26th September 2000

Section 1: Classical Mechanics

1.1: Summarising Lagrangian Mechanics for Conservative Holonomic Systems

A holonomic dynamical system of n degrees of freedom is |y .
one where the position of configuration of the system can be i __,..--_"’i'-::"il’i-‘i-?"
specified by n generalised co-ordinates, oz, @, ..., On, Which may be | E
varied arbitrarily and independently without bresking the | " L x
congtraints on the system. Examples: (i) A particle constrained t¢ o = >

move in a plane. Possible generalised co-ordinates are: (@)
Rectangular Cartesian co-ordinates, (X, y), with -¥ < x,y < ¥; and (b) Polar co-ordinates, (r, q),
withO£ g £ 2p, and O £ r < ¥. Note that in both cases, n = 2.

B (i1) A particle constrained to move on a sphere of radius a. We have
Zﬂ PY)  generalised co-ordinates (g, f), with n = 2 again.
P /. ) q - - - -, -
YA T \%Ith respect to an origin O, the position vector r
W OP of any point P of the system can be expressed as
O X a function of the generalised co-ordinates. r = r(q,

Oz, ..., On) (---(2)). (iii) A rod in a plane. Here, n = 3, and the generalised co-ordinates are (Xa, Ya,
d). Therefore, X = Xa+Scosq; Y = ya+ssing; and r = Xi+y; = = 1(Xa,Ya,0).

A conservative force is one which depends on position only, and which does no work
when its point of application moves around any closed curve in space. A conservative dynamical
system is one in which the forces acting on the system are all conservative. These conservative
forces may be derived from a potential function or potential energy denoted by V, where V =
V(th, Q2 .-y On). (---(2)). The expression for V for a given system is found by calculating the
work done by the externa forces when the system is displaced from an arbitrary configuration
denoted by (cp,....0,) to some fixed standard configuration denoted by (qj,...,qs). The
generalised force Qs (for s = 1, 2,...,n) corresponding to the general co-ordinates s is defined
by Qs =-V/gs, wheres =1, 2, ..., n (---(3)).

Example: “The Inverse Square law of attraction”. In the diagram, p
(> O) and mareconstants. . =1, b =0; q; = ¥, 0, = 0. V(t, 02) = V(r,0) -pm/rZ/\/ F
= f_ dr' = r,_ = HMfy-*7f. = -*7/ (independent of ). V(r, q) = -*"/; %‘
(---(4)) (mdependent of g). V(X,y) = " .axesyz. Note that both x and y occu
in Cartesian co-ordinates.
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The kinetic energy T is defined by T = 3}, 2mir? (---(5)),
where m; and r; are the mass and position vector of the i particle of
the system (which contains N particlesin all). Using (1) in (5), where
G = Gs(t) for s =1, 2, ..., n; we have vi = G =52 du+...+ 5-0n =
Vi(Qus--Ons G1s--Gn) (---(6)), where the g, are known as generalised

velocities.




Example: Yu(e) = &; Yu(e) =-&. le|=lg|=1.1= Sp=re.
V=r=Y(re) = re+trfu(€) = re+rq(e). . So Vv = re + rég,
[Cartesian: r = xi+y], where i and | are fixed; and r
i X g+ Y +y e = xi+yj]. Therefore, we have T = Y,mv2
Yom(r26r9?)  (---(7)). The Lagrangian function L is defined by L
T-V (----(8)). (2) and (6) P L =L (0s,---,0n, G1,---8n) (We have 2n
independent variables) (---(9)).

Example: (4) and (7) P L = T-V = 1,mr2+ ()2 -(-*"/,) = Yomr2 +(rd)2) +*/; (--(10)).
The equations of motion for the system are obtained from L by § (&) - & =0 (---(11)). We have
n 2nd order ordinary differential equationsw.r.t. timet. Exercise: (10) P (s =1, ca=r) L/
= Wg = Vg[Yom(r2 + (r6)2) +/] = (Y-m(0+2192) - */2) = rm92 - /. (---(12)). And TL/% 1 = TL/
= e[z + (r6)2) +/] = Yom(Z+0)+0 = m¥ (---(13)). (13) P Ya(TL/F) = Ya(nd) = i
(---(14)). (12) and (14) in (12) b n¥-(mB2 -""/z) = 0, or m¢ -p2 ) = -/, (---(15)).

Now take s = 2, so that we have L/qp = "Vyo[Yom(r2 + (r6)2) +"/] = 0 (---(16)). IL/P =
W0 2m(r2 + (r6)2)+/] = mrd (---(17)). Now Ya(TL/9 ) = Ya(mrd ) = m(2r6 ) + mré (---(18)).
(16) and (18) in (11) b m(r¥+2rd) = 0 (---(19)). So Yx(mrd) = 0 b mrd = h (constant)
(---(20)). Notice that in (10), L is independent of q, so that /g, = 0 (---(21)). (21) in (11) b
(withq=q) Y«(TL/19) =0 b 9qL/P = constant (---(22)).

A Free Particleinaplanee F=0b V(X,y) =constant=0.iandj ¥
are fixed vectors. r = Xi+yj; v =r =xi +yj. L = T-V = ¥,m(2+y2) = 0. If P(Xy)
X and y are absent from L, then fL/fk = constant = nx (lineat r
momentum in the X direction); and JL/fj = constant = ny. The j y "
generalised momentum ps corresponding to gs is defined (for s =1, 2. 5 i X —

.y N) by ps = TLMgs (---(23)). )

A cyclic (or ignorable) co-ordinate is one that is absent from the Lagrangian function
(like g in equation (10)). So equation (11) and definition (23) implies that the generalised
momentum ps corresponding to (or is CONJUGATE to) acyclic co-ordinate gs is constant.

1.2: Hamiltonian Mechanics

The Hamiltonian function H is defined by H=X"_,(4,p,) - L (---(1)), where the ps are given
by 1.1.23, and s =1, 2,..., n. L depends on the gs and thegs, i.e. on 2n variables. Also, we have
the ps, SO that we have 3n variables in total. Not al of these variables are independent — see
1.1.23: ps = L/gs (s =1, 2, ..., n): n smultaneous equations. The n simultaneous equations are
solved for thegs (s =1, 2, ..., n) in terms of the gs and the ps; and are then substituted into (1),
so that H becomes a function of the gs and the ps only: H = H(qq, ..., On, P1 .., Pn) (---(2)).

From (1.1.10), L = om(r2 + (r0)?)+""/,. From (1.1.23), p. = L/t = m (---(3)); and pq =
IL/90 = mr3) (---(4)). (3) and (4) P r = p/m (---(5)); andd = py/mr2 (---(6)). (1.1.10), (5) and (6)
in (1) P H = rpHpg-(2m(r2 +(r6)2) +7/) = (p/m)pet(po/mr2)pg - (2m((p/m)>+(r(pd/mr))?) +
W) H = (p22m)+(pg 2mr3)-""/, (---(7)). Here, H = H(r, pr, pq) — Not in this case q.
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Recall: (1): H = (Ss=1"gsps)-L, where ps = IL/9gs; and H = H(,-..,0n, P1,---Pn)- (1) P dH
= Sea[(dds)ps + ds(dps)] - Ss=aT(TLMgs)das + (TL/Fs)dis] = Ss="(Ps-(TL/G ) s +
Ss=1"[(-TL/Igs)dgs + gsdps) (---(8)), where () = 0 by 1.1.23; and the blue bit is ps. Notes:
-fIL/1lgs = ps; and Lagrange' s equations say that %/u(TL/1ds)-TL/Mgs =0 U ps = TL/10s.

Therefore, dH = Se_1"[(5)dgs + gsdps] (---(9)), where in (9), dgs and dps are arbitrary
independent increments. (9) P TH/Igs = -ps, and TH/Ips =qs; orgs = TH/Mps (---(10a)), andp s
= -YH/Mgs (---(10b)). We have 2n first order D.E.’s in time t; and 10a and 10b are known as
Hamilton’s canonical equations of motion (Lagrange' s Equations b Hamilton's Equations).

Converse. Assume (10a, 10b), with ps = TL/MGs. Now H = Se-1"@ sps)-L, so that dH =
Se=1"[(Ads)Ps + gsdps] - Ss=1"((TL/Gs)das + (TL/% s)d s) = Ss=1"{ (Ps-(TL/% ) s + (TH/Tps)dps
- (L/Ygs)dgs} . Note that () is again 0. Therefore, TH/{ps = YH/fps, and, more importantly,
TH/Mgs = -TL/1gs; (by 10b) ps = TL/gs, or Ya(TL/ s)-(TL/Tgs) = O, Lagrange's equations. So
the L agrangian and Hamiltonian equations are equivalent.

Example: (7) in(10a, 10b) P (withs =1 qu =1, p1=p;S =2: (=0, P2 = Pg)r = (10a)
= H/p: = (7) = MMpl(p&2m) + (p2mr?) - (*"1)] = Yam.2p: = (p/m) (---(11)). And) = (10a) =
THAp, = Tpl(p2m) + (p/2mr?) - (/)] = (pd/mr?) (--(12)). Now p . = -H/r =
-TMir[(pA2m) + (p/2mr2) - (/)] = -(p2m)(-2r~) - ¥ = (pmrd) - ¥/ (---(13)); andp o =
-/ge = 0 (---(14)) P p, = constant. Eliminating p. and p, from equations (11) to (14) implies
that m(¢-rg2) = -""/.. (1.1.5); and that m(r¥ +2r¢) = 0 (1.1.19).

The Interpretation of H

Now ri = ri(d,...,0s) (1.1.1) P ¢y = dr/dt = (Tr/au)d: + (/o2 + ... + (I6/90.) «
(---(15)). (15) P mi 2 = Y.miSs,"(Tr/1gs)* (/Mo ¥ & - (---(16)). So (16) is a homogeneous
quadratic form (in the g, ..., g»). By Euler’s theorem for homogeneous functions, we obtain
Se=1"Gs(TT/gs) = 2T (---(17).
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Example of Euler's Theorem: consider f(x,y) = axzt+2hxy+by2 Now f(l x,|y) =
a(l x)2+2h(1 x)(1 y)+b(l y)? = | 2(ax>+2hxy+by?) =1 2f. If f(X4,...,Xn) IS homogeneous in Xi,...,Xn Of
n" degree, then f(l Xy,...,I Xs) = | "(X1,...,.Xn). Euler: Sez" Xs(Tf/9iXs) = nf. Example: f(x,y) =
ax+2hxy+by2. Now "/g = 2ax+2hy+0, and "y, = O+2hx+2by, so that Xx"/g+y"ly, =
X(2ax+2hy)+y(2hx+2by) = 2[ax?+2hxy+by?] = 2f.

Now, by the definition of H in equation (1), H = Ss=1"¢s(IL/Ts) - L (---(18)). From 1.1.8,
L =T-V.From1.1.2, V isonly afunction of the (q,...,0.), and not aso afunction of the ¢ 1,...q
). Therefore, TL/MGs = 1/90s(T-V) = (1T/90s) + 0 (---(19)). Using (19) and (17) in (18) P H =
Se=1" Gs(TT/9Gs) - (T-V) = 2T-(T-V); H = T+V (---(20)). So the Hamilton function is the sum of
the kinetic and potential energies of the system.



Equations (3), (4) and (7) P H = (p2m) + (p2mr3) + (-*"/,) = (3), (4) = ((mr )3/2m) +
(mr2g)22mrz + (-*/,) = YomE2+()?) + (*/) (—--(21)) = T + V. Now differentiating the
Hamiltonian function w.r.t. time gives */4 = “/4(p,...,Gn, P1y---Pr) = (TH/TG0)) 1+ (TH/T0RH 2 + ...
+ (THM9)g. + (TH PP + ... + (THAPP « (---(22)). The canonical equations areq s = TH/Tps,
and ps = -TH/Mgs. Therefore, /g = (-pale) + ... + (-Pn) + @ P1) + - + @Pn); He = 0 (---(23)).
Thus H isaconstant of the motion.

Examples

Q: Consider a particle P of mass m moving along the x-axis subject to a force F = -kxi,
where k > 0, and i is aong the x-axis. Show that the system is holonomic, and find the number of
degrees of freedom. Show that the force is conservative, and find the potential energy, V(x),
subject to V(0) = 0. Show that the Lagrangian, L, is given by L = Yarx2-%2kx2, and that the
generalised momentum corresponding to the generalised co-ordinate X is px, where p, = nx.

Show that the Hamiltonian H is given by H = Y/,,p2+'.kx2 Obtain the Lagrangian
equation of motion, mx+kx = 0, and the canonical equations of motion:x = pJ/m, andp x = -kx.
Finally, show that the L agrangian and the canonical equations are equivalent.

A: In the diagram, x = an arbitrary rea variable: qu = X, ¢ ]
holonomic system; and n = the number of degrees of freedom, 1. F =
-kxi (k > 0). Isthere a V(x) st. -%/4i = F? The work done by Fin o 7
moving its point of application from P to O is given by Weeo = r=xi xT R
1%Fedr = 1,0(-kxi)e(dx)i = -k|,>xdx = [-*/]° = %, Therefore, Weeo = V(X) = Ykx2.
Alternatively, find V(x) st. E = -%/4i (E = -kxi). Therefore, -kxi = -V/gi P Vg =kx b V =
1kxdx = /kx2+c. But V(0) =0 P c=0, sothat V =*/,kx2.

X
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Now L = T-V, where T, the KE, is defined by T = S," -m; 2. Here, we have one
particle of mass m and position vector x, so that T = !/,mx2. Therefore, L = Y/,nmx 2-/,kx2. QED.
Now we have generalised co-ordinate g; = x; and the generalised momentum p, is given by p; =
TL/Tg. = /[ ami2- Y kx?] = (2 )-0; px = nx . QED.

The Hamiltonian is defined by H = So21"@sps)-L = ¢ 1pa-amx 2+ kx2 = Yg(X)m -Hom 2 +
Yokx2 = mw2-me 2+ kx2 = Yomx 2+ kx2 = Yom(pdm)2+kx2; H = pl2m + kx2, QED. Now
1.1.11 says that the equations of motion for the system are obtained from L by using %/«(L/Tys)
-(IL/Mlgs) = 0. Therefore, TL/g1 = 91/51(L) = nx, as before.

S0 Yu(TL/Mgs) = mx. Now TL/fop = g(Monx 2-1/2kx?) = -kx. So we have m -(-kx) = O.
QED. We now want to obtain the canonical equations of motion. 10a b ¢ s = {H/fps. Sog 1 =
TMpL(Mompi® + Hakx?); x = WMpx(Hamp@ + Y2kX2);x = p/m. QED. And (10b) b p s = -TH/1gs, SO
that py = -Vgx(Yomp2+2kx2) = -(Y2)k(2x) = -kx. QED.

