = 4, and 3x?+y? = 4. The pencil is

G set the set of conics| (x2+3y2-4) + u(3x2+y%-4) = 0, or (I +3u)x2 + (3l +)y?
= 4(l +p).

Consider the curve through (3,5): | (9+75-4) + wW(27+25-4) = 0;
80l +48u = 0; 51 +3u = 0. Choose | = 3. Now p = -5, so that
-12x2+4y2 = -8, or 3x2-y2 = 2. G (*/2)>+(Yae)? = 1 (dark green in the
diagram). Find a member of the pencil which isa circle. Here, we neec
| +3u=3l+u b pu=1.Thisgives4l x>+4l y2 = 8| ; x2+y? = 2 (blue).
Now find a member passing through (0,0): Ox2+0y2 = 4(1 +l) P pu=
-l , so that -2| x2+2| y? = 4(0); x? = y? (dark blue).

i Apply thisto our LFP: (F1): max(f: p.x+a/q.x+b) (p and g are
Llnearly Independent) such that x > 0, Ax £ b, and g.x+b >0 on S.
" The equations p.x+a = 0 and g.x+b = 0 are equations of hyperplanes
\ (H and H’) of dimension (n-1) when x T R" They intersect in a
end, +¥ hyperplane D on dimension (n-2), and SCD = f. The pencil of
H 1o hyperplanes H, ,.: | (p.x+a) + p(g.x+b) = 0 all contain D.

Hmax

The objective function f has constant value on H, ,,, namely -(*/;). Sketch a section of R"
perpendicular to D: as shown above. As (-*/|) increases from -¥ to +¥, H, , first meets S at
some Hnin, and last meets S at some Hme. These two values of -¥/, provide the optimal values for
f.Putp=1,and | =+egives-*/ = -¥. Further,| =-egives= +¥.So| goesfrom +eto +¥, and
then from -¥ to -e.

Exercise Sheet C1: Convert the linear fractional program (F1): opt (f =
2X1+5X,+4/3X1+7X+5) subject to 7x;+9x; £ 63, 3X1+X2 > 6, 2X1+3X > 11, X1+3X, > 7, and Xy, X2
> 0into an equivaent linear program, (F2). Solve (F1) graphically when (i) opt = min, and (ii)
opt = max. Solve (F2) using Lindo.




7X1+9x2 £ 63

A: Put z = (3X1+7X.+5) 2, y1= X1Z, Yo = Xoz, and ys = 7
X3z, then (F1) is equivalent to (F2): opt(2y.+5y.+4z) st.
7y1t9y-63z £ 0, 3y;+y,-6z > 0, 2y +3y,-11z > 0, ***=1 1

Vi+3y-7Z2 > 0, 3y1+7y,+52 = 1, y1, V2, 2> 0,and z 1 O, N

where the fifth constraint comes from the definition of z 2

Graphical Solution: Solve 2x1+5x+4 and 3xi+7%+E  sane:
smultaneously to get x; = 3, and X, = -2. Thisiswherethe | ”
two lines meet. Now draw in the two lines and all the % xr+3xe> 7
constraints to get what is shown on the right. Draw a pencil ~

of lines through (3, -2): it hits (9,0) first, where f = %/, = 0.6875 here, a minimum; and it hits
(1,3) last, where f = 2/, = 0.7241 here, a maximum. Because the numerator of f is amost
paralel to the denominator of f, the problem is ill-conditioned, and sendtivity anaysis is
Indi cated.

C2. By considering the equivalent linear program and its dual, show that f =
8X1+6Xo-10/4x1-2X,+40 sit. X1 +X, £ 10, 3X;-5%; £ 6, and X3, X, > 0 has extreme values at (0,0) and
(0,10). Confirm the results graphically. Hints: If Sisthe feasible region, use the first constraint
to show that 4x;-2x,+40 > 0 on S. Compute f(0,0) and f(0,10) to decide which point should be
considered as the local maximum, and which as the local minimum. Consider the maximum and
minimum problems separ ately.

A: Put z = (4x:-2x,+40)%, y1 = Xaz, y> = X2z, and ys = X3z. Then we have the linear
program opt(8y;+6y.-10z) subject to yi+y,-10z £ 0, 3y;-5y»-6 £ 0, 4y;-2y,+40z = 1, y1, Y2, 2 >
0,andz? O.
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Weak and Strong Duality

Example: Q: Min (N = 4u;+7uy) subject to u;+2u, > 11, u;+3u, > 13, and 2u;+5u, > 18 (u
> 0), with B = [*1, %35], and e = [*1334]. Q' isthe max form of Q: max (M = -4u;-7uy) S.t. -ui-2u, £
-11, -u;-3u; £ -13, and -2u;-5u; £ -18 (U > 0).

Here is a max problem: P. Max (M = 11x;+13x,+18x3) St. X;+X+2x; £ 4, and
2X:+3X+5x3 £ 7 (x > 0), wherec = (11, 13, 18), A = (%% %), and b = (%). Phasdual D(P) = Q
as above, a standard min problem. Convert Q to max form Q' (using variables vi, Vs, Vs, say):
R: Min (-11v;-13v,-18Vs) Sit. -v1-V-2v3 > -4, and -2v;-3v-5v; > -7 (v > 0). R’ isthe max form of
R: Max (11v;+13v,+8vs) Sit. vit+v,+2vs £ 4, and 2v,+3v,+5v; £ 7 (v > 0).

Duality: Any LP can be regarded as a max or min problem, as max M = min(-M). Also,
problems. (1) A standard max problem: P. max(M = c.x) gqugct_to_ A& £ b withx>0; (2 A
standard min problem: Q: min(N = f.u) subject to Bu > g, with u > 0. Any LP can be expressed
in these forms. In particular, the max form of Q ismax(-N) = (-f).u sit. (-B)u £ (-g), withu > 0.



Dual of an LP: When the primal problem P is P. max(M = c.x) st. AX £ b, with x > 0,
the dual, D(P), is Q: min(N = b.u) s.t. A'u > ¢, with u > 0. Therefore, the dual of a standard max
LP is a standard min LP. Theorem 1.1: D(D(P)) is equivalent to P. Proof: Let P be “max c.x
st. Ax £ b, with x > 0". Then D(P) is “min b.u sit. A'u > ¢, with u > 0", which has a standard
max form“Q = max(-b).u s.t. (-AYu £ (-¢), with u > 0”. Further, D(Q) = “min(-¢).v s.t. (-A"))'v >
(-b), with v > 0", which has standard max form “ R = max(-(-¢).v) s.t. (-(-AY)v £ -(-b), with v >
0" ="max cv st. Av £ b, withv>0". QED.

