30th January 2001

Section 1: Probability Space

Probability Theory provides Mathematical Tools for dealing with experiments whose
outcomes cannot be predicted with certainty (random experiments). A random experiment has
more than one outcome, and, on each performance, one, and only one, outcome occurs. The
sample space Sisthe set of all possible outcomes of arandom experiment.

S may be finite, countably infinite, or non-countable. Sample Points — e, w, etc.,
elements of S (i.e. outcomes) Subsets of S are denoted by A, B, ... Probability Modd: (1) S, (2)
A measure of likelihood of occurrence of an outcome or a set of outcomes — the probability of
the outcome.

1.1: Borel Field

Associated with S, thereisanon-empty class F of subsets A;, A, ..., An, ... of Swith the
following properties: (1) if AT F,then A’ T F (A’ isthe complement of A in S (=A or A%);
and (2) if {A.} isan infinite sequence of subsets of F , then E.*A,1 F . Notethat F iscalled
a Bord field (or a s-field), and its elements are called events. So an event A is a subset of S
suchthat AT F . (In measure theory, elements of F are called measurable sets, so that an event
ISameasurable set).

Note: If Sis countable, then every subset of Sis an event. If Sis non-countable, then we
can, by complicated mathematical techniques, construct subsets of S which do not satisfy the
axioms of probability. These subsets are caled non-measurable sets, and are so different from
our events, measurable sets, that we want to exclude them from our study of events. We do this
by requiring our events to satisfy the axioms of a Borel field.

Theorem 1.1: Let {An} be an infinite sequence of events which are elements of F . Then
()ST F (i)f T F (i) Gea"AnT F (iv) EiPAnT F (V) CoPAT F (Vi) AT F
(wherei, j =1, 2,3, ..., and p is afinite +ve integer). Proofs. (Y $ AT F,A’T F by (1) (F
is non-empty). Put in property (2): A1 = A, A, = A, As=A,=...=f —then E»* A, =
AEA'EfEfE..=AEA’ =S1 F.

(M @Op S=f1 F.@{ii)A.T F,n=1,2, .. by()A’ T F,n=12, ..Byde
Morgan's law, and property (2), [Cni*An’ = Eni*Ay T F . The result follows from property
(1). Aside: de Morgan's Laws are (i) [Ei*A’ = Ci*AL; and (i) [Crer*A” = Enct*AL. (iV)
Put in property (2) Apn = Apra = ... = . (V) Putin (i) Apa = Apz = ... = S. (Vi) AMA; = AiCA/ T
F using property (1) and (v).
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Definition: An event A occurs if outcome el A. Event A does not occur if eT A. Sis
the sure event (sure to occur), and f is the impossile event (impossible to occur). A 1 B if the
occurrence of A b the occurrenceof B.A=Bif Al BandBI1 A.(A1 B doesnot exclude A
=B}.AEB={el S|el Aorel B or both}, the event which occurs if at least 1 of A or B
occurs. Smilarly for E, A




ACB ={el S|el A andel B}, the event which occurs if both A and B occur.
Smilarly for C, A.. AAB={el S|el Aandel B}, theevent which occursif A occursand B
doesnot. A’ ={el S|el A} occursif A doesnot occur. Clearly, A\B = ACB’, and A’ = S\A.
A and B are exclusive if ACB =f — can not occur together.

{A} isapairwise exclusive sequence if AiCA; =f wheni® j. {A,} formsapartition of S
if ACA;=f,i!j, and E, A, = S. Cartesian Product: x, S, = {(e, &, ..., &) |el S, el
Ss,..}. Upper Limit of {An}: ™6y Ay =A = Cnar*{Enn® Ar}. Lower Limit of {An}: ™ oy
An =A = EN=1¥{gn=N¥lA\n}-

Notes: (1) al A iff “abelongs to infinitely many of the A,”. (2) al A iff “abelongs to
dl but afinite number of the A,”. Proofs. (1)A = Cn=r*{E " Ay}, Call thered bit By. SOB; E
B,E Bs..,andal AU al By" N.())al By" NP “abeongs to infinitely many of the
A."; othewiseal A," n>n,forsomem b al By, *. (ii) “abelongs to infinitely many of the
Ay b al By" N (otherwise, if al By, for some N’, thenal A," n>N' P “adoes not
belong to infinitely many of the A, *. Henceal A U al By" N U “abeongs to infinitely
many of the A,".

(2) A = EN=1¥{Cn:N¥ An} (: EN=1¥ CN, where the blue hit is CN) Here, Cli Cz‘l C3....,
andal AU al Cy for someN’. () al Cy for some N’ b “abelongs to al but a finite
number of the A,”. (ii) “abelongs to all but afinite number of the A,” b al A," n> N’ for
some N’ b al Cy.Henceal AU al Cy for some N U “abelongs to all but a finite
number of the A,".

Note (3): From (1) and (2) above, A1 A (al A b “abeongsto all but a finite number
of A, b “abeongs to an infinite number of the A, P al A). If A =A, then the event is
called the limit of {A.}, and is written as ey A, — and the sequence {A,} is caled
convergent. Theorem 1.2: If AT F,ifA T F,andif {A.} is convergent, then "™ey AT F.
The proof comesfrom Theorem 1.1.
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Put A, = {XT R | |X| £ l/n}. Here, En=N¥ A,= AN, so that 'mswp ey A An
= A = Guet* (Er®Ar) = Crer*An = {0} Now ™" oy A= A= {0} ford —{{ I}
NP A={0} =A,i.e {A)} isconvergent, and "y = {0}. Example: Pui -¥n -UN 0 UN In
An = {(-D, eg. A, = {1}, and As = {-1}. Here, E.\* A, = {-1,1} " N. HenceA =
Cn="{-1,1} ={-1,1}. However, C.n*A, = f. Therefore, A = En*f =f. ThusA ! A, o that
{A:} isnot convergent — and so does not possess alimit.

Theorem 1.3: If {A,} is monotonic, then it is convergent. (The converse is false). ({An}
is monotonic increasing (denoted by - ) if A1 Au." i; and {A,} ismonotonic decreasing () if
AiE A" i), () If {A)} -, then ™eyA, = Enar*An. (i) If {A} ~, then "™eyA, = Cuar*An.
Proof: If {A)} -, then Ail A" i.S0Cun® An=Ay" N,and"™™ oy Ap = Enat*{Crn® A}
= EN:1¥AN. Further, EN:1¥AN E En=N¥ An" N. So lim inf ey Ap = EN=1¥ An E CN=1¥{En=N¥ An} =
limsp oy An=A,i.e. AEA. Fromnote3before, Al A,sotha A=A =Ex1." An.




(i) If {A} ~, then Ai E A " i, and so En® An = Ay " N. Next, "m0y A, =
Crnat {Enn*An} = Char*An. Further, Cyo*An 1l Con® Anfor any N, so that "™ oy A, = Cnet®
An T Ena*{Cnn® A} = A. But by note 3 again, A1 A, sothat A =A = Cn=* A, cf. the
example A, = [-, ].
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Theorem 1.4: Let C be any class of eventsin a sample space, S. Then $ a unique smallest
Borel field containing C, called the Borel field generated by C. Proof: The class of al events
in Sis clearly a Borel field containing C. Let F o be the intersection of all the Borel fields of
subsets of S containing C. Then F o is a Borel field, contains the class C, and is, by definition,
contained in every Borel field containing C, i.e. F o isthe smallest Borel field containing C. It's
unique, sinceif F * isalso asmallest Borel field containing C,then F ol F*andF ‘1 Fob F
‘= F 0-

Example: Tossacoin: S={H, T}. Theclassof al eventsin SisF , where F = {f, {H},
{T}, {H,T}} (4 members). F is aBord field (check that the properties of a Bordl field are
satisfied). Also, it is a Borel Field F o generated by {H}. For C, whichis{{H}}, {H} T F,b
{H'} ={T}1 Fo Therefore, {H} E{T} =ST Fob S =f1 FoieFo=F.

Example: Let S be finite, with n elements, then the class of all eventsin SisaBorel field
F with 2" members. F may be generated by the class of all 1-sample point events. Let S={e,,
e, ..., &}. Alist of dl eventsin S: The impossible event, f; 1-sample point events: {ei}, {e}, ...,
{e} (1 event); 2-sample point events: {e,&} .... {er,e} (("2) events); ...; n-sample point events:
{ey, ..., &} ((") =1 event). Total number of events=1+ (") + () + ... + (") + 1= (1+1)" =2

Lee F ={f,{e},. . {e}, {e.e}, .. {e,e,..,e}}. Clearly, F satisfiesthe definition of a
Bordl field. Further, F can be generated by C = {{ei}, {e}, ..., {e}}, since on taking finite
unions of theform E/' {&} ={e, &, .., e} for1£i<i,<..<i,En(r=2,3, ..., n), wecan
obtain al the r-sample point events. Also, f = S'. If Sis countable, then the class of all eventsin
SisaBord field which may be generated by the class of all 1-sample point events. [Notes: {e},
{e},..T Fo dl eventsin S are obtained by taking countable unions of thetype E {&.}; and f
=S].

Example: Draw aticket from a bag containing 4 tickets numbered 1 to 4. Here, S={1, 2,
3, 4}. The Borel field generated by the class C = {{1}, {3,4}} of eventsisgiven by F o = {{1},
{34}, {2,34},{1,2},{1,34}, {1,234}, {2}, f} (A1, Az, As= AL, A=A, As= AiEA,, Ag =
AEAs Ar=As, Ag=Ag).

Example: Let F , be the Borel field generated by the class of intervals (a,b] on the real
line. The elements of F , are called Bore sets on R (the same F  is generated if * (ab] is
replaced by the class of [a,b] or (ab) or [ab); or more generally by the class of open or closed
sets on R). If, in a random experiment, we take the sample space S to be R, then real numbers
will be sample points — and these Borel setswill be events. : Define A, = (b-Y/,, b] forn=1, 2,
.., ¥. It followsthat A, T F o, and that Cn=* Ay =bT F o. It can be shown that F , does not
contain all subsets of R!



Tutorial

Exercise 2: Find the upper and lower limits of the following sequences of events: (i) { An}
={[¥+1, *)}; and (ii) {An} = {[-Yn, 1+ *]}. Exercise 3: Given that "™y (1+/,)" = €, find the
upper and lower limits of the following sequence of sets: (i) {An} = {[-Y/n, (1-Y)M}; and (ii)
{A} ={[(7-1)", 1]}

A: (i) Enn® An= (-1, ). "M *Pey Ap =A = G (-1, '] = 0
(-1, 0]. And Con® A, = [Yn-1, O]. Therefore, "™ oy An=A =Ep | |
[Yy-1, O] = (-1, O]. Conclusion: A = A, so that the limit is (-1,0]. (it > @™t 1 n
En:N¥ A, = ['1/N, 1+1/N]- Now lim oy An =A = CN=1¥ ['1/N, 1+1/N] = | |
[0, 1]. And Crn® A, = [0, 1]. Therefore, ™™ oy Av= A=Ent* [0,1 - 1+(1)

=[0, 1]. So (again), A =A.

(i)

(Yn=1b [-1,0.N=2b [Y Y. n=4b [Ya (). SO Enn’ An = [y, ¥o). It
follows that Iimsupn®¥ A, =A = CN:1¥['1/N, l/e) = [0, l/e). Now Cn:N¥ A, = [O, 1/e)- So lim inf oy An =
A = Enr’[0, o) = [0, %s). SO A =A =[0,%d], and therefore "™y A, = [0, ). (i) n=1P [0,
11.n=2P [Y01].n=3P [(%s)?=-%» 1].n=5b [-0.32768, 1]. S0 E ¥ An = [-Ye, 1]. It
followsthat "™ oy An=A = Cnat'[-Ye, 1] = [-Ye, 1]. Further, Coen® An = [Ye, 1]. S0 ™M oy A,
= A =Bt [Yo 1] = [Ye 1.

Example 3: Consider By = Con® A Here, Bis Y, i.e. Byl B,1 Bsl ..., and B, isthe
set of sample points w, which, for some N > 1, belong to all A,, where n > N. Now lim By =
Enat'Bn=A =Enat® Coon® An ="M oy A, i€ A is the set of points which belong to all except a
finite number of events Ay, A, ... Repeat the analysis of example 3 when By = E v*A..

Theorem 2: If {A,} is a monotonic sequence of events, then "Mey P(A,) = P(Mey Ap).
Theorem 3: (The Borel-Cantelli lemma): If {B,} is a sequence of events, then (i) S..* P(B,) <
¥ implies that P("M*Py B,) = 0; (ii) if {B,} are mutually independent, and if S.-* P(B,) = ¥,
then P(Iims.lpn®¥ Bn) =1

(Q1) Describe a suitable sample space for the following random experiments: (i) tossing a
coin (a) 4 times, and (b) n times; (ii) recording the number of defectives in a set of 1000 items,
and (iii) testing the life span of a piece of eectronic equipment. A: (i) S = {HHHH, HHHT,
HHTH, ..., TTTT}, 16 events. (ii)) S= {0, 1, ..., 1000}, the number of defective items. (iii) S =
{0,1, 2, ..., ¥}, the number of seconds of operation.

(Q2) Let A and B be any 2 events. Show, algebraically, that (i) ACB and A\B are
mutually exclusive — and that their union is A; (ii) show that B and A\B are mutually exclusive
— and that their union is AEB; and (iii) show that ACB, A\(ACB), and B\(ACB) are pairwise
exclusve — and that their union is AEB. A: (i) (ACB)C(A\B) = (ACB)C(ACB’) =
(ACA)C(BCB’) =ACf =f. QED. Now (ACB)E (A\B) = (ACB)E(ACB’) = A. QED.



(i) BC(A\B) = BC(ACB') = (BCA)C(BCB') = (BCA)Cf = f. QED. Now BE(A\B) =
BE(ACB') = (BEA)C(BEB') = (BEA). QED. (i) Par 1: (ACB)C(A\(ACB)) =
(AGB)C(AG(AGBY) = [(AGB)CAIGI(AGB)G(AGB)'] = [(ACB)GAIGT = f. QED. Now
%%(A\(ACB)) =(ACB)E(AC(ACB)') =[(ACB)EA]C[(ACB)E(ACB)'] = [(ACB)EA] =

Par 2. (AGB)G(BACB)) = [(ACB)CBIC[(AGB)G(ACB)] = [(ACB)CB)GH] = f.
QED. Now (AGB)E(B\AGB)) = (AGB)E(BG(AGB)') = [(AGB)EBIC[(AGB)E (AGB)']
(A(;B)E‘B = B. OEQ. Pair 3. [A\(ACB)]C[B\(ACB)] = [AQ(ACB)’]C}[BQ(AC}B)’]
[AC(A'EB")IGIBG(A'EB)] by de Morgan = [(AGA")E(AGB')C[(BCA)E(BGB)]
(AGB)G(BCA') = (AGA)G(BGB') = fGf = f. QED. Now [A\(AGB)E[B\AGB)]
[AC(ACB)IE[BC(AGB)] = [AC(A'EB)E[BC(A'EB)] = (AGB)E(BCA)
[AE(BCA")IG[B'E(BCA")] = [(AEB)G(AEA")C[(B'EB)G(B'EA)] = (AEB)\(ACB). QED.

(Q3) If two unbiased dice are thrown n times together, what is the probability of obtaining
adouble six at least once? What is the smallest value of n such that this probability exceeds 0.5?
A: P(Double Six) = /3. Thrown n times. Binomial. So P(X>1) = 1-P(X=0), where P(X=r) =
("Mp'g™, so that P(X=0) = ("0)(Ms6)°(*/z6)" = (*/s)". Therefore, P(X>1) = 1-(*/3)". We want
1_(35/36)n > 0.5, so that Y2 > (35/36)n; |Og(l/2) >N |Og(35/36); I09(1/2)/|og(::,s/?,s) < n; 24.605 < n; n > 24.605,
i.e.n>25. Sothesmallest nisn=25.