Are the equations equivalent? The Lagrangian equation P mx = -kx; and the canonical
equations P px = -kx. Equating for -kx, px = k. But as px = nx, thenp = nX . Equivalence!
Similarly, we equate for mfor the other equation.



Q: A particle P of mass m moves in the xy-plane subject to ¢ = kb (k. 150)
force F = -kxi-lyj, where k and | are positive constants. Repeat the P(x)
above question for this system. A: q; = X, ¢z = Yy: a holonomic systerr '
with two d.o.f. Use the curl(F) © 0 test, or Weeo = V(P) = |®sFedr = i
1°p(-kxi-lyj)edxi+dyj = ]%-kxdx-lydy = 1%-kxdx + |%-lydy = |\>-kxdx» o
+ 1y%-lydy = [-%2kxF,° + [-HalyF%; V = Yokx2 + Yaly2,

Now T =Yomx2+'/,my2, sothat L = T-V = Yomk2 + Y/ony 2 - 1kx2 - Ydy2 Now p; = L/ 1
= §/9%(L) = mx. Similarly, p.= my. Therefore, H =¢{1p1t)2p2-L = mk 2+ ny 2 - Yok 2- Yoy 2 +
Yokx2 + oly2 = k2 + Homy2 + Hokx2 + Holy2 = Yonp2 + Yomp? + okx2 + Yoly2. Now for the
Lagrangian equations of motion: L/f. = mk, as before, so that Y«(TL/Tk ) = nk . And TL/flq. =
e(L) = -kx, s0 that mk-(-kx) = 0. Smilarly, my+ly = 0.

Now for the canonical equations of motion: 10a b ¢: = 1/p(H); x = 9p«(H) = pJ/m.
Smilarly, y = p/m. And 10b P py = -"/5(H) = -kx; and p, = -ly. We have already shown that
the two sets of equations of motion are equivalent.

Q: A particle P of mass m moves in space, subject to aforce F = -kxi-lyj-nzk, where k, |
and n are positive constants. Repeat the above question for this system. A: Just include third
termsin the above answers.

Q: Consider question 2 in the special case when k = | (= w?). Repeat
question 1 using plane polar co-ordinates, (r, f), instead of rectangular
Cartesian co-ordinates, (X, y). A: If k =1, then F = -kxi-ky] = -k(xi+y]) = -ki
= -w&r = -wWZe. Here, gy =1, and ¢ = 0. Weeo = V(P) = % Fedr =
1°p(-w2r)edre+dqge, = 1%-W2rdr = [-"*/,],° = "*/,. Now T = ¥amr2. Asr =ie + o
(rf)e,, we have 12 = i2+(rf)2. Therefore, T = Yam(2+(rf?), so that L = T-V =
Yom(i2+(162)-Y W2r2 = Yo(mi 24120 2-W2r2).

P(x.y)

Now H = ¢upi+apa-L, where p; = ™y = ¥(2102-2rw2) = 1)2-rw2 = py; and p, = ™y = 0 =
P SO H = i(rf2-r2) + 0(0) - YA(miz+r2)2-w2r2) = i (1)2-rw2) - Yo 2419 2-war?) =i (p,) - Yot 2 -
Yor(r02-rwR) = pi(i-Yar) - ¥ami2. Now for the Lagrangian equations of motion: JL/§ = n , so that
Ya(TL/TE) = m¥. And ™y, = 92-rw2. So the first equation isnt + 2 - 92 = 0. Now L/ =r?,
so that Y«(TL/T6) = r2d. Further, /¢, = 0, so that our second equation is r% = 0. Now for the
canonical equations of motion: 10a P = /p(H) =i-%r; 0 = /p,(H) = 0. And 10b b p, =
ye(H) = p2; pg = Tso(H) = O.

Q: Consider question 3 in the specia case wherek =1 = n (= w?). Repeat question 1 using
spherical polar co-ordinates, (r,q,f), instead of rectangular Cartesian co-ordinates, (X,y,z). A:
Please refer to the solution sheet given out in the lectures.

Q: A particle moves in space with the Lagrangian L = /;m§ 2 2422) - V +x A% B#C,
where V, A, B and C are given functions of x, y and z. Show that the equations of motion
consist of mx = -™/g,+y ("B/g-"/g,)2 ("“/4-"/5x), with two similar equations. Find the Hamiltonian
H, and obtain the canonical equations of motion.



A: L/x = mx + A, so that Ya(TL/K) = mk + g = nk +x Wiy +y Wi, +2 8/, And Ty,
- _ﬂV/ﬂX + )-(ﬂA/ﬂx + yﬂB/ﬂx + zﬂC/ﬂX’ o that mx + ﬂA/ﬂt_ (ﬂL/ﬂX) - O; mx = -W/ﬂx +)'(ﬂA/11x +yﬂB/ﬂX +ZﬂC/ﬂx _
(X" + Yy + 2"5) = Vg + y(®l-"1g,) - 2("™/g-"ls,). QED, with two similar equations.
Now H = xpx + ypy+ zp,- L, where p, = IL/Ix = mx+A; p, = my+B; and p,= mz+C. Therefore,
H=mx2+Ax +my2+ By + mz2+ Cz - L = ... = "omf Ay 242 2)+V.

Now get rid of x, y and z: X = p-A/m; y = p-B/m; and z = p-C/m, so that H =
om((p-A/m)2+(py-B/m)2+(p-C/Im)2)+V = Yon((p-A)2+(py-B)2+(p-C)?)+V. Let us now obtain the
canonical equations. 10a b x = H/Mpx = Yan2(p-A) = pi-A/m. Smilarly,y = p,-B/m; andz=
p~C/m. Now 10b Py = -"Mlgc = -[Yan[ 2(p-A) (-"/50] + 2(py-B)(-"/sx) + 2(p-C)(-"I)] + ™l =
Yl (px-A) gk + (p,-B)™®/gx + (p-C) /5] - Vigx. We get similar expressions forp, andp..

Q: The Lagrangian of the one-dimensiona anharmonic oscillator is given by L = Y/x2 -
Yw2x2 - ax3 + bxx2, where w, a and b are real constants. Find the Hamiltonian function, and
write down the canonical equations of motion. If initially x = 0 andx = u, deduce that */x (1 +
2bx) + wx2 + axd = Y/,u2,

A: H = xp-L, where px = L/ = x+2bxx. SO H = xpx - L = (p/1+2bx)p« -
{¥o(pd1+2bx)? - Yan2x2 - ax3 + bx(p/1+2bx)3 = p&(1+2bx) - p&2(1+2bx) + Yan2x2+ax3 =
Yop,2l(1+2bx) + Yawx2+ax3, Now Mg, = 9 P 1020 4o + WeX+3aX2 = P . Therefore,p
= bp2/(1+2bx)? - wex-3ax?; and TH/pc =x P pd/(1+2bx) =x.

Since ™/y, = 0, then H = constant = E, say. Att =0, x = 0 andx = u. Sowe havep, = u at
t = 0. Qubstituting, E = %22 b ¥5p2/(1+2bx) + ¥an2x2 + axd = ¥/,. Substituting for py, we have ¥z
X3(1+2bx) + Yan2x2 + ax® = Yo asrequired.

1.3: Generalised Potential Functions

In the previous sections, the potential function V is only a function of the generalised
co-ordinates (see 1.1.2). It is possible to generalise the previous work to include velocity
dependent and time dependent potentials. The main motivation for this is to obtain the
Lagrangian and Hamiltonian functions for a charged particle moving in an electr o-magnetic
field.
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From 1.1.3, the generalised forces Qs in the case of ordinary potential functions are given
by Qs =-V/gs, wheres =1, 2, ..., n. Now let U be a generalised potential function, so that U
= U(aa,---,0n, Ga,---Gn, ) (---(1)). Provided that the generalised forces Qs are now given by the
expression Qs = -(TU/Mgs) + Ya(TU/MYs) (---(2)), then Lagrangian and Hamiltonian functions
can be defined in the usual way, such that the motion of the system is given by the Lagrangian or
Hamiltonian equations respectively.




This is seen as follows: in terms of generalised forces Qs, Lagrange’s equations are as
follows: Ya(TT/90s) - (TT/Mgs) = Qs (---(3)), withs =1, 2, ..., n. (2) in (3) b Y«(TT/%s) -
(TT/919s) = -(TUMgs) + Ya(TUMs); Ya(T/Hs(T-U)) - (1/90s)(T-U) = 0 (---(4)). Now let L = T-U
(---(5)). (4) and (5) b Y«(TL/TYs) - (IL/1gs) = O (---(6)), which are L’s equations — where the
Lagrangian function now contains a potential function depending on the generalised velocities
and time, as well as the generalised co-ordinates.

The Hamiltonian function, H, from (1.2.1), isH = (Ss=1"q sps) - L, where ps = (TL/f} <)
(1.1.23), and L is as defined by (5) above. Now (1), (5) and (1.2.1) P L =L(01,-.-,0n, Q1,e--Lns 1)
(---(7); H = H(0w,---s0n Prye-sPny ) (---(8)); and the derivation of Hamiltonian's canonical
equations (1.2.10a/10b) goes through as in section 1.2, but with the additional result that ™/, =
g (---(9)).

(1.2.19) says that L/gs = (1/96s)(T-V) = (TT/94s) - (TV/1Gs), where the red bit is 0. If L
=T-U, then (TL/1Gs) = (1T/19s) - (MTU/1s) * N1T/% s, where the blue bit is* 0. However, 1.2.19
no longer holds (with V replaced by U), so that L is not a homogeneous quadratic function of
the generalised velocities. Therefore, H can not now be interpreted as the sum of the kinetic and
the potential energies.

Also, we can easily see that /4 = ™/ (---(10)), so that H is a constant of the motion if
and only if H does not depend explicitly on t, i.e. iff /g = 0. Example: The most important
example of a system having a generalised potential function is that of a charged particle moving
in an electromagnetic field.

Suppose that the particle has mass m and charge g. The force F on the particle (in S|
units) is given by F = q(E +_vxH) (---(11)), where E and H are the AN ~E
electric and the magnetic field strengths respectively. E and H are
given in terms of the scalar and the vector potentials f and A
respectively, by E = -grad(f) - JA/Mit (---(12); and H = curl(A)
(---(13)), where f =f(r,t) (---(14)); A = A(L,t) (---(15)); and v =1 =
the velocity of the particle.

pah

o E=q(E +vxH)

(11), (12) and (13) P Fc = -q("/5) - Q(TALTE) + oy (TAYIX)-"yAL) -2 (TALT2) - T3A)]
(---(16)), where (x,y,2) = r1; (xy.2) =¢ = Vv; E = (FF,F); and A = (AAA,) (relative to
rectangular cartesian co-ordinates at O). Note that ssmilar expressions can be written down for
F, and F; and in (16), F is the generalised force corresponding to the cartesian general
co-ordinate X.
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Consider the general potential function U(x,y,z,x,y,z) = U(r,v,t) = gf (r,t) - q(veA(r,t))
(---(17)). (= of (x,y,z,t) - XAX,Y,zt) + yA(...) + ZAL...)). Thisis verified by substituting into
equation (2), Qs = -TUMgs + Ya(TUMKs)): ™e = q" e - gk (TALTX) +y (TAJTY) +2 (TA/12))
(---(18)); TU/x = -gAx. (---(19)). So Ya(TU/TK) = -a((TAL/Tx) + (TAJ/TyYy + (TAJTzx +
(TAL/T)) (---(20)). Now (18) and (20) imply that we have F, = Y4(TU/% ) - ™/ = -q" /g -
A(TA/TE) + aly ((TAL11X) - (TALTY)) -z (TA1Z) - (TALTX))] (---(21)).




The RHS of (21) is identical to the RHS of (16). Smilarly for F, and F.. Now (5) and
(17) b L =T-U="mv2-qf +qveA =Yom(x2ty2+z2) - gf (X,y,z,t) + &k A«(X,Y,zt) +YA(...) +2
AL...)) (--(22)). (1.1.23) and (22) P px = TL/fk = mx + gA, (---(23a); py = L/Y =ny + gA,
(---(23b)); and p, = L/Tz = mz + gA, (---(23c)).

Now a reminder that E = -Nf -(TA/Mt) (---(12)); and that H = curl(A) (--(13)). (1.2.1),
(23a-c) and (22) P H = (Xptypy+2ps) - L =X(MX + GA) +Y(My + GA,) +2(m2 + gA,) - Yomik 2
+y2 + 22 + of - q(xAx + YA, + ZA,) = Yam(xZ+y2+z2) + df (XY,zt) (---(24)). So H = T+df
(---(25)), mechanical KE + scalar potential only. In (25), the term involving the vector potentia
(i.e. -q(veA)) is absent. Contrast this with (1.2.22). Now (23a-c) in (24) b H = Y5,((p«-0Ax)? +

(By-0Ay)? + (P~0A2)?) + af = (Yam)(P-0A)? + gf (---(26)), where p = (px,py,P2).
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Essential Backaround to Quantum Mechanics

Newton conceived light rays as being a stream of tiny corpuscles, but Huygens, his
contemporary, held that light had a wave-like form. Because of Newton’'s immense prestige in
science, his view prevailed until Y oung at the beginning of the 19th century made his discovery
that under certain circumstances, two beams of light can cancel each other out.

This phenomenon of destructive interference could only be explained by the wave theory.
The latter theory thus displaced the corpuscular theory for the whole of the 19th century, until
the phenomena of Black Body Radiation and the Photoelectric Effect failed to find explanation
by the wave theory. Einstein (in 1905) gave a smple explanation of the latter by assuming that
the energy of radiation is carried in small “packets’ or “ quanta”, such that the energy E and the
frequency n are related by E = hn (---(1)), where h is a universal constant called Planck’s
constant (h = 6.626 x 10**Js). These quanta (or photons) travel with the speed of light.

The corpuscular nature of radiation was further demonstrated by Compton (in 1923) in an
experiment where X-rays were scattered by electrons. The mechanism was explained by using
the theory of elastic collisions in classical mechanics, associating with rays of wavelength |
photons of momentum p ="/, (---(2)). Therefore, radiation appears in two roles: the wave and the
cor puscleroles.