Weak Duality. Theorem 2.1: Given P. max
c.x st. Ax £ b, with x > 0; and D(P): min b.u s.t. At o
> ¢, with u > 0; if Xo and uy are feasible for P anc
D(P) respectively, then c.xo £ Us'AXo £ b.Uo. Proof: x;
feasible for PP usAxo £ us'b = b.uo. And U feasible
for D(P) P Xo'A'Uo > Xo'C = C.Xo. The result follows since Xo'A'us = (Ug'AXo)".

X
]
o

— Il

C.X0 b.uo

duality gap?
feasiblevaluesc.x for P feasible valuesb.u for D(P)

Theorem 2.2 If P and D(P) are both feasible, then both have optimal solutions. Proof:
Let F P be the set of feasible values c.x, and let F D(P) be the set of feasible values b.u. The
previous result shows that every b.uT F D(P) is an upper bound for F P, and that every cx1 F
P is alower bound for F D(P). The two functions R"® R, x+~ c¢.x; and R"® R, u~ b.u, are
continuous, sothat x T R"ando I R™ exist, withcx = l.u.b. FP, and bo = g.l.b. F D(P). Since
the feasible regions are compact, these bounds are attained.

Strong Duality. Theorem 3.1: If X, isfeasible for P, if Uy is feasible for D(P), and if c.Xo
= b.uUo then xo is optimal for P, and U, is optimal for D(P). Proof: We know that c.x, is a lower
bound for both optP and optD(P), and that b.u, is an upper bound for both optD(P) and optP. In
this case, alower bound is equal to an upper bound, so that the optimal values are equal (and
the duality gap is empty). Corollary 3.2: (1) If Pisfeasible, and if D(P) isinfeasible, then F Pis
unbounded above. (2) If Pisinfeasible, and if D(P) is feasible, then F D(P) is unbounded below.
Theorem 3.3: If X, and U, are feasible for P and D(P) respectively, then optimal solutionsx and
0 exist, with c.x = b.o (in fact, if one optimal solution exists, then so does the other).

Proof: The following proof is based on the properties of the simplex algorithm (other
algebraic proofs are possible). Start with P: max (M = c.x) subject to Ax £ b, with x > 0. Add

dack and artificial variables to get Ax+s = b. An arbitrary [m [x columns| scolumns | r.h.s.
linear combination of the n constraints may be written asI'Ax | 1 ¢t o 0
+I's= 1 for somel T R". Theinitial tableau has the form of | 0 A I b
the first table on the right (the third row is an arbitrary [I0] I'A I' I'b
combination of rows 1 to n, corresponding to constraint I'Ax +

I's = I'n). In general, we need to apply Phase 1 so as to obtain | M |x columns] scolumns | rh-s
an initial solution. At the end of Phase 1, we remove any L1 L -CHA H Hb

artificial variables. The new top row is the original row plus an arbitrary linear combination of
the condtraints. As the iteration proceeds, further linear combinations are added. By weak
duality, we know that an optimal solution exists, so that eventually we will obtain atop row as
shown in the second table, where (-c'+I'A) and (+I") have entries which are all non-negative (so
that the solution is thereby obtained).



The optimal M is!'b (at X, say). Fromthe x- and s- columns, -cC+I'A > 0'p All > ¢; +l'l >

0'P | >0. Now we have D(P): min(b.u) st. A'u > ¢, with u > 0, so we have that | is afeasible
solution to D(P), and that b.| is an optimal value for P. By Theorem 3.1, x is optimal for P, and |
is optimal for D(P). Furthermore, after adding excess variables, the dual constraints have the
form Alu-e=c b A'u-c=eb -c+uA = €. Thus the vector in row 0 and the x-columns of the
final tableau, (-c'+I'A), contains the optimal values for the excess variables of D(P). Note that
the final top row (when the dual ssmplex algorithm is applied | N |u columns| ecolumns| r.h.s
to D(P)) is as shown on the right. 1 | +b'- XA +X' -X'C
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Complementary Slackness

Consider P: max(c.x) sit. Ax £ b, with x > 0; and D(P): min(b.u) s.t. A'u > ¢, withu > 0.
Now the canonical/normal form for the constraints is as follows: Ax+s = b, with x, s> 0; and
A'u-e = ¢, with u, e > 0. Analysis: A is an mxn matrix, with x, ¢, el R" andb, s, ul R™
Solutions (x,s) to P, and (u,e) to D(P), are said to be complementary slack (written “(x,s) c.s.
ue”)if xe=us=0,ie.(*)u=0ors=0for LEi£m,andx;=0ore=0for L£j £n.
Theorem 4.1: cx =b.uU (x,9) c.s. (u,). Proof: c.x = (A'u-€).x = (UAX)-ex; b.u= (AX+S).u =
UAx+su. Now cx =bu b -ex=su,ex=0=suwhenx, s ue>0PpP (x; cs. (ug).
Corallary 4.2: (x,s) feasible for P, (u,e) feasible for D(P), and (x,s) c.s. (u,e) P (x,s) and (u,e)
are optimal for P and D(P) respectively. Proof: (4.1) P c.x =b.u, and (3.1) b x and u are both
optimal. Algorithm 4.3 to test if X, is optimal for P: (1) Calculate s, = b-AXo. If > 0, then xq is
feasible. (2) Try to find (Uo, &) C.S. (X0, S) using (*). If (Uo, &) exists, with uy, & > 0, then X, (and
Uo) are optimal. Example: P = max c.x sit. Ax £ b, where ¢ = (M1355), A = (*23 131 %11), and b =
(“75). Q: Test for optimality Xo = (°00), X1 = (°13), X2 = (*11), X3 = (fows), and x4 = (°21). A: Pisas
follows: maximise M = 11x;+13X,+18X;5 S.t. X1 +Xo+2X3 £ 4, 2X:+3X+X3 £ 7, and 3X;+X+X3 £ 5,
with x > 0. D(P) is as follows: minimise N = 4u;+7U,+5U; S.t. Up+2u,+3u; > 11, u+3up+us > 13,
and 2u;+uxtus > 18, with u > 0. (Xo). Feasible OK. 5 =b. (*) P u = 0 (and no information for
€.u=0b e=-c. Wehave found (O, -c) c.s. (O, b). But -cisnot > 0 — s0 X, iS not optimal.
(x1). Feasible: s, = (*75) - (°75) = (P0p), which isnot > 0 — so x; is not feasible. (x2). S = (*75) -
(%65) = (°10) > 0, OK. (*) P u, = 0 and e = 0. The three dual equations are as follows: u;+3uz =
11, u+uz = 13, and 2u;+us = 18: inconsistent, SO X, is not optimal. (Xs). Ss = (475)-(*3vaa) = (%3v2),
so xzisfeasible. (*) P e, =e=0, and u, = us= 0. The three dual equations are as follows: u, =
11, ui-e; = 13, and u; = 18: inconsistent. (X4). S: = (“75)-(“73) = (C02). (*) P &e=e=0, and u3= 0.
The three dual equations are as follows. u;+2u-e; = 11, u;+3u, = 13, and 2u;+u, = 18. Solve (by
amatrix) to get u,= /s, uy=*/s, and us = 0. Now e, = ?/s, S0 that us = (*/s ®/5 0)', and that &, = (*/s
0 0)Y, both > 0 — so x4 and u, are optimal. Check: M = 11(0)+13(2)+18(1) = 44, and N =
4(8%5)+7(13/5)+5(0) = 44.

