26th September 2000

Differential Equations

For certain (simple) cases, DE's may be solved analytically, but usualy numerical
solution methods are necessary. Even when an analytical solution is possible, it is often easier
to solve numerically rather than evaluate the theoretical expression.

Ordinary Differential Equations

To start with, we shall concentrate on first order ODE’S (Y4, not /4, ®/us, €tc.). Initial
value problems may be expressed generadly asy' = f(t, y), where t > t,, and y(t)) = Yo. This
general form gives a d-dimensional system of ODE'’s for a set of dependent variablesy = (Y
Yo - Yi@)" Which depend on the independent variablet.

Writing the system fully gives dyy/dt = fi(t, y); .....; dy@/dt = f4(t, y); theinitial condition
IS Yay(to) = Yayor ---» Yio(to) = Yo, and the ODE holds for all time t after the initia time t,. One
Dimensiona Systems of ODE'’s. In general, we have y’ = f(t, y), with t > t,, and y(t)) = VYo.
Examples; ¥4 = sint+siny; /g = t24+y2,

Two Dimensiona Systems of ODE’s. An example may be derived from a second order
ODE: ®/4. + sin(t)¥/4 + cos(t)y = 3, with initial conditions y(to) = 1, and (¥a)= = -1. Put z =
¥4, SO that the above second order ODE may be written as %y = -sin(t)z - cos(t)y +3; ¥/ = z,
with initial conditions z(to) = -1, and y(to) = 1. Therefore, y := (%).

Example: A simple one-dimensional system is given by ¥/4 =
-y, with initial condition y(0) = 1. This may be solved analytically:
1%, = -1dt, which integrates to give logy = -t + C. Take the
exponential, givingy = "¢ = g'é® = Ae'. (A = €°). The constant of

y
y=et
t
integration may be found from the initial condition y(0) = 1 //%
substitute this into the solution y = Ae?, giving 1 = A€, Therefore, 1 i =-e

= A; and the solutionisy = €.
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We have solved for a simple case. Consider how we approximate a solution in the general
case for a 1-D system y’ = f(t,y), with t > to, and y(to)) = Yo. We need to integrate ¥/ = f(t,y)
w.r.t. time. To caculatey at a future time t; > t,, we need to integrate from to to ty, % ¥/xdt =

1" f(t, y())dt. Now 1o dy = 1% f(ty)dt; y(t)-y(to) = 1" f(ty)dt; y(t) = y(to)+ 1% f(ty)dt. Note
that we have converted our DE to an integral equation.

If we want an approximate vaue for y(t,), where t;-t, is nof f
too large, then we could approximate f(t,y) within the interva [to o~
t.] by its value at to, i.€. f(to, Yo). SO Y(t) » Yo + 1% f(to,yo)dt; y(ty) » (030
Yot (1" 0dt)f (to,Yo); Y(t) » Yot+(ti-to)f(to,Yo). We denote the numerical
approximation of y(t;) asys, so that y: = Yo+ (t1-to)f(to,Yo).

‘ tO tl t‘n tn;- 1



Having found an approximation y; at time t;, we can then use it to find an approximation
a time t, > t;, where y, = y; + (t>-t)f(t1, y1). This procedure can be continued to produce
approximates for ts, t4, €tc., where, in general, we have Yo = Yo + (ta-t)f(tn, yn). Given a
sequence to, t; = to+Dt, t; = t,+0, ..., t = t+Dt, where Dt is the time step, we have yn. =
yntDtI(tn, Yn), for n=0,1,2,... Thisis known asthe EULER METHOD, giving an approximate
solution at the discrete timesty, t,,...

Example: Apply Euler’s method to y’ = -y, witht > 0, and y(0) = 1.
Here, Yna = YntDt(-yn); Yo = (1-Dt)yn. First choose a time step, say Dt =
0.1, then step forward in time from t = 0: yo= 1 (we are given the initid o5
value); y; = (1-Dt)y, = 0.9y, = 0.9; y> = (0.9)y; = (0.9)2; ...; Yo = (0.9)". This —go1020302
seems to be a decent approximation to the analytical solution — it follows * * * * ©
the general behaviour.