The corpuscular nature of matter is obvious, but what is surprising is that electrons, atoms
and even molecules display effects which are typically wave like. In 1927, Davisson and Germer
showed that electrons are diffracted by crystals to give five interference patterns. Similarly, Stern
(in 1932) showed that the same situation is found for Helium atoms and Hydrogen molecules.
Equation 2, connecting the momentum to the wavelength, was found to be truein al cases.

It was De Broigle (in 1925) who proposed that matter displayed the same wave-cor puscle
duality asfound in radiation. He said that a material particle has a matter wave associated with it,
just as a light quantum has a light wave. Also, the relation between the two aspects is given by
(1), where E isthe energy of the particle, and n isthe frequency of the matter wave.



Now, since in the Theory of Relativity, energy and momentum are not independent
entities, but energy and the three spatial components of momentum are the four components of a
relativistic “four-vector”, the energy being the “time” component, it is suggested that for
consistency with equation (1), we have p = ht. Since n denotes the number of waves per unit
time, t must signify the number of waves per unit length, i.e. '/,, where | isthe wavelength. Thus
de Broigle arrived at the relation (equation (2)) which has been completely confirmed by
experiment.

Thus we see that matter and radiation sometime behave like waves, and sometimes
behave like corpuscles. This dual behaviour is called the wave-particle duality. How are these
two aspects to be reconciled? We are indebted to Born (1926) for the Satistical Interpretation.
According to this, the intensity of the associated wave at a point of space is proportional to the
probability of finding the corresponding particle at that point. This idea will be made more
precise later as the Quantum Theory is devel oped.

Section 2: Physical Background to Quantum Mechanics

Compton Effect (1923). Compton found that when X-ray: Scattered X-rays
were passed through a block of paraffin, the scattered rays had & "*" "' !
smadler frequency (or longer wavelength) than the incident rays o | Patin | b
Some of the rays passed through the block without any change. It - 7| Block 5

was known that the scattering was due to electrons, and on the basis of classical theory, the
electrons would oscillate with the same frequency, n, as that of the incident radiation.

The oscillating electron would now behave as an oscillating dipole, and thus would
radiate energy with the same frequency, n. However, from experiment, it was found that the
actual frequency was less than the frequency of the actual radiation. So classical theory fails to
explain the effect. Experiment b d = 1’- = %;-%, = 2.4x10%°(1-cosq) in c.g.S. units, or
2.4x10"%(1-cosq) in 9 units (---(1)).

Compton explained the results as follows. assume that the X-rays consist of photons of
energy hn (h = planck’s constant), and that the scattering is due to the collision with electrons.
Consider the collision of a photon with an electron (which may be assumed to be at rest). From
classica physics, the momentum of an electromagnetic wave of energy e is 7. (where c is the
speed of light) and assume from this result that the momentum of the photonis™/. =",.

The result of the collision is determined by using the principles photon, -

of the conservation of energy and linear momentum (e.g. elastic _ :/W

Y . . nergy hn \\ q n/c
collision of spheres). In the diagram, we can formulate the following Mom. (0 N
conservation of energy: hn = hn’ + Yamv2 (---(2)). Also, the / \%mvz
conservation of linear momentum (parallel to the incident radiation) dectron mv
is ™. = "/ (cosq) + mvecost (---(3)); and, perpendicular to the incident radiation, it is 0 =
"i(sing) - mvsinf (---(4)).




Eliminating f, (3) and (4) b "™/«(n%2nn’cosg+(n’)?2) = (mv)?2 (---(5)). (2) and (5) b
(eliminating v2) "/<(n2-2nn’cosg+(n’)?) = 2mh(n-n’) (---(6)). But n » n’, so in the LHS of (6),
we have dn = n’-n = -(",¢)(1-cosq)n? (---(7)). But since n = %, then dn =-%.dl (---(8)). (7) and
8) b -d = -"The(l-cosg); dl = " (1-cosq) (---(9)), where " is “ Compton's
wavelength”, and is given by | o = 2.426x10"”m. A calculation using relativistic mechanics

yields the same result (equation (9)) without having to make the approximation n’ » n.
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2.2: The Wave Nature of Matter

In the previous section, we showed how radiation showed a particle like nature. The
particle like nature of matter is obvious from everyday experience. Is it possible for matter to
exhibit a wave-like nature? In 1924, de Broglie suggested just this. He postulated that the
relations used in the Compton Effect: E = hn (---(1)), and p = h/l (---(2)), which estimated a
connection between the wave nature of radiation and its particle-like nature, should also be true
for particles of matter.

In 1927, Davisson and Germer showed that a beam of electrons exhibits diffraction effects
when passed through a crystal. The explanation of this is given by the de Broglie equations ((1)
and (2)). An electron acceler ated through 10,000 volts has a corresponding wavelength of 0.122
A = 0.122x10°m. Smilarly, scattering slow neutrons gives diffraction patterns. A thermal
neutron corresponding to a temperature of 300°k has | = 1.81A = 1.81x10°m. Stern (1932):
Molecular rays (H,, He) give diffraction patterns as well.

2.3: The Wave Theory and Corpuscular Theory Reconciled:
Born’s Interpretation

In preceding sections, we have seen how both radiation and matter appear in two
contradictory roles. as waves and as particles (or corpuscles). Which is right? The answer is
both are correct up to a point. Born's Explanation (1926): To every particle, there corresponds a
wave, and the amplitude of the wave at any point determines the probability of the particle being
at that point. If the amplitude of the wave is zer o at any point, then the probability of finding the
particle at that point is vanishingly small.

Section 3: Quantum Theory

3.1: The “Derivation” of Schrodinger’s Wave Equation

According to de Broglie, a particle with energy E and momentum p is associated with a
wave of frequency n and wavelength | , given by E = hn (---(1)), and p = h/l (---(2)), where his
Planck’ s constant, 6.62618x10*Js. Suppose that the particle is travelling along the x-axis under
the action of no force (afree particle).



Using the complex representation of waves, the associated wave may be written as'y (x,t)
= Aexp[2pi(*/,-nt)] (---(3)). (1) and (2) in (3) P y (x,t) = Aexp[2pi (*/w-E/nt)] (---(4)). Leth ="y
(---(5)), then (4) and (5) P y (x,t) = Aexp[(if)(px-Et)] (---(6)). We shall now obtain a DE
satisfied by y: (6) P "/ = A((iph)expl..]) = (iph)y; ®lee = (iph)2y = -(p2h2)y (-—(7)).
Also, ™Iy = -(iE/R)y (---(8)). Now, for afree particle, E = Plon (---(9)). (7), (8) and (9) b ™ /g =
-(PAh)y =-(2mEHK2y =(8) = -(2mif)" /e P -GH2Mm)"™ [ge = i W /g (---(20)).
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We can generalise (10) to a wave travelling in any direction. Suppose that the momentum
vector is p, with components (px, py, p), then (6) becomesy (r,t) = Aexp[(ifi)(per - Et)] (---(11)).
(11) b grady = i™ /g4 /l5+k" Iy, = (ip/h)y . Now div(grady ) = div((ipfi)y ). Recall: div(pa) =
udiv(a) + asgradu. Therefore, div(grady ) = (iy #)div(p) + pegrad(iy £ ). Because the first part is
zero (p is a constant vector), then = pe(i/i)2py = -p?hizy = N2y (---(14)), where p? = p? = pep.
Now (11) b W/y = -(iE/R)y (--(15)). Further, (9), (14) and (15) P (#22m)N2y (r,t) = i ™ /y(r.1)
(---(16)). Thisis correct for afreely moving particle.

If the particle is not free, but is moving under the influence of conservative forces (with a
potential function V(r,t)), the energy equation (9) becomes E = (p%2m)+V(r,t) (---(17)). We
assume that (14) and (15) (with some new y different from that in equation (11)) are true in this
situation as well. Therefore, -(A22m)N2y = (p2m)y = (11) = (E-V(r,Y)y = i ™/-V(rby
(where the first part comes from (15)), i.e. (-/22m)N2y (r,t) + V(r,t)y (r,t) = # ™ /q(r,t). (---(18)).

The above is the famous Schr 6dinger Equation (the time-dependent version). The above
“derivation” is bogus since it is assumed that the momentum p and the corresponding
wavelength | are independent of position in the presence of external forces. However, its
justification is that results deduced from it are in agreement with experimental results.

Examples

[Constants: h = 6.62618x103Js; h/2p =# = 1.05459x10%*Js; ¢ = 2.99792x10°ms*; m.
(electron mass) = 9.10953x10*kg; e (absolute value of eectron charge) = 1.60219x10"°C; 1
eV (electron volt) = 1.60219x10%°]].

Q: The maximum energy of photoelectrons emitted from potassium is 2.1eV when
illuminated by light of wavelength 3x10’m, and 0.5eV when illuminated by light of wavelength
5x10'm. Use these results to obtain values for Planck’s constant, and the minimum energy to
free an electron from potassium.

A: Use Ex = hv-f. Now (?)eV = h(%)-f, so we have 2.1eV = h(2.99792x10%/3x107)-f
(---(1)); and 0.5eV = h(2.99792x10%/5x107)-f (---(2)). Equating for f, h(2.99792x10%/3x107) -
2.16V = h(c/5%x107) - 0.5eV; -1.6eV = h(c/5x107 - ¢/3x107); -1.6eV = h(5.99584x10% -
9.993x10™); -1.6eV = h(-3.997226x10'); h = 6.4132x10**. Smilarly, equating for h, we get f
=1.9eV.




Q: An X-ray photon of wavelength 1.0x10"?m is incident on ¢
stationary electron. Calculate the wavelength of the scattered photon,
If it is detected at an angle of (i) 60°, (ii) 90°, and (iii) 120° to the
incident radiation. A: We have the situation shown, and the equation
d = "n(1-cosg), where dl = |’- = 1'-1.0x10* (i) q = 60°:
| ’-1.0x10** = "/, ,((1-cos 60°). Because " = 6.62618x10%/(9.10953x103)(2.99792x10°) =
2.426x10™"2, then | ’-1.0x10*? = 2.426x10"4(1-Y5) = 1.213x10"%; | ' = 1.0x10"%+1.213%x10*2 =
2.213x10*?; and the wavel ength of the scattered photon is 2.213x10?m.

(i) g = 90°: |'-1.0x10"* = 2.426x10"%(1-cos 90°); |’ = 2.426x10" + 1.0x10** =
3.426x10"m. (iii) g = 120°: |’ - 1.0x10* = 2.426x10"*(1-cos 120°); |’ = 1.0x10* +
2.426x10"4(1.5) = 4.639x10*2. Conclusion: as the angle of detection of the scattered photon

increases, so does the wavelength of the scattered photon.
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3.2: Interpretation of the Wave Function, v

According to Born, the |y |? is proportiona to the probability of the particle being “at” a
given point. More precisdly, if P(r,t)dv is the probability of the particle being in ¢
small volume dv about r at time t, then the probability density P(r,t) is given by /@d\'
P(r,t) = aly (r,)]2. Note: WP = uz+v2 = (u+iv){u +iv) = (utiv)(utiv)* = (u+iv)(u-iv, ©
= U+v2, where we use * to denote conjugate in Quantum Mechanics.

Therefore, P(r,t) = ay(r,t)y *(r,t) (---(1)), where a is a positive constant which is
determined by the requirement that the particle must exist somewhere in space, i.e. |r P(r,t)dv =
1 (---(2)), where R denotes the region containing the particle. (1) into (2) P alryy*dv =1
(---(3)). So P(r,t) = (y (r,0)y *(r,t)/(IrYy (r,)y *(r,t)dv) (---(4)). If the wave functiony isst.a=1
in(3),i.e. lryy*dv=1(---(5)), theny issadto be normalised.

So for normalised wave functions 'y, |y P =yy * is the probability density function for
the position of the particle in space. Provided that k = |gr yy *dv exists, then if we definey’ =
Yy, thenlry'y ' * =YJryy *dv = (k) =1 — so y’ isnormalised. Asthe TDSE islinear, if
y isasolution, thensoisy’ =¥y . So we can get a normalised wave function as a resullt.

3.3: The Time Independent Schroédinger Equation

Equation (3.1.18) b (#2/2m)N2y (r,t) + V(r,)y (1) = # ™ /q(r,t) (-—-(1)). Suppose that V is
now independent of time, and thus is a function of position only. We now use the separation of
variables method to look for solutions of the form y (r,t) = u()T(t), i.e. (HZ2mNJu()T(t)] +
VOOTO] = i#nYu@TE] = hu@¥TO); HF2m)TEONAu@) + VOUOTE) = i
u(n)¥«(T(t)). Now divide by u(n)T(t) to give (422m)(L/u(r))N2(u(r)) + V() = (# /TR)Ya(T())
(---(2)). The LHS depends on r only (or on x,y,z); while the RHS depends on t only.



Let a and b be two independent variables, and let f(a) and g(b) @

be 2 functions of these respective variables. Now suppose that f(a) = . | No!
g(b), with -¥ <a, b <¥.Sincex, y, zand t are independent variables, f(a) = g(b)
then (2) b both sides must equal the same constant — E, say, i.e. boal
VUOICA72m)REU) + VOUE] = E (-@3), and G TO) ) =£ - > N
(---(4)). Integration of (4) P T(t) = exp(-iEth) (---(5)). Comparing with the plane wave solution
for a free particle, equation 3.1.11 b y (r,t) = Aexp[(i/)(per-Et)] = Aexp[(ih )per]exp[-iEth ].
Note that the 2nd exponential is our equation (5).

a(b)
97
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Now (3) b Hu(r) = Eu(r) (---(6)), where H = (#i22m)N2 + V(r) (---(7)). Equation (6) is
called the Schrédinger Time Independent Wave Equation, where E denotes the constant value
of the energy of the particle. From (7), H is an operator acting on u(r) to yield a constant
multiple of u(r). Thisis of the form of an elgenvalue equation, where the constant E is known as
the eilgenvalue, and the corresponding function u(r) is known as the eigenfunction.

So a solution y g(r,t) is given by y g(r,t) = ug(r)exp(-iEtfi) (---(8)), where E is a constant
value of the energy. By Born’s Interpretation (3.2.1), p(r,t) = yeye*/lryeyefdv = (8) =
Ue(Nug* (N/|rUe(Nue* (Ndv, which shows that the probability density function p(r,t) is
independent of t for these special solutions, y g(r,t). For this reason, these solutions are called
stationary states. The most general solution is given by y (r,t) = Se aey e(r,t), where ae 1 C
(complex) depending on E. (Aside: The TDSE isHy (r,t) = # ™ /y).