Tutorial: Let Ct (443 5) bt (7 7 9) and A = (122 13 31 12) Test X (0,2,1,1), Xlt =
(3 1 O O) Xo! = (13/4, 0 O 5/4) X3 = (11/3, 5/3, O) and X4 = (8/3, 1/3, 4/3) for optlmallty A: (Xot) S
=(779)'-(769'=(010,0K.(*) P == =0, and u= 0. The four dual equations are
as follows. u;+2us-e1 = 4, u+3u; = 4, 2u+us = 3, and 3u;+2u; = 5. Solve the 3rd and 4th
equations to get u; = uz = 1, which satisfy the 2nd equation. But the 1st equation P e = -1,
whichis£ 0— so NOT optimal.



(X1).$=(779)'-(479'=(300), OK.(*)P &1 =& =0, and u; = 0. The four dual
eguations are as follows. 2u,+2u; = 4, U,+3U; = 4, 3u,tUs-e3= 3, and U, +2us-e, = 5. Solve the 1st
and 2nd equationsto get u,= us = 1. Therefore, es= 1, and & = -2, S0 that x; isnot optimal. (x,).
$=(779)-(77,9)'=(0-ve0): not optimal.

(x3). 5= (779) - (7 12%59)' = (0 -ve 0)": not optimd. (x4). £ =(779)'-(779'=(00
0). Unusually, all 3 constraints are exactly satisfied, so that x, is optimal with zero dack. (*) b
e =& =6 =0. The four dual equations are as follows. u;+2u,+2u; = 4, u;+u,+3us = 4,
2u;+3Up+Us-6; = 3, and 3u;+u+2us = 5. Solve the 1st, 2nd and 4th equations to get u, = (%, /o,
7/g)t. Check: M, =32/3+4/3+O = 182/3, and N, = 56/9+49/9+63/g = 182/3. Xa istherefore Optlma'

Exercise: Solve P (on the previous page) by the “{'ﬁ XXy 59 s RE'S Ratio
simplex method, and D(P) by the dual method. A: Solve 001 12 1 o0 o| a4 | 2=
P as shown on the right. After the second iteration, we 8 § 3; i 8 é fi g ;
getx1 =0, X=1,x3=1,5=0,%=0, =2, and M = ¥
44. Now form the dual program of D(P), but thisisjus "% 2 =2 <45 % 9 913 |
P — which we have already solved! We read off the Rrs¥R:0/32G20 -2 1 0| 5 | 2<
solution by looking at the coefficients in the objective #2052 120 -2 0 17 3 1 6
row of the final tableau. So u; = */s, U, =85, U3 =0, €, = R+85Rs 1|25 0 0 4U5 85 0 | 44
2%, &= 0, &= 0, and N = 44. These answers agree with 7> 32> 9 2 & 2 01 2
previous calculations. Re-1/5Rs 0|15 0 0 -2/5 -¥5 1| 2

Now solve the tutorial question by the smplex method (P) and the dual ssmplex method
(D(P). A: Pismax M = 4x;+4X,+3X3+5X4 S.t. X1 +Xo+2X3+3X4+S; = 7, 2X1+X+3X3+X4+S, = 7, and
2X1+3Xo X3+ 2X4+S = 9, With X1, X2, X3, X4y S1, &, S > 0. D(P) is min N = 7u;+7u,+9u; Sit.
Ui +2U+2Us-€1 = 4, UitUx+3us-€; = 4, 2ui+3Up+Us-6; = 3, and 3u;+Ux+2Us-, = 5, with ug, Uy, Us, €,
&, 6, & > 0. The caculations are as shown below.

M X1 X2 X3 Xa S S s rhs ratio N | w U Us e & & e | rhs basic
1 -4 -4 -3 -5 0 0 0 0 1 7 7 9 0 0 0 0 0 -N=0
0 1 1 2 3 1 0 0 7 23 0 -1 -2 -2 1 0 0 0 4| e=-4
0 2 1 3 1 0 1 0 7 7 0 -1 -1 -3 0 1 0 0 4| e=-4
0 2 3 1 2 0 0 1 9 4% 0 2 3 -1 0 0 1 0 -3 e=-3
0 -3 -1 -2 0 0 0 1 -5 € =-5
3 1-7 -7 1 0 5 0 0 35 I -7 -45 ratio
0 1 1 2 3 1 0 0 7 7 3 0O 14 13| O 0 0 7 | -35 |FN=-11%;
0 5 2 7 0o -1 3 0o 14 7 0 0 5 -4 3 0 0 -1]|-7]| e=-
0 4 7 -1 o -2 0 3 13 1% 0 0 -2 -7 0 3 0 -1\ -7| e=-1
0 0 -7 1 0 0 3 -2 1 =",
1 1 0 0 0 1 0 1 16 0 3 -1 -2 0 0 0 1 S| w=%
0 1 0 5 7 3 o -1 12 12 -7 -1.85 ratio
0 9 O 17 0 -1 7 2 24 2 7 0O 24 O 0O 13 0 12 |-112|-N=-16
0 4 7 -1 0o -2 0 3 13 3Y, 0 0 -9 0 7 -4 o -11-7 e=-1
0 0 2 -7 0 3 o -1 -7 =1
9 0 0O 17 O 8 7 7 168 0 0O -17 O 0 1 7 -5 0 =0
0 0 0 4 9 4 -1 -1 12 0 7 -1 0 0o -2 0 3 7 u=1
0 9 0O 17 0 -1 7 -2 24 -2.6 -3.25 -12 ratio
0 0 9 11 0 -2 -4 5 3 3 0 0 0 8 1 0 4 | -56|-N=-18%,
0 0 -9 0 7 -4 0 -1 -7 w="7
0 0 0 9| -2 5 0 -1 -7 u="
0 0 0 0 [|-17 11 9 -4 | 17| e=1%,
0 9 0 0 -1 -2 0 4 1 -8 w=%,