(Q4) A devicefailsif al its three essential components (a, b and c) fail. It is known from
experience that, within a specified period of time, the probabilities of a, b and c failing are %, V4
and /s respectively, and that the probabilities of failure together of aand b, b and ¢, and c and a
are '/5, 0 and /15 respectively. Find the probability that within the period, (i) the device does not
fail, and (ii) at least one component fails. Note: it is incorrect to assume that the event “b and ¢
fail together” isthe impossible event, f.

A: P(A) =, P(B) = Y4, P(C) =5, P(ACB) = /5, PBCC) = 0, and P(ACC) = Y. (i)
P(Device does not fail) = 1 - P(device fails) = 1 - PIACBCC). Now ACBCC | BCC, so that
P(ACBCC) £ P(BCC). But we know that P(BCC) = 0.

Therefore, P(ACBCC) £ 0. But, any probability must be > 0, so it follows that
P(ACBCC) = 0. Conclusion: P(Device does not fail) = 1 - P(ACBCC) = 1. (ii) At least one
component fails: this is PGAEBEC). Now P(AEBEC) = P(A) + P(B) + P(C) - P(ACB) -
P(ACC) - P(BCC) + P(ACBCC) = Y2+ Y4+ Y5 - Y5- 0 - Y15+ 0; P(AEBE C) = /44,

(Q5) A random experiment consists of choosing an integer from the set of all positive
integers in such away that the probability of obtaining the integer n is proportional to */,,. Find
the constant of proportionality. A: P(n) 4 Y.; P(n) = /. Now 1 = P(1)+P(2)+P(3)+..., so that Y/
= Si=1¥ 1/”_ Now € = Si:0¥ Xil = 1+x+* at..., SO that e' = S.- ¥ 1/u = 1+Si=1¥ 1/”. Therefore, 1/k =
el k="



(Q7) Let S={w |0 £ w £ 1}, with the probabilities of interval sets equa to their length.
If An={W|0£WE 1-Y5"}, and if B, = ACAzx (N=1, 2, ...), show that P("™P B,) = 0. A: A,
=[0,1-Y5".n=1pP [0,%:].n=2P [0,%].n=3 P [0,%/]. A=[1-Y" 1. n=1b [, 1].
N=2b [%, 1].n=3P [®/, 1]. Axn=[0,1-%*.n=1P [0,%].n=2b [0,%%].n=3 P
[O, 728/729]. Intersection: n=1b [2/3, 8/9]. n=2p [8/9, 80/81]. n=3p [26/27, 728/729]. Generally,
[1_1/3n’ 1_1/32n] = B,,. Now En=N¥ B, = [1-1/3N, 1] = Cu. Further, lim ey By = CN=1¥ Cy = {1} SO
P("m*Pey B,) = the length of “interval” {1} = 0. QED.

Assignment 1

Q: Find the upper and lower limits of the following sequence of events (on the sample
space R): (i) {An} = {(M-1, Y1)}, (i) {A} ={ (-, 1+Y)}, and (iii) {An}, where {A, =0, 1] for
when niseven, and {A} ={0} forwhennisodd}. A: () n=1pb (0,1).n=2b (Y, ). n=
3P (%3 Y3). Let By = Enen® An= (-1, ¥\). Then'™sP oy Ay =A = Cnet* By = Cnat* (-1, i) =
(-1,0].

Now let Cy = Cren® An = (Yn-1, 0]. Then "™ oy Ay = A = Enr*Cy = (-1,0]. Therefore, A
=A=(-1,0],ands0"™ey Ay=(-1,0]. (il n=1P (1 2.n=2b (-Y,3%,).n=3p (1/3,4/3)
Let By = En—N¥ A, = ( 1/N, 1+1/N)- Then I|msupn®¥ A,= A CN—l Bn = [O 1] Now let Cy= gn N

=[0, 1]. Then"™m oy An=A =Ena* Cy =10, 1]. S0 A =A =[0, 1], so that "mey An=[0, 1].

(iii) Let By = Enn® A = [0, 1]. It follows that "™P5y A, =A = Cn=1* By = [0, 1]. Now
let Cy = Cren® An={0}. Then'™ oy A=A =En® Cy={0}. Noteherethat AL A.

Q: State the axioms of a Probability Space, and show that these axioms are satisfied by a
probability measure which is a conditional probability. A: A probability spaceisatriplet (S, F ,
P), where S is the sample space, F is the Borel field of events in S, and P is a probability
measure on F (aset function). The three axioms of a probability space are asfollows: (i) P(A) >
Oforevery AT F; (i) P(S) = 1; and (iii) if {A.} isasequence of pairwise exclusive eventsin F
,then P(E, A,) = S, P(A,).

We must show that the above axioms are satisfied by a probability measure which is a
conditional probability. Let A and B be two eventsin F of a given probability space (S, F , P).
The conditional probability of event A given event B, denoted by P(A|B), is given by P(A|B) =
PACB [y if P(B) > 0; and is undefined if P(B) = O.

When dealing with conditional probabilities, we are conditioning on a given event B
(assuming that the experiment has resulted in some outcome in B). B, in effect, becomes our
“new” sample space. To show that for a given event B (for which P(B) > 0), that P(A|B) is a
probability function having F asits domain, we must check the three axioms.



(i) P(A|B) = PA“®)fe > O for every AT F because P(B) > 0 and P(ACB) > 0. (ii) P(S|B)
= PEB) oy = PB)pg) = 1. (iii) If A1, Ao, ... is asequence of mutually exclusive eventsin F |, and if
Ei:1¥ Ai T F , then P[Ei:1¥ A.lB] = P[(Ei:1¥ A.)CB]/P(B) = P[Ei:1¥ (A.CB)]/P(B) = [Si:1¥
P(AiCB)]/P(B) (using the fact that (S, F , P) originally was a probability space; and using { An}
exclusive pairwise P {A,CB} aso pairwise exclusive) = Si-;* P(Ai|B). Hence P(A|B) for agiven
B (where P(B) > 0) isa probability function.

13th February 2001

1.2: An Axiomatic Approach to Probability

Let S be the sample space of some random experiment, and let F be a Borel field of
events in S. Then a probability measure (P on F ) is defined as a set function which assigns to
every event A1 F, areal number P(A), caled the probability of the event A, which satisfies
the following axioms: (1) P(A) > 0 forevery AT F ; (2) P(S) = 1; and (3) if { A} is a sequence
of pairwise exclusive eventsin F , then P(E, A,) = S, P(A,).

Thetriple (S, F , P) is called the probability space. Its existence is assumed from now on.
Note: If Siscountable, then F is usually taken to be the class of all subsets of S, in which case

every subset of Sis an event to which a probability measure may be assigned according to the
above axioms.

If S is non-countable, then F may be taken to be the Borel field generated by some
simple class of events that are suitable (e.g. the class of intervals in the case of R). F cannot be
taken to be the class of all subsets of S, since certain of these subsets are non-measurable — or
we cannot assign to them a probability measure consistent to the above axioms.

Theorem 1.5: For every event A, P(A’) = 1-P(A). Proof: AEA’ =S, and ACA’ =f. So
P(AEA’) = (3) = P(A)+P(A’). But P(AEA’) = (because AEA’ = S) = P(S) = 1. So P(A)+P(A’)
=10 PA’) = 1-P(A). Theorem 1.6: P(f) = 0. Proof: ACf =f, AEf = A. So P(AEf) =
P(A)+P(f); P(A) = P(A)+P(f); P(f) = 0. Note: The converseisnot true, i.e. P(A) =0 A =f.

Proof: Let A ={c}, wherec1 (ab]. Now P(a<X£b) = 1% f(x)dx, where f(x) is the density
function of X, a continuous random variable. It follows that P(X = c¢) =% f(x)dx = 0. But {C} *
f. Generally, if A isacountable subset of anon-countable set R, then P(x T A) = | f(X)dx = 0.
Smilarly, P(A) =1 doesnot imply that A =S. TakeS=R, then A =R\{a} b P(A) = 1.

Theorem 1.7: For any event A, we have 0 £ P(A) £ 1. Proof: Axiom (1): P(A) > 0.
Theorem 1.5 P(A)=1-P(A’)E£ 1,i.e. by P(A’) >0,0£ P(A) £ 1. Theorem 1.8: For any two
events A and B, we have P(A\B) = P(A)-P(ACB). Proof: (ACB)C(A\B) =f; (ACB)E(A\B) = A
P (by (3) P(A) = P(ACB)+P(A\B) b P(A\B) = P(A) - P(ACB).




Theorem 1.9: If B1 A, then (i) P(A\B) = P(A)-P(B), and (ii) P(B) £ P(A). Proof: B1 A
P ACB = B. Theorem 1.8 b P(A\B) = P(A)-P(B). (ii) follows from (i), as P(A\B) > 0.
Theorem 1.10: For any two events A and B, P(AE B) = P(A)+P(B)-P(ACB). Proof: BC(A\B) =
f: BE(A\B) = AEB. Now Axiom 3 b P(AEB) = P(B)+P(A\B). But P(A\B) = (Theorem 1.8) =
P(A)-P(ACB), so that P(AE B) = P(B)+P(A)-P(ACB).

Corollary: P(AEB) £ P(A)+P(B) [P(ACB) > 0]. Also, for a finite sequence of events A,
Az, ..., An, P(Eit” A) £ Siz" P(A) (proof by induction). Theorem 1.11: If {A.} is an infinite
sequence of events, then P(E ¥ A.) £ Sir® P(A)). Proof: Put B; = A, and put B, = A\E ™ A,
(n=2, 3,..) — then the {B,} is a sequence of pairwise exclusive events, and E ¥ B, = E -,
An; Bol An" n. Hence P(E.—* Ay) = P(E* B,) = (axiom 3) = S;-.* P(B,) £ Si1* P(A,) (from
Theorem 1.9).

15th February 2001

Theorem 1.12: If {A.} is a monotonic sequence of events, then "y
P(A,) = P(M o yA) (= P(E Ay if -, and = P(Crt¥ A,) if 7). Proof: Let A, -
Let B, = A\A,4, with B; = A;. Then {B,} is a pairwise exclusive sequence
with A, = Ei,"Bi. Hence "oy A, = (Theorem 1.3) = E *A, = Et*(E"Bi.
= Ei».*Bi. Hence P("Mey Ap) = P(E =¥ B)) = (axiom 3) = S*P(B)) = "™y Sizi" P(B)) = (axiom
3) :Iimn®¥ P(Ei:ln B|) = Iimn®¥ P(An) (ll) Let An N p An’ -.S0 (l) p P(“mn®¥ An’) = Iimn®¥ P(An’) =
(Theorem 1.5) = 1-im o, P(A,). But "™ey A, = (Theorem 1.3) = Epi* Ay S0 P(IMey Ay') =
P(E—* A.) = (de Morgan) = P(Crr* A,)’ = (Theorem 1.5) = 1-P(C,* Ay) = (Theorem 1.3) =
1-P("wx An) (N.B. Ay 7). S0 1" xP(Ar) = 1-P("MwxAn) P "oy P(Ar) = P("Mwy Ap), which
completes the proof.

The Borel-Cantelli Lemmas (Heathcote, Page 219)

Let {A}, for n =1, 2, 3,...., be a sequence of events. (i) If Si—i* P(A,) < ¥, then with
probability 1, only a finite number of events A, occur (P("™**sy A,) = 0). (ii) If the A,'s are
independent, and if S.-,* P(A,) = ¥, then with probability 1, infinitely many of the A,’s occur.
(PP ey A,) = 1). Proof: Let A be the event that infinitely many of the A, occur, then A =
Crnar {EnnfAl} ='msp oy A=A So, for every N, wehave A I E " A,

Therefore, P(A) £ (by Theorem 1.9) P(E-n* A, £ Sene P(A)) < €, where e > 0 for
sufficiently large Ne, since Sq-.* P(A,) < ¥. Hence P(A) = 0, i.e. the probability of infinitely
many events A, occurring = 0 b the probability of finitely many A,'s occurring is 1. (ii) Let A’
be the complement of A defined above. Hence A’ occurs iff at most a finite number of the A,
occur, i.e. iff al but a finite number of the A, occur. Hence A’ = En*{Cnn* Ar'} (Note: 'm
infn®¥ An,)-

So P(A’) = P(E N=1¥{Cn:N¥ An’}) £ (by Theorem 111) SN:1¥ P(Cn=N¥An’) = SN:1¥
P’ (1-P(A,)) (because the independence of the A,’s b the independence of the A,’s. Note
aso that the red bit is P(Ay)). Now consider P.\“(1-P(A.)), with M > N. This is £
exp(-Sw=n"P(A)) (which follows from 1-x £ €%, for 0 £ x £ 1). So for each fixed N, let M ® ¥,
and s0 P —n* (1-P(A))) £ exp[-Sen™ P(A1)] = 0, since Sin* P(Ar) = ¥. SoP(A’) =0=1-P(A) b
P(A) = 1. Hence we obtain the result.



Section 2: Random Variables and Probability Distributions

S Let (S, F, P) be a probability space, then a rea r-dimensional

9 /\ riv. X is a real valued function whose domain is S, whose

@jm " co-domain is R, and which assigns to each element e of S a real

A Ak number X(e) = x, such that the set A, ={el S|x(e=x}1 F,

I.e. Ac Is an event (where X is a measurable function w.r.t. F ).

Define the Range of X, Ry, by Ry = {x1 R |x=X(e); foral el S}. r.v.’swill be denoted by
X, Y, ... (upper case letters); and their values by X, v, ... (lower case letters)

Write (X £ x) for theevent {e1 S| X(e) £ x}, and write (X T R) for the event {e1 S|
X(@© T R}. Note: the 1-dim r.v. X induces from the basic probability space (S, F, P) a
probability space (R, b, P), where R isthered line; b isthe class of borel setsin R; and Pisa
probability measure. Example: release 2 rats through a T maze. Here, S = {(RR), (RL), (LR),
(LL)}. Let X be the number of rats turning right minus the number turning left. X isar.v., with
values X(RR) = 2, X(RL) = 0 = X(LR), and X(LL) =-2. Domain: Dx = S; Range: Rx ={-2, 0,
2}.

2.2: (Cumulative) Distribution Function (cdf)

Let X be a 1-dimensional r.v. A function F defined for every real x by F(x) = P(X£EX) is
called the cdf of X. Clearly, F(x) is a non-negative and real valued function of x. Theorem 2.1:
Let F be the cdf of ar.v. X. Then, for any reals a and b, where a < b, we have P(a<X£b) =
F(b)-F(a). Proof: Events (X£a) and (a<X£b) are exclusive, and (X£a)E (a<X£b) = (X£Db).

So P((X£a)E (a<X£b)) = (Axiom 3) = P((X£a))+P((a<X£b)) = P(X£b). So P((a<X£b)) =
F(b)-F(a). Exercise: show that (i) P(a<X£fb) = F(b)-F(@+P(X=a), (ii) P(@aEX<b) =
F(b)-F(a)+P(X=a)-P(X=b), and (iii) P(a<X<b) = F(b)-F(a)-P(X=b). Proof of (i): Events (X=a)
and (a<X£b) are exclusive, since (X=a)E (a<X£b) = (aEX£D). So P((X=a)E (a<X£b)) = (Axiom
3) = P(X=a)+P(a<X£b). So Theorem 2.1 b P(aEX£b) = F(b)-F(a)+P(X=a). (ii) and (iii) are
proved in a similar manner.

Theorem 2.2 (properties of cdf): If Fisthe cdf of X, then (i) F(X2) > F(x1) if Xo> X, (Fis
non decreasing); (i) F(-¥) = 0 ("wx F(X) = 0); (iii) F(¥) = 1 ("wy F(X) = 1); and (iv) "o
F(x+h) = F(x+) = F(x) for al x (F is continuous on the right). Conver sely, any function F with
these propertiesis a cdf of ar.v. X, i.e. F uniquely determines a probability space (R, b, P) such
that P(X£x) = F(x) for al xT R.
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Proofs. (i) (X £ x2) E (X £ x1) P (Theorem 1.9 of Section 1) P(X £ X,) > P(X £ x3) b
F(x2) > F(xy). (i) Let A, = (X£r), then the sequence A1, A2, A, ... IS
%, " (ALE ALE A3 E ..), and so Theorem 1.3 of Section 1 b Mgy
32 1] (A)) = C=¥ A, = f. Hence F(-¥) = Mgy F(-r) = "MeyP(A,) =
(Theorem 1.12 of Section 1) = P("Mey A) = P(f) = 0.