3.4: Conditions That y Must Satisfy

We're interested in “physically acceptable” solutions of the SE. Since y determines a
probability density function, then it must be everywhere single-valued and finite. Further, except
where V has infinite discontinuities, y and grady are everywhere continuous. Finaly, if the
particle is confined to a certain finite region R of space, then the probability of finding the
particle in R must be unity.

This implies that y must be square integrable: |rly Pdv = |r Yy *dv = constant = b < ¥
(---(1)). Writingy’ =" /v, theny’ isnormalised: |r |y 'JPdv = 1. These states are called bound

states. Note: a plane wave is not abound state: y (r,t) = Aexp[ (i) (per-END]; Iy P = |APR
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3.5: A Particle in an Infinitely Deep One-Dimensional Potential Well

The 1-dimensional time-independent SE is given by (Section 3.3, 6
and 7) (-4%2m)*/g.u(x) + V(X)u(x) = Eu(x) (---(1)). An infinite discontinuity
iINV(Xx)ax=0,1P u(x)° 0when x <0 and x > 1. By the continuity o v=¥ |v
u(x), u(0) =0 =u(l) (---(2)). So for 0 < x < |, equation (1) becomes /4. +k2L ueo X
= 0 (---(3)), where k2 = 2mE/h2 (---(4)). Solutions of (3) are of the form u(x, °
= Asin(kx)+Bcos(kx) (---(5)), where A and B are arbitrary constants.

V(x)

It
o
c <



(2) and (5) b 0 =u(0) = Asin(0)+Bcos(0) = B. Therefore, B = 0 (---(6)). Now (2) again
P u(l)=0=(5), (6) =Asin(kl) P A=0orsin(kl) =0.But A =0, with (6) in(5) b u(x)° Ofor
all x. But this is not physically acceptable — we require |u(xX)]? to be proportional to a
probability density function for the position of the particle.

A density function cannot vanish identically. Therefore, sin(kl) =0 (asA* 0) b kl =np,
wheren1 Z (—-(7)). But n =0 b u(x) ° 0, not physically acceptable. NOW U(X)nrp, pin =
-U(X)n=p, @nd SO Un-, IS linearly dependent on the solution u.-,. Therefore, the set of linearly
independent solutions are uy(X) = Asin(™4) (---(8)), wheren =1, 2, 3, ... Now (4) and (7) b
(™h)2=k2=2mEAK2P E,="mEp/l)2r? (---(9)), wheren=1, 2, 3, ...

This is a bound state problem so that we can normalise the wave function. Therefore,
¥xuX)Rdx =1 P 1o JASIN(™/)Rdx = 1 b JARSin(™/)dx = 1 b |A(L) = 1. So |A| = &,
(thisisther in z = ré® — complex polar notation); A, = (/)™ where 0 £ d,< 2p.

No loss of generality occurs if we take d, = O for al n, i.e. the measurable quantities to
do with un(x) (such as the probability density function for the position of the particle) are not
dependent on d.. So A, = (G/); un(X) = (G)sin(™/) for 0<x < |; and A, = 0 for x £ 0 and for x

> |, where E, = Yom(fip/1)2n2 (---(9)). Note that n is called a guantum number for this problem.
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Probability Distributions

Forn=1, Juu(X)P = (¢)sird(™/)) = pu(x). For n =

2, [w(X)P = h)sinz(®4) = pa(x). For n = 3, Jus(X)2 = o e\ = o
ChsSin(®™) = ps(x). Exercises Consider ¢ i W3 | )
macroscopic particle: m = 10“ grams, with | = 10* 7 e = e
om. Then E; = Yy (ip/l)212 » 107 ergs » 100, whict  e=ea s (0

Is so small that it cannot be detected experimentally. Elz(%)(hif Bl po = P
The speed of this particle is v, where %amv2 = 108 v - 1 gromd | )

» 102 ms?. How long will it take to get across the state !

well? If v =", thent =19, = 1x10%1x102% = 1x10"s » 3.17x10" years. However, consider an
electron, with m » 10%" grams. Then E; » 5x10%], so that Y2mv2 = 5x10*° b v » 3m/s.

Q: An electron is confined to a one-dimensional potential well of width 3x10°m which
has infinitely high sides. Calculate (i) the three lowest allowed values of the eectron energy; (ii)
the wavelength of the electromagnetic wave that would cause the electron to be excited from the
lowest to the highest of these three levels, and (iii) all possible wavelengths of the radiation
emitted following the excitation in (ii).

A: (l) With | = 3><10‘l°m, E = 1/2m(h p/|)2 = 1/2(9'10953“0,\_31)(px(1,05459x10/\-34)/3><10,\_10)2 »
6.694x10"°J » 4.18eV. Further, E, = 4E;, and E; = 9E;. (ii) To go from E; to Es would take
energy Es-E; = 5.3554x10*8J (8E;). Now using E = hn = hc/l , so that 5.3554x10%8 =
(6.62618x107-30)x(2.9979210°8) [ “\we get | = 3.709x10°m. (iii) We have 3 possibilities: | 3; (Es® E;) =
3.71x10®m (as above); | » (E® Ey) = 9.90x10®m; and | 5, (Es® Ey) = 5.94x10°m.
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Recap: Y n(X,t) = uy(X)exp(-iEth ), where u,(x) = (G/)sin(™/) for 0 < x <1, and 0 for x £
Oand x > I; and E, = Yom(p/M)2ni2 for n =1, 2, ..., ¥. y, are normalised b ¥y |y dx = 1.
Consider the average value (or expectation value) of the x-coordinate of the particle, x = <x> =
12" Xy of2dX = )1'o XSIN2("™)dx =/, = <x>,,.

Classically, the probability of the particle being anywhere between 0 and | is constant,
and the probability density function is /. So <x>q = 1o X.% = [*12]'o = '/ = <x>4. Smilarly, <x2>
= 1y Xy Pdx = ¥y yo*xeyox (* = complex conjugate) = (3)]'o x2€§M("™)dx = ... =
|2{1/3'1/2(np)2} . ClmCdly, <X2>q = 1'0 X2(1/|)dX = [X3/3|]|0 = Iz/g. Now <X2>q ® <xz>4 for lar gen: this
Is Bohr’s Correspondence Principle.

Aside: The general solution isy (x,t) = S, Coy n(X,t), where C, 1 C (complex). How do we
calculate the expectation value of the momentum of the particle? From section 3.1, grady (r,t) =
(ip/h)y (r,t), wherey (r,t) = Aexp[(i/z)(per - Et)]. Multiplying by (-7 ) gives-ih grady = py . Now,
we assume that <p> = |r y*py dv = |r Y *(-in)grady dv (where (-iz)grad is the operator, po);
and we assume that it istrue for all normalisedy (not just for those that represent plane waves).

Note: p is replaced by the operator (i%)grad. In our example, p = pd U i(-i7)"g.. So py =
-in'ly. Now <p> = | y*(if)'leydv = (putting y = yo) = "% yo*(i1)u(yndx =
(1-dimensional) = 1'o((CGH)sin(™)exp(-iExth ))* (- ol (GHSIN(™)exp(-iEtf )])dXx = (< )?hl'
sin(™/)(sin(™)dx = ... = 0 = <p>g. What about <p/2m> ( = <KE>)? We have the
following: 1r y *[-N)s(-zN)/2m]y dv = (I)]'o(# Z2m)sin(™/)¥lse(sin(™/))dx = (3h)(E 22m)x
(-("AVosi2(™)dx = ... = Y@ p/)2n2 ( = Ey).

Examples

Q: A particle of mass m movesin an infinitely deep square well potential given by V(x) =
Ofor O£ x £1; and V(x) = ¥ for x < 0 and x > |. Solve the Schrodinger time independent
equation for the energy eigenvalues E,, and the corresponding normalised eigenfunctions un(X)
given by the following: E, = ((ap)/2mi2)n2; u,(x) = (G/Nsin(npx/l) for 0 £ x £ |; and u,(x) = 0 for
x<Oandx>I, wheren=1, 2, 3, ...

A: Thiswas solved in the 27/10/2000 lecture. Also have alook at the solution sheet in the
file. In general, the TISE is Hu(r) = Eu(r), where H = (#12/2m)N2+V(r). In one dimension, we
have (-/2/2m)*/g.+V ()]u(r) = Eu(r). For x <0and x > |, we have 0 = 0. For 0 £ x £ |, we have
(-h22m)* ge = Equn(X); ...; ®ae = (2MEFi2)u, = 0. Then set k2, and continue to solve as in the
lecture.

Q: If un and u, are the wave functions corresponding to two energy states of a particle
confined to a one-dimensional box with infinite sides, show that |*.y u*,u, dx = 0, withm? n
(use the expression for u, given in a previous question). A: It is obvious that °yU*u.dx =
1¥U* mundx = 0 from the definition of un(x).



So we want 1o U*undx = 1'o(OH)Sin(™))* (QE)SIN(™/)dx = 2/1's sin(™/)sin(™/)dXx.
Now sinAsinB = -Y/,(cos(A+B) - cos(A-B)), so that = %/]'s -*/2[cos(™™/)) - cos(™™P/))]dx = /'
cos(M™h) - cos(MPPydx = SNV [y - SN e’ = HimmpSiN((M-N)p) -
HmepSiN((MAN)P) = (YmrypSIN(O) = UmimypSIN(0)) = YmrypSIN((M-N)P) - YmemppSiN((M+n)p). As sinkp
= 0 for any integer k, then Y/m.npSin((M-n)p) - Ymenpsin((m+n)p) = 0 for all m and n, excluding m
= n, as in this case, Ymnsin((m-n)p) = Ysin(0) — which is not allowed. Conclusion: (¥
U*mundx = 0, withm? n. QED.

Q: Write down the general solution, y (x,t), of the time-dependent Schrodinger equation
for the particle in question 3 above, in terms of the eigenvalues E,, and the corresponding
eigenfunctions un(x) of the time-independent Schrodinger equation. If, at t = 0, y(x,0) =
sin3(px/l) for O£ x £ 1, and y (x,0) = 0 for x < 0 and x > |, show that for t > 0, we havey (x,t) =
Sauy(X)exp(-iEsthi) - aus(X)exp(-iEsth ), where a= (Q/32). Hint: 4sin3(q) = 3sin(q)-sin(3q).

A: The general solution is given by y (r,t) = Se ay e(r,t), where ae T C, depending on E;
and y g(r,t) = ug(nNexp(-iEth). Soy (x,t) = Sh ay n(X,1); Yy (X,t) = Spaun(X)exp(-iEqth ). When t =
0,y (x,0) = Sha.0(?)sin(™/)exp(0) for O£ X £1, and y (x,0) =0forx <Oand x > I.

So for 0 £ x £ 1, Sind(™/)) = SaQ)sin(™/); (Ma)(3sin(®/)-sin™h)) = SnaQ#)sin(™/);
3sin(®™/) - sin(®™/,) = SpaQ)sin(™). Now choose & = 0, & = (/)(3), & = 0, & = -Q'/=),
and ay=a=.. =0. Let a= /), so that all & = 0, except &, = 3a, and a;= -a. Now, let us get
back to the general solution: y (X,t) = Spaun(X)exp(-iEqtfi ). But now we know the values of all

the a, so that y (x,t) = 3auy(X)exp(-iEst#) - aus(X)exp(-iEsth ), where a= ()'/s;). QED.

Q: For the particle in question 3 above, calculate the expectation value <x> of the
x-co-ordinate of the particle in the n" stationary state u.(x), and compare with the corresponding
classical value. A: Recall that u,(x) = O(3)sin(™/) for 0£ x £1, and u,(x) =0 for x <0 and x > .
Therefore, <x> = ¥y X(Un(X))2dx = 10" X[Q?h)sin(™/)]2dx = 2/]'o xsiN2("™/,)dX.

Let | =1'o xsin(™/I)dx. Evaluate by parts: Let u =X, Mg = 1; Vg = Sin2("™), Vv: as cos2A
= 1-2sin?A, then sinlA = Y%y(1-cos2A), so that sin?(™/) = %4(1-cos(**™/)). Therefore, v =
1(2)(1-cos(®*™/))dx = Y5 1-cos(*™/)dx = Yx-sin(*™)(/2np)], SO that | = uv-][v*¥/gudx =
[L-sinC™ ) opllo - 1o YAX-sin(®™)pldx =[]0 - YA (ap)2c0SPPN)]0 =
['/2(1-'/20pSiN(2NP)] -0 - YA /o+(/2np)2c08(2np)] + Y4 (/2np)?c0S(0)]. Notes: the blue bit is zero, and
thered bitsare 1.

Therefore, | = ['15(1)] - YA 1o+ (l2np)?] + Y (onp)?] ="12- Y14 - Yo onp)? + Yo 2np)2 ="14. SO <x>
=21 = (3)("l,) ='/.. Classically, the probability of the particle being anywhere between 0 and |
is constant. The p.d.f. is¥ for 0 £ x £, and 0 everywhere else. Therefore, <x>4 = ¥ xp(x)dx =
1o *hdx = [¥/a]'s =12 = <x>4. Conclusion: we get the same values using quantum or classical
methods.



Q: Repeat the above question for the expectation value <x2>. Comment on your results.
A: <x2> = 2|;1'y x2sin2("™)dx = ?/I. Evaluate the integral | by parts again: let u = x2, /g, = 2x;
Y = SIN?(™)), and v = Yo(X-(/anp)SiN(*"™)), as before. Subgtituting into the integral, we get | =
e |3/6 + llo X(I/an)Si n(zan/|)dX.

Now let J=1'o X("/2np)SIN™/)dX. By parts again, let u = /s, Mo = Yonp; ¥eax = SING™),
and v = -(/anp)cos(®*™/). So J = ... = ¥/ anpye; and therefore, | = "/6+J = 6"/ 2npe. Conclusion: <x>
=2/l = 2\("l6-"l anpye) = 12(M3-*2py). Classically, with the same pdf as before, <x2>y = '¢/idx = "/s.
The quantum expectation value will be smaller in magnitude than the classical expectation

vaue. However, asn® ¥, <x2>, ® /3= <x2>,. Thisis“Bohr’s Correspondence Principle’.
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3.6: Square Well with Finite Potential Walls

The TISE is (-#22m)(®/se)+Vu = Eu (--(1)). Ir Vi)
region 1, d2u,/dx2 - ki2u; = 0 (---(2)), where ki2 = (2m# 2)> Vo

(VoE) (---(3)). [e**, ky > 0]. In region 2, d2u,/dx2 + k,2u, = a V=0 3

0 (---(4)), where k2 = 2mE/h2 (---(5)). In region 3, d?us/dx’ u : u

- k2Us = 0 (--(6)), where ks = (2mh2)(Vo-E) (---(7)) ’ Cx
[e. 0£EEV, 0

In region 1, the solutions which remain finiteasx ® - ¥ are: uy(x) = Ae™* (---(8) (k; > 0).
In region 3, ... as X ® +¥ are uz(X) = Ce** (---(9)) (ks > 0). In region 2, u, = Bsin(k-x+€)
(---(10)). (Note: A, B, C and e are arbitrary constants). We require the continuity of u(x) and
“/4 across the boundaries of the regions, i.e. YufIn(u(x))] = “®/,x must be continuous across
the boundaries.