As we can see, from the first table, after completing the smplex method, we get the
answer M = 1843, X3 = 2%/3, Xo = /3, X3 = 0, X4 = 13, and 5, = 5, = 53 = 0. After completing the
second table (by the dual simplex method), we get the solution N = 18%3, uy = ¥, Uz=Us = /o, &1
=ez=e4=0, andegzlslg.
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Decision Making Under Uncertainty
State of the World Decision Model

Notation: DM = Decision Maker; A = {a,&,...,a}, a set of actions; S = {s,,,...,S},
states of the world; and r; = the reward which the DM receives if action a is chosen when the
world state is 5. Example: You sell newspapers at the entrance to the science museum each
day. Determine the number of newspapers to order. Y ou pay 20p for each paper, and sell them
for 25p (unsold papers are wor thless). Each day, you sell between 26 and 30 papers, each value

equally likdly.

Modd: DM = “Me'; A = 3 . . _
{26,27,28,29,30} = the number ordered; 2 26 27 28 29 30 | maximin maximax T

= i 26 | 130 130 130 130 130] 130 130 130
S = {26,27,28,29,30} = the number sold 27 | 110 135 135 135 135 110 135 130

/ demand; and r; = the profit when & are 28 | 90 115 140 140 140| 90 140 125
ordered and § are sold: r; = 25-20i 29| 70 95 120 145 145| 70 145 115
wheni >j, andr; = 5i wheni £]. 30|50 75 100 125 150| 50 150 100

We have 4 criteria: (1) Maximin (least adventurous, most secure): choose the a with the

largest ™" 4 s rij. In the example, we order 26 papers. (2) Maximax (most adventurous, least
secure): choose the a with the lar gest ™ s ;. In the example, we order 30 papers. (3) Minimax
26 27 28 29 30 |max Regr'et. For each j,_find an ac'Fion &) that maximisgs r; (where
%] 0 5 10 15 20|20 &+ ISthe best possible action in state j). For each (i,j), calculate
27120 0 5 10 15|20 the “opportunity loss of regret” (the o.l.o.r.) to be ri«g;-rij = how
28140 20 0 5 10|40 much the DM loses when a is chosen instead of a-; in 5. For
29160 40 20 0 5160 example, when s = 27, the best value is 135 in row 27, so that
3080 60 40 20 0]80 1*(27) = 27. If we choose a = 26, the o.l.o.r. IS &7o7-&s27 =
135-130 = 5p. The table of regrets is as shown on the left. We select a row which minimises the
max regret. In this case, order 26 or 27 papers. (4) Expected Value Criterion. The probability
that 5 occursisp, = s (26 £ j £ 30). The expected reward for action a isti = Sryp; = YsSir;.
Choose max; Ti, and we again get 26 or 27.
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\VVon Neumann / Morgenstern Utility Theory

L ottery: n rewards r;; and n probabilities p; for n events, written (ps, r1; Pz, 2; ...; Pn, ), OF
in diagrammatic format. We must have Sp = 1. Example 1: Suppose that L, is a lottery with
probability 1 that £0 is won, and that L, is a lottery such that with probability 2 we win £1000,
and with probability Y2 we lose £1000. We would expect L; and L, to be equivalent. Example
2. Suppose that Lottery 1 has probability ¥z of winning £5000, and probability %2 of winning £0;
L,: probability 1 of winning £2000; Ls: 0.01 to win £1,000,000, 0.99 to win -£1000; and L4: ¥2to
win £4000, ¥/ to win £2000, and /s to win -£2000. Choose which lottery to play!



Step 1. Identify the most and least favourable outcomes: +£1,000,000 and -£2000. Step
2. For each possible reward r;, ask the DM to determine the probability p; such that he/she is
indifferent between choosing r; (with probability 1) and choosing between £1,000,000, with

probability pi, and -£2000, with probability 1-p. The outcomes are {+£1,000,000, £5000,
£4000, £2000, £0, £-1000, £-2000} . Our “decisions’ are shown below.

0.001

1 £5000

0.9991
0.0009

£4,000

0.9991
0.0004

£2,000
0.9996

L £1000,000
£1,000,000 4
0 -£2,000

£1,000,000
-£2,000
£1,000,000
-£2,000
£1,000,000

-£2,000

0.0002
1

0.9998
0.0001

1 £1000

0.999
0

1

£1,000,000
-£2,000
£1,000,000

-£2,000

£1,000,000
1 000 4
-£2,000

Yo

£5,000

1 £0

isindifferent to

0001 £1 000,000

1,
099 _¢5 000

0.0002 £1000,000

0.9998 ~£2,000

0.9994

0.0005 £1,000,000
0.4995 £-2,000

0.0001 £1,000,000

0.4999 £-2,000

0.0006

£IM

-£2K

Step 3: Construct new lotteries L’ such that the DM is indifferent between L; and Ly,
and that L’ only involves the best/worst outcomes. An example for L," is shown boxed above.
Similarly, for L,', we have 0.0004 for £1M, and 0.9996 for -£2K. For L', we have 0.01099 for
£1M, and 0.989901 for -£2K. And for L4, we have 0.00058 for £1M, and 0.99942 for -£2K.
Conclusion: L3 is better than L;, which is better than L4, which is better than L..

22nd March 2001

Q: John likes 3 girls from his class: Alice, Belinda and Claire. John’'s chances of success
for a drink/romance/meal/refusal are as shown for each girl. John is aso indifferent between L,
and L,; and Lz and L4 (i) Which girl should John ask out? (ii) What is John’s certainty

equivalent of lottery L,? (iii) If € 04 _romance 06 medl 04 romance
romance counts 10 points, and the A o5 refuse 02 dink L1 dik 1, |
embarrgssment of a refuse counts 07 mes 02 refus 06 romance
-30 points, what are the expected = | 1 med

c 03 refuse L« = 04 drink

values of lotteries L, and L,?