(iii) Smilarly, the sequence Ay, Ay, ...is- (A1 Azl As..) N
So Moy (A) = (Theorem 1.3) = E.-.* A, = R. Hence F(¥) = Mgy At
(F(r)) = "ex(P(A) = (Theorem 1.12 of Section 1) = P("Mey A;) = s

P(R) = 1. (iv) Let h > 0, then F(x+h)-F(x) = (Theorem 2.1) =

P(x<X£(x+h)) (so x T (x,x+h]). But (x<X£x+h) ® f ash ® 0+, so that "™ o:(F(x+h)-F(x)) =
M o0 P(X<XEX+h) = (Theorem 1.12) = P("™e 0:(X<X£x+h)) = P(f) = 0. Therefore, "™e 0. F(X+h)
= F(x).

(1) The proof of the converse of 2.2. is omitted! Example: If F, the cdf of X,
I~ has adiscontinuity or jJump of sizep (0 < p < 1) a apoint x, i.e. if F(x)-F(x-) = p,
n=123.. then p = P(X=x). Proof: Theorem 2.1 b P(x-Y/, < X £ X) = F(x)-F(x-/). Asn ®
¥, (X", < X £x) ® (X=x), and so F(x-'/,) ® F(x-). Hence P(X=x) = F(x)-F(x-) = p.

2.3: Types of Random Variables

2.3.1: Discrete Random Variables

00 ) X is called a discrete random variable if its range is a countable set of reals { x,,
ﬁ X2, X3, ...y Xn, ...}, @nd such that P(X=x;) = p(x;) > O for al i, and such that S; p(x;) =

* 1. Therefore, p = 0 for al other points on the real line. (Think of a unit mass
distributed among the xi’s). p(xi) is caled a probability (mass) function of X. The cdf F of X is
given by F(x) = P(X£X) = Sxex p(Xi), and is called a discr ete cdf. P

F is astep function, with jumps of sizes P(X=x)) = p(x)) & Xi  ry| —
and remains constant in the open interval (x;, Xi+1). Further, p(x;) = % e
F(x)-F(xi-). See the printout for a list of important discrete ) ] ‘

distributions. i x xa
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X

2.3.2: Continuous Random Variables

A r.v. X is caled continuous if $ a function f(x) > 0, anc FOT  Fe
such that for every real x, the c.d.f. F of X is given by F(x) =
P(XEX) = 1¥* f(t)dt (---(a)). f is caled the probability density t

function (pdf) of the r.v. X. F(x) is a continuous function of Xx T x
Also, /4 exists, and ¥/ = f(X) at al continuity points of f(x).
A ) (@) P f must satisfy |.+* f(x)dx = 1 (F(¥) = 1). A function f(x) is

F(b) FO)-F@ g p.d.f. of somerandom variable X iff f(x) > 0, and iff 1¥.y f(X)
F(a = 1. Also, for any 2 reals a and b, where a < b, we have
- X P(a<X£b) = (Theorem 2.1) = Fb)-F@ = 1% f(x)dx. In

a b a b x particular, the probability that X lies in the range (x, x+dx] is
given by P(x<X£x+dx) = ,** f(t)dt » f(x)dx = dF(x). In general, for any Borel set B in R, we
have P(X T B) = 1 f(x)dx.




Note 1. For continuous X, P(X=Xo) = ]x® f(x)dx = O (true also for a countable set A: P(x
T A) =1a f(x)dx = 0), i.e. an event with probability zero is not necessarily the impossible event,
but is highly unlikely to occur. Similarly, an event with probability 1 is not necessarily S, since
P(S\{xo}) = 1. Also, P(a<X£b) = P(aEX£b) = P(aEX<b) = P(a<X<b) = 1P, f(x)dx.

Note 2: Decomposition Theorem. It can be shown that any cdf F can be decomposed as F
= g t+cFt+csFs, where ¢ > 0, and Sic; = 1. F; is discrete, F, is continuous, and Fz is called a
continuous singular cdf (F; is continuous everywhere, and its derivative vanishes amost
everywhere). F; rarely occurs in practice, so that c; =0, and F = ¢F+CF,. If ¢;=0, then F = F,,
discrete. If ¢, =0, then F = F,, continuous. But if ¢;* 0, and if c;* 0, then F is caled a mixed
cdf.

Note 3: The distribution of a continuousr.v. is called a continuous distribution, and it may
be specified by a pdf and giving the range of ther.v. Example: Any function f(x) such that f(x) >
0 and " f(x)dx = 1 is a p.d.f. of some continuous random variable X, i.e. f(x) determines
uniquely a continuous cdf F(x) = ].¢* f(t)dt.

Proof. F(¥) = (Theorem 2.2) = 1*.y f(x)dx = 1; F(-¥) = L F&)
0; F(x) continuous P continuous on right; and for a < b —
F(b)-F(a) = 1% f(x)dx > 0 since f(x) > 0. Example 2: The . /ﬁ
duration in minutes of a long distance telephone call from & jooinenl |
certain town isar.v. X with cdf F(x) = 1-*/,e3-%,e for x > X
0, and F(x) = 0 for x < 0. ([X] = the integer part of x).

Find the per centage number of calls each having duration of: (i) 3 minutes, (ii) lessthan 3
minutes, (iii) between 3 and 6 minutes inclusive, and (iv) at least 3 minutes, given that it is less
than 8 minutes. (i) P(X=x) = p(x) = FX)-F(x-). So p(3) = F(3)-F(3-) = (1-ve'-YE!) -
(1-vel-E) = 1-e™-1(1-e') = Y4 (1-e') = 0.32. (i) P(X<3) = P(X£3)-P(X=3) = F(3)-p(3) =
(1-vet-veth) - Yy l-eh) = YA(1-e') = 0.32. (iii) P(BEXEB) = F(6)-F(3)+p(3) = ... = 0.54. (iv)
P(X>3 | X<8) = P85y g = FOFOPEPO/ o o = ... = 0.64 (taking note that p(8) = 0 as F is
continuous a x = 8).

Tutorial

Using the same F(x) as above, find the probability that a call has duration of (i) 3 mins,
(i1) less than 4 mins, (iii) more than 5 mins, (iv) more than 5 mins given that it is less than 9
mins, and (v) less than 9 mins given that it is more than 5 mins. A: (i) done above. (i) P(X<4) =
P(X£4)-P(X=4) = F(4)-p(4) = F(4)-0 (no jump). So P(X<4) = 1-e*3-Ye' = 0.68.

(iii) P(X>5) = 1-P(X£5) = 1-F(5) = 1-(1-%e%-Y,) = 0.278. (iv) P(X>5 | X<9) =
PS<X<9)] P(X<9) — F(9)-F(5)-p(9)/F(9)_p(9)_ Now p(9) = F(9)-F(9-), so we have FO*F®)/ Fo)- NOwW F(5) =0.722,
and F(9-) = 1-%e3-Yse2 = 0.907, S0 that P(X>5 | X<9) = 0722:0%07) .. = 0,203 (v) P(X<9 | X>5)
= POX oxss) = %184 278 = (USing previous values) = 0.665.



(Q8) Coloured balls are distributed in three boxes as shown in the

table. A box is selected at random, and a ball is randomly selected and Red White Blue
found to be red. What is the probability that box C was chosen? A: P(A) g‘ i i’ g
= P(B) = P(C) = 5. P(RIA) = 0. PRIB) = %. PRIC) =%0. PCR) =| 2 | 5 4 3

PR ermpayerppererRoRe = [Yos]/[ (1ot o+ 0) 5] = [*ho]/1 = o.

(Q9) In Question 8, three balls are selected at random, and it is observed that they are one
of each colour. What is the probability that box C was chosen? Consider both cases in which (i)
balls are not replaced, and (ii) balls are replaced. A: P(CIE) = PEORO) yenpa) + rep)pE) + PECPO)-
Draw atree diagram to work out the values for P(E|?), for both (i) /s, and (i) /7.

(Q11) A card is drawn at random from a pack. If A isthe event that a card is an ace, and
B is the event that the card is a spade, show that A and B are independent. A: P(Ace) = /..
P(Spade) = ¥4 Independent if P(ACB) = P(A)P(B). Now P(Ace and Spade) = /s, = ¥/s.xY4, SO
they are independent.

(Q12) A ticket is drawn at random from a bag containing four tickets, numbered 000, 011,
101 and 110. If A; is the event that on a ticket drawn, O appears as the ith digit from the right,
show that the Ai's, though pairwise independent, are not independent. A: A; =% = A, = As.
P(A; and A;) = ¥ = P(A; and Az) = P(A; and A;) so pairwise independent. P((A; and A;) and
Az) =¥t P(A; and A2)P(As) = VaxY2 =g, So they are not independent.

(Q13) If two independent events are exclusive, show that at least one of them must have
probability zero. A: Independent b P(ACB) = P(A)P(B). Exclusive P P(AEB) = P(A)+P(B),
i.e. P(ACB) =0, sothat P(A) =0or P(B) = 0 asrequired.

independent. A: We know that P(ACB) = PA)PB) b PAEB) -
P(A)+P(B)-P(A)P(B); P(AEB)-P(B) = P(A)-P(A)P(B); P(AEB)-P(B)
P(A)(1-P(B)); P(AEB)-P(B) = P(A)P(B°). But what is P(AEB)-P(B)? This is P(ACB®) by a
Venn diagram. Therefore, P(ACB®) = P(A)P(B°) b A and B° are independent as requir ed.

(Q14) If two events (A are B) are independent, show that A and B° are alsc «.b

(Q15) If A1, A, and A are independent, such that P(As) > 0, show that P[ALEA; | Ag] =
P[A:EA;]. A: If they are independent, then A;E A, will be independent of A; (we know that A,
is independent of As, and that A, is independent of Aj). Therefore, P(AJEA; | As) =
P((A1EA2)CA)/P(A3) = P(ALE A2)P(A3)/P(A3) = P(ALEA,). QED.

(Q16) The number X of acesin a hand of 13 cards is a random variable with range {0, 1,
2, 3, 4}, and domain S having >*C;3 sample points. Find the probability distribution of X, if all
hands of 13 cards are equally likely. A: X = 0: ®Cy3*Co. X = 1: ®C,*Cy. X = 2: ®C11*C,. X = 3;
49C104C3. X =4 49C94C4.

(Q17) A random variable has pf p(x) = cx for x = 1, 2, 3, 4. Find the constant c, and
caculate P(X>1). A: p(1) = ¢, p(2) = 2c, p(3) = 3c, p(4) = 4c; so summing, 10c = 1; ¢ = Y/4,.



(Q18) Look up the pf’'s of the following common discrete probability distributions: (i)
Binomial, (ii) Poisson, (iii) Negative Binomia, (specia case Geometric), and (iv)
Hypergeometric. Verify in each case that p(x) = P(X=x) is indeed a pf, i.e. that they are
non-negative and sum to unity.

(i) Binomial: "Cp*(1-p)™*. "Cxisalways>0. Asx=0,1,..,n,and0<p<1,nx>0,and
S0 p*(1-p)™ > 0. So non-negative. Now Si=" "Cip'(1-p)™ = (p+(1-p))" = 1" = 1 (using (at+b)" =
Sizo” (")ab™). (ii) Poisson: exp(-W)u*/x!. Aspu> 0, and asx =0, 1, ..., then this will always be >
0. Now Sico* exp(-l)(1'/i!) = exp(-W) Si=o” (W/i!) = e¥(e) = 1. QED.

(iii) Negative Binomial: (*%.1)p*(1-p)**, where x =k, k+1, ... (0 < p < 1). The book gives
an alternative formula. ("*Y)p'q* = (")p'(-q)*, for x = 0, 1, 2,... Now we know that (1+z)* =
Sk=o’ ()2, s0 that (1-0)" = Sxo' (%)(-0) (1-Q)P" = S0’ ()(-Q)*p" = p'P" = 1. QED. (iv)
Geometric: p(1-p)<%, for x =1, 2, .... Thisisalways> 0 as 0 < p < 1. Now S,-,* p(1-p)** =
PSk=1* (1-p)*! = pSizo” (1-p)*. Now Sio” & ® Y ,asx ® ¥, so we have = p(Mrawp) =Plp = 1.
QED.

Or, we use Madlaurin Series: f(z) = S=o* f9(0)Z/j! (---(1)). Let f(2) = (1-2* ((2)). So
fO2) = (20 = (1-2 f900) = 1L f92) = (K(@L-2*'(-1); fOO) = k = “Jay. TO(2)
K(-k-1)(1-2)*%(-1); f2(0) = k(k+1) = ®/p. 9(2) = k(k+1)(-k-2)(1-2)*3(-1); f(0)
k(k+1)(k+2) = ©2/4. It follows that fO(2) = K(k+1)...(k+j-2)(-k-j+1)(1-2)*(-1); f9(0)
k(k+1)...(k+j-1) = “IDgeay (---(3)).

(1) to (3) p (1-2)'k = Sj:o¥ (k+j'l)!/(k-1)! ZJ/]' = Sj:o¥ (k+j'lk-1)Zj = (J = X-k) = Sx=k¥ (X'lk-l)ZX'k
(~(4)). Negative Binomial: S (W )PPy = PSu (H)(LB = (4), 1-p = ) =
P(1-(1-p))* = p*p™* = 1 asrequired. QED.

(iv) Hyper-Geometric: ()" .)/(N), for x = 0, 1, ..., n. This is clearly > 0 as all
combinations are > 0. Now as Si-o™ (3)(°mi) = (®*"m), then Sio" ()M )/(Yy) = [V(M)]Si=o"
(D) = [UM)ICN5) = NW)I(M) = 1. QED.
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2.4: The Riemann-Stieltjes Inteqgral

Definition (functions of bounded variation): Let F be a function defined on a generalised
closed interval [a,b] (i.e. either aor b could be infinite). Let D be a partition of [ab], i.e. D: a=
Xo < X1 < X2< ... < Xp=Db. Fissad to be a function of bounded variation over [ab] if Si;"
[F(X«)-F(X«-1)| is bounded for all partitions D. Then 3. p oo Sk=1" |F(Xk)-F(Xk-1)| IS called the total
variation of F over [a,b].

Example: Any cdf F(x) = P(X£Xx) is of bounded variation, with total variation 1. Proof:
From Theorem 2.2, F(X) is a monotonically increasing function, which is bounded above by 1.
Hence, for any [ab], and for any partition D, Si-1" [F(X)-F(Xc1)] = Skt F(Xk)-F(Xk1) =
[F(X1)-F(xo)] + [F(Xx2)-F(x1)] + ... + [F(Xn)-F(Xn1)] = -F(Xo) + F(x) = F(b) - F(@). It follows that
P 5 on [a,b] Si=1" |F(Xk)-F(Xk_1)| = F(¥)-F(-¥) =1-0=1.



Note: A function of bounded variation has at most a countable number of discontinuities,
and these are all jumps (e.g. the cdf of adiscreter.v.). Definition: Let g and F be any functions
defined on a finite closed interval [a,b], and let F be of bounded variation over [ab]. Let Dbe a
partition of [a,b], D: a=Xo < X1 <Xz < .... <X, = b. Consider (D) = Si=1" g(Xk-1")[F(Xk)-F(Xk-1)],
where X' T (Xea, Xo). If, asn ® ¥, and as ™ ygen (Xe-Xe1) ® 0, the sum S(D) tends to a finite
limit, independent of the choice of the points x«." and D, then this limit is called the
Riemann-Stidtjes (R-S) Integral of g w.r.t. F, and iswritten as |%, g(x)dF(x).