A = Now Uy (X)/U1(X) k=0 = U’ 2(X)/Up(X) |x=0; AK€ AE =0 =
oL Blocos(koxre)Bsin(kx e ki = kooot(e) (—(11)). Smilarly, W' ()b(x)ka =
Vo-E —

Us' (X)/Us(X)|x= P kocot(kal+€) = -ks (---(12)). Now (3), (5) and (11) P cot(e) = ki/ks
(QVo-E/E)), so that sin(e) = (CE)/(OVy) (--(13)) b e=sin(QE/NV,)) + mp (---(14)), where n,
0, %1, £2, ...

Also, equation (12) b cot(kal+e) = -ks/k, = (5), (7) /v,

wh -

3';  \~~\\@“ka = -QVoE)/CE. Therefore, sin(kz+e) = -QE)/QVo): e e

2p ‘\\; 2p-sinY/ E/\9 kol+e = -Sin(QE/Vo)) + nzp (---(15)), where n, = O (vo-E

o | psntEy L %2, .. Now (14) and (15) P kil = (5) = (Q2mEM?)l =
| \L\ -ZSin_l(qE/VO)) + np (n = nz-nl). Alterna“VeIV. (lh )qsz) =

o TE np2sn(QENY)) (-(16)), wheren =0, +1, £2, ... No negative n

sin"Y E¥) Vo solutions. With n = 0, the only solution ISE=0P  u(X) = Ux(x) =

us(x) = O for all x. (Not physically acceptable).
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3.7: The General Principles of Quantum Mechanics for a Single Particle

Reference: Rae, Chapter 4. Consider a particle of mass m moving in space under the
action of a conservative force, with potential function V(r,t). (P1). The quantum mechanical
behaviour of the particle is completely specified by a complex-valued, square integrable wave (or
state) function y (r,t).

Remarks: A sguare integrable function y satisfies O < (a1 space |Y POt = ai space Y ¥y dt < ¥
(---(1))- The norm, |ly ||, of y, is defined by [ly || = [<y |y >]"* (---(2)), where <y |y > = a1 guce
y*ydt (---(3)). If the norm of y is unity, then y is said to be normalised, and every wave

function may be normalised, since |dy| = 1 if d = (<yly>)*2 If y i
normalised, then |y (r,t)[Pdt denotes the probability that the particle lies in the ; .

volume element dt around the point with position vector r at timet. o

(P2). Provided the particle is not disturbed (by, for example, a measurement), then the
wave function y satisfies the time-dependent Schrodinger Equation, Hoy = i /g (—--(4)), a
linear Equation; where Ho, = (-422m)N2+V (---(5)); N2 = ¥yt Tlgt¥lsre (—--(6)); and s = "oy,
where h is Planck’ s constant, (1.054589 + 0.000006)x1034Js,

Remarks: Hq, is caled the Hamiltonian operator for the particle in the potential V. The
fact that equation (4) islinear impliesthat y = Sy=1*Cyy n (—-(7)) isasolution of y , for n =1, 2,
..., where the C, are arbitrary complex constants. The set of all solutions of (4) form a function
space called a Hilbert space, H .

(P3). To adynamical variable, or observable, A(X, Y, z, px, Py, P2 t), there corresponds an
operator Ao, given by Ag, = A(X, Y, Z, -ifi "Iy, -iti "Iy, -ifi Vs, 1) (---(8)), where py, py and p, are the
Cartesian components of the momentum p of the particle.

Remark: Aq is a linear operator acting on H : Ag(Cly 11CY 2) = Ci(AgpY 1) + C2(AgpY 2)
(---(9)), where ¢, and ¢, are arbitrary complex constants; y1, .1 H ; and A, possesses a
complete set of orthonormal eigenfunctions, which correspond to real eigenvalues, i.e. A, isa
Hermitian operator: <Aoy | f> = lai space (AopY )Tt = ai space Y * (Aopf )dt = <y |Agf >, fOr any
y,f inH (---(10)). Further, we have Aqf » = af  (---(11)), wheren =1, 2, ...; thered f, are
orthonormal eigenfunctions which imply the basis of H ; the a, are red; and <f.[f > = dum
(---(12)), whered,m, = 1 whenn=m, and d.,, =0whenn! m.

(Aside: for a square well, u, = Q)sin(™/), for n =1, 2, .., ¥). Further, the set {f .} is
complete, i.e. foranyy inH,y = Sx*cfn (---(13)), where ¢, = <f ,Jy > (---(14)). Now <f ,, | y >
= <f | SiCof > = Si C&<f f o> (red = (12) = dim) = Cn. Therefore, ¢y = <f ly >.
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(P4). The only possible results of the measurement of a dynamical variable, A, on the
particlein the state y , are the eigenvalues a, of A.. If y isnormalised, then (13) b S [cp =1
(---(15)), and the probability of the result of the measurement of A being a is |c?. Immediately
after the measurement, if & is obtained, then the state function of the particleisf.

Important Remarks. (R1): If V is independent of t, then the time t may be separated from
the spatial co-ordinates x, y and z in equation (4), to give Hqu(r) = Eu(r) (---(16)), and y (r,t) =
u(r)exp(-iEtii) (---(17)), where E (the energy) is the separation constant. Equation (16) is called
the time independent Schrddinger equation.

(R2): The total energy of the particleis given by E = T+V =%2mv2 + V(r) = p2m + V(1)
= Youn(p2+p,2+p2) + V(XY,2) (---(18)). Making correspondence, p. ® -ii'/s, for a = x, y, z
Then E® Ey, = (18) = (-h22m) (et "leet"152) + V(X,Y,2) (---(19)). But, from (5), (6) and (19),
Eop = Hop (---(20)), so that Hop is the operator corresponding to the total energy of the particle.

(R3): If the state y of the particle is simultaneously an eigenfunction of Ao, and of By,
corresponding to observables A and B: A,y = ay (---(21a)), and By = by (---(21b)), then
measuring A and B (in any order) will yield afor A, and b for B — with certainty. The state y
remains undisturbed by the measurements.

A and B are said to be simultaneoudly measurable, or compatible, if Ay and Bo, possess a
complete set of common eigenfunctions. Further, this occurs iff Ag and By, commute: [Aop,
Bop] = AopBop-BopAop = 0 (---(22)). So A and B cannot be simultaneously measured, i.e. are
incompatible, if Aq, and B, do not commute, i.€. if [Agp, Bop] * O.

Examples of Non-Commuting Operators

Consider X, [X,"5]y (X) = (by definition) = x(e(y)) - M(xy) = XY/ - (M)y +
xV/s,) = (because ™= 1) = xW /g - 1y - xV/y = -1y, wherey is arbitrary. So [x,"y] = -1; and
[X,0x = [X, (-7) 5] = ¢iB)[X, Ve] =11 (-1) =1 . (p« = -1 "sx). Therefore, [x,p,] =/ 0, S0 x and
px are not compatible — thus they cannot be consistently simultaneously measured.

3.8: The Harmonic Oscillator in 1-Dimension

Classical Solution. m™/y. = -kx (---(1)) P %X + w2x = V) P x
0b x = Asnwt+e) (-—-(2)), where W2 = (/) (——-(3)). In B o
the diagram, T = %/, = 2pQ™/). Quantum Mechanical o * i
solution. STIE: ((-2/2m)%/se + V(X))u(x) = Eu(x) = (using A
V(X) = kx?) = (422m)®/ 4. + Yokx2u(x) = Eu(x) (---(4)) .

Aside: y (r,t) = u(X)T(t) = u(x)exp(-iEth), so that T(t) =
exp(-iEt/h).



Smplify by setting a* = mk/Aa2 (A); | = (2E/4)Y., (B) ( =(2EHR)QM)); x = ax (a > 0) (C);
and w2 = ¥/, (D) (---(set 5)). So (4) becomes */g+(l - X)2u = 0 (---(6)). Check: (-42/2m)*/g. +
(Ykx2-E)u(x) = 0; ®/ge + (-kmx22 + 2mER2u(X) = 0; g + (-a'%2 + 2mla Wz Du(x) = 0,
Fpe + (-x222 + | mwif)u(x) = 0.

Now ®/g. + (-x2a2 + | m/AQ/))u(X) = 0; Pge + (-x2a2 + (I /A)QMK))u(x) = 0; F/ge +
(-x2a2 + a2 )u(x) = 0; Mg + a(l -xu(x) = 0; Ya™ge + (I -x)u(x) = 0. Now #/g.(u) =
Fae(U)*/ae. And X = Xa, 0 that X2 = x2a2, */y. = a2. Therefore, ®/pe(U) = “ae(U)(a2); ®/0® (a2
+ (I - x3)u(x) = 0; ®/get+(l -x?)u = 0. QED.

Boundary Conditions: u® 0 as x® +¥ (---(7)). (6) does not possess a general solution in
terms of a finite number of simple functions. A solution in series does exist, but if an attempt
were to be made on (6) as it stands, then a 3 term recurrence relation would result, which is
difficult to handle. Instead, we will proceed as follows:

When x® +¥, i.e. [x| >> |, then (6) ® /4 - x2u = 0 (---(8)), which, as x® +¥, has
solutions u(x) = X'exp(x¥x?) (---(9)) for arbitrary n. From (7), we must have u(x) ®
x"exp(-¥2x?) (---(10)) as x® ¥ . Therefore, we try a solution for equation (6) given by u(x) =
f(x)exp(-2x?) (---(11)). Now (11) in (6) P F/4e - 2x¥/ o + (I -1)f = 0 (---(12)).

Try aseries solution: f(X) = Sp=o"axX" (---(13)). Now (13) in (12) P S0’ XY{ (n+1)(N+2) 32
- 2na+(l-Da} =0 (for al x T R) P awe = @) uymadn (--—-(14)), which is a 2-term
recurrence relation connecting aternate terms. Set & and a independently. As x® +¥, the
behaviour is as follows. ey (aw/a) = (14) = %, (---(15)). Now exp(+x?) = S, een bX" P
(bn2/by) ® 2/, as N ® ¥. So, for large n, the behaviour of the series (13) approaches that of
exp(+x?). So as x® =¥, (13) will tend to infinity (like exp(+x?)). Hence u(x) = f(x)exp(-¥2x?) ~
exXp(+x3)exp(-¥2x?) = exp(+¥2%) ® ¥ asx ® =*¥.

This can only be avoided by truncating the series, i.e. by setting | = 2N+1 (---(16)),
where N is some non-negative integer. The other series will till be infinite, so we specifically
set it to be zero: From (16), (5) and (3), E (= Ex=) = (aw/2)l = (16) = (N+%2)iw, where N = 0,
1,23, ..
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f(x) is a polynomial of degree N, containing either only even powers of x, or only odd
powers of x — Hermite polynomials of degree N: Hy(X). The eigenfunctions are as follows:. u(x)
= (x =an) = u(an) = Aexp(-(an)®Hq(ax) (---(18)), where A, are constants.

Hermite Polynomials

Hermite polynomials satisfy the differential equation (equation (12), with x replacing X,
and (I -1) = 2n) F/geHn(X) - 2xYsxHn(X) + 2nHA(X) = 0 (---(19)). Properties of these polynomials
may be deduced from the generating function, F(x,s), defined by F(x,s) = exp(-$+2xs) =
S0’ (Ha(X)/N1)s" (---(20)). It then follows that dH,(X)/dx = 2nH,.1(X) (---(21)), and that H.1(X) =
2XHn(X)-2nHna(X) (---(22)), for n=1, 2, 3, .... Further, 1*y Hn(X)Ha(X)exp(-x?)dx = Q(p)2"n!dmn
(---(23)).



This can be used to show that the normalisation constant A, in (18) is A, = | N

(---(24)), i.e. 1 = =y ur(ax)uy(@ax)dx = (X = ax) = Yaley™ u*(X)u.(X)dx = (A, real)
¥y AZH2)(exp(-vod))2dx = (Ada)*y H2X)exp(-x@)dx = (23, with m = n)

(A2la)(Qp)2n b A, = | o -

Consider the first 4 eigenvalues and eigenfunctions. E; = Ey
= (with N = 0) = ¥Aiw. Now u(X) = u(ax)

/w T E,= 52

AcHo(ax)exp(-“Aax)?) = (Ho(ax) = & = 1) = 0 X B w2
(Qa)/pY)L.exp(-YAax)? = (Qa)/p'exp(-¥2a2x2) = uy(x). Aside w0 e
remember the relations implied by (5): a* = mk#2 and w2 = k/nr 0 x

P a*=maw#72 a = (mwih)” Now for N = 1, we have E; = (1+%)
Aw = 3AwWl2; uy(X) = ui(ax) = (Qa/l2)/p¥*)(ax).exp(-Y2a2x?) (---(25)).
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Recap: F(X,s) = exp(-s+2xS) = Sio' (Hn(X)/n1)s" (---(20), RHS uniformly convergent);
(dH(X)/dX) = 2nH.1(X) (---(21, withn =1, 2, 3, ...; and Ho(X) = 0); Hn1(X) = 2xHn(X)-2nHn.1(X)
(---(22)); and (dPH,(X)/dx?3) - (2xdH(x)/dx) + 2nH(X) = 0 (---(19)). We want to verify the above
expressions. Now (20) b /g (exp(-2+2xs)) = Sn=o" Yn(dHA(X)/dX)s"

P 2sexp(-s2+2xs) = “ P (by 20) 25(Sio° YuHn(X)S) = Sieo’ Yu(dHu(X)/dX)s" P
Swo' (2HA(X)/NN)S™ = Sieg’ UuH'n(X)S' = Ho'(X) + Swr’ YaHy' (X)S' = Ho'(X) + Smeo’
l/(m+1)!H’m+1(X)§n+1 P Hy (X) + (Sn=0¥ 1/(n+1)1H’n+1(X)§+1 - (2Hn(X)/n|)§+l) =0pP H¢ (X) + (Sn=o¥
YiowryH nea(X) - (2Hn(x)/N1))s™ = 0 for all s

P Ho'(X) = 0; YpyH ne1 - (2HA(X)/N) =0 (n=0, 1, 2, ...), so that H’ n(X) = 2™/ Hy(X)
P H (X)) =2(n+1)H(X) (n=0,1, 2,..) P (usng m = n+1) H' (x) = 2mHn1(X) (m=1, 2, ..,
¥)P (asm® n) H'\(X) =2nH.1(X) (n=1, 2, ..., ¥) b (because Ho' (x) = 0) H' (X)) = 2nH.1(X),
n=0,1,2,..