A: (i) The best and wor st outcomes are romance/refused. With L; i L4, we can replace the
drink branch in L, with L,, to give L,/ = 0.76 romance;, 0.24 refusal. So we have 4 simple
lotteries: 1 romance indifferent to 1 romance / O refusal; 1 meal indifference to 0.76 romance /
0.24 refusal; 1 drink indifferent to 0.4 romance / 0.6 refusal, and 1 refusal indifferent to O
romance / 1 refusal. To get which girl John should ask out, we plug in the ssmple lotteries into
A, B and C. A isalready in the required form; B becomes 0.536 Ro / 0.464 Re; and C becomes
0.532 Ro / 0.468 Re. Conclusion: John should ask Belinda out (0.536 > 0.532 > 0.4). For (ii),
we need more theory first.

Lottery Axioms

(1) Complete ordering (total order). For any two outcomes r; and r,, either the DM
prefers ry to ry, or rp to ry, or is indifferent between r; and r,. If ry is preferred to rp, and if 1, is
preferred to rs, then ry is preferred to rs. (2) Continuity: If the DM prefers ry to rp, and r; to rs,
then, for some 0 < ¢ < 1, the DM is indifferent between L; and L, as L —c "
shown in the diagram. 1 TR

Ic I3




(3) Independence: If the DM is indifferent betweer ¢ n c .
rewards r; and r,, then the DM is indifferent between lotteries “—  1c no L Le .
p n Ly and Ly, as shown in diagram 1. (4 Diagam1

o 1 r Unequal Probability: If r and r, are the "
L e r only two rewards, if we have what i< | . Lp r2
% " ghownindiagram 2, if the DM prefersr, P22

@~ ctprro r tor, and if ¢ > p, then clearly the DM prefers L, to L,. (5) Compound

L ottery: The DM isindifferent between (3) and (4), etc.

Definition: The certainty equivalent (CE(L)) of alottery L isthe number such that the DM
Is indifferent between L and ——1——CE(L). In the example we have on the previous page,
we have L,: 0.4 romance / 0.6 refusal, and we are told that L, i L, 1——drink. Therefore,
CE(Ly) = “drink”. (c) If Romance = 10pts, and if Refusal = -30pts, then Ev(L;) =
?/5(10)+3/5(-30) = 4-18 = -14, and Ev(L.,) = %/5(10)+%/5(-14) = 6-5.6 = 0.4.

Tutorial

Q: Two restaurants determine the price of a pizza. Pizza King believes that Noble Greek’s
price is a random variable D having the following pmf: P(D=£6) = 0.25, P(D=£8) = 0.5, and
P(D=£10) = 0.25. If Pizza King charges a price p;, and if Noble Greek charges a price p., then
Pizza King will sell 100+25(p.-p1) pizzas. It costs Pizza King £4 to make a pizza, and it is
considering charging £5, £6, £7, £8 or £9 for a pizza. Use each of the four design criteria to
determine the price that Pizza King should charge.

A: What Noble Greek charges is the state of the world. We can charge between £5 and £9
for a pizza. In the table, an entry represents a profit multiplied by a probability. For example,
cell (1,1) represents us selling 100+25(6-5) = 125 pizzas, with a profit of 125%(5-4) = £125. But
the probability of us obtaining this profit is 0.25, so that the entry is 125x0.25 = £31.25. The
second table is the table of regrets. (CORRECTION: DO NOT MULTIPLY THE
PROBABILITIES IN — ONLY USE THE PROBABILITIES WITH THE EXPECTED
VALUE CRITERION!).

6 8 10 | maximin[maximay ;i 6 8 10 max
31.25 875 56.25| 31.25 87.5 87.5 25 1125 100 | 1125
50 150 100 50 150 100 6.25 50 56.25 | 56.25
56.25 187.5 131.25| 56.25 | 1875 | 125 0 125 25 25
50 200 150 50 200 (133.33 6.25 0 6.25 | 6.25
31.25 1875 156.25( 31.25 | 1875 | 125 25 125 0 25

O© 00 ~NO U1
O 00 ~NO Ul

Q: X is planning which two of the courses Yi, Y, and Y; to take next semester. X
estimates his chance to get grade A in course Y to be 10%, B 40%, and C 50%. For course Y 5,
X’s prediction is 70% for B, 25% for C, and 5% for D. For Y3, we have 6% for A, 62% for B,
20% for C, and 12% for D.

X isindifferent between L. With probability 1, X gets grade C; and L,: With probability
0.25, X gets grade A, and with probability 0.7, X gets grade D. X is also indifferent between L:
With probability 1, X gets grade B; and L4: 0.70: X getsgrade A, and 0.30: X gets grade D.



(d) Rank X’s preferences, and find out which two courses X should take. (b) If grades are
guantified as A =10, B =8, C = 6, and D = 4, find out the expected values and the expected
utilities for the four lotteries.

A: We aso have indifference between Ls: 1 gets A; and
Le: 1 gets A and O gets D; and indifference between L: 1 gets 01
D; and Lg: O gets A and 1 gets D. Using these four sets of
indifferences, we can construct the Y’ e.g. Y, as shown. For
Y., we have 0.5525 for A, and 0.4475 for D. And for Y3, we
have 0.544 for A, and 0.456 for D. Conclusion: X should take 05
courses Y, and Y ; as there is more chance to get an A in these
COUrSes.

0.28 0505 A

0495 C

0.12

0.125

o » O » O »
|

0.375

(b) We have utilities 1, 0.7, 0.25 and O for A, B, C and D. Expected Values. For L;, we
have 6. For L,, we have (0.25x10)+(0.75%4) = 5.5. For L3, we have 8. And for L4, we have
(0.7x10)+(0.3x4) = 8.2. Expected Utilities. for L,, we have 0.25. For L, we have
(0.25%x1)+(0.75%0) = 0.25. For L3, we have 0.7. And for L4, we have (0.7x1)+(0.3x0) = 0.7.

Q: We are willing to pay $50,000 for a painting. We can buy today for $40,000, or wait
until tomorrow and buy for $30,000 (if it has not been sold). On the third day, it is $26,000, and
no longer available after this. Each day, there is a 0.60 probability that the painting will be
sold. What strategy maximises the dealer’ s expected profit?