Notes: (1) Sufficient conditions for the existence of the R-S Integral are: (a) F is of
bounded variation and g is continuous, or (b) F isctsand g is of bounded variation. (2) If F hasa
cts derivative F’, then 1% g(X)dF(x) = 12 g(X)F (X)dx (= the Riemann Integral).

(3) If Fis the cdf of a discrete r.v., with jumps at points xc..' of size p(Xx..'), then 1°
g(X)dF(X) = Sk g(Xk..' )p(Xk1'). (4) If the interval [a, b] is not finite, then we have |* g(X)dF(x) =
Moy oy {1% gX)dF(X)}. (5) By (2) and (3) above, the expected value of g(X) for a discrete or
continuous r.v. can be written as E(g(X)) = 1«* g(x)dF(x), where this is absolutely convergent,
e | lgX)|dF(X) <¥ b 1+* g(X)dF(X) < ¥.

2.5: n-Dimensional Random Variables (Joint r.v.’s)

Let (S, F , P) be our basic probability space. The ordered n-tuple (X1, X, ..., Xn) of n
real valued functions defined on Sis called an n-dim r.v. if for arbitrary reals xi, Xz, ..., Xn, the
set{el S|X(@®I x,i=1,2,...,.n} T F .S0(Xy, Xy, ..., X,) induces from (S, F , P) the space
(R", b", P), where b" are Bordl setsin R".
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Example: Let S be the set of students at UWB. Define on S a 4-dimensional r.v. (Xi, X,
X3, X4), Where X is the height of a student, X, the weight, X3 the income, and X, the age. So to
each student e,, ther.v. assigns 4 real numbers Xi(e,), X2(€), Xs(&,), and X4(e,). The cdf of (X4,
Xz, ..., Xp) is defined for every point (X1, Xa, ..., xn)T R" as F(X1, X2, ..., Xn) = P(X1EX1, X2EXy, ...,
XrEXn).

The cdf of (X, X, ..., Xk), where k < n, a subset of components of (Xi, Xz, ..., Xy), IS
defined as Fyy(X1, X2, ..., Xk) = F(X1, X2, ..., Xk, ¥, ¥, ..., ¥), and is called the marginal cdf of (X4,
X2, ..., Xx). Similarly for any other subset. In particular, the margina cdf of X;, the i component,
ISFE(X) =F&, ¥, ..., ¥, X, ¥, ...,¥)(@{ =12, ..., n). Therandom variables X, X», ..., X, are
termed independent iff F(xs, Xz, ..., Xn) = Pi=1" F(X).

2.5.1: The Bivariate or 2-Dimensional Case

There are good reasons for considering these. We might be interested in (i) the joint
distribution of height X of a randomly chosen father and height Y of his adult son; (ii) the
expected 1Q Y of an 11 year old given that he comes from a family with X number of children;
and (iii) the joint distribution of thrust X and mixtureratio Y of rocket fuel, etc.




The cdf of a 2-dim r.v. is given by F(x, y) = P(XEx, YEy) Y
with (x, y) 1 R2. It isareal non-negative function of (X, y). (i) F(x e
y) is non-decreasing in each variable. (ii) F(x, -¥) = F(-¥,y) =0
(i) F(¥, ¥) = 1. (iv) F(x+, y) = F(x, y+) = F(x,y) (right continuity
in each variable). (V) F(Xz, V2) - F(X2, V1) - F(X1, V2) + F(X1, y1) >0
where (X1, Y1) and (X, ¥2) areany 2 pointsin R2s.t. x, > x; and y,> 0
yi. (V) ensures that P(X;<XEX,, Y1i<YEY,) > 0. (P = P(XEX,, YEY,) -
P(XEXz, YEY1) - P(XEXs, YEY,) + P(XEX:, YEy:)). Note: (i) to (iv) are extensions of the
1-dimensional case. The marginal cdf’'s of X and Y are given by Fi(x) = F(x, ¥), and F(y) =
F(¥,y). Interpret F, as the cdf of X with no restriction of Y, or when Y isignored. Similarly for
Fo.

(X1, y1) (x2, y1)

2.5.1.1: The Discrete 2-Dimensional Case

(X, Y) istermed discrete if its range of values (x;, y;) (i, ] = 1, 2, ...) is countable such
that P(X=x;, Y=y;) = p(xi, y;) > 0 for al (x, y;); and SiS; p(xi,y;) = 1. p is the pmf of (X,Y). The
cdf is given by F(X, ¥) = S«exSygy P(Xiyy). In general, P((X,Y) T B) = SSuyie p(Xi, V). The
marginal pmf’s are given by px(xi) = Sip(x.,y;), and pv(y;) = Sip(x.,y;). X and Y are independent
iff p(xi,yi) = px()pv(y) * (X, i)

2.5.1.2: The Continuous 2-Dimensional Case

(X, Y) iscdled actsr.v. if $ afunction f(x,y) > 0 such that for all (x,y) T R2, we have
F(X, y) = |+¥+ f(x,y)dxdy. (f is called the pdf of (X,Y)). Now ™/gq, = f(X,y) almost everywhere,
i.e. at al points of continuity of f. Further, |.+¥1.+* f(x,y)dxdy = 1, and P(a<X£b, c<Y£d) = 1°.%
f(x,y)dxdy. Marginals. fx(x) = 1" f(x,y)dy, and fy(y) = 1" f(x,y)dx. X and Y are independent
iff f(x,y) = fx(X)fv(y) for all (x,y) T R2

(Q21) Let X be the number of aces, and Y the number of kings, in a hand of 13 cards
drawn from a pack of 52 ordinary playing cards. What are the values of the 2-dimensional r.v.
(X, Y)? Find the probability mass function and the marginal probability functions. Are X and Y
independent? Find the probability that a hand contains at most 2 aces and at least 3 kings. A:
Thevalues of (X, Y) aregiven by (X, y), wherex,y =0, 1, 2, 3, 4 (25 pairs). The distribution of
(X, Y) is as follows: P(X=x, Y=y) = (%)(%)(*1zxy)/(**13) (X, y = 0, 1, 2, 3, 4). Marginal
Distribution of X, Y: px(X) = Sy=* p(X,y) = [(%)/(*%13)]Sy=0" (4)(*13xy) = (result from the book:
S0 () (") = (), where n > r > k) = [(4)/(*%13)] (®13x), for x =0, 1, 2, 3, 4. Smilarly, py(y) =
Se=o" p(X,Y) = ... = (4)(*1sy)/(*%3), fory =0, 1, 2, 3, 4. X and Y are independent iff p(x, y) =
Px(X)pv (y) for al x, y. But p(0, 0) = (‘) (‘o) (*1a)/(P13) = (*13)/(*13), and px(0) = (“o)(*1a)/(1) =
(*®13)/(*%13) = pv(0), so that p(0,0) * px(0)py(0). To finish, P(X£2, Y >3) = S;-0°Sy=3* p(X,y).

(Q22) The performance of a rocket engine depends on thrust X and mixture ratio of fuel
Y. Assuming that (X, Y) is a continuous r.v., with pdf f(x, y) = 2(x+y-2xy) for O£Ex£1l and
OEy£1; and f(x, y) = O otherwise, show that the pdf’s of both X and Y are uniform over the unit
interval. A: fx(X) = &% f(X,y)dy = |y=0t 2(x+y-2xy)dy = [2xy+y2-2xyZ¥o = 2x+1-2x = 1.
Smilarly, fy(y) =... = 1 (symmetrical).




(Q23) In question 21, what is the probability that a hand contains 3 aces, given that it
contains 2 kings? A: P(X=3 | Y=2) = = "Dy = {[(((/(C)[((“w/(Pa)]} =
43)(448)/ (4811) = 0.03138.

The Bivariate Normal Distribution

&Pl 52 (%) 2o o # o))
fxy) = (2m)oxoy [1- iy

I xy are parametres, where sx, Sy > 0, and |r xy| < 1. Smple form of the pdf: px = py =0, and

Sx =Sy = 1. Example: show that if (X, Y) has bivariate normal distribution, then X and Y each

has univariate normal distribution. Also, if r xy = 0, show that X and Y are independent.

, for -¥ < x, y <¥.Now px, My, Sx, Sy and

A: Use the simple form. fx(X) = 1x* f(x,y)dy. Complete the square, and make the
subgtitution t = (y-r xyX)/Q2(1-r %)) to get fx(X) = [€*pQ2)]1 ¥« €Pdt = (Mepp)e™, the pdf of
N(0,1), as |«* e%dt = Qp. Smilarly, fy(y) = Yeun€™". If rxy = 0, then f(X,y) = Y& =

Meen€”) Hene™) = fx(X)fy(y) for all (x,y) T R2P X and Y are independent.
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2.5.1.3: Conditional Distributions

Let (X, Y) be discrete, with pmf p(x,y). The conditional pmf of X given Y =y is defined
as p(xly) = p(x,y)/pv(y), where py(y) > 0, and where py is the marginal pmf of Y. Similarly, if
(X, Y) is continuous with pdf f(x, y), then the pdf of X given Y =y is given by f(xly) =
f(x,y)/fy(y), where fy(y) > 0. Clearly, X and Y are independent if f(x]y) = fx(x), or if f(y|x) =
fv(y).

Example: Let (X, Y) have a bivariate normal distribution. Show that the conditional
distribution of X given Y =y, is univariate normal (use the simple form of the pdf). A: The
conditional pdf of X givenY =y; isgiven by f(X]yo) = f(X,yo)/fv(Yo), where fy(yo) = Yepp €77 (SEE
before). Now f(xlyo) = [ 7==exPl- 5 25 (< - 200+ VMV 75 el - 2¥8H =

1/(f2p1/d.-rxvz eXp{ '1/2(1-r><\(2)(x2 - xYXYo + YOZ(l-(l-f 2XY))} = l/@plldl-rw?)exp{ '1/2(1-r><v2)(x'r XYyO)Z}y
which is univariate normal: N(r xyYo, (1- xv?)).

Assignment 2

Q: A biased coin has probability p of landing heads. Anne and Betty toss the coin
successively, Anne tossing first, until a head occurs. The person tossing the first head wins. Find
the probability that Anne wins (and state the axiom(s) of a probability measure that you use). A:
If Anne wins, she does so by throwing heads on the 1st, 3rd, 5th, ... throw, with Betty always
throwing tails. Because each throw is independent of the other (so that the event “wins on the
3rd throw” can be obtained by multiplying the three events q, g and p), and because no two
ways of winning can be obtained simultaneoudly, i.e. {A;, As, ...} is a pairwise exclusive
sequence, then P(Anne wins) = (by Axiom 3) = P(A1)+P(As)+... = p+qgp+qgaap+... = Siwo'
P(cP)' = p(Y1.4). Check: P(Betty Wins) = gp+op+... = qp(1+g2+g™+...) = qp(Y1.); and so we can
check that P(A)+P(B) = 1 holds.




(Q10) A population consists of k objects, of which any number of which may be of a
certain type A. The process of selecting an object at random, noting its type, and replacing it in
the population, is repeated n times. Given that at each of the n selections, the type found is A,
find the probability that the population contains exactly r objects of the type A. Find the limiting
values of this probability asn® ¥ for all valuesof r.

A: P(population contains r objects of type A | n selections found A) = P(A(B) =
P(BIANP(A)/Si=" P(BJA)P(A)). Now P(B|A) = (/)", and P(A)) = . (each sample point is
equally likely). Therefore, P(A(|B) = [(")" Y1l /[ Sizo“(/)" Y] = (rIKN)/[Sio(iKk™)] = rY[Si=* i"].
(1 because 0" = 0). Now, as n ® ¥, P(A/B) ® rk", as k" is the dominant factor in the
denominator. If r =k, then P(A(B) ® 1asn® ¥;andifr! Kk, then P(A;B) ® Oasn® ¥.

(Q19) Look up the pdf’s of the following common continuous probability distributions: (i)
Uniform over [ab], (i) Norma N(u, s?), (iii) Cauchy, (iv) Gamma, (v) Exponentia (Specid
case of (iv)), and (vi) Beta. Verify in each case that f(x) isindeed a pdf, i.e. that f > 0, and that |f
dx = 1. Also of interest in Physics: Raleigh and Maxwell distributions;, aso of interest in
Statistics: X2, F and t distributions.

A: (i) Uniform over [ab]: f(X) = Y»a Wherea £ X £ b. Asb > a, then b-a> 0, so that f(x)
> 0. Now 1% YooOX = YoolPdX = Yoo X]%a = P¥ha = 1. QED. (ii) Normal N(us?): f(x) =
YseopeXp{ -12s:(X-)%} . Asred > 0 (because s > 0), and as blue > 0 (because exp(x) > 0" X), then
f(x) > 0. We must now show that |«*f(x)dx = 1. Consider | = |* YseppeXp{ *W/xs}dX. Lety =
“Blsep, SO that y2 = W, and dy = ¥/sep. It follows that | = Ysepls® exp(-yddyQ2)s; | =
2/ eppl ¥ EXP(-y)dy. As | ¥ exp(-z9)dz = Op, then | = Ye(Cp) = 1. QED.

(iii) Cauchy: f(X) = Y2 /aerxqe (@ > 0, -¥ < x <¥). The numerator is> 0 asa > 0. The
denominator is>0asp >0, a2> 0 and (x-g)2 > 0. Conclusion: f(x) > 0. Let | = ].4* Y azsx.qe0X
=2/, 15" YarepeqpdX. Let y = X-q, SO that y2 = (x-q)2, and dy = dx. There is no change in the limits.
S0 1 =%y 1" Hamydy = *fo[Hatan (o) = Yo[tan*(la)lye +*°* = o[ *-(-P/2)] = *fp = 1. QED.

(iv) Gamma: f(x) = [a¥G(q)]x*e®, where x, a, g > 0, and G(g) = (o- 1)! when g1 Z.
Clearly, f(x) > 0. Now assume that g 1 Z, and let us find | = ¥ [aYF(q)]x*e*dx =
[a%(g-2)']10" x™e*dx. Integrate by parts: u = x*1, ¥/g, = (Q-1)x*2, ¥y = €, v = -, S0 J =
[(-x*Ya)e™]o" + 1o° (*Ya)x*2e™dx = [0-0] + @Y/, 1o'x*2e®dX. It follows that | = a%q-1)/(g-1)!a
lo° X*2e*dx. Similarly, integrate by partsto obtain | = a%(g-1)(g- 2)/(g-1)!a2]s* x*3e®dXx.

After we integrate by parts (g-1) times, we will obtain | = a%qg-1)!/(g-1)!a** ;*x%e®dx =
a lo'e™dx = a[-Y.€™]o’ = [-€®]®¥%, = [-e*-(-€")] = 0+1 = 1. QED. (v) Exponential: f(x) =
ae®™ (x,a>0). Asa >0, and ase®™ > 0for dl a, x, then f(x) > 0. Now |o* ae®dx = a o' e™dx
=1 (asjust worked out above). QED. (Exponential isa specia case of Gamma: q = 1).

(vi) Beta: f(t) = Ypapt**(1-t)>*dt (0 £t £ 1), where B(a,b) = 1% x**(1-x)*'dx. Now O£t £
1b 0£ 1-t£ 1 Any power of t and (1-t) will be > 0, so that t¥*(1-t)>* > 0, implying that 1%
X&l(l-X)b_ldX > 0, and so f(t) > 0. Now 110 l/B(ab)ta'l(l-t)b_ldt = 1/B(a,b)110 ta_l(l-t)b_ldt = 110
t*1(1-t)>dt/) T x*Y(1-x)>*dt = 1. QED.



2.6: Functions of a Random Variable

It can be shown that functions of random variables that are monotonic or continuous,
and functions obtained from them by algebraic or limiting processes, are aso random variables.
2.6.1: The one-dimensional case. Theorem 6.1: Let X be a continuous r.v., with pdf f(x). Lety
= g(x) be a strictly monotonic function of x s.t. g'(x) is continuous and non-zero in some open
interval A.