However, for efficiency, try alarger time step, say Dt = 2. Euler’s scheme
1T ./ _ givesty = (1-2)t, = -t.. This approximant oscillates between 1 and -1. Trying Dt
Jj “/ 7 7 =3, we get Yo = -2y, This oscillates without bound. Trying Dt = 1, Euler’s
- D=2 method givesyni = Oy, sothatyo=1;y; =0=y, = ... =y, (for n > 1).
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Example: Consider the scalar logistic equation y' = y(1-y), with Y

initial condition y(0) = /3. Obtain an approximate numerical solutior
using Euler’s method, with time step Dt = 1. Here, Y1 = yn + DL(tn,yn) = t
Yot 1(Yn(1-Yn)) = 2Yn-Yn2. SO Yo = Y10; Y1 = Y10-H10? = Y100} Y2 = 100" 10e = 0 1234567 89
3439/ 10000; @nd SO ON: ys = 0.5695; y, = 0.81479798; ys = 0.965; ys = 0.99883; y; = 0.9999986; Vs
=0.99....; etc. It isaso possible to solve y' = y(1-y) analytically: by using separation; by using
partia fractions; and by using normal log integrations.
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Derivation of Euler’s Method by Finite Difference Formulae

Previoudly, we have derived Euler’s method by converting the differential equation to an
integral equation, and then approximating the integral by using a rectangle rule. We now derive
Euler’s method by using afinite differ ence approximation to the derivative at discrete times to, t;
= tot+Dt, to = to+20K, ..., th = to+nDt, and so on.

The derivativey’ = ¥/4 at time t,, is approximated vloed >
by a forward difference formula ¥/ g}, » y(to1)-y(t)/Dt.  y® R Iyam)
This may be seen graphically as shown on the right. - Yt
From this formula, we convert the differential equatior & <
into a difference equation (Yn1-yn)/Dt = f(to,yn). o the =tpe-ty
Rearranging, we obtain Euler’s method, yn = 2 somewhere here

yntDt.f(t,,yn). The finite difference approximation is obtained by considering the Taylor series
expansion of y(t) about t = t,, remembering that y(t..1) = y(t-+Dt). So y(t:+Dt) = y(tn)+Dt¥/ ) +

2 3 . . > k dk
PCL Y ehy + X3 ™/ geln + ..., Which may be written as lgo Aol



Another form (which we shall immediately use) is y(t.-+Dt) = y(t,) + Dt /2 ¥ ez,
where t,£ z £ t.1. Truncating the Taylor series after the second term gives y(t:1) » Y(to)+Dt¥ e,
with an error of O(Dt?). Rearranging, we obtain ¥ g}, » y(t1)-y(t,)/Dt, with an error of O(Dt),
so the approximation is of first order. Higher order methods may be derived by retaining more
termsin the Taylor series.

The Geometric Interpretation of Euler’s Method

Consider the graph shown, which shows the true solution to an ODE,
together with the approximation obtained with Euler’ s method. The ODE
Isy’ =-y, witht > 0, and y(0) = 1; and the difference scheme used is

htytyts — given by Y = Yn-Dtyn.
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Existence, Unigueness and Stability for First Order ODE Initial Value Problems

Up to now, we have assumed that we can solve the IVP y' = f(t,y). The following
theorems give conditions on the functional form of f(t,y) so that a solution exists; so that the
solution is unique; and so that it is stable to perturbations in the initial conditions. The main
conditions on f(t,y) are that it is continuous in t and y, and that f(t,y) satisfies a Lipschitz
condition in y. Definition: Lipschitz Condition: A function f(t,y) is said to satisfy a Lipschitz
condition on the variable y (on a set D) provided a constant L > O exists, with the property that
[F(t,y2)-f(ty2)| < Llys-yo|, where (t,y1) and (t,y2) I D. Here, D could betheset a£ t £ b, with a £
y£Db.