Now (20) b (differentiating w.r.t. s) (-2s+2x)exp(-s2+2xs) = Spt* (Ha(X)/n)ns™t b
2(X-9)Sn=0’ (H/(X)/NNS) = Spt*(Ha(X)/NNS™ B Sio’ (2XHA(X)/NNS" - Sio” (2HA(X)/nl)s™ -
Sn:1¥ (n/n!)Hn(X)gq—l =0b Sn=1¥[2X/n!Hn(X) - Zl(n-]_)!Hn.]_(X) - (n+l)/(n+1)!Hn+1(X)]Sn + 2XH0(X)/O| - 1/1!H1(X)
= O0for all s(changeof indices. m = n+1, thenn=m; m = n-1, then n=m)

P 2xHo(X)-Hi(X) = 0; Z/yHu(X) - pyHna(X) - YaHpa(X) = 0 P Hpa(X) =
2XHn(X)-2nHn1(X) (n=1, 2, 3, ...). Now (19) b H'’,(X)-2xH’ «(X)+2nHx(X) = (21) = (2nHn.1(X))’ -
2X(2nHn.1(X)) + 2nHA(X) = (21) = 2n2(N-1)Hn2(X) - 4xnH1(X) + 2nHA(X) = (22, with n® n-1) =
Hn(X) = 2XH.1(X)-2(n-1)Hn2(X) = (22) = 2n[2xH.1(X) - Ha(X)] - 4xnH,.1(X) + 2nHq(X) = 0. QED.

Now for the proof of 1*yHu(X)Hu(X)exp(-xddx = Qp)2'nid.. Consider |y*
F(x,9)F(x,)exp(-x3)dx. Now ]y* exp(-s+2xs)exp(-t2+2xt)exp(-xd)dX * = Speo Sneo’ ¥
[Hn(X)/m![Ha(X)/N!]Stexp(-x2)dX = Spmeo’ (S"YmIND)] ¥y Hu(X)Ho(X)exp(-x?)dx. Now * =
exp[-x=-s-t2+2xs+2xt] = exp[-(x-st)H+2st] =  exp(s)exp(-(x-st)?). S0  |y"
exp(-x2)exp(-s2+2xs)exp(-t2+2xt)dx = exp(2st)|.«* exp(-(x-s-t)2)dx.



[Aside: | +*e* = Qp): Let x = y-a, so that dx = dy, and ",y €¥¥dy = Q(p) again]. Now
S0’ (SYmMIND ¥ Hiu(X)Ha(X)exp(-x3)dx = Qp)exp(2st) = QP)Swo’ (2t)Vn! P (comparing the
coefficients of s™") 1x*Hn(X)H.(X)e¥dx = 0 (m 2 n). When m = n, Yunly’ Hi(X)HW(X)e*¥dx =
Qp)(2'/n!); 1+* (Ha(x))%e¥dx = Qp)2'n!.

Assignment 3

Q: Find <x>, <x2>, <p,> and <p>> for the 1-dimensional harmonic oscillator in the
normalised ground state eigenfunction of the energy. Hence show that DxDpy =7 /2, where (Dx)?
= x> - (=x>)?, and (Dpy)? = <p> - (<pe>)2 A: For the ground state, ug(x) =
[Q@)/pY“exp(-Y2a2x2), a normalised ground state wave function, with a = Qmwi ).

NOW <X>u09 = 1" Ug* (X)XUo(X)dX = 1.4¥ x[Q(a)/p¥“]exp(-Y2a2x?)[Qa)/pY*]|exp(-Y2a2x2)dx
= ¥ leexp(-a2xddx = feply” xexp(-a2xd)dx = g[-YoueXp(-a2xd)]*y = 3/gp[0-0] = O.
Alternatively, use symmetry because of the odd integrand. Now <xZ>ux = fols”
x2exp(-a2x2)dx. Now let u=x, ¥y = 1; Vg = xexp(-a2x?), v = Y,a.exp(-a2x?).

SO <Xy = ep{ [X(H2a)XP(-a2X?)] ¢ - 14" -TaacXP(-a2X2)0X} = -*feqprza XEXP(-22XF)] "
+ %fep2arl v’ exp(-a2x?)dx. Now for the RHS, let y = ax, so that dy = adx. It follows that
lvfexp(-ax®ddx = |y fexp(-ydY. = Y ¥yexp(-yddy = /. Therefore, <x>yn =
“lepza XeXP(-a2X)]* ¥ + * Plapzara) = - 0] + Y202 = Yaa

Now <pug = 1" U (X)(-7i Ysuo(X)dx = 1 (Q@)/p™)exp(-¥aaxd)[-i Ys((Xa)/p"*)x
exp(-Y2a2x2))dx = ¥y (Qa)/pYexp(-¥a2x?)(-h )((Qa)/pY)(-Yza2.2x)exp(-Y2a2x2))dx =
1" ¥(Qa)/p")exp(-¥ax?d)[-in (Qa)/p")-azxexp(-Yaxd)ldx = 1*v  (Yop)exp(-Y2a2x2)(h a?)x
xexp(-Y2a2x2)dx = iha3/Q(p)|¥ v xexp(-a2x?)dx = 0. S0 <P>ux = 0.

ANd <P = 1" Uo* (X) (- Yo Uo(X)dX = 1¥Uo* (X) (A1 2 Flae)uo(X)dX = 14" (Q@)/p™)x
exp(-v2a2x2)(h2x% o[ (CalpYexp(-Ya2xd))dx = .. =  afdPl¥y  exp(-Yea2x2)x
[exp(-Ysa2x2)-a2x2exp(-Y2a2x?)|dx = a#iQp)1* v exp(-a2x?)dx + af ZQp)|* v x2exp(-a2x?)dx =
(@32/Cp)(PL) + (@ 2CP)(Maal(Pl)) = @22 - 2222 = aZh2/2. Therefore, (DX)? = Haa and (Dp,)2
= a2/2/2, so that DxDpy = C(Dx?)(Dpd)] = (i 2/4 =/ /2. QED.

Q: Find <x>, <x2>, <p,> and <p> for the 1-dimensional infinitely deep square well
potential in the normalised n™ eigenfunction of the energy. Hence show that DxDp, = d# , where
(Dx)2 = <x2> - (<x>)?; (Dpy)2 = <p> - (<pe>)?; and di2 = "¥/1,-1/,. Comment on the least value of
d» in the light of Heisenberg's Uncertainty Principle.

A: For the 1-dimensional infinitely deep square well, the normalised n™ eigenfunction of
the energy is given by u.,(x) = Q®)sin(™/)) for 0 £ x £ I; and uy(x) = 0 for x < 0 and x > |. Now
<x> = (calculated in previous examples) = '/,. And <x2> = (calculated in previous examples) =
123 a(npy) . SO (DX)2 = 125~ opye) = (12)? = "1z = ooy



Now <p> is given by (1Q®)Sn(™)(-inYs)OC)SIN(™/)dx = -2/l
sin(™)Ys(sSin(™/))dx = -iznp/l)'s 2sin(™)cos(™/) = -ilinp/l2)'s Sin(*™)dx = (- np/l2)x
[-'/20pCOS(*™)]'o = (-iaNp/l)(-"/anp)[cOS(*™ )]0 = i/2[cos(2np)-cos(0)] = 0. And <p&> = b
QC)SIN(™) (il Y )20 SIN(™)dx = ... = (Enp/l)2.

Therefore, we have (Dpy)2 = (Ainp/l)>-(0)2 = (Ainp/1)2. Now (Dx)2(Dpy)2 = (“/12-"/2py) @ NP/1)2
= ... = 2(™-Y5); (DX)3(Dpy)? = h2d?,. It follows that DxDp, = Ofi2d2,) =7 d.. QED. Now
Heisenberg's Uncertainty Principle says that DxDpx > ¥4 P dn > %2, di2 > Vi, "1 > Y
"l > Y5 np2 > 9 (---(1)). Forn=1, 2, 3, ..., we see that (1) holds true. However, forn=0, 0>
9. This agrees with the lectur es, where we saw that the case n = 0 was physically unacceptable.

Q: Show that in any eigenstate of the energy for the 1-dimensional harmonic oscillator,
<Potential Energy> = <Kinetic Energy>. (Hint: use the properties of the Hermite polynomials).
A: Now Hu, = Eu, (--(1)), where H = (#22m)%/g. + Ykx2 (---(2)); and uy(x) =
AHq(ax)exp(-¥4ax)?) (---(3),n=0, 1, 2, ...), where A, = Qa/Qp)2"!)); (---(4)), a = (mkk 2)¥4
(---(5)); and w = (/m) "2 (---(6)).

The u, given by (3), with A, given by (4) and (5), are normalised, i.e. |¥.y u*u.dx = 1
From (2), PE = V = ¥kx2 (---(7)), and KE = Ploy, = (#1%2mM)¥/ (---(8)). Consider <PE>. <PE>
= ¥y U (PE)udX = 1*y u*¥skxeudx (---(8)). (3) and (4) in (8) P <PE> = (a/Q(p)2™n!)¥/»s1* «
x2H2(ax)e®dx = (using z = ax) = C |*y[zH.(2)]2%dz (---(10)), where C = k/Q[p)2**nla2 =
(5), (6) = aw/Qp)2™n! (---(11)).

Now use the properties of the Hermite polynomials. ¥4Hn(z) = 2nH,.1(z) (---(12)); and
Huwi(2) = 2zHo(2)-2nHna(2) (---(13), with n = 1, 2, 3, ...). S0 *¥ Ha(2)Hn(2)exp(-z?)dz =
Ap)2"ntdm (---(14)). (13) in (10) b <PE> = %, ¥ y(Hua(2)+2nHn1(2))%€%dz = (5)[1¥ »
Hn12(2)e7dz + 2 1¥ yHia(2)(2n)Hna(2)e7dz + 4n2)* yHo12(2)e“dz] (---(15)).

(14) in (15) P <PE> = (Y)[Qp)2™Y(n+1)! + 4n2Q(p)2™Y(n-1)!] = COp)2™*n![n+1+n] =
CAp)2™n!(2n+1). (11) and (16) P <PE> = Gw/Qp)2™n)Qp)2™nl(2n+1) = Yan+¥a w =
YE, Now (1) P <H> = E, But H = KE+PE — therefore, <H> = <KE>+<PE>, where
<KE>+<PE> = (n+Y2)7iw. But we know <PE>, so <KE> = E-¥2E, = Y2E,. Therefore, <KE> =

<PE>. QED. (We can aso calculate <K E> directly, but calculating the <PE> is easier).
21st November 2000

3.9: Spherically Symmetrical Potentials

Suppose that the potential function V(1) is spherically symmetrical, i.e. V(r) =
z V(r) (---(1)). To exploit equation (1), we use spherical polar r= op
P (xy2 co-ordinates, (r, g, f). In the diagram, z = rcosg, y = rsingsinf, =l
yv ()  and x = rsinqcosf, for O£ r<¥,0£ £ 2p, and 0 £ f < 2p. Now ©

we need the Laplacian operator: N2 = "qut ™yt = Y e (r?y) +
N y HYesngT9a(SiNQ"gq) + Yeesreq iz (---(2)). [Use eg. "y = ﬂr/ﬂx'"/ﬂr"'ﬂq/ﬂxﬂ/‘ﬂq"'ﬂf/'ﬂx‘”/'nf1
X Q and "/ "= T/ ﬂrﬂ/ ﬂx_'_‘ﬂy/ ﬂrﬂ/ ﬂy+ﬂz/ ﬂrﬂ/ ﬂz] .

F




The TISE is (-A22m)[Y"¢:(r2" ) + YresngT1o(SINQ™gq) + HYeesireq Iye]u +V (r)u = Eu (---(3)),
where u = u(r,q,f). By separation of variables, u(r,q,f) = R(r)Y(q,f) (---(4)). (4) in (3) b
Y a(r2Rlg) + {(2mA(E-V(r))-'/}R = 0 (---(5)), and Ysng'/so(SiNQ"™ /) + Ysreq" fysz + 1Y =0
(---(6)), where | isthe separation constant.

Agan, by separating variables, Y(q, f) = Q@QF(f) (-(7)). (6) and (7) P
Ysnalag(SINQ™Yag) + (I Hseq)Q = 0 (---(8)), and ¥ /y+uF = 0 (---(9)), where p is another
separation constant. (9) may be integrated immediately to give F = (const)exp(xiQq(u)f)
(---(10)), and for F to be single valued, then F(f+2np) = F(f), forn =1, 2, 3, ..., i.e
exp(xi2npQ(U)) = 1; or Q) must be integral, m, say, i.e. F = (const)exp(ximf) (---(11)).

Putting i = m2 in (8), and setting w = cosq, we get Yaw[(1-W2)%s] + (I -™/102)P = 0
(---(12)), where P(w) = Q(q). Now it can be shown that for finite solutions to (12), and for O £ q
£p,ie-1£w£E1 thenl must take on certain integral values given by | = 1(I1+1) (---(13)),
wherel =0,1, 2,3, ..., ¥ st.| >|m|.

The solutions are then labelled by P™(w), and are known as Associated Lengendre
Functions (see the book for details). Therefore, Y(q,f) = Y\"(q,f) = P™(cosg)exp(imf) (---(14)),
wherem|£1; 1 =0, 1, 2, ..., ¥; and the red expression is known as the Spherical Harmonics. So
Y a(r2®Mg) + { 2mIK2)(E-V(r)) - 'Y/} R =0 (---(15)), for 1 =0, 1, 2, 3, ...

The energy E only appears in (15). The spherical harmonic solutions, Y,"(q,f), are the
same for al potentials V(r). For each vaue of |, there are 21+1 linearly independent spherical
harmonics (Y/™) as|m| £ I, i.ee. m=-l, -I+1, ..., -1, 0, 1, ..., I-1, |. (21+1 values). So the energy
levels E are then at least (21+1)-fold degener ate.