Let g*(y) be the unique inverse of g(x), and let B be the image of A in the range of .
Then the random variable Y = g(X) is cts, whose pdf h(y) exists for al y 1 B, and is given by

h(y) = f(g*(YDITalg* W), and 1a f(X)ax = 1 F(g*(Y)[Talg™(y)ldy. Proof: Now g’ cts b g
exists b g continuous P Y iscts, sinceit isa ctsfunction of actsr.v.

Consider g - drictly (¥4 > 0). The cdf of Y isgiven by H(y) = P(Y£y) = (by Y = g(X))
= P(g(X) £y) = P(X £ g*(y)) = F(g*(y)), where F is the cdf of X (red = x). Hence the pdf of Y
is given by h(y) = H'(y) (= /) = (chain rule) = Ya(H(y))™a = FD/5 &/, = F(X)™/ = (by X =

gi(y)) = (g )T (g*(y)) = (g () /a(g*(y))| as required.
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Now consider g = dtrictly (¥/« < 0). Then H(y) = P(Y £y)
P(9(X) £ y) = P(X > g'(y)) = (see the diagram) = 1-P(X £ g*(y))
1-F(g'(y)) (red = x). Therefore, h(y) = H'(y) = (chain rule)
Yo (1-F(X) e, = “FHgy = Fa(-*/s). Note: o = f(X), the pdf of x. :
Now ¥/ < 0, so that ®/yy < 0 P -*/4 > 0. Therefore, h(y) = f(X)[*o|= |- 7
f(g*(y)[Ya(g(y))]- The second part follows from the first part, and the
fact that B is the image of A under g.

I
<

Note 1: The form of g and the domain of X determine whether or not g is monotonic, e.g.
(1) g(x) = x2 (monotonically increasing for x > 0, and non-monotonic for -a< x < b, wherea, b
> 0); and (i) g(x) = x® (monotonic on R). Note 2: If g is not monotonic, then Theorem 6.1 is not
applicable — use a direct approach: find the cdf of Y in terms of the cdf of X by finding the
event in the domain of X equivaent to the event (Y £ y). Then differentiate w.r.t. y to obtain the
pdf of Y in terms of a given pdf of X, and then substitute. The domain of Y isformed from that
of X, and the form of g.

(Q24) If X isN(0, 1), find the pdf of X¥3. A: Let X~N(0, 12) i.e. f(X) = Yepp €"¢ (-¥ <X <
¥). Find the distribution of Y = X¥3, Now put y = g(x) = x* (monotonic increasing), so that x =
y3 = g(y). Now */y, = 3y2 (Y4(g™*(y)). Using Theorem 6.1 implies that the pdf of Y is given by
h(y) = F(g* WITaAg Y] = Yeooe™7[3y? = ¥ eooexXp(-Y2y°) (¥ <y <¥).

Often, the conditions of theorem 4 are not met, and we must use a direct method (start by
writing down the cumulative distribution function). (Q25) Let X have €
uniform distribution, with pdf (F (x) =) f(X) = ¥/ if || <aand a> 0; and f(x) :
0 otherwise. Find the distribution of Y = X2, A: Lety = g(x) = x2 Thisisno a
monotonic, since the range of x includesx = 0.




Now H(y) = P(Y £y) = P(X*£y) = P(X| £ &y) = POy £ X £ &) = H(QY) - F(-0Y), since
Y is continuous. The pdf of Y isgiven by h(y) [= H'(y)] = %/, = Y4(F(Oy) - F(-Oy)) = (by the
chain rule) = F (O)aey - F (-Oy)(-Y20) = 1ao(F () + F (-Qy)) = Yae)[f(Oy) + F(-O)] = YooYz

+1/20) = Yoy if 0 <y < &, and O otherwise.

2.6.2: The 2-Dimensional Case — Not in the Exam!

Theorem 6.2: Let (X, Y) be cts, with pdf f(X, y); and let u = gi(X, y), and v = gx(X, y), be
single-valued, continuous functions, with ctsfirst order partial derivatives in the (x,y)-plane. Let
the Jacobian of the transformation ("“Y/g,)) be non-zero in A. Let x = g ’}(u, v) and y = g’ *(u,
V) be unique inversesfor al (X, y) in A. Let B be theimage of A in the uv-plane.

Then, the random variable (U, V), with U = g,(X, Y), and V = gx(X, Y), is cts, whose pdf
exists for all (u, v) in B, and is given by h(u,v) = f(g:*(u,v), g2*(u,v))[J], where 114 f(X,y)dxdy =
118 f(gr*(u,v), g*(u,v))Jdudv. The proof is omitted — refer to the G2M56 course, where J =
95w Note: I= (Wgey)t = (b)) (substitute ).

Example: Let the joint pdf of (X, Y) be given by f(x, y) = e*¥ for x >0 and y > 0, and
f(x, y) = 0 otherwise. Find the pdf of (U, V), where U = X+Y,andV = Y/x. Aiu=x+y,and v =
We B X =Yy, and y = Wi, Therefore, J = "0 = M u %yl = P vae Y s = Y.
Hence the joint pdf of (U, V) isgiven by h(u, v) = €[y = " 14y for u, v > 0, and h(u, v) =
O otherwise.

Tutorial

Q: Given the bivariate normal distribution (in its smple form) f(x,y) = (usingr =rxy) =
Yoperr €XP{ -a1r5(X2-2r xy+y?d)}, show that the marginal pdf, fx(x), is given by fx(x) = (by
definition) = 1% f(X,y)dy = Yeppexp(-). Az Let | = 5" Yoperr€XP{ -Haqr5(X2-2r Xy+y2)} dy. Now
let t = y_rX/qZ(l-rz)], 0 that t2 = (y-rx)Z/Z(l_rz), and dt = dy/qz(l-rz)]. Now as x2-2r Xy+y2 = (y-r X)2 +
(1-r2)x2, then | = 1o oo r9@XP{ -0 ey = P Pyenhdy = 14" Yopcurgexp{ 1272} dtq 2(1-r2)]
= QTN 510y exp{ 215} dt = exp{ Lo} PN ppenrg| ¢ exp{ -t2 dt. Now the red bit is (p, so
we have | = exp{-/2} Yep(Op) = exp{-*/2)"exp as required. QED.

Q: If f isthe pdf of a ctsr.v. X, find the pdf of Y = aX+b (aand b are constants, with a*
0. A:y =ax+b (@t 0). Now x =¥, b %/ = /.. Therefore, h(y) = f(*/);q. Q: If X has
distribution with pdf f(x) = /,for 0< x <a (a> 0), and f(x) = 0 otherwise, find the distribution
of X"(n>0). A:y=x"b x =y (+veroot). Now ¥/y = ¥y and the pdf of Y isthus given
by h(y) = Yy®?* for 0 <y < &, and h(y) = 0 otherwise. Note: for these 2 questions, use
Theorem 6.1 because of monotonicity.
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Section 3: Expected Values and Moments

3.1: Expected Values of 1-Dimensional Random Variables

Definition: Let X be a 1-dim r.v, and let g(X), a function of X, be itself a (1-dim) r.v. (a
Borel function on X) such that it is integrable w.r.t. F(x), the cdf of X, on (-¥, ¥). Then we
define the expected value (the expectation or mean), denoted by E[g(X)], as E[g(X)] = 1"
g(X)dF(x) (---(1)), provided the integral is absolutely convergent (i.e. |«* |g(X)|dF(x) < ¥), and
we say that the expected value does exist.

If 1% [g(X)|dF(x) = ¥ (divergent), we say that the expected value does not exist. In
particular, if X is actsr.v. with pdf f(x) (= F (X)), then (1) becomes E[g(X)] = 1" g(X)f(x)dx
(---(2)). If X isdiscrete, taking values x, with probabilities p(xy), then (1) becomes E[g(X)] = S»
9(Xn)P(Xn) (---(3)).

Theorem 1.1: Let functions gi(X), g(X), ... (i =1, ..., n) be random variables, whose
expected values exist. Then (i) for constantsa (i = 1, ..., n), E[Siz1" agi(X)] = Si=1" aE[gi(X)]. (In
particular, E[ag(X)] = aE[g(X)], and also E[a] = a). (ii) If m £ g(X) £ M, then m £ E[g(X)] £ M.
And if gi(X) £ g=(X), then (iii) E[g.(X)] £ E[g=(X)], and (iv) [E[g9:(X)]| £ |[E[92(X)]|. The proofs
follow from the propositions of an R-S Integral.

3.2: Moments of 1-Dimensional Random Variables

Moments about an arbitrary point: if, in the previous section, we take g(X) = (X-a),
where ais areal constant, and r is a positive integer, then E[(X-a)] is called the r'" moment
about the point a of the r.v. X. Moments about the origin (or ordinary moments): if, in the above,
we have a= 0, then E[X"] is called the r' moment about the origin, denoted by .’ (X), or simply
by W . In particular, if r = 1, then W, is called the mean of X, and is denoted by L.

Putting a = Y, we get E[(X-W)1], the r'" central moment of ar.v. X, denoted by . In
particular, Y. = E[(X-W)?] iscaled the variance of X, and is denoted by s2 or var X (s iscalled
the standard deviation of X). We have u, = E[(X-M)?] = (Theorem 1.1) = E[X?] - (E[X])? =
K2’ -(W2. Also, E[|X]] is called the r'"" absolute moment about the origin; E[|X-p|] is called the r™
absolute central moment; and E[X(X-1)(X-2)...(X-r+1)] is cdled the r" factorial moment,
denoted by .

Example: Let X be ar.v. with values x, = (-1)"2"/n, wheren =1, 2, 3, ...; and pmf p(x,) =
1/2". Show that the mean of X does not exist (even though Si1* X.p(Xn) = S=1* (-1)" (M) =
-IN(2)). A: Sier® XalP(Xn) = Snet*[(-1)"27/N|1/2" = Siei* U = ¥ (because SY, = 1 + (Y5) + (Ya+Hs) +
(st et 74 ) + (Mot..As) > 1 + Yo + (gt + (Mgt et etts) + (Mot A e) + ... =
1+Yr Yot Yok = ¥,
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Example: Let X be ar.v. which takes on non-negative values only, and such that its mean
W exists. Show that = 1¥o(1-F(x))dx (F(X) is the cdf of X). Proof: p = 1*, xdF(x) < ¥. Now |°
xdF(x) = (by parts) = [XF(X)]% - 1% F(x)dx = bF(b)-0-1s"F(x)dx = -b(1-F(b))+]%(1-F(x))dx. But
b(1-F(b)) = (F(¥) = 1) = bl *dF(X) < ¥ XdF(x) ® 0asb® ¥, aspu< ¥. Therefore, g = M y1%
xdF(X) = 10" (1-F(x))dXx.

Theorem 2.1: If W’ exists, then W exists for all k =1, 2, 3, .., r-1. Proof: If p/’ exists,
then 1+* |X[dF(x) < ¥. Now, let n be any positive integer, then |.+* [X|"dF(X) = ez X["dF(X) + 1
IXI'F(X) £ [jxer 1AF(X) + (1 XPAF(X) £ 1 + (i1 [X["dF(X). But for all 1 £ k £ r-1, |1 [X['dF(X) £
I X[AF(X) < ¥. Therefore, 14" X[‘dF(X) £ 1+]x1 [X[dF(X) < ¥, completing the proof. Note: If
Y, does not exist, then W', for n > r do not exist.

3.3: Standard Random Variables

A random variable is called standard if its mean is zero and its variance is 1. Clearly, if
X isar.v. with mean p and variance s?, then Y = *¥/. Proof: E(Y) = E(**/s) = Y/sE(X-W) =
TS(EX)-E(W) = Ys(ip) = 0. And var(Y) = E(Y-E(Y))2 = E(YH-[E(Y)]? = E("":)>0 =
YsE(X-W)2 = Ys:(s?) = 1. QED.

Example: If X has the binomial distribution, with pmf p(x) = (")p*(1-p)"* for x =0, 1, 2,
... (1 =np, s2=np(1-p)), then *™/apap is standard. Example: Poisson Distribution: p(x) =
e*wx! for x =0, 1, 2, ... (E(X) = var(x) = W): **/¢, is standard. Example: If X~N(, s2), then Y
= *¥/. isstandard, ~ N(O, 12).

Evidence: The pdf isf(X) = Yseenexp{ -Y2s:(X-)Z} . Since E(X) = y, and since var(X) = s2,
then Y = *¥/s is standard, i.e. E(Y) = 0, and var(Y) = 1. The distribution of Y is N(0, 1?), i.e.
with pdf Yepmexp{-¥2y?}. Recall that h(y) = f(g*(y))[Ya(g*(y))|. Now X = p+sY b ¥y =s. So
h(y) = scomexp{ -72y?)s ="leenexp{-V2?}.

Effect of trandation and change of scale on central moments: Let p.(X) be the r'™ central

moment of ar.v. X. If Y = aX+b, then w(Y) = ap(X). Proof: u(Y) = E(Y-E(Y))" = E(aX+b -
E(aX+b))" = E(aX+b-(aE(X)+h))" = aE(X-E(X)) = dE(X-W)" = ap(X).

Tutorial Problems. Let X~N(¥2, 3?). Find the mean and central moments of ther.v. Y =
2X-7. E(Y) = E(2X-7) = 2E(X)-7 = 2(¥2)-7 = -6. We now want to find p(Y). Let r be a positive
integer. Now a1 (X) = E((X-1) 2*) = 14" (X-1) 2 YseppeXp{ -¥2(*/5)2 dx = O (by symmetry), and
Hzr(X) = 1.3.5....(2r-3)(2r-1)s *, where X~N(l, s2).

Proof: px(X) = E(X-WZ = 1* (X-W)? YsconeXp{-Y2(*/s)3 dx. Let y = *H/;, so that dy =
/s, and we thus have |v* (ys)? Yeopmexp{-Yy2 dy = s?/Q(2p) 1+ y¥exp{-Yy2 dy. Look at
Y& = -y Let J= 4" ye¥dy (setr=1) = |4* (-y)(-ye*¥dy) = €”¥.-y. We now show that
Iy = (2r-Dlyo. Let Ky = 15" yZexp{-Yy2tdy = 4% y.y*lexp{-YoyZdy. Let u = y*?, %, =
(2r-1)y>2, ¥y, = yexp{-¥y%}, and so v = -e”¥. Therefore, Ky = |v* €¥(2r-1)y*2= (2r-1)K
([uv] = 0, the -ve's cancel). It follows that 1o = |4 €'dy = ... = C2p. So we obtain the result
using the recurrence relation.



Example: Let X bear.v. with values x, = (-1)"(2"/n)”, wheren =1, 2, 3, ...; and pmf p(x»)
= 1/2". Show that the mean exists, but that the variance does not exist. A: Consider Sy-1* [Xq|p(Xn)
= St” |(FD"@VN)AU2" = Siet¥ (2Yn)% 12" = Sip¥ 12" < St 1272 = S (U2 < ¥,
Aside: S, = r+r2+, 41" 1S, = 2+ 4™ S(2-r) = - S, = r(1-r)/1-r (for |ri<1). Notethat S, ®
Trasn® ¥.