Theorem: Existence Theorem: Suppose that D isthe set {(t,y) |a£t£ b, -¥ <y < ¥};
that f(t,y) is a continuous function; and that it satisfies a Lipschitz condition on D in the variable
y. It follows that the initial value problem y’ = f(t,y), witha £t £ b, and where y(a) = y,, has a
unique solution y(t) for a £ t £ b. The proof is omitted, where there are 2 main types of proof:
one based on the Euler method, and the other based on the Picard iteration of the equivalent
integral equation.

Theorem: Unigueness Theorem: Under the same assumptions as above, the solution y(t)
for a£ t £ b is unique. Proof omitted. It is important to know how the solution of the ODE
behaves if there is a small change in the initial condition(s). The problem is said to be stable if
the solution to a perturbed problem stays close to the unperturbed problem. Mathematically,
there are positive constants e and k, with the property that a unique solution z(t) to the problem
exists, (the problem is given by z' = f(t,2)+d(t); with a £ t £ b; and where z(a) = y.tey), with
|z(t)-y(t)|] < ke for @l a £t £ b — whenever || < e, and whenever [d(t)] < e. A well-posed
problemis one which (a) has a unique solution, and (b) is stable to perturbation.

Notes: An easy method to see whether a function satisfies a Lipschitz condition is to use
the following result: Theorem: If f(t,y) satisfies |"/s,(t,y)| < L for all (ty) on the set, then f
satisfies a Lipschitz condition on the set in the variable y, with Lipschitz constant L. Proof
omitted. Example: y’ = -y. Here, f(t,y) = -y, and "/y, = -1, so that ["/,| = 1. Theorem: The Euler
method is convergent for functions f(t,y) satisfying the Lipschitz condition.
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Multi-Step Methods

Recall that the Euler method, yn.1 = yn + Dtf(t,, yn), IS not very

fred — f

accurate (because it is a first order method), and that it is not very
stable. Trapezoidal Euler Method (the modified Euler method): this /
may be obtained by using a trapezoidal approximation to integrate the 5
equation Yn«i-yn = "% f(ty)dt, giving Vi = YatDEo[f(tn,Yn) +H (thes,Yne1)] th to
Note: the square brackets contains the average of f(t,y) at (t. y») and

(tn+l; yn+l) .

Theta Methods. These methods generalise the trapezoida rule by giving a weighted
average of f(tn,yn) and f(thi1,Yn+1), 1O giVe Vi = Yat D (L-q)f (tn,Yn) + f (the,Yne1)], Where O£ g £ 1.
Notes: (i) g = 0 gives the Euler method. (ii) g = ¥/, gives the Trapezoidal method. (iii) q =1
OIVES Yni1 = YntDtf(th1,Yne1), Which is known as the Backward Euler method, used extensively
with stiff equations.

For g = 0, the q method is explicit. For g * 0, the g method isimplicit. The g method is a
one-step method: it involves values at t, and t,.;. They discard values calculated previoudly, i.e.
Yn1, Yn2, €tC. This does follow logically from the mathematics of initial value problems, where
the solution depends on a single initial condition. If care is taken, previous values of y may be
used to obtain more accurate methods — called multistep methods.

A generd s-step method may be written in the form SS-0 anynem = /f\yd(_t)/#
DtS®m=0 bnf (trm,Ynem), Where n = 0,1,2,..., and where a, and b, are giver
constants which are independent of Dt, n, and the differential equatior
being solved. It is usual to normalise a, to be unity, i.e. to obtain a = 1. If ot
bs = 0, the scheme is explicit; otherwise the scheme isimplicit. Using these, Wew‘ant to

cdculatethis
Forward Euler (an explicit) method: yn.1 - Yo = Dtf(tn,yn). Here, s = 1, and aynataoyn =
Dtbof (tn,yn), SO that & = -1, & = 1, by = 1, and al other a, and b, are zero, with b, = 0
Trapezoidal Rul€: Yns1-Yn = Dt(Hof (tn,Yn)+/of (thia,Yner)), SOthat s= 1, &a= 1, @& =-1, by = %5, and b,
=1,. Backward Euler: s=1, =1, a=-1, =0, and b;= 1. g-method, for O£ q£ 1. s=1, &
=1, a=-1,b=(1-q),and b, = q.