A: For Today, L,, there is probability 1 that we buy, with a profit of $10,000. For
tomorrow, L,, thereis probability 0.6 that we buy, with a profit of $20,000; and probability 0.4
that we get $0 profit. For day 3, there is probability 0.36 (= 0.6x0.6) that we get a profit of
$24K, and probability 0.64 that we get $0 profit. Step 1: $24K is the

1 om : $04+< most favourable, and $0 is the least favourable.
0.8 $24K
Lowk © Step 2: The indifferences are as shown on the left. Step 3:

0s w4 CoNstruct the Ly as normal. L,': 0.6 to get $24K, 0.4 to get $0. L,':

$10K s o 04810 get $24K, 0.52 to get $0. L5': 0.36 to get $24K, 0.64 to get $0.
. ~ o s Conclusion: buy immediately. Note: it is better to use decision trees
® | 1 = inthis question — there is no need to make up probabilities for the
indifferences in the diagrams.
(Table for the next question):
Monday Tuesday Wednesday Thursday Friday Saturday Sunday
Opening 3 4 2 4 2
Session
3 8 5 6 7 5 7
Coffee Break
1 6 | 8 | 1 | 2 | 1 | 4
Lunch Break
5 6 3 4 7 Closing
Session
City Tour 2 Banquet 8 8




Q: An exhibition of 8 companies is held 1 hour away. We have to attend at least one
presentation from each company, and at least 2 for company 2. The budget does not allow you to
attend everything, or even to stay overnight. Y ou cannot go to the Friday afternoon session. On
Wednesday and Sunday, there is a prize draw, one of which you are determined to attend. You
would also like to attend at least 2 of the maor events. opening, closing, city tour and banquet.
Formulate an | P problem to minimise the number of your trips to the conference site.

A: Let x; denote the time dots (i = day of week, | = dot 1-5). Let X denote the
attendance of a coffee break. We want x; = 0 or 1 for all i and j. Constraints: Xis+Xas+Xes > 1
(company 1), Xss+Xa1+XsstX7z1 > 2 (company 2), Xio+Xxa+Xas > 1 (company 3), and so on, down to
(company 8), noting that we do not include the x; for Friday afternoon. Xii+Xos+Xss+X7s > 2
(events), Xa1+XaotXsstXastXas+X71+X7HX73+X74 > 1 (prize draw), XictXoctXaetXactXsctXectXze £ 6
(not full attendance). The objective function is to miniMise XictXactXaetXactXsc+XectX7: (1O
minimise the number of coffee breaks attended).
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Definition: The expected value EV(L) of alottery L = (py, I1; ..., Pn, I'n) iSgiven by EV(L)
= Si=1" piri. The expected utility for L is E(U for L) = Si-," pU(r;). Lottery Question: A CD is
rated from O to 5. Sid is indifferent between L,: with probability 1. the grade is 4; and L,: with
probability /. the grade is 5, and with probability %/s. the gradeis 2.

We are also indifferent between L3 1 for 3; and L4 Yafor 5, % for 1; also between Ls: 1
for 2; and Le: % for 4, Y4 for 0; and also between L;: 1 for 1; and Ls: /s for 3, %/s for 0. Sid
estimates the band’s chance of obtaining rating {5, 4, 3, 2, 1, 0} as {10%, 35%, 15%, 25%,
10%, 5%} . Calculate the expected utility for this CD.

A: We sart by obtaining simple lotteries: L 35 3 5
indifferent between 1 for i, and u for 5/1-u for 0. BL 4573 27— 3 aa 4.
if we use the diagrammatic approach here, for 7

. U3+(U3.U2)+( 3. Uh)+... 4 0
example as shown for rating 4, we have to ust _ | .

geometric series. But there is an alternative method: Vo+(V6 Vo) (V6. 14)* . -
let Us = the utility of grade 5, etc. We are given a set [V3(UE)] VeV
of ssmultaneous equations: U, = 1/3U5+2/3U2 (“-(4)), U3 = 1/4U5‘|'3/4U1 (“-(3)), U, = 3/4U4'|'1/4U0
(“'(2)), and U, = 3/5U3‘|'2/5Uo (“-(1)) (Wlth Us=1, and Uo= O)

Now (4) b U, = Y5+%3U,, and (2) P U, = %U,+0. We can solve Reward| Utility | Prob.
these Siml."taneOUSIy to give U, = 1/3"'2/3.3/4U4; v, = 1/3; Us = 2/3, and so S 1 10%
U, = %. Similarly, (3) and (1) P Us = %y and Uy = ¥ Sonow wecan 4 | 23 | 35%
write out the six simple lotteries: e.g. —1—3 is indifferent to /1, for 5, g 5]/121 %g;;
and °/1, for 0. Note that U; gives the “(...) for 5" part in the lottery. Sowe 4 311 | 10%
can construct the table shown, and so EU = 1(0.1) + %3(0.35) + ... + ¢ 0 5%

0(0.05) » 0.55.
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Decision Trees

These trees have 3 types of node: (1) Decision nodes
(square boxes); (2) Event Nodes (round boxes) — where we -
have probabilities on the edges, where the sum of the

probabilities is 1; and where the events are beyond the DM's 22 o 132 115
control; and (3) Terminal nodes. Example 1. We return to the %694%4 140

newspaper vendor where, in this question, A = {27, 28, 29} = the 140
number purchased, and S = {27, 28, 29} = the demand. The 29~ 120 0.95
demands have probabilities P(27) = 0.3, P(28) = 0.4, and P(29) = %@@4 120
0.3. We backtrack to find the expected profit at each event node. P03, 145

For example, for the second branch in the diagram, 3/10(1.15) + %10(1.40) + 310(1.40) = 1.325. At
a decision node, we mark the best branch with a (\\).

Q: We are willing to pay $50,000 for a painting. We can buy today for $40,000, or wait
until tomorrow and buy it for $30,000, if it has not been sold. On the third day, it is $26,000, and
no longer available after this. Each day, there is a 0.60 probability that the painting will be

Y 50K -40K=10K /\\/\50}( -30K=20K SOK 26K ~24K sold. What Strategy maximises the
10K
By o X G dedler's expected profit? A: This
Day 17 Day 2? By on guestion was answered earlier using
S s /04 ¥ lottery methods, and we will now
Sold? NOE N attack it using decision trees. As you
v.08%, ° can see, the expected profit is $10K.