Assignment 3

Q: A continuous random variable X has pdf given by f(x) = kx2e*for x > 0, and f(x) = 0
for x £ 0 (k = %/¢,). Find the pdf h(y) of Y = X2. Show that h(y) = G(q, a; y), and find g and a. A:
Lety =x2 For x >0, y = x2 isastrictly monotonically increasing function. Further, g’ (x) = 2x is
continuous and non-zero for x > 0. Therefore, we can apply Theorem 6.1.

y=x2b X :__("Iy) (tqke the +ve root — which is OK since we are dealing with x > 0).
Therefore, h(y) = f(Q))a(Cy) = k(Gy)2exp(-(Y)AMa0] = “eryexp(-y)aey = 2" ey (y > 0).
Conclusion: h(y) = 2Wee™)/, fory > 0, and h(y) = 0 for y £ 0. Now G(q, a; y) = a%y**e®/Gq)
fory >0, and G, a; y) =0fory £ 0, where G(q) = |o* e't*'dt.

h(y) and 4(g, a; y) look very alike. Comparing exponentials, we see that we need a = 1.
Comparing power s of y, we need g = %/, to obtain a match. So G(*/,, 1; y) = y*“e¥/G(3,) for y > 0,
and GC/,, 1; y) = 0 for y £ 0. Conclusion: q = %, and a = 1, so that G(/,) = 9°/,. Note: to
complete the verification, we need to show that G(/,) = %/,. Now G(3/,) = |o° e't*dt = (by parts)
= [-e't]o" + o €' Yat™dt = 0 + Y5G(¥4). It can be shown that G(¥%) = Op, so that G(°/2) = YD) =
%/, as required. (Direct Method: H(y) = P(Y £y) = P(X2 £y) = P(X| £ &) = P(-Qy) £ X £
Qy)) = F(©y) - F(-Oy). But .¢* f(x)dx = 0 for x £ 0, so that H(y) = F(Oy). To conclude, h(y) =
H’ (y) = Yoo, F (O)) = Yo, f(Oy) = Yask.y.€Y = 2ey’e¥ for y > 0 (as above), h(y) =0 fory £ 0.

Q: A discrete r.v. X assumes the values x, = (-1D)"((k")/n)¥?, fork >1,andn=1, 2, 3,...;
with pmf p(x,) = (k-1)/k", for n = 1, 2, 3, ... Verify that p(x,) is indeed a probability mass
function. Show that E[X] exists, but that E[X?] does not exist. A: Ask > 1, then the numerator
Is aways +ve. Any power of a +ve number is +ve, so that the denominator is aways +ve, and
we conclude that p(x,) > O because k > 1. Now is S,* (k-1)/k" = 1? From Calculus and
Sequences and Series, for a geometric series, Si;* ar™ =3y, (provided that | < 1) P Sy* ar”
=", (provided that |r| < 1).

In our case, r = Y, (whichisalways< 1 ask > 1), and a= k-1. Therefore, Sy (k-1)(M,)"
= [(M)(k-DV[1-Y] = (1-Y)/(1-*) = 1. QED. Consider Sy—1* [Xq|p(xn). If thisis < ¥, then E(X)
exists. Now Si® [Xa|p(Xn) = Seea® |(-1D)"(KYN)%(K-1)/K" = Spr® (KYN)(K-1)/K"] = Sper® k-1/Q(N)K™2,
But ask > 1, and as n > 1, then k-1/n"k"? £ k-1/k" for n = 1, 2, 3, ...., and S1* k-1/k"? =
(k-1)Sir* (VK" = (k-1)Si=1* 1", where r = 1/k”. Therefore, we have (|r] < 1 as k > 1) (k-1)(/1.)
= (k-1).{[UKA/[1-(/KA]} = (k-1)/k*%1 = kK*+1 < ¥. So E(X) must exist. Now consider S.-,*
|(X)2[p(X). If thisis < ¥, then E(X?2) exists. Now Su1*|[(Xn)3p(Xn) = Sner®|(-1)"(kVN)*)2|(k-1)/k" =
Seet” [(-D)2(KN)|(k-1)/K" = Spr* (KYN)(K-1/K™) = Sia® <Y, = (k-1)Sier” Y (---(3)). But Spet* Y, =
¥, so series (3) isdivergent, and we conclude that E(X?) does not exist. QED.



Q: Determine whether or not the mean of the Cauchy random variable X exists. Hence
discuss the existence or otherwise of the moments ', of X for all r > 1. A: If X isa Cauchy r.v.,
then f(X) = YY1 (——-(1)) for -¥ < x < ¥ (simple form). E(X) exists provided that |.* [x|f(x)dx
<¥ (-(2). (D) P 15" KFC)dx = (symmetry) = ooy Fplo’ YruadX = () Mbox lo” Z e =
Y moe v [IN(1+x2)]% = Yo Moy (IN(1+02)) = ¥ (---(3)). (2) and (3) b E(X) does not exist, i.e. py’
of X does not exist. Hence, from Theorem 2.1 of Section 3.2, the ', of X for r > 1 do not exist.
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3.6: Moment Generating Functions (MGF’s) (3.4 and 3.5 are Omitted)

Let X be a 1-dim. r.v., then the MGF of X is defined to be the expected value of €, if it
exists, for real t, where [t| < h (an open interval containing t). It is denoted by Mx(t), so that
Mx(t) = E(€®) = |4 €dF(X) = Sai x €p(X,) for X discrete, and E(e¥) = |4 e*f(x)dx for X
continuous. Example: The Binomial Distribution, with parameters n and p, has pmf p(x) =
"p*(L-p)™, for x = 0, 1, 2, ..., n. MGF: Mx(t) = E[€"] = S ¥ ()p*(1-p)™ = Sx=0"
(") (pe)(1-p)™ = (pe+(1-p))" (using the binomial expansion (a+b)" = S,=o" (" )ab™).

Theorem 1: Let X be ar.v. where the MGF exists. Then E(X") = Mx®(0) (r=1, 2, 3, ...),
and Mx(t) = 1 + S=,* (t/rE(X"). Proof: (d7dt)(Mx(t)) = 1" (T/9t) (M) dF(X) = 14" x"e*dF(x) =
(t = 0) = 1% xdF(x) = E(X"). So Mx?(0) = E(X") (r = 1, 2, ...). By Maclaurin’s expansion of
Mx(t), Mx(t) = 1 + Si (t/r)MxD(0) (Using f(x) = 1+S.—¥ (x/r1)f"(0)). Therefore, Mx(t) = 1 +
S (t/r)E(X") as required.

Example: Calculate pand s2 for the binomial distribution with parameters n and p, using
the MGE. MGF: Mx(t) = (pe+(1-p))". p = E(X) = MxPOko = Ya[(pE+(1-p)Tho =
n(pe+(1-p)"'pel-o = n(p+(1-p))™'p = np. QED. Further, E(X?) = Mx®({)}o =
(n-1)n(pe+(1-p))™*(pe)? + n(pe+(1-p))™'pelo = (N-1)np>np = n?p>-np>+np. Therefore, s2 =
E(X?)-(E(X))? = n?p?-np*+np-(np)? = np(1-p) = npg. QED.

Tutorial

Q: Find the MGF of the uniform (or rectangular) distribution in [a, b]. A: f(x) = Y. for a
£ x £ b, and f(x) = 0 otherwise. Therefore, Mx(t) = E[€”] = 1% €*/b-a dx = [€"/t(b-a)]% =
Yoo (€-€?). Q: Find the MGF of X~N(0, 12). A: f(X) = Yezn€" (-¥ < X < ¥). Therefore, M(t)
— E[ep(] - l-¥¥ 1/d2p)etxe-1/zx2dx - 1_¥¥ I/QZP) etx-1/2><2dx - 1/d2p)l-¥¥ e-Vz(xz-th)dX - 1/d2p)1'¥¥ e-l/z[(x-t)z-tz]dx —
Heapl-¥" E4E VX = Y€ €¥dy (Letting y = x-t) = [€#7Q2p)][(2p] = €



3.7: Determination of a Distribution by its Moments

A distribution may be uniquely determined by its moments. Theorem 1: The Moment
Problem. If the moments ', of ar.v. exist forn=1, 2, 3, ..., and S;=.* (I /n)r" is absolutely
convergent for some r > 0, then the sequence {|X' n} of moments uniquely determine the cdf of
X. Proof: omitted. Corollary: If ar.v. X is bounded from both sides (or if its range is finite),
then all of itsmoments ', (n=1, 2, 3, ...) exist, and the sequence { W' »} determines uniquely the
cdf of X. Proof: If X isbounded, then$ a, b (a<b<¥) st. f(@) =0, and f(b) = 1, where f(x) is
the cdf of X. Let M = max([a], [b]). Then | o] = [1% X"dF(X)| £ 1% [X["dF(X) £ M"P, dF(X) = M" < ¥
" n. It followsthat | , exists for every n. Therefore, Sp—* (0 /NDIM £ Ser® [Mr[Yr! = el < ¥
" r, which completes the proof.
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3.8: Expected Values of n-Dimensional Random Variables

Let g(Xi, X5, ..., X,) be areal valued function of an n-dimensional r.v. X = (X1, Xy, ...,
Xn) (g itsdf isa 1-dimensional r.v.). We define the expected value of g as E(g(X1, Xz, ..., Xp)) =
Mool 9(X2, X200, Xn)AF(X1,X2,..., %) (With N integral signs), provided that the integral is
absolutely convergent. (Note: E(g(X1, Xz, ..., Xn) = SiuSi...Sin 9(Xit, Xizy vy Xin) P(Xity Xizy vy Xin) 1f
X is discrete, and E(Q(X1, X2, «o., X)) = 11eeey -] 9(X1, X2, -ory Xo)f(X1, X2, ..oy Xn)AXy...0X, if X iS
continuous).

Theorem 1: For any random variables Xi, ..., X, we have E(S-" ag(Xi) = S-"
aE(gi(Xi)), where each g isareal 1-dimensional function of the X;, each & isaconstant, and i =
1, 2, ..., n. Proof: E(S; ag) = 1]...x"...] (@G(X1) + ... + &G:(Xn))AF(X1, X2, cey Xn) = ooy o]
algl(Xl)dF(Xl, X2, viay Xn) + n...-¥¥...l aggz(XZ)dF(Xl, X2, viuy Xn) + ...+ u...-¥¥...l angn(Xn)dF(Xl, X2, vuuy
Xn) = 1x1:—¥¥ algl(xl)1x2:—¥¥--- 1Xh2-¥¥ dF(Xl, X2, ey Xn) + ...+ an=—¥¥ &Qn(Xn)lx1:-¥¥--- 1xmz—¥¥ dF(Xl, X2;
ey Xn) = 1y @Gu(X)dF1(X1) + ... + 1" agn(Xn)dFa(Xn) (Where F(x) is the marginal cdf of X;) =
(Section 2.5) = Si.;" aE(gi(Xi)). (The red bit represents n-1 integral signs).

Cordllary: E(S aXi) = S aE(Xj). Theorem 2: If r.v.'s X1, X, ..., X, are independent,
then E[Pi=1"(g(Xi))] = Pi=." E(gi(Xi)), where the g are real valued functions of the X;. Proof:
E(Pi" g) = 1l.ov o] Gu(X0)02(X2)...0n(Xn)dF(X1, X2, ..., Xn) = (by independence) = 1]...x%...]
gl(Xl)--- gn(Xn)dFl(Xl)...an(Xn) = lx1=—¥¥ gl(X1)dF1(X1)1X2=_¥¥ gz(Xz)sz(Xz)... 1xn=_¥¥ gn(Xn)an(Xn) =
Piz1" E(gi(X)). Corallary: E(Piz1" (Xi)) = Pi»"(E(X))) if the X; are independent. Note: the
converseisfalse.

3.8.1: Moments of 2-Dimensional Random Variables

The (r+s)"-order moment of (X, Y) about the origin is given by ' ,s = E(X'Y®) = | 4%14"
Xy dF(X,y). Order 1: W10 = hx = E(X); and W o1 = Hy = E(Y). Order 2: 4,0 = E(X?); Wo2 =
E(Y?); and W' 11 = E(XY). Now E[(X-ux)"(Y-uy)T] is the (r+s)™-order central moment of (X,Y),
denoted by prs. NOW pio = O = Mo1; Hoo = S% = var(X); Moz = s% = var(Y); and Hi1 =
E[(X-pux)(Y-Hy)] = cov(X, Y), the covariance of X, Y. Clearly, cov(X, Y) = E(XY)-E(X)E(Y).



Theorem 3. If X and Y are independent, then cov(X, Y) = 0. Proof: X and Y
independent b (by a corollary of Theorem 2) E(XY) = E(X)E(Y) b cov(X, Y) = 0. QED.
Note: The converse is not true, i.e. if cov(X, Y) = 0, this does not imply that X and Y are
independent. Definition: The correlation coefficient between X and Y is defined as r =
cov(X,Y)/sxSy.
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Theorem 4: If X and Y are independent, thenr = 0. Proof: X and Y independent b (by
Theorem 3) cov(X, Y) = 0 b (by definition) r = 0. Note: The converse is false — see the
following tutorial for an example. Note: if r = O, then X and Y are termed un-correlated.
Theorem 5: |r| £ 1. Proof: 0 £ E[((X-px)t+(Y-uy))3 = sit?2 + 2cov(X,Y)t + s& b (using
“b?-4ac £0”) (2cov(X,Y))?-4sx>sv2£0P (cov(X,Y))¥sx>sv2E1P r2£1b |r|£1.

Theorem 6: If X and Y are exactly linearly related, i.e. Y = aX+b, witha?! O, thenr? =
1. Moreover, if a>0,thenr =1; and if a<0, thenr =-1. Conversdly, if r =1, then X and Y
are exactly linearly related, with probability 1. Proof: If Y = aX+b, then cov(X,Y) = (by
definition) = E[(X-pux)(Y-Hv)] = (Y = aX+b, uy = E(Y)) = E[(X-px)(aX+b-E(aX+h))] =
E[(X-ux)(@X+b-(aux+b))] = aE[(X-ux)?] = asx? And sy2 = &Sx? b sy = |asx. Therefore, r =
cov(X,Y)/sxSy =asx¥sxlasx =+l (orrz=1).

Ifa<O,thenr =-1;if a> 0, thenr = 1. Converse: Assumethatrz=1. Let Z = (X-px)t +
(Y-uy) (P E(2) = 0). Now, according to the proof of Theorem 5, $ at least one value of t, say to,
st. E(Z? = 0 (because if E(Z?) > 0" t,thenr2<1). It followsthat E(Z) =0b E(Z? =0=
var(Z) fort=t, b P(Z =E(Z) =0) = 1. Therefore, (X-ux)to + (Y-ly) =0 P Y =aX+h.

Note: r is a measure of the degree of linear association between two random variables.
Values of r close to £1 indicate a high degree of linear association. If r = 1, then the linear
association is exact, and the variables vary in the same direction (they increase and decrease
together). If r = -1, then the linear association is exact, but the variables vary in the opposite
direction (when one increases, the other decreases).

In these extreme cases, the whole distribution of (X, Y) is contained in the line Y =
aX+h. (All pairs (X, y), with p(x, y) * 0, lie along a straight line). r = 0 implies the absence of
linear association, but in such cases, a non linear association between the variables may exist
— see the following tutorial for an example.

3.8.2: The Covariance Matrix

Let s = E[(Xi-p)(Xj-y)] for i, j =1, ..., n. Now s; = var(X)) if i =], and s;; = cov(Xi, X))
if i j. The nxn symmetric matrix of all variances and covariances between X,
Xz, ..., Xnis caled their covariance matrix, and is denoted by ||sij|| fori,j =1, .., =
n. In the matrix, variances are along the diagonal, and the covariances are on the
off-diagonal. We denote the deter minant by |[sjj].

011 ..- O1n

Oonl .- Opn



Theinverse matrix ||s;|[* existsif ||sj|| is non-singular, i.e. if |s;|* O. In this case, we have
| Isill* | = | lIsiill [*. Example: (restatement of Theorem 6): Two r.v.'s X; and X, are exactly
linearly related iff their covariance matrix is singular, i.e. iff |s;| = 0. Proof: The condition is
equivalent tor2 =1 — seethe tutorial below.

Tutorial

Example 1: r = 0 does not imply that X and Y are independent. y\ox ]-/g 8 ]é pzzg)
Consider the table shown, where p,(y) and p:(x) aretherow and columntotals 1 |o 43 o | 13
respectively. X and Y independent means that p(x, y) = pi(X)p(y) " xandy RXx) Y3 V3 V3] 1
But here, p(-1,0) = %3 1 pu(-D)p2(0) = sx?/3 = %/o. Now r = cov(X,Y)/sxSy,
where cov(X,Y) = E(XY)-E(X)E(Y). Here, E(X) = S«=1! xp1(X) = 0; E(Y) = Sy=¢" ypa(y) = /3;
and E(XY) = S,=1' S;=* xyp(x,y) = 0. Therefore, cov(X,Y) = 0-(*/sx0) =0P r =0 — but X
and Y are NOT independent.