The Adams Methods. An important subclass of the multistep methods are known as the
Adams Methods. The explicit schemes are called Adams Bashforth methods, and the implicit
schemes are known as the Adams Moulton methods. The coefficients are chosen so as to give
stable and accur ate results.

Adams Bashforth s = 2 (two step scheme): Yz = Vi1 + DtYo[ 3f(the,Yner)-f(t,yn)]. Adams
Bashforth s = 3 (three step scheme): Ynis = Yo + DtY12[ 23f(thio,Yni2) - 16f(taes,Yner) + SF(t,Yn)]-
Adams Bashforth s = 4 (four step method): Yo = Ynes + DtY2u[55F(this,Ynes) - 59 (thiz,Yne2) +
37f(trer,Ye1) - 9f(tnyn)]. Adams Bashforth s = 5. Vs = Yna + DU720[1901f(thia,Ynea) -
27748 (tnia,Ynea) + 2616f(thio,Yne2) - 1274 (thi1,Yne1) + 251F(tn,Yn)]-
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Adams Moulton S = 2: Yo = Yieat V1o 5 (tnez,Yiea) + 8 (tnes,Ynea) - F(tn,yn)]. Adams-Moulton
S= 3! Yz = Yruz + Voo H(tnea,Ynez) + 19 (tnez,Yne2) - SF(tner,Yner) + f(tnyn)]. Adams Moulton s = 4:
VYnea = Yrez T >y 720 2518 (thea,Ynea) + 646f (this,Ynea) - 246f (thiz,Yne2) + 106 (the1,Yner) - 19F(tn,yn)].

A comparison may be made between an s-step Adams-Bashforth method (an explicit
method), and an (s-1) step Adams-M oulton scheme. Both require s evaluations of f at each time
step, and both have the same accur acy (see the later section on local truncation errors).

Milne Methods. Milne explicit s = 4 (Milne€'s method): yng = yn +
Dt*/3[ 2f (thez,Ynes) - F(tnea,Yne2) + 2f(ther,Yne1)]. Milne implicit s = 2 (Smpson’
method): Yoz = Yn + DtYa[f(thz,Yne2) + Af(t,Yner) + f(tnyn)]. Although th
Milne methods are more accurate than Adams methods, they have limited
use because of problems with sability. Mid-point method: Yz = | &t tee
Yt 2Dtf (th41,Yne1) (See the later material on Taylor series methods and Plunge-K utta methods).

Backward Differentiation Formulae (BDF’s). This class of schemes is used for certain
types of ODE’s — «tiff equations. s= 1 P Backward Euler formula: yn.1 = Yn + Dtf(thi1,Yne). S=
2P Yoo - Yoy + Hayn = 2Dt (thea,Yne2). S= 3P Ve - Bl1aYneo + Y11Yne1 - H1aYn = 11D (thez,Yiea).

Predictor-Corrector Methods

In general, implicit schemes have improved accuracy and stability as compared to a
similar explicit scheme. But how can a solution to an implicit scheme be obtained? In generdl,
they can lead to non-linear difference equations for y... — which are impossible to solve. For
example, consider y' = €, with 0 £ t, and y(0) = 1. The modified Euler (trapezoidal) method is
Vet = Yot o[ (tn,Yn)+H (ts,Ynea)]; @nd for f(ty) = €, it gives Yo = Yn + Mo[e™e™1. This cannot
be solved exactly for yn...