Q: It costs $100,000 to drill, and
if oil is found, its value is $600,000
There is a 45% chance that the field
contains oil. We can, before drilling, hire
a geologist to obtain more informatior 8K
about the likelihood that the field will — geglogist e 11K
contain oil. There is a 50% chance that $170K -$10k N (09)

. . . X 0
the geologist will issue a favourable N Drillz Yy g Y 048) oo
report, and a 50% chance of an \ $100K
unfavourable report. Given a favourable Sk N (059)

report, there is an 80% chance that the field contains oil (10% chance with an unfavourable
report). Determine the optimal course of action. A: as shown in the diagram above.

$490K

10« N (0271 -$110K

Y (0.9)

$490K

Q: Statistics show that 24% of patients entering casualty Operation P(patient
with acute abdominal pain have appendicitis. The doctor can dies)
operate immediately, or wait until the morning. In the Patients with 0.0008
meantime, if the patient has appendicitis, there is a 20% appendicitis
chance that the appendix may perforate. Therisk for a patient Patientswith 0.0072
with acute abdominal pain, but without appendicitis, is peg;‘t’.ratfd a'?)t‘;]en?'x 0.0005
0.0001 if left with no operation. The mortality rates of the gpegers];}/éitizu '

operations are as shown in the table.



() Using adecision tree, find the strategy that the doctor should take for maximising the
chance for the patient to survive. (b) Assume that the statistical figure about the mortality rate of
the operation on patients without appendicitis was not available. What is the range of possible
values of the mortality rate that will not change the doctor’ s strategy?

(c) Assume that the doctor has a 3rd alternative — consulting an expert. The expert takes
6 hours to make his decision, and the probability for a perforated appendix is reduced. The
patients that the expert classifies as appendicitis (30% of al cases) will be 12% with perforated
appendix, 63% with non-perforated appendicitis, and 25% without appendicitis. The patients that
the expert classifies as non-appendicitis (70%) will all be without appendicitis. Find the optimal
strategy of the doctor, and calculate the total chance that a patient has to survive.

A: In the diagram, | assume that the “reward” for the best outcome is 1, and that the
“reward” for the worst outcome is 0. () 0.9992 00008,
Ignoring the blue branch for the time being O ooz '
we see that the optimal course of action is to TG —
operate immediately. (b) In order for the 0-9995N
doctor to change his’lher mind, value * has tc
be less than 0.9994248, wher e (0.24)0.9992 +
0.76p = * (p is 1-the mortality we now do not
know). If we want * < 0.9994248, ther
(0.24)0.9992 + 0.76p < 0.9994248; 0.76p < Expert
0.7596168; p < 0.99949578... So the
mortality rate will have to be in therange O £
mortality £ 1-p for the doctor not to change
his’/her mind. (c) We add in the blue branch tc

Non-Appen.
the diagram. When we do this, as you can see, Non-ApPen. 07\ 9909 0,0001Y | ¢
the optimal course of action is now to ask the D41

. .. . 0.9999N
expert for his opinion first.

0.999428 (*)

0.9928 0.0072Y \

1
L 099N |
0.9992 0.0008Y \ g

W !

0.9928 0.0072Y \

11
0.9928N %

0.9992 0.0008Y .\

)Y |
0.9995N |

2nd April 2001

Tutorial

Aralltravellerlsplannlng ajourney . .o 1 2 3 4 5 6 7 8 9
from Llandudno Junction to Southport, — 5nq Jun. 4 115
with ether connections a Chester and cheger 12:30 12:50 12:45 13:45

train arrival a ontime10mins 20mins  Liverpool 135014350 14:00 14:30 15:00

1,2 |[LlandudnoJdunct. 1.0 00 0.0 Manchester 13:50 13:55 14:55

1.2 Chester 05 03 0.2 Southport 15:15 15:45 16:15 15:20 16:20

2 Manchester 02 05 03 Liverpool, or a connection aa Manchester. The

34 Chester 06 03 01 traveler is considering the trains shown in the table

2127 ::!Verpoo: 8-3 8-2 8-? above. In each case, when a connection is missed,
'O IVErpoo ' ' "~ there is an alternative connection later. Trains are

5,6,7 Southport 01 06 0.3 . . . .

8.9 Manchester 05 04 01 assumed to arrive athq on _t| me, 10 minutes late, or

8,9 Southport 02 05 03 20 minutes late, as detailed in the table on the left of

probabilities.



(1) What is the probability that, when train 1 is taken, the
connection is made at Chester? (2) What is the probability that,
when train 2 is taken, the connection is made at Manchester? (3)
What is the probability that, when train 3 is taken, the connection
iIsmade at Liverpool? (4) Decide which train the traveller shoulc
catch from Llandudno Junction so as to minimise the expectec
journey time.

A: (1) Consider connection Train 1 ® Train 3. The train can arrive at Chester on time at
12:30 (with probability 0.5), or 10 minutes late at 12:40 (0.3), or 20 minutes late at 12:50 (0.2).
The departing train 3 can be on time at 12:45 (0.6); 10 minutes late at 12:55 (0.3); or 20 minutes
late at 13:05 (0.1). There is therefore only one way to miss the train, with probability 0.2x0.6 =
0.12. The connection is thus made with probability 1-0.12 = 0.88 (this value is aso given by
summing up over all combinations).

Journey Time

(2) Arrival: on time at 13:50 (0.2); o otz

10 minutes late at 14:00 (0.5), or 2C 246 Yy | 0320
s sam (5 000 i
.55, 14:05, an :15, with respective train 1 0.3, 260
probabilities 0.5, 0.4, and 0.1. Here, there 415" - CEa02 P 7088 = 05 250
are 6 ways to catch the train, and 3 ways Jran 1 Ly i g’i izg
to missis. We could set up a 3x3 grid to "75,042~(s 1 06,310
see the possibilities, and then work out the wan2 . /03,320
probability. Similarly for (3). For (4), we — 216\ 02,205
construct the decision tree shown on the (80825

0.3,225

right, where the final decision is to catch (branches= ontime, 5 02,265
: . I Omi late, and — 0.5, 2
train 1 at Llandudno Junction to minimise 20 mintes eterespectively) 03 20

the journey time.
30th April 2001

An Alternative Proof on an Earlier Theorem

Proposition: Let S be a subproblem of an IP problem P, with solution at a in which the
basic variable is xi = & T (n, n+1). Let S; be the subproblem of S obtained by adding the
constraint x; £ n. Then S; has an optimal solution to its L P-relaxation, with x; = n.