W |2 -1 0 1 2 |py EXxercise2: Let X and Y have the shown bi-variate Y
g 3/06 1/0128 1/012 ]/06 %2 distribution. Find r and the functional relatior
10 0 12 0 o|v2 between X and Y. E(X) = Si=2” xpu(X) = 0; E(Y) =
p,(X) ¥6 V12 2 Y12 V6| 1 Sy=—13 ypz(y) — 1/2; and E(XY) - Sx=—228y=—13 xyp(x,y) - X
0. Therefore, cov(X,Y) = 0-(*2x0) = 0 b r = 0. But from the graph, ever -2 \J\E f 2

though that r =0, thereisarelationship (Y = X2-1) between X and Y.

011 012
021 022

Exercise 3: Provethat r2=1U |sy| = 0 (for n = 2). Now ||si]| =

, and |Sij| =

S11S2-S21S12. Now COV(X1,X2) = S12 = So1. Therefore, S11S22-521S12 = Sx125x22-(COV(X1,X2))2. If
thisis zero, then sx.2sx4/(cov(X1,X,))2=1,sothat r2=1. QED.
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3.8.3: The n-Dimensional Normal Distribution

The n-dimensiona normal distribution is denoted by N(, [sil). Now x™ = (X1, X2, ..., Xy)
has pdf (X1, X, ..., Xa) = [1/(2p)" 2] lIsill ]>*exp{ -Y2(x-w)(Isill) *(x-W)], where X = (X1 Xz ... Xo)",
U= (M1 K2...Mn)", and ||sj|| is the (positive definite) covariance matrix (P | ||si]| |+ 0). Example:
Let (X1, Xz, ..., Xp) have a multivariate normal distribution, with positive definite covariance
matrix. Show that the random variables X; are independent iff ||s;|| is adiagonal matrix.

Proof: (Only If): If the X; are independent, then cov(Xi, X;)=0" 1i,j (i* j) by Theorem 3
P s;=0fori! jb || isdiagonal. (If): If ||s|| is diagonal, then so is ||s;|[*, so that the pdf
f(X1, X2, ..., Xn) factorises into a product of n 1-dimensioal pdf's, which implies that the cdf F(x,,
..., Xn) Isgiven by Pi-," F(x;), which implies that the X; are independent.




Assignment 4

The 2-dimensional r.v. X" = (X3, X;) has the pdf of the bivariate normal distribution,
f(XT) = f(xe, X2) = [V/(2p)] [Issll DIexp{ -Yox-L) (ISl *(x-W)} (-—(1)), where x™ = (x: X2), U = (ks
H2), and ||Sij]| = (sx *%s), With | |ISij]] | > 0, and S21 = S12 (Symmetric). (a) State a necessary and
sufficient condition on ||s;|| for the independence of X; and X, (b) If f(x") =
Cexp[-YA3X:12+2X:1X2+3%2)] (---(2)), find C, y, and [[sj|; and determine the independence of
otherwise of the X; with the X,. (€) If Y™ = (Y31, Y2) = (X1+Xz, -X1+X2), find the pdf h(y"), and
show that Y, and Y, are independent.

A: (a) ”S ij” diagonal U X1 and X5 Independent (b) 3X12+2X1X2+3X22 = (Xl X2) 31 13)(X1 Xz)T
(---(3).- (D), 2 and 3) P (lIsil)™ = C1 %) (---(4))- (4) P lIsill = "/6(>+ %) (---(5), the covariance
matrix) (using (% °a)* = Yaine(®c ®2). (5) P | |Isi]l | = Y5 (---(6)). Comparing (2) with (1), and
using (5) and (6), C = 1/(2p)AX|Isil) = Y=pYews = @/, (---(7)). Now we can also say that i = 0
(---(8)) (there are no linear termsin x; and x,) — therefore, (5) P ||sjj|| is not diagona P X, and
X, are not independent, i.e. they are dependent.

(©) Y1, Y2 = (XatXe, -X1tX2) (---(9)) P (X1, X2) = (YAY1-Y2), YAy1+Y2)) (---(10)). Now the pdf
of YT is given by h(y") = f(x)"N| (---(11)), where J = [ g, | = [M™0 gygys P2 gopg| (---(12)).
Now (10) and (12) P J = 4, ™ = +¥% (---(13)). So, from part (b), if f(x") =
@/ expf -Y4(3x:2+2x:1X+3%2?)} , then h(y") = W/expf 3x:2+2x1x+3x%} (V2). Substituting for X, and
Xo, h(y") = Plyexp{-Y3(%Ay1y2))? + 2(yry)¥dyitys) +  3(FAyityn)d} =
O apexp{ -V a(y12-2y1Y+y?) + Yoyi2-y2) + Vdy2+2y1yoty2A)]} = Yaponexp{ Yo (ClatYat3la)y:? +
(ClAl)yays + ClaYerla)y A} = oo eXp{-Y22y:2+y2)} = h(y").

Now the above implies that h(y") = Y/peeseXp[-YAY1, Y2)(0 %) (*4e)] (the red bit is | |Isil |,
and the blue bit is (||s|)}, comparing to (1)). So (|lsilD)™* = (0 %) P ||sill = ¥A(% %), which is
diagonal, so that Y; and Y, are independent. QED.

Now check that 14*]+* h(y")dy = 1. Let | = |.4*]* Yapery exp{-Y2(2y:12+y-A} dydy, =
1 1" Py, exp(-y2)exp(-y2/2)dy:dyz = Phap, 14" exp(-y2/2)[1+" exp(-y:ddyildy,. Now as |
exp(-x3)dx = Qp, then | = 2y, 14" exp(-yA2)[Qpldy. = Py 14" exp(-y222)dyz = Yewpl+”
exp(-y22)dy,. Let z = y,/QQ2), so that 22 = y,2/2, and dz = dy,/((2). Therefore, | = Yepp] "

exp(-2)dz(Q2)) = Plezp) v exp(-22)dz = Pl [Ap)] = 1. QED.
5th April 2001

3.10: The Central Limit Theorem (3.9 is Omitted)

If X1, X, ..., Xn @re independent r.v.’s with the same distribution (of say X), with mean p
and variance s2; and if X = Y,Si.1" X;, then Z =X -p/(s/Qn), the standardised form of X , is
approximately distributed as N(O, 1?) (a standard normal r.v.) for large values of n. Notes: (1)
The MGF of N(0, 12) is Mx(q) = €%,



(2) We will show that, assuming the distributions have MGF's, then Mz(q) ® €2 asn ®
¥, i.e. that the MGF of Z converges to the MGF of N(O, 12). This assumes that if the MGF's
converge, then so do the distributions (which can be proved).

Proof: Mg(q) = E(€%) = E(exp(q(X-w(s/QV)) = E(exp(aX On/s)exp(-*s)) =

exXp(-* ) E(exp( s .SX)) = exp(-%)E(exp(fsaSXi) = exp(-*)E(exp(Ysen
Xi)X..xexp(fsen Xn)) = (by Theorem 2 of Section 3.8 — the Xi's are independent) =
exp(-* M )E(xp(Veams  Xi))...E@xp(YsaXn)) = exp(-*N)Mxu(Vsa) ... Mxo(Vse) =

exp(-*Ys)(Mx(Ysen)" (since the X’ s follow the same distribution — which is, say, X).

Now taking logs on both sides, In(Mz(q)) = -*%/ + nin(Mx(¥s&)) = (by Theorem 1 of
Section 3.6) = -9/ + nin[1 + YsgnEX) + (Ysan)? YEE(X?) + terms in (Un*?)]. Now using
IN(1+X) = X-Yax2+Y3x3-..., we obtain -*# + nf (YsenE(X) + (Ysam)? YEXD) + ..) - V4(..)2 +
Ys()3 -+ - 0} = %O+ n{ Yo E(X) + (Flsan) (VEE(XD)) - YFEV G + terms in (Un¥?)}

Now E(X) = p, and E(X?)-(E(X))? = s, so that we can write -4/ + %/, + /o (E(X?) -
(E(X))?) + n(terms in (1/n%?)) = %% + W/ + P/, + terms in 1Un% = ¥/, + terms in 1/n”.
Therefore, IN(Mz(q)) ® ¥/, asn® ¥, sothat Mz(q) ® exp(g¥2) asn® ¥. QED.



Selected Questions and Answers from the Handout

(Q27) Two points A and B are chosen independently at random in aline of finite length .
If A and B are at distances x; and X, respectively from one given end, find E[|x1-X["], assuming
uniform distribution of abscissae x on the line.

(Q28) A traffic light has constant probability | dt of changing to green after being red, or
to red after being green in any infinitesimal interval, dt. Show that a car arriving at a random
instant has probability 0.5 of passing through without waiting, and a probability of ¥4 e''dt of
waiting afinitetimet > O before the light changesin the infinitesimal interval dt.

(Q29) Suppose that the distribution of a random variable X is P(xy) = Y21 for X = ¥/, (k
=0, £1, £2, ..., £n). Find the uniform continuous distribution corresponding to that of X. Hence
show that, asn ® ¥, var X tends to the variance of the corresponding distribution, and, also,
Mzr+1 1S the same for both distributions.

For this question, you need to know that S; = Sy-1" k2 = Y/en(n+1)(2n+1). Recall that if S; =
1+2+3+...+n = n+(n-1)+(n-2)+...+1, then 2S, = (1+n)+(1+n)+(1+n)+...+(1+n). Therefore, S, =
Yan(n+1). Now (n+1)3-n® = 3n?+2n+1; n3-(n+1)3 = 3(n-1)2+3(n-1)+1,; ...; 43-33 = 3.3?+3.3+1; 33-28
= 3.22+3.2+1; 2813 = 3.1243.1+1. Odd: (n+1)3-13 = 3.5," k2 + 3.¥n(n+1) + n. Therefore,
N3+3n2+3n-3/,n2-3/,n-n = 3Sk2; M+3/,n2+4n = 3Sk2, Yen(2n2+3n+1) = Sk2; Yen(2n+1)(n+1) = Sk2.
We can use the same method to find other sums of powers, e.g. S; from (n+1)*-n*, etc. (Answer:
S; =Y nA(n+1)2 = Sp?).

(Q30) A necessary and sufficient condition for E[X"] to exist is that x™'P(]X| > X) is
absolutely integrable. Show that E[X"] = 1% rx™(1-F(X))dx - ].+° rx"F(x)dX.

(Q31) Find the means and variances for the distributions in question 18. A: Binomial
Distribution: g = |xdF = Si=0" X(")P*q™ = Sx=1" X " Pg™* (since % =0 as 0! = 1) = S **
V+D) ey g = S0 e g = npSy=o™ "My pPd™Y = npSy™
"L g = np(p+g)*t = np as (p+g)"! = 1. To find var X, we use var X = E(X?)-2, and
compute E(X?) by the above method. Answer = npg.

Note: The Binomia Distribution can be thought of as a series of Bernoulli Trials
(independent trials), each with parameter p. Let X be the number of successesin ntrials. Then X
= S Xj, and we conclude that E(X) = E(S X;) = SE(X) = nxthe Bernoulli mean, and var X =
varSX; = SvarX; + 2S55cov(X;,X;) = S varX; (since the X; are independent) = nxthe Bernoulli
Variance. For Bernoulli (p(x) = p*(1-p)**,0<p<1,x=0,1,..), U= Seo' Xp'g"* = p; varX =
E(X?)-p2 = E(X?)-p% and E(X?) = Si=¢* X3p*q *= p. Therefore, varX = p-p2 = p(1-p) = pq.



Poisson: E(X) = . To find E(X?)-p2 = var X, we want E(X?) = S,o* x2 (e"W/x!) = Siat”
xeH*w/(x-1)! (using % =0, 0! = 1) = S, (y+D)e*wYy! = S,oo* yerwiy! + Syo° et iyl =
Sy= e (y-1)! + e*uS,’ WIY! = S0 eMuF?zl + efpet = retet+ = P2+ Therefore, var
X = |RHER = L

(Q32) Find the means and variances for the distributions in question 19. A: Normal
Distribution: [First from Q19: sum to unity: |dF = |.4* f(X)dX = Yseepl+" eXp{-Yas(X-l)2} dx. Put
Z= X'“/('jzg), so that dz = dX/("p)s, and we obtain 1/SCI2D)1-¥¥ G‘ZZ("XZ)S dz = l/c‘jp 1-¥¥ e?dz = Zlqp)lo¥ eZdz
= Zgpl. Now 12 = |¢* €Zdz)o" e’’dy = ||wequ. €¥*?dydz. Put y = rcosg, and put z = rsing, so that
dydz = rdrdg ("5 ) =1].

Now 1o”2dqe’ €"rdrdg = P/j[€"]o" = Pla. Therefore, |.4* Ysep exp{-Yos(X-W)2} dx = 1 (*).
Differentiate * w.r.t. Y, giving |.v* Ysepp{ Ys(X-H)} exp{ -Yos:(X-1)2} dx = 0. Therefore, |+* Ysezp
XeXP{ ~YasA(X-l)Z} dX = U] Ysemp exp{-Yas(X-W)Z dx (**). Therefore, E(X) = .1, by *. So E(X)
= W Now differentiate ** w.rt. p, giving |v° Ysepp{ XHs:(X-)} exp{-Yose(x-W)Z dx = 1.
Therefore, 4% Ysapp X2eXP{-Yos(X-W2 dX - Hlx" Ysepp XeXp{-os(X-W)Zdx = s2. So
E(X?)-UE(X) = s2 varX = E(X?)-12 = s2. QED.

(iv) Take the special case q = 1. Exponential: f(x) = ae®* when x > 0, and f(x) = 0 when
x £ 0. Now 14 f(X)dx = 1o* ae®dx = [-€™]o’ = 1. So E(X) = 1" xf(X)dx = ]o* axe®™dx =
[-xe™]o* + 10" €¥dX = 0+Y, = Y. And E(X?) = 14¥ x2(X)dx = |o* ax2e®dx = [-x2€™]o’ + 2|0’
xe®dx = 0+%,E(X) = %,.. Therefore, varX = %/, = Y. QED.

(Q33) For the normal distribution, N(u, s?), show that P+ = O, for r > 0, and that Ll =
1.3.5...(2r-D)s?, for r > 1. If X is N(*/2, 3), find the mean and central moments of the random
variable Y = 2X-7. Thered result should be remembered.

An example similar to the above question: for N(0,1), j () = €”* from tables = S,-*
(-1D)"t272"n! = Spo” [(1)2V(20)'].[(2n)1/2°n1] ()" P W 20 = Hanes = 0. And W 20 = Han = (20)1/2N1 =
1.3.5...(2n-1). In statistics, thisis a useful result.

(Q34) Let X be any r.v. such that E(X2) exists. Prove that for any k > 0. P(|X| > k) £ E*9/..
Show that if Y isar.v. such that E(6") exists, where ais a positive constant, then for al s, P(Y
> ) £ E(e™)/e”. A: Let X be the average of arandom sample of size n drawn from a population
having uniform distribution in the interval [0, 4]. Find n such that P(/X -1] > 0.4) £ 0.1.
(Answer: n» 21).

(Q36) A lucky dip isrun at a garden fete. On payment of 50p (not refunded in the case of
awin), a participant draws 3 balls at random from a bag containing 5 red, 3 black, and 2 white
balls. If he draws the 3 black balls, he receives a prize of £5; if he draws both white balls, he
receives a prize of £1.50; and if he draws 3 red balls, he wins his money back. What is the
expected gain to the organisers on each draw? What is the probability that among the first 20
participants, 3 will win a prize? In what sense is the number of participants relevant to your
answer?




(Q37) In agame of dice, a player continues to throw 2 fair die until either the sum 2, the
sum 4, or the sum 6 is obtained, in which case the game is ter minated, with the player winning
iIf 2 or 4is obtained, and losing if 6 is obtained. Find the probability that the player wins in the
first n throws. What is the probability of a win if the game is allowed to continue indefinitely?
What odds should the player accept if the gameisfar?