24th November 2000

3.10: The Hydrogen Atom

The hydrogen atom consists of a single electron orbiting a single proton. As a first
approximation, consider the mass of the proton to be infinitely large compared to the mass of the
electron — then the centre of mass of the atom will coincide with the centre of the proton. The
potential of the electron in the field of attraction of the proton is V(r) = (-e%/(4pey))/i o
(---(1)), in SI Units (e = permitivity of free space), where e is the magnitude of the . /40\1@
electronic charge, and r is the distance between the proton and the electron. o

Using (1) in equation 3.9.15 b Y/.94(r?«R) + { 2m#i 2(E+((e¥4pey)/r))-' "D/} = 0 (---(2)).
Simplify (2) by setting a.? = -8mE/2 (---(3)), with a,> 0, where a, is real since we are looking
for bound state solutions of (2), which impliesthat E < 0, and that n = -a,(e/4p&,))/4E (---(4)).
Now change the independent variable fromr tor, wherer =a.r (---(5)).



(3)to (5) in (2) b Y Vg (r2®y) + {,-Y,""D/}R = 0 (---(6)), for 0 £ r < ¥. Asiin the
Harmonic oscillator, we consider the behaviour of (6) for larger. (6) ® *R/y-"s= 0 (---(7)),
which has solutions R = exp(x¥2) (---(8)). (Try R = A€, so that A(l >-%,)€" = 0). Now R(r)
must remain finite everywhere, so we must take the -ve sign in (8), and then try a solution of (6)
of the form R(r) = F(r)exp(-¥2) (---(9)), where F(r) is to be found. (9) in (6) b %4 +
-0 + (Y, -] )F =0 (---(10)).

Frobenius Series Solutions. Equation (10) has a regular singularity at r = 0, so that a
Frobenius series solution can be attempted by setting F(r ) = Sio’ aur ™° (---(11)), where ap® 0.
(12) in (10) P (p°?) as(s+1)-I(I+1)] = 0 (---(12)), where the red part is the indical equation.
(p™*t, m=0,1, 2, ..) gives{ ana[(M+ts+1)(m+s+2) - |(I+1)] - an(m+s-n+1)} =0 (---(13)). And
a! 0,sothat (12) b s =1, or s =-(I+1) (the 2nd is not allowed).

Reject the negative values of s, sincer ® ¥ asp® 0. So settings =1in (13) P an1/an
= M meeyme2igen (--(14)). (14) P "oy (@ma/an) = Ym (---(15)). Now observe that
exp(+r) = S0 bir', where by = Y/,,, and br.a/loe = VDY ) = aay = Yia. Therefore, ™Moy /by
= Y (--(16)). So as r®¥, F(r) = Smo ar™ ~ exp(xr). So R(r) = F(r)exp(-Ya) ~
exp(+r)exp(-¥2r) = exp(+¥2) asr® ¥. SOR(r) ® ¥ asr® ¥, not physicaly acceptable — we
must have finite solutions.

The only way to avoid thisisto cut off the seriesfor F(r ), i.e. let n = m+l+1, then a4, =0
Zam=ams=..([Mm=0,1, 2 ..). Therefore, a solution for R will exist if n > 1, and will be of
the form Ry (r) = exp(-'/2)r 'L (r) (---(17)), where the red bit is F(r). Now Ln(r) = Speo™ anr ™
(---(18), Associated Laguerre Polynomials), and the a, are given by (14).

Replacing r by a.r, we get Ry(anr) = (anr)'exp(->/o)La(anr) (---(19)). E
n=1223 ..,%¥;1=0,1, 2, .., n1). From (4) and (3) [a:? = -8mEh* Zi—
(---(3)); n = (-an(e¥4pay))/4E (---(4))], E = -a%38m = (4) = ({138m)>
(16E2n%/(e?/4pen)?). So E = [-m(€'/(4pey)?)/2i 2] = E, (---(20)), independen
of thel-vadue. (n=1, 2, 3, ...).

Y U= B ) h

|y
28th November 2000

Section 3.9, Equation 4 P u(r,q,f) = Ry(@n)Y\™(q,f), wheren=1,2, ..., ¥;1=0, 1, 2,
., hLandm=-,-+1, ..,-1,0,1, .., 1-1, |. The ground state energy of the H-atom is given by
E: = -me*(4pen)¥ 242, where n is the principal qguantum number. For n = 1, there is only one

(uL00) eigenfunction corresponding to E;. For n = 2, we have U0, U211, U210, @and Uz, i.€.
there are four linearly independent eigenfunctions corresponding to eigenvalue E..

Degeneracy of E,

E. does not depend on the |-value (nor the m-vaue), where 0 £ | £ n-1. Let d be the
degeneracy of E,, the total number of linearly independent eigenfunctions (U, m) corresponding
to E,. Therefore, d = S-¢™* (21+1) = 2S,0™™* | + S5o™"* 1 = 2(1+n-1)™Y/, + n=n(n-1)+n=n2,



Radial Wave Functions (Not Normalised)

Recall: Ly(anr) = Sm="" an(a)™ (---(18), m here is just an index); and an.i/an =
(m_n+l+1)/[(m+|+1)(m+|+2)-|(|+1)] (---(14), withm = O, 1, 2, ) Now E;, Ulyo,oU n=1, | = O, m = 0. (14) p
a/ao = O i0rpos0r00m) = %2 P @ =0 (&t 0). SO Lig(asr) = &, and st 10,

Rio(air) = (an)’exp(-air/f2a = (ag)exp(-air/2). Further, Y o(q,f) = TL\
(constant)x1. Therefore, Uioo(r,q,f) = (const)exp(-air/2) = spherically ;
symmetrical, for O£ r <¥.

~_

Consider Ry(anr). Here, n =1, 2, ..., ¥; and | =0, 1, ..., n-l Case E;: Rip =
(constant)exp(-air/2). Case E;: Ryp(a@zr) = (constant)(1-(a.r/2))exp(-a.r/2), where the red bit is
Loo(@zr). And Rzi(azr) = (constant)(azr)exp(-axr/2) (where the blue bit is L;i(azr)), etc.
Spherical Harmonics, Y \™(q,f) (un-normalised): Y(g,f) = (constant)x1; Y:%q,f) =
(constant)xcosq; and Y :*Y(q,f ) = (constant)singexp(if ).

1st December 2000

Bohr Radius

The Bohr Radiusis given by & = 71?/(me?/4pey), where e is the magnitude of the electronic
charge; m is the rest mass of the electron; and & is approximately 0.528x10%m. Recall that r
= ar (---(5, with a > 0), where a2 = -8mE/2 (---(3)). Now E = E, = [-me&"/(4pey)?]/ 2 2n2 (---(20),
withn=1,2,3, ..., ¥).(20)in (3) P az=-8mh2x [{-me"/(4pes)Z/Zi 3] = ([2me?/(4pey)]Fi 2)?
Y, where a = (2/ag)*/.. Therefore, r = ar, sothat r = (2/a)("/,) forn=1, 2, 3, ..., ¥.

Consider the ground state, n = 1. (20) P E; = [-me*/(4pey)?]/2h2 (=
the ionisation energy of the Hydrogen atom) = -13.5eV, where 1€V =
1.6x10"%ergs = 1.6x10"J. S -

Wave Function

For n =1, Uy 0 = (constant)Rye(@r)Yo’(q,f ). (c, €@, 1). So uy 00 = Ce™”?, wherea = (n =
1) = (2a)(My) = 2/a. Therefore, U = Ce™. (2, the Bohr Radius, is approximately
0.53x10%cm). Q: Find the C so that Uy is normalised. A: Now 1 = Jaigace |Uroofdv (= 1) =
=0 1”120 |CPe?"®rzsinqdrdgdf, where r2sing comes from the Jacobean (from the
transformation).

It follows that 1 = |CJ?|,=0" €2"2r2dr |=” sinqdq r=® df . We evaluate the first integral by
parts, and we get a®/4. The second integral is [-cosg]®o = 1-(-1) = 2; while the third integral is
[f]1® = 2p. Therefore, 1 = [CR@34)(2)(2p) P |C] = (p%a*?)™ . S0 Ui (normalised) =
[€9p”a*?]e™, where ¢ = |C|g° for O £ d < 2p. Take d = O without loss of
generality w.r.t. expectation values, etc., then from the diagram, | = =o'
|Clze®"®4pra2dr (where the red bit is the volume element for the case of spherical
symmetry in the integrand) = |CJ24p]=o’ r2e?’>dr.



Tutorial

Q: Find the average value (or expectation value) <r>y.q, = |aispace (U*1,00)(r)(Ur00)dv, Where
oo = (Up”a®d)e™. A: <r>ue = lagae (UPp”20*H)e™)rdv = laigxe (Upad)e®’@rdv =
Upa®|aipee €27%rdv = Upad|i=o’ |g="li=® €2r(rsing)drdadf = 1Upad|=® re?’®drx
la=o”sinqdq)s=o®df = (red = 2, blue = 2p) = 4p/pa?|=o" r3e?’>dr. Now let J = .=’ r3e?">dr.

Let us evaluate J by parts. First, let u = 13, so that “/ = 3r2. Then, let /4 = €*™, so that v
= (a/2)e?™, |t follows that J = [(r3a/-2)€?®]*, - 1*o (3ra/-2)e?™>dr = [0 - 0] - 1%
(3r2a/-2)e?’™dr. Let K be the purple integral, and evaluate it by parts. Let u = 3r2ay/-2, so that
Wy = -3rao. And let ¥y = €2™, so that v = (ay/-2)e?’®, Therefore, K = [(3r2a2/4)e?’]¥, - 1%,
(Brag@2)e?’®dr = [0 - 0] - |¥o (3rap?/2)e?"dr,

Let L bethe green integral, and evaluate it by parts. Let u = (3ra?/2), so that /4 = 3a,%/2.
And let ¥y = €% o that v = (a/-2)e?™. It follows that L = [(3ra@-4)e?’®]*, - 1o
(3ap¥/-4)e?’dr = [0 - 0] - |o° (3a®-4)e?"dr. Therefore, J = 10" (3ap¥/-4)e?">dr = [(3a,*/8)e?"®]*
= (3a,*/8)(0) - (3a,*/8)(1). It follows that J = 3a,%/8, and S0 <r>,,,= 4/ax®(3a,*/8) = 3au/2.

Q: Find the most probable value of r in the ground state. A: Let P(r)dr
denote the probability that the electron, in the ground state, lies between r and
r+dr from the nucleus. This implies that P(r)dr = |uioof?dv, where dv = 4pradr
Find P(r), and hence its maximal valuefor O £ r < ¥. So P(r)dr = |uy,00[P4pradr =
(Up"an*?)e")24pradr = (1/pa®)e?™®4pradr; P(r) = (4/aB)ree?’,

dv= pradr

Now PO/, = 2r(4/a®)e?® + (4r2fag®)(-2/a)e?™® = re?"((8/a®)-(8r/a%)).
PO) So either r = 0 (givesaminimum); r = ¥ (gives aminimum); or 8r/a*
R = 8/a®; r = a. Thisis a maximum (we can check the 2nd derivative),
" and, further, is aglobal maximum because of the differentiability of the

function across its domain.

%

Assignment 4

Q: Given the radial equation for the H-atom in the form (Y)¥s(r2 /) + {(2m/ 2)(E +
(e2/4pey/r)) - "D/} R = 0 (---(1)), make the substitutions a2 = -8mE/ 2 (---(2)); n = (-ae¥4pey)/4E
(---(3)); and r = ar (---(4)), to give (M)Ya(r2 ®lg) + (", - Ya - '™V )R = 0. Let R(r) =
exp(-¥ar )F(r), and show that /g + (?/, - 1)%4 + ("V/, - ' )F =0,

Let F(r) = r® Spo'anr™ (a0 ! 0), and show that s(s+1) - I(I+1) = O; and that
ana[(Mts+1l)(m+s+2) - I(I+1)] = an(m+s-n+1). Deduce that when s = |, and when n is a
positive integral, then the series for F(r ) isfinite. Show that R(r) = Rn(r), where O£ 1 £n-1; n=
1, 2, ...; and hence show that Rio(r) = (constant)e’?, Roo(r) = (constant)(1-'/.)e"?, Raa(r) =
(constant)r €2, Rso(r) = (constant)(1-r + /)™, Rs4(r) = (constant)(1-"/s)re'?, and Rs,(r) =
(constant)r 2e"2,



A: (4) b r2=a2? sothat r2=""/,. Substituting for r2in (1), we get (“72)Ya("1.®/s) + {217
K(E + (X4pen)/r)) - ¥ 3R = 0. Now Yy = YT /o = Y4 () = a% (---(6)). Substituting for ¢
gives /g (r 2Ry ) + {2mi/ 2 + (2me/(dpep)lilr 2 - 21/} R = 0. Now use (2) to (4) to replac
stuff inthe{..}, giving (*/;2)%a (r 2R/g ) + {-*1,4+*7/, -1/} R, Divide through by a2 to get the rest

Now let R = exp(-¥r )F, so that ®/y = -Yeexp(-Yar )F+exp(-Yar )4 . Substitute for R and
Ry above to give (Mro)¥a (r2(-Yeexp(-Ya )F + exp(-Ya ) y)) + (" - Ya - "D )exp(-Yar )F =
Differentiate again; collect like terms; and factorise, to give exp(-¥2r ){ /4= + (?/ - D)%/ + (™Y
*1/..)F} = 0. Now €ither A or B is zero, so we have our second result from the solution B = 0.

Now let F(r) = r*Spo’ar ™, with a1 0, i.e. F(r) = Smso aar ™°. Now use the Frobenius
method to solve the D.E. Let F(r) = Sio anr ™ (---(A)), so that /4 = Syeo an(ms)r ™1
(---(B)), and ¥/42 = Speo an(Ms)(m+s-1)r ™2 (---(C)). Qubstituting from (A), (B) and (C) into
the D.E. gives Siso an(M+S)(M+s-1)r ™2 + S5 2au(M+s)r ™2 - Spuo an(M+s)r™s? + S0
(N-D)anr ™1 - Sppo [(I1+1D)anr ™2 = 0, i.e. Syeo I ™ an(m+s)(m+s-1) + 2a,(m+s) - [(I+1)a.] +
Sieo I ™ (N-Dan-an(m+s)] = 0.

To get the indical equation, we look for the lowest power of r. Here, it iss-1 (when m=
0), and its coefficient (which must be zero) is given by as(s-1)+2a(s)-al(l1+1) = 0. Now ay?*
0, so we can divide through by it, giving s(s-1)+2s-I(1+1) = 0; s(s+1)-I(I+1) = 0. Note that one
solution for this equationiss =1.