Proof by Contradiction: Let b be apoint where the LP-max of S, is obtained, with x; = b,
< n. Let k = (n-b/a-b), where 0 < k < 1, and let d = kat+(1-k)b, so that d = ka+(1-k)b; =
all ) | | bi+(n-bi/a-bi)(a-bi) = n. By convexity, d is in the feasible region for S,
and so for S;. The values of the objective function satisfy My £ Mg £
M. (c.b £ cd £ c.a). Since My, is optimal for Sy, it follows that My, =
| L Mg. So (either b =d or) d is an alternative optimal point for S;. End of
n el Pr oof.

I




Exam Paper: May 2001

Answer 3 questions out of 5 (Questions Done: 2, 3, 4)

D)

(2)

The LP-relaxation of the pure | P problem
P: max(M = 5x; + 6X; + 7X3 + 8X4)
such that 33X + 2Xo + 4X3 + 44 £ 52

41+ 3Xo + 2X3+ 3Xa £ 47
6X1 + 5% + 4X3 + 3x4 £ 59
X1, X, X3, Xa 1 Z29.

has solution tableau

M X1 X2 X3 Xa S S S rhs basic
10 33 11 11 1 1,148 | M =114.8
3 10 1 6 -4 98 X4=9.8
11 10 -3 2 2 56 X2 =5.6
-1 10 3 -7 3 4 X3=0.4

@

(b)

(b)

Apply the cutting plane algorithm to the second constraint (x.-row) in the solution
tableau and solve the resulting L P-relaxation using the dual ssimplex method.
[8 marks]

Let P,; be the subproblem of P obtained by setting x; = x3 = 0. Solve the
LP-relaxation of Py ; graphicaly. Solve P, ; graphicaly. [10 marks]

State the best upper and lower bounds for the solution of P currently available.
[2 marks]

Let F1 be the linear fractional program

max zg) st. AX£b, x>0,

wherex <", b1 <™ a, bl <, Aisan mxnmatrix, and g.x + b Oforal x in
the feasibleregion S

(i)  Explain why we may assumethat g.x + b >0foral xT S

(i)  Show that the transformation y = zx, z* = g.x + b converts F1 into a formally
equivalent LP, F2: max(p.y + az) st. Ay-zb £0, q.y + bz=1,
(y,z) >0. [10 marks]

Solve the linear fractional problem
) 13EX+YED,
&0- x- 2y 0 |

;suchthaI:'-5£x-y£7,

F :opt
IoEZS- 2X+ Yy i
I o Xy30,

in the cases (i) opt = min; (ii) opt = max. [10 marks]



3)

(4)

(@

(b)

(@

(b)

Let P. max(c.x), Ax+s =D, x,s> 0 be a standard max problem, and
let D(P): min(b.u), A'u-e = ¢, u,e > 0 be the dual of P. Prove the following:

(i)  If Xo, up arefeasible for P, D(P) respectively, then c.Xo £ b.uo.  [3 marks]
(i)  If c.Xo = Db.uo, then (X0, S) and (uo, &) are complementary dack. [3 marks]
(ii1) 1f Pand D(P) are both feasible, then both have optimal solutions.

[4 marks]
Let P be the standard max L P problem
P: max (M = 4x; + 3X, + 5x3 + 6Xy)
such that X1+ 2%+ 33Xz + 44X, + 5 =9,
2X1+3X2+3X3+2X4+32:10,
22X, + X2+5X3+3X4+S?,:8,
3X1 + 2X, + BXz + 4X, + 5, = 11,
X,s>0.
Write down the dua problem D(P).
Test the following proposed vectors for optimality:
0 3 1
. 3 . 2 2
() x, = 1| (i) x2 = 1| (i) X3 = ol [10 marks]
0 0 1

A traveller wishes to buy some books to take on a journey. The estimated time
taken to read each of the 6 books, and the purchase price of each book, are shown
in the following table:

book| A B C D

E F
readingtime (hours)| 15 13 9 8 7 6
purchaseprice(£)| 12 10 7 6 6 5

Which of these books should the traveller buy so as to give the maximum amount of
reading time without spending more than £21? Use a branch and bound method to
solve this problem, calculating the LP-relaxation solution at each stage. Show that
your answer is unique. [12 marks]

Jane estimates her chances of obtaining grades { A, B, C, D} as {20%, 50%, 20%,
10%} in module M.

Janeisindifferent between: L,: with probability 1.0 she gains grade B;
and: L,: with probability 0.4 she gains grade A,

with probability 0.6 she gains grade C,;

and also between: Ls: with probability 1.0 she gains grade C;

and: L4: with probability 0.5 she gains grade B,

with probability 0.5 she gains grade D.

Calculate the expected utility for module M. [8 marks]



()

A rall traveller is planning a journey from Bangor to Cardiff with either a connection at
Birmingham or a connection at Crewe (for the Shrewsbury and Hereford line). The
traveller is considering the following trains:

Train No. 1 2 3 4 5 6
Bangor | 09:20 09:50
Crewe| 11:25 11:30 12:30
Birmingham| 11:50 12:05 13:05 N N
Cardiff 13:50 14:50 14:00 15:00

In each case, when a connection is missed, there is an aternative connection one hour
|ater. Trains are assumes to arrive ether on time, or 10 minutes late, or 20 minutes late, as
detailed in the following table of probabilities:

train arrival at ontime 10 minlate 20 min late
1,4 Bangor 10 0.0 0.0

1 Birmingham 0.2 04 04
2,3 Birmingham 0.3 0.6 0.1
2,3 Cardiff 0.2 0.5 0.3

4 Crewe 0.2 0.6 0.2
56 Crewe 0.4 0.5 0.1
56 Cardiff 0.1 0.6 0.3

Show that, when train 1 is taken, the traveller makes the connection at Birmingham with
probability 0.88. What is the probability that, when train 4 is taken, the connection is
made at Crewe? [6 marks]

Decide which train the traveller should catch from Bangor so as to minimise the expected
journey time. [10 marks]

Train 1 is aso scheduled to stop at Crewe at 10:50, allowing a connection with train 5.
Discuss whether this extra possibility changes your decision. [4 marks]