A popular strategy isto initially obtain a first estimate of yn.;, denoted by y...*, from an
explicit scheme, the predictor, and then to use it on the right hand side of an implicit scheme, the
corrector. Example: An Euler / Modified Trapezoidal Euler predictor-corrector scheme consists
of yna* = yn + Dtf(t,t)) as the predictor; and yna = yn + DtYo[f(tayn) + f(thes,Ynea*)] as the
corrector.

The corrector may be iterated if required, although better accuracy is usually obtained by
decreasing Dt. Usually, the predictor and the corrector are chosen to have the same order of
accuracy, which enables good error analysis, and enables more intelligent code to approximate
the error dynamically — and to adjust the timestep accordingly (in variable step size algorithms).
Suitable predictor-corrector pairs are A-B3 with A-M2; A-B4 with A-M3; A-B5 with A-M4;
and Milne explicit 4 with Milne implicit 2.

Sarting a Multi-Sep Scheme. When starting a multi-step method from t = to, a
Runge-Kutta method (a single step method of comparable accuracy) is used to provide the
valuesfor yo, Vi, ..., Ys1 for usein the s-step method.
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Sources of Errors

The various errors which occur as a consequence of replacing a DE by a numerica
scheme are al largely referred to as truncation errors. When a DE is replaced by a difference
equation, a local truncation error is made at each forward time step from t, to t.... The local
errors at each timestep then blend together in some obscure way, producing the global
truncation error, which is also known as the accumulated truncation error, or the discretisation
error. It isusualy difficult to analyse the discretisation error.

In addition to the truncation errors, roundoff errors occur at each computation — because
of the finite arithmetic precison of computers/calculators. These are sometimes referred to as
computational errors or stability errors. A necessary attribute of any numerical method is that
of convergence to the exact solution — as the timestep or mesh is refined, the approximate
solutions so obtained must converge to the exact solution.

Having obtained an approximate solution, it would be useful to know the discretisation
error a time t.: &, = y(t,)-y» (= true solution - approximate solution). Thisis difficult to calculate
— we don’t know y(t). The relative discretisation error, e/y(t,), is usually of more importance
— since if the true solution grows, then perhaps larger errors may be tolerated; whereas if the
true solution diminishes, then the error must do the same — or the true solution will be swamped
by errors, and the computed solution will be meaningless.

A related (but different) concept is that of stability. A stable method is one that depends

continuoudly on the initial data. If a small error or perturbation is introduced into a computation,
then it should lead to a correspondingly small change in the subsequent calculations.

Local Truncation Errors

The local truncation error represents the local error made when approximating a DE by a
difference equation. Consider the IVP y' = f(t,y), with y(t)) = Yo, and arbitrary time-stepping
scheme denoted schematically by y (Dt, f, Yo, Yoy -y Yo) = 0. NOW Yni1 = Yot+Dif(to,yn), Or
Yn+1-Yn-Dif(tn,yn) = 0. The local truncation at time t, is obtained by (1) substituting in the exact
solution into the difference scheme; (2) using Taylor series expansions; and (3) dividing by Dt.

If the first term in the local truncation error depends on (Dt)P (for some integer p), then the
time-stepping scheme is said to be of order p. We denote the |.t.e. by t,., S0 that t,. =Yy (D,
f, Y(tnr1), Y(t),..., Y(to)). If thel.t.e. is of order Dt*, we write t .., = O(Dt?) as Dt® 0.

Consistency. A numerical scheme is said to be consistent with the differential equation if
the local truncation error tends to zero as Di® 0. Example: Find the local truncation error for the
Euler method, using the DE y’ = f(t,y). The Euler method is given by yn.a = ya+Dtf(to,yn), which
may be rewritten as Yo(yna-yn)-f(thyn) = 0. Substituting in the exact solution gives the
truncation error, tn. = -y (the) - Y(t)) + f(tn,y(tn).