Now let us look at the coefficient for the general term, r™*°?* It has coefficient
[(n-1)-(m+s)]an + anal((M+1+s)((MtD)+s-1) + 2(m+I)+s) - I(I+1)] = O; [(n-1)-(mrs)]an +
an[{ (M+s+1)[m+1+s-1+2]} - I(I+1)] = O; [(n-1)-(m+S)]an + anaa[(M+s+1)(M+s+2) - [(1+1)] =
0; ana[(M+s+1)(m+s+2) - [(I+1)] = a,[m+s-n+1].

Following the route of the lectures in substituting s = | into the above; finding the limit
Mmooy (Bnmi/am); comparing to exp(+r ); and then letting n = m+l+1 to ter minate the series, we get
that a solution for R will exist if n > I, and will be of the form R,(r) = exp(-r /2)r 'Ln(r) (for n =
1, 2, 3, ey | = O, 1, 2, ey n-1), where Ln,|(r) = Sm:o”"'laﬂr m and am:(”‘+"”+1)/[(m+|+1)(m+|+2)..(|+1)]am.

Now Rio(r) = exp(-r /2)r °Ln(r) = exp(-r /2)L1o(r ), and Lio(r) = Sm=c’anr ™ = (1), so that
Rio(r) = aexp(-r/2) = (constant)exp(-r/2). Now Ryo(r) = exp(-r/2)(1)L,o(r), and Loo(r) =
Sm=o'anl ™ = at+r a;, where a = (0+0-2+1)ay/[(0+0+1)(0+0+2)-0(0+1)] = -a/2, so that Loo(r) =
ao-(a/2)r , and therefore Ryo(r ) = exp(-r /2)[a-Y2aor | = (constant)exp(-r /2)[1-'/,].

Now Ryi(r) = exp(-r/2)rL,i(r), and Loi(r) = Sp’anr™ = &, S0 that Rya(r) =
(constant)exp(-r /2)r . Now Rzo(r) = exp(-r /2)(1)Lso(r); Lso(r) = Sm=c’anl ™ = ao+r ag+r 2a; ay =
(0+0-3+1)a/[(0+0+1)(0+0+2)-0(0+1)] = -*hay = -a; and & = (1+0-3+1)a/[(1+0+1)x
(1+0+2)-0(0+1)] = -1(-a)/6 = a/6, S0 that Lao(r) = apt+r (-ag)+r(a/6) = ay(1-r+'7s), and
therefore Rso(r ) = (constant)exp(-r /2)(1-r +'7s).



Now Rsi(r) = exp(-r/2)(r)Lsi(r); Lsi(r) = Smo'aar™ = &tra; and a =
(0+1-3+1)al/[(0+1+1)(0+1+2)-1(1+1)] = -a/6-2 = -a/4, so that Ls3i(r) = a-(a/d)r, and
therefore Rs1(r) = (constant)exp(-r /2)r (1-'/s). Now Rs2(r) = exp(-r /2)(r2)Ls2(r), and Lso(r) =
Sm=o’amr ™ = &, S0 that Rs»(r ) = (constant)exp(-r /2)r 2. QED.
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Q: Starting from the definition of the Hamiltonian function in terms of the Lagrangian
function, derive Hamiltonian’s canonical equations of motion for a conservative holonomic
system with n degrees of freedom. A: Book work — see the notes earlier, and BLD’ s solution.

Q: Show that if the Hamiltonian function is not an explicit function of time, then it is
constant during the motion. A: Now H = H(q,...,0n, P1,-..,Pn), SO that TH/t = 0. Now dH/dt =
Ss=1"((THMIPs)s + (TH/Tps ) s) = Ss=1"((TH/M0s) (TH/MTps) + (THMTps)(-TH/10s)) = 0. QED.

Q: The Lagrangian function of a particle of mass m and charge g moving in the xy-plane
subject to a constant uniform magnetic field of intensity B (directed along the positive z-axis) is
given by L = ¥im(2+(rd)?) + (®/)(r¥), where r and q denote the polar co-ordinates of the
particle in the xy-plane. Find expressions for the generalised momenta p, and p,; show that the
Hamiltonian function H is given by H = Yo [p2 + (pg/r)2 + (*®2)2 - qBpg; and write down the
canonical equations of motion.

A: This is similar to previous examples. Remember that you must express H in terms of
the p, and the p,. At the end, we get the canonical equations i = p./m; 0 = (p/mr?) - “/, (we have
previously defined w = ®©/,); pr = (pmrd) - (““I); and pq = -™M/gq = 0. Now the last equation
impliesthat p, = constant (after integrating).

Q: Ifat=0r=a=u andé =0, show that H = ™/,. Deduce that if u = 3#%,,, then
the motion is bounded by the circlesr =%, and r = 2a. A: We have aready found that /4 =0 b

H = constant. Now substituting into an equation during the derivation for H, we find our result,
H= mu2/2.

From previous calculations, p; = mr#d+wr2 = C = O+wa (substituting in initial
conditions). Now ™7/, = H = ("L) ([ 2+rd"* " /m2]d) P 2= u2 - ("¥w)3(¥-"15)2 > 0. Now given 3/,
=3, (....) P (using X =) (1X)2 £ )2 P -, £ (M-X) £ 3,. Taking the LHS extremity,
B =Yex b x2¥-1 = 0; (Xx-2)(x+¥%2) = 0; X = 2 or x = -Y4. Take the first solution, r = 2a
R ect the second — we cannot have r < 0. Taking the RHS extremity. Y/,-x = 3/,; x2+3/,-1 = 0;
(x+2)(x-%2) = 0; x = -2 (reject) or x = Y2 (accept, r = ;). QED.

Q: Describe an experiment that demonstrates the particle-like nature of radiation. Give a
non-relativistic mathematical explanation, explaining clearly the conservation principles
involved. A: Book Work.



Q: A particle of mass m movesin an infinitely deep square well potential given by V(x)
=0IfOEXEl, andV(X) =¥ if x<0or | <x. Solve the time-independent Schrodinger equation
to find the energy eigenvalues E,, where E" = (#?p%2ml?)n?, (n = 1, 2, 3, ...), and find the
corresponding normalised eigenfunctions, un(x). A: See the lecture notes.

Q: Cdculate the expectation value <x2> in the state represented by u,(X), and compare it
to the corresponding classical vaue. A: See Assignment 3.
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Q: Write down Hamilton's canonical equations of motion for a conservative holonomic
system of n degrees of freedom. Show that if the Hamiltonian is not an explicit function of time,
then it is constant during the motion. A: Book Work.

Q: The Hamiltonian, H, for a particle of mass m and charge g moving in a magnetic field
derived from avector potential, A, isgiven by H = Y/,(p-gA)2, where p = (px.py,p,) denotes the
generalised momentum vector, and A = (A, Ay, A)).

If A = (-ky, kx, 0), where k is a constant, show that the corresponding quantum
mechanical Hamiltonian operator is given by (A22m)N2 - (<)L, + ¥/om(x2+y?), where the
operator corresponding to the angular momentum of the particle about the z-axis is denoted by
., Which is to be found.

A: Now (p-gA)? = p*-2qp-A+g2A2. Substituting for p and A givesH : Y R
(L) (PEPZ4PA) + (L) (-2)(PLAY)HRKN)) + Tan((Cky)+ (kX)) = Pon
Yo(P2HP2+HPA) - (V) (XPy-YR) + “Ulam(X2+y?). In the diagram, L, is the n
classical angular momentum about the z-axis. The corresponding quanturn / .
mechanical operator, Hy, isp. ® -in'/y,, Wwherea =X, y, or z. LZ:xpy-\);

Qubstituting, Hq = (Mom)((-7)2%/pe + (-i)2%lnye + (-5)2%l52) - (YD) (X(-11 ) Vgy - y(-¥2 ) V) +
kegp am(X3+y?) = (-h2/2m)N2 - (kq/m)(l: )+ (quZ/Zm)(X2+y2)_ QED.

Q: Give an account of the four basic postulates of quantum mechanics, explaining
carefully the roles of the wave function and the Hamiltonian, and include a brief description of
the theory of measurement. Illustrate your answer by considering a single particle of mass m
moving in apotential V(X,y,z). A: Book Work.

Q: A particle of mass m movesin an infinitely deep square well potential given by V(x) =
OIfOEXEIl andV(X) =¥ if x<0orx >I. Solve the time-independent Schrddinger equation to
find the energy eigenvalues E,, for n = 1, 2, 3, ..., ¥, and show that the corresponding
eigenfunctions, uy(X), are given by u,(x) = Q&)sin(™) if 0£ x £1, and u,(x) =0if x<0or x > 1.
A: Book Work.



Q: Write down the general solution, y (x,t), of the time-dependent Schrodinger equation
interms of E, and un(x), forn=1,2, 3, ..., ¥. If,aat=0, y (x,0) = sin¥™/) for 0 £ x £ |, and
y (x,00=0forx<0andx >, findy (x,t) whent> 0. A: y (X,t) = Si=r® Caun(X)exp(-iE# ), where
E,= (772m)(°/)2nz n=1, 2, 3, ..., ¥; and u,y(X) is as shown in the question.

Y (X,0) = Sier” Calin(X) = Sin3(®). Now 4sing = 3sing-sin3q, so that y (x,0) = ¥sin(™/)) -
vsinC™) b cQ?) = ¥% cQ?) = Y4 and ¢, = 0 for n * 1, 3. Therefore, y(x,t) =
Y1) un(X)exp(-i Esth) - Ya('l2)us(X)exp(-iEsth ). (Ci, c3). (Useful in an exam: €% = cosg+ising;
€% = (cosg+ising)® = cos(3q)+isin(3q); and also useful: Pr(A=ac) = |c/Sm=1" [caP).

Q: Deduce that a measurement of the energy of the

sin(npx/1)
particle in the state y (x,t) will yield either E; or Es, anc Y sini(px/l) T F,\
find the corresponding probabilities of their occurrence. A - LN
. N 7
Pr(E = E1) = [CffSe=i’[CoP = [CaP[CilPHICsR = Ffaeviay = e S . @) s
sin(2px sin(3px

And Pr(E = Ez) = /g0 = Yo (= 1-%10 = 1-Pr(E = Ey)). 0 !
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Q: Write down the time-independent Schrodinger equation for the hydrogen atom in Sl
units. Show that a physically acceptable spherically symmetrical solution of the form R(r) =
Aexp(-ar) (A and a are +ve constants) exists, provided a takes a particular value to be found.
Show that the cor responding value of the energy is (in the usual notation) -me*/Z 2(4pey)2

Find the expectation value of r in the state represented by R(r), and compare this with the
most probable value of r in the same state. Y ou may assume that in spherical polar co-ordinates,
(r, q, T), N2 = {Y () + Y[ V5o(SiNQ"5q + Ysng 152} . (The red bit is L(q,f), (---(4))).

A: The TISE for the H-atom is ((#1¥2m)N2+V)u = Eu (---(1)), where V = (-e%/(4pey))/r
(---(2), Sl Units). Given N2 = Y.5(r?"y) + Y-L(q,f) (---(3)), let u(r,q,f) = R(r) = Aexp(-ar)
(---(5)).

Now (1) to (5) P (Y)Y (r?/a) + Cm/A2)[E + (e (4pe)r)]R =0 P (M) Ya(r3(-a)Ae ™) +
(2m/A2)(E + (e(dpey)r))Ae* =0 b (Y){2r(-a) + r((-a)3Ae* +“ =0b (xr) b (2r(-a) +
azr?) + 2mhArA{E + ([e(4pey)]/r)} = 0 b (a2 + (2mEhK 9r2 + ([2med/(dpey)h 2 - 2a)r = 0.
Note that thisisfor all r, where 0 £ r < ¥.

Now r and r2 are independent, thus both coefficients must be zero, and this implies that
a = (m/h?)ed/(4pey) (---(6)), and that E = (12/2m)a? (---(7)). (6) in (7) implies that we have E =
(-h212m)[ (M 2)e?/dpey) 2 = -YAme'fi A(4pe)? (= E;1, Ground Sate Energy). QED.
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Answer 3 questions out of 5 (Questions Done: 1, 3, 4)

D

(2)

3)

(4)

(@ Show that for a conservative holonomic system with n degrees of freedom,
Lagrange’ s equations and Hamilton' s equations are equival ent. [8 marks]

(b)  The Lagrangian function for a particle of mass m moving in the xy-plane is given by
L = (",)(r2+ (r6)?) + (*/,)(r?0) where r, q are the polar coordinates of the particle
and A is a constant.

Find expressions for the generalised momenta p:, pq and show that the Hamiltonian
function H is given by H = (Yam)(p2 + (pg/r)? + (Ar/2)2 - Apg) and write down the
canonical equations of motion. [8 marks]

If at t=0, r=a, =0, deduce that 0 = (*2m)((%/)?-1), t>0. [4 marks]

Write a short mathematical essay describing the evidence that a theory radically different
from classical theory is necessary for the description of microphysical phenomena.
[20 marks]

A particle of mass m moves in one dimension in a time-independent potential V (x). Apply
the method of separation of variables to show that solutions y g(x,t) to the time-dependent
Schrodinger equation may be found in the form y g(x,t) = Ug(X)Te(t) where E denotes the
separation constant, Ug(X) denotes a solution to the time-independent Schrodinger
equation and Tg(t) is to be found. Give a physical interpretation of E. Hence write down
the general solution to the time-dependent Schrédinger equation. [10 marks]

If V(X) isgivenby: V(X) =0forO<x <l and ¥ for x £0, x > | show that E = E, =
(2))?n2forn=1,2,3, .. [10 marks]

A particle of mass m moves in one dimension in the potential given by V(x) = Vo for x <0
and x > 1; Ofor O £ x £ |. Show that there are only a finite number N of bound states of
energy E < V,, where E satisfies the equation

($)/2mE =np-2sn"JENo,n=1,2,3, ..., N. [18 marks]

Contrast with the energy spectrum of aclassical particle moving in the same potential.
[2 marks]



()

The radial part of abound state wave function of energy E < 0 of ahydrogen atom is given
by: R(r) = exp(-r /2)F(r) wherer = ar, a2 = (-8uE)/h2 and F(r ) satisfies /g2 + [4:-1] %/
+ [/, - DC)F = 0, with n = -a(e¥4pey)/4E, 1 and e denoting respectively the reduced
electronic mass and charge, and | taking on non-negative integral values. By considering a
Frobenius series solution for F show that a physically acceptable solution for R is obtained
only when n taken on positive integral values and find the corresponding energy levels.

[17 marks]

Show that the degeneracy of the n energy level isn2. [3 marks]