(Q38) Find the c.f.’sfor the distributions in question 18.
(Q39) Find the c.f.’sfor the distributions in question 19.

(Q40) If X is ar.v. such that u(x) > 0 everywhere, and u(x) > a> 0 for al x T 1, then
show that P(X T 1) £ a*E(u(X)). If, on the other hand, u(x) £ 0 for al x T 1, and u(x) £ 1 for al
x 1 1, show that P(X T 1) > E(u(X)). Let X be positive (i.e. F(0) = 0), with E(X) = 1, and E(X?)
= b. The polynomial u(x) = h?(x-a)(a+2h-x) is positive only for a < x < a+2h, and u(x) £ 1
everywhere.

When 0 < a< 1, show that E(u(X)) > [2h(1-a)-b]h?. Choosing h = b(1-a)*, deduce that
P(X > a) > (1-a)2b*. Hence show that for ar.v. X such that E(X?) = 1, we have E(X) = M, and
P(X| > t) > (1-t92M™. (Various non-trivial generalisations of Chebychef’s inequality can be
derived by the sort of method outlined in this exercise).

A: (8 E(u) =] udF (" x) >1aq: udF (sinceu>0) > | adF (sinceu> | u
a,x1 1)=aP(XT1 ). (b) E(u)y=1-xudF £ s, udF (snceu£ 0, xT N Eq ~
dF (sinceu£ 1, xT )=P(XT1 I). Notes: from the diagram, u(x) = 0 at x = X
a, a+2h: U'(X) at x = a+h, u(ath) = 1. If u = h*(x-a)(a+2h-x), then E(u) =g | /2 &1 &2
1, 2x(ath)-a(a+2h)-x3 dx = Y 2a+2h-a2-2ah-b} = Y 2h(1-a)+a(l-a)+ah} > Yl 2h(1-8)-h},
sincea> 0, and 1-a> 0. By (b), P(X T 1) = P(a< X < at+2h) > @& {27/, (1-8)-b} = *¥,. But
(X > a) E (a+2h > X > a). Therefore, P(X > a) > P(X T 1) > ¥/, and P(X| > t) = P(X2 > ?) >
(1-2)2Y/s, where B = E((X2)2) = E(X*) = M.

(Q41) Given that f1(t) = %,]* *°%/,cos(tx) dx and fo(t) = Yo + 4/Sp* ™I, 1. are two
c.f.’s, find the forms of the corresponding pdf and pmf.

(Q43) An infinite population contains 4 different kinds of members in equal proportions.
A random sample is taken, stopping as soon as at least one of each kind has been obtained. (i)
Find the p.f. for the sample size N when this stage is reached.

(if) Find the mean and variance of N. (iii) Consider a process in which success occurs
with probability p, where 0 < p < 1, and failure occurs with probability 1-p, at asingle trial. Let
X be the number of trials until the first success is achieved in a sequence of independent trials.
Show that E(X) =/, and that var X = % (q = 1-p), and hence devise a method for obtaining the
result in (ii).



A: Do (iii) first. Assume that for p(x) = g“*'p, we have E(X) = p*, and varX = 9, as
proved in the notes. (iii) There are four different kinds of membersin equal proportions. Let X,
be the number of observations until any typeis seen: p, = 1, E(X1) = 1. Let X, be the number of
observations until we see a 2nd type: p. = ¥, E(X2) = s Xz: ps = Yo, E(X3) = 2. X4 pa = Y4,
E(X4) = 4.

So we get E(N) = E(X1+X+X3+Xy,) = 1+Y:+2+4 = 8Y/5, and var(N) = Sio* varX; (varX =
1_p/p2) =0+ (1/4/9/16) + (1/2/1/4) + (3/4/1116) = 10/3o+ 4%, = Hg+2+12 = 14, (I) We need: (1) al 1's
P ()% (2) dl I'sand 2's, but not only I'sor 2’s b (Y2)**-2(*/,)*; and (3) all 1's, 2's and
3's, butnotonly 1's, 2’sor 3sb  (3/,)* - 3{ (*/2)*-2(*1)*"} - 3{(*4)**}. Therefore, P(N = n) =
4[the red expression]/, = the red expression.

(Q44) An infinite population contains 4 different kinds of members in the proportions
1:2:3:4. A random sample is taken, stopping as soon as at least one member of each kind is
obtained. Denote the probability that the 1st n-1 sample elements are of type 1 or 2 or 3, with at
least one of each by p4(n).

Show that ps(n) = (%10)"*- (l10)™* - (“/10)™* + (?110)™* + (Y10)™. Explain how to calculate this
probability mass function, p(n), for the random sample size N, and state how it may be used to
calculate the mean and variance of N. (Explicit formulae for p(n), E(N) and var N are not
required).

(Q45) Define the characteristic function as f (t) for the real random variable X. If X has
the Binomial distribution, with probability mass function p(x) = (")p*q™, for x =0, 1, 2, ..., n,
where 0 < p < 1 and g = 1-p are constants, obtain the characteristic function f (t) of X. Write
down the moment generating function M(t) corresponding to f (t), and obtain™/4 and /..

Hence show that the mean and variance of X are respectively np and npg. Write down the
characteristic function for a Bernoulli random variable (a special case of the Binomial, with n =
1). Hence verify that a Binomia random variable may be thought of as a sum on n independent
and identically distributed Bernoulli random variables.

A: Method 1: Direct Method: The probability that the first (x-1) draws produce four
different kinds of at least one type of each, and that the x™ draw produces the 5" type, is given by
(st - 4(CLs)t + 6(3s) - 4(* syt = p(x), which is valid for x > 2. [Proceed to proof that P((x-1)
draws produce type 1) = (*/5)*; that P((x-1) draws produce type 1 and type 2, with at least one
of each) = (?/5)*! - 2(*/s)<*; that P((x-1) draws produce types 1, 2 and 3, with at least one of
each) = (3s)t - 3{ (¥s)-2(Ms)1} - 3(Ms)<; that ....]

Now E(X) = Scs' Xp(X) = Sx=2" Xp(X) (since p(2) = p(3) = p(4) = 0) = Scar” Xp(x)+1 =
[V(Ms)] - 4[U(Es)? + 6[1(s)?] - 4[U(Ys)3 + 1 = 25-25+6.2/g-4.%/1,+1 = 11°/1,. And E(X?)
Ss* X2p(X) = Se=r* x2p(X)+1 = 2[[1/(Ys)] - 4[U(s)] + 6[1U(Cls) - 4[U(s)]] - 10°/,+ 1 = ...
16574/144. Th@r@fore, varX = 16574/144 - (137/12)2 = 2525/144. Note that If S = 1+r+r2+..., rsS
r+r2+r3+..., thus (1-r)S = 1, and therefore S = Y/1... So if S = 1+2r+3r2+..., (1-1)S = 1+r+r2+...
Y., and therefore S = Y. And if S = 1+22r+32r2+..., (1-1)S = 1+3r+5r2+..., (1-1)2S
2(1+r+r2+...)—1, and thus S = 2/(1-r)3'1/(1-r)-



Now find the types of object in the population. Sample until at least one of each type is
obtained, and then stop. Find the mean and variance of the r.v. X = the number of trials. Method
2. Binomial method: The failure probability is g = 1-p. Let p(x) = P((x-1) failures, and a
success on the x" trid) = (1-p)*'p. Now E(X) = Sx(I-p)p = pSx(1-p)*t =
p{ 1+2(1-p)+3(1-p)*+..} = laapye = o

From gf., P(x) = P.q, and we get E(X) = ®lak=s = Y,. Further, E(X?) = Sx3(1-p)'p =
p{ 1+22(1-p)+3%(1-p)2+...} = p{¥s-Ys} = %Y, Therefore, var(X) = E(X?)-E(X)2 = ¥?/; = Yy,
Fromg.f., E(X(X-1)) = ®/4e=1 = /s = . It follows that varX = E(X(X-1)) + E(X) - [E(X)]2 =
2a/p2+1/p_1/p2 = q/pz_

In the actual problem, let X, be the number of draws needed to get any kind, let X, be the
number of extra draws needed to get other kinds (other than the first drawn), let X5 = ... Then,
we want E(SX;), and var(SX;). Since the X;’ s are independent, we have E(SX;) = SE(X;) = S1/p
= 1+5/4+5/3+5/2+5/1 = 115/12, and var(SX.) =0+ [:US/(4/5)2] + [2/5/(3/5)2] + [3/5/(2/5)2] + [4/5/(1/5)2 = .. =
25-2/ 1.

Bernoulli and Binomial Distributions

p(x) = P(X =x) = p(1-p)**, for 0<p <0, and x =0, 1. Now p = E(X) = Si=o' Xp*g** =
O+p = p, where q = 1-p. Further, s2 = var X = E(X?)-2 = E(X?)-p2 Now E(X?) = S;-o" x2p*g™™* =
O+p = p, so that s2 = p-p? = p(1-p) = pg. Consider X = X;+Xo+...+X,, where the X; are
independent, and each has the Bernoulli distribution. Thus E(X) = E(SXi) = SE(X;) = np, and
var X =var § X; = S var X; + 2S5 cov (X;,X)) =S var X;i = npg, since the X; are independent.

The Binomial Distribution can be though of as series of n Bernoulli trials, all independent
with parameter p (iid r.v.’s). Let X be the number of “successes’ (the probability of successis
p; and failure, g) in n trials. Then, by the above reasoning, the Binomial mean and variance are
respectively np and npq.

Otherwise, consider a sequence of x successes and n-x failures — any particular
sequence occurs with probability p*(1-p)™ = p*g™. But there are "C, possible ways in which x
successes can occur, thus p(x) = P(X = x) = "Cyp*g™. Then, directly, i = E(X) = Si=o" X "Cip*q™
= St X "GP = Syd™ (YD) iny-apgenr PG = NPS0™ TV gy PO = NPSye™ MCy
P+ = np(p+qg)™* = np. Similarly, we may calculate s2 = var X = E(X?)-2 = npq.

(Q46) (a) The probability of success at each of a series of independent trialsis p, where O
< p < 1. Show that the probability generating function of X, the number of the trial on which
the first success occurs, is given by P(t) = "/,.q, where g = 1-p. Evaluate */y and **/4., and
deduce that X has mean /,, and variance 9.

(b) The probability of success at each of a series of independent trialsis p, where 0 < p <
1. Show that the moment generating function of X, the number of the trial on which the first
success oceurs, is given by M(t) = pe/1-g€, where g = 1-p. Evaluate ™/ and *M/4., and deduce
that X has mean */,, and variance .



A population contains k different kinds of members in equal proportions. Members are
selected at random, identified, and replaced into the population after noting their type. Sampling
continues until every type has been observed at least once, and then stops. Show that the mean
number Y of samplings is given by E(Y) = kSi-/™ /.. If k = 4, calculate the mean and the
variance of Y.

(Q47) Find, using characteristic functions, the exact sampling distributions of (i) the
SAMPLE SUM, S, and the MEAN, X, of arandom sample of size n drawn from a population
with (a) Normal, (b) Cauchy, (c) Exponential, and (d) Gamma distributions; and (ii) the SUM S
when the population has (e) Binomial distribution, and (f) Poisson distribution.

(Q48) Can you identity the exact sampling distribution of the sample mean for a sample
drawn from a Binomial population?

The Gamma Function

Definition: G(z) = o* €'t*dt = [-e't*]%, + |o° e'(z-D)t*2dt = 0+(z-1)G(z-1). When z is an
integer, say z = n, we have G(n) = (n-1)(n-2)....3.2.1.G3(1), where (1) = 1% e'dt = [-e7*, = 1.
Hence, for z = n, an integer, G(n) = (n-1)!. Also, we need to know that G(/;) = Q(p). By
definition, G(*,) = 1o° e't¥dt. Put w2 = t, so that 2wdw = dt, and, therefore, G(¥2) = |o°
e wi2wdw = 2%, e"dw.

Let | =]o'e™dw. Then I2 = |¢* €"dwio’e*dx. Put w = rcosg, and put X = rsing, so that
dwdx = [1™»/g, |drdq = rdrdq. Therefore, 12 = 1”2, dq 1o* re”dr = P,Y51%0 €”d(r?) = *L[-e™]o" =
Pl,. Thus | = 9P/, and, therefore, as required, G(¥%) = (p. Exercise 1: By setting t = z+t(x in the
definition of G(n+1), obtain Stirling’s approximation for n! for large n, i.e. n! = Q2p)n™"e".

We sometimes encounter the so-called Beta function, B(zy, z,) = 2]7% sin®? q.cos%,*
qdg. Or, by setting t = sin2q, B(zi, z2) = |o* t4}(1-t)%'dt. Exercise 2: Consider the product
QY)32) = 1o e'tdt]o e ds. Treat this product as a double integral. Set t = wcos?q, and set s
= wsin2q, and thus show that "9/, , = 2wcosq.sing. Deduce that Gly)&(z) = Gly+2)B(Y,2).



Exam Paper: May 2001

Answer 3 questions out of 5 (Questions Done: 1, 2, 4, 5)
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(b)

(©)

(@

(b)

Define the upper limit ™ sup A, and the lower limit!™ inf A, of a sequence of
Sets. [4 marks]

Define a convergent sequence { An} interms of its upper and lower limits.
[1 mark]

Provethat im inf A, < Im_sup A,. [5 marks]

Find the upper and lower limits of the following sequences of events on the sample
space “ and determine the convergence or otherwise of each sequence.

i) {A.} whereA,=(,-1,Y)forn=1,2,3, ...
(i) {Aq} where A, =0, 1] for n even,

A, ={0} for n odd. [10 marks]
Explain carefully what is meant by a Probability Space (S F, P) and state its
axioms. [5 marks]

Define a monotonic sequence of events {A,} in the sample space S and state,
without proof, the limit of a monotonic sequence distinguishing between the cases
when the sequenceis (a) increasing and (b) decreasing. [5 marks]

If {An} isamonotonically increasing sequence of events then prove that
Iri1Too P(An) = P(L.Jl An),
n=
indicating which axioms of the probability measure Pyou areusing.  [10 marks]

Let X be a continuous random variable with probability density function f(x) and let
y = g(X) be a strictly monotonic function of x such that %/4 is continuous and
non-zero in some open interval A. If g*(y) is the unique inverse of g(x) and B is the
image of A in the range of Y, show that the random variable Y = g(X) is continuous
and has probability density function h(y) for all y 1 B given by

hty) = (@S2 [10 marks]
A continuous random variable X has the probability density function
o= X0

f 0 X £0

Find the vaue of k. [3 marks]



(4)
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(©)
(d)

(Y ou may assume without proof thatf eXdx =

(@

(b)

(@

(b)

(©)

Find the probability density function h(y) of Y = X2, [5 marks]

Show that h(y) = 4(q, a; y) and determine the values of the parameters g, a of the
Gamma distribution. [2 marks]

JT
=)
0

A 2-dimensional continuous random variable (X, Y) has pdf f(x, y). Define the
marginal pdf’s fx(x), fv(y). Give a necessary and sufficient condition in terms of f(x,
y), fx(X), fy(y) for X, Y to be independent. [4 marks]

If (X, Y) hasthe bivariate normal distribution with pdf
-1

— 1
s~ O - 2]

show that X, Y each has univariate normal distribution and that if rxy = 0then X, Y
are independent. [16 marks]

(Y ou may assume without proof that f edt= /7).

Define the moment generating function Mx(t) of a one-dimensiona random variable
X. [2 marks]

Show that M(t) = exp(“/,) where Z denotes the standard normal random variable.
[4 marks]

Let X1, Xz ..., X, be independent random variables each ha\/ingn the same

distribution with mean p and variance s2. If Z, = S/“ﬁt) , whereX =% X, X; , show
i=1

that Mz, (t) - exp(%) asn® ¥. Deducethat (Central Limit Theorem) Z,® Z asn
® ¥ . State without proof any theorems you use. [14 marks]