Now expand Y(t..1) = y(t,+Dt) as a Taylor series: y(tn1) = y(t,) + Dty (t,) + Xy’ (z,),
where t, £ z, £ t.x. Now substitute into the expression for t..,, which gives tn, =
o[ Dty (t,)+O(Dt2)] + f(tn,y(t) = -y’ (t,) + O(Dt) + f(t,y(tn)). Therefore, we conclude that t ., =
O(Dt).
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Tutorial

Q: Write down the difference equation obtained by using Euler’s method to approximate
y' = ()3+(1). A: Euler’s method iS Y = YatDif(th,yn). Hence yni = yntDE((yn/tn)?+(yi/ty)). Q:
Use the Modified Euler (trapezoidal) method to obtain an approximate solution to y' = -y,
wheret > 0, and y(0) = 1. Investigate timesteps of Dt = 0.1, 1 and 2. Compare your approximate
results with the exact solution.

A Vi1 = Yo + DEL[f(t,Yn) + f(the1,Yna)] IS the Modified Euler method. In this question, Y.
= +Dtl/2( yn'yn+1) yn+1 - )/n(l-Dt/z) Dt/zyn+1, yn+1(1+Dt/2) yn(l'Dtlz) yn+1 - yn[(l'Dt/Z)/(l+Dt/2)] At Dt
= O 1, Y1 = Yo[ 0% 11005] = ®®/1.0s = 0.90476; y, = 0.90476x0.90476 = 0.81859; y; = 0.74063;
ys = 0.67009; and ys = 0.60627.

At Dt = 1 Yo = 1 V1= 1(1/2)/(3/2) = 1/3, Yo = 1/3X1/3 1/9, Y3 = 0. 03703 Va4 = 0. 012345 and Vs
=4.115x103 AtDt=2,yo=1;y: = 1(0) = 0; and y,= ys= Yy, = ys = 0. The exact solutionisy =
e.t=0.1givesy =0.9048; t = 0.2 givesy = 0.8187; t = 0.3 givesy = 0.7408; t = 0.4 givesy =
0.6703; andt = 0.5 gives y = 0.6065.

Q: Find the local truncation error for the Modified Euler method. A: The Modified Euler
method iS Y = YautDtYo[f(tayn) + f(tnwyn)], Which may be rewritten as Yo(Yna-Yn) -
YA (tn,Yn)+H (the1,Yne1)) = 0 (---(1)). The above constitutes our difference scheme, with the IVPy’
=f(t,y), with f(to) = yo.

If we substitute the exact solution into (1), the truncation error is given by tn.g =
Yoy (tne)-y(tn) - Y2(f(tn,y(t) + f(trs,Y(t1))). Now expand y(t..1) = y(t.+Dt) as a Taylor series:
Y(th) = Y(t,) + Dty’ (t) + Xy’ (t) + Xay’’ (z,), Where t, £ z, £ t,... Now substitute into the
expression for tn., giving toa = Yx(y(ty) + Dty’ (t) + %Ly (t,) + O(D) - y(t,)) - Ya(f(t.y(t,) +
f(th,Y(then))) = V' (t0) + Dt/zy’ "(ty) + O(Dt?) - Yo(f(tn,y(tn)) + f(tne,Y(ther))).

Now we know that y’ = f(t,y), or that y'(t,) = f(t,y(t,)), so that Yy’ (tr1) = f(ther, Y(tae)).
Therefore, in to, we have tog = Y (t) + Py’ (t) + O(Dt2) - Yoy’ (t)+Y’ (tr1)). Now expand
Yy (t1) asaTaylor series: y' (tw) = Y (t+Dt) = y' (t) + Dty”’ () + */2y’"’ (z,), where again, t, £
Zn £ ta. SOWe have tog = Y (1) + 2Ly (1) + O(DH2) - YAy’ (t)+Y’ (t,)+Dty’’ (t,)+O(Dt2)) =y’ (t,)

+ 2y (t) + O(D2) - Y42y’ (t)+Dty”” (t)+O(Dt2)) = y'(to) + L2y’ (tn) + O(DE) - ¥’ (tn) - My (1)
- OO, 1, = 9P, = O(Dt2). So the local truncation error is of order 2.
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Taylor Series Methods

Recall that the smple Euler method uses a Taylor series truncated after the first 2 terms.
The higher order Taylor series methods retain more terms, up to degree k, say. Now y(th1) =
y(t-+Dt), where y(t+Dt) = y(t) + Dty'(tn) + ™/2y” (t) + *lay”’ (t) + ... + (DtYK)YO(t:) +
(DY (k+D))y®D(z,), where t, £ z, £ t.a. To use this, we need expressions for higher
derivatives of y(t).

But the original ODE gives that y’ (t) = f(t,y), so differentiating thisw.r.t. t givesy’’(t) =
fy); vy ) = fy); . yR@r) = f&9(ty). We know the functional form of f(t,y), so in
principle, it can be differentiated — and so the derivatives can be substituted into the Taylor
series expansion, giving y(t.wa) = y(t) + Dtf(t.,y(t) + /af (t,y(t) + ... + (DEKDFED(t,y(t)) +
(Dt (k+2)1)fY(zn, y(zn))-

Using v, to approximate the solution for y(t,), the corresponding difference method gives
the Taylor series method of order K: Vi1 = Yo + Dtf(to,yn) + X/af’ (toyn) + ... + (DEKDFED(t,,y0),
with the local truncation error given by the expression (Dt“*Y/(k+1)!)f®(z,,y(z.)). Notes: (1) The
advantage of the Taylor series methodsis the presence of high order accuracy.

(2) The disadvantage of the Taylor series methods is the requirement for the evaluation
and the computation of the derivatives of f(t,y). In practice, this can be very complicated and
time consuming. Consequently, they are seldom used in practice. (3) In genera, the calculation
of %/« requires the use of the chain rule, /g = /gt /g, Y/ .

Example: f = f(t,y), so that /s = 2, ¥/ = ?; and so on. Now if f(t,y) = t2, then f’ = 2t, f”’
=2, =0, and f¥ = 0 for k > 2. If f(ty) = y2, wherey’ = y(t), then f' = 2y¥/y = 2yy’ = 2yf.
For higher derivatives, must use the operator Yy = "gtflly, for example #/y =
(gt gy) (Lot g)E.

Runge-Kutta Methods

The RK methods use the high order accuracy of the Taylor series methods, while
eliminating the evaluation of the derivatives of f(t,y). This is done by using approximations to
f(t,y) at intermediate values within the time interval [t,, to], €.9. t-+/2, remembering that t.., =
t-+Dt. So although the RK schemes are single-step, they are multi-stage.

The derivation of general RK schemes involve the Taylor series expansions in two
variables of f(t,y), and some involved algebra, so that we match the Taylor series methods up to
the required order of accuracy. RK SCHEME OF ORDER 2: The Modified Euler method: yn.; =
Vi + Po[f(ta,Yn) + f(taes,yn+Dif(to,yn))]. Note that this may be also interpreted as a modified Euler
method solved with one iteration, using Euler’ s method as the predictor.




The mid-point method is Vi = Yt D+, yut™of(th,yn)). The Heun method is Yo =
Vot o[ f(to,yn) + 3f(t+2/:Dt, ya+?sDif(t,yn)]. RK-4: The most popular RK-4 scheme may be
written using auxiliary variables ki, kz, ks and ks as follows: ki = Dtf(t,y.); ko = Dtf(t,+™/z,
YoH/2); ks = Dtf (t+™s, yate); and K, = Dtf(te, Yotks), remembering that t.., = t.+Dt. Further
Yo = Yote(Kit+2kot+2kst+ky), which has an accuracy of order 4. Note that the ki’ s are introduced
to eliminate the successive nesting of the function f(t,y).
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Tutorial

Q: Consider the IVPy’ =-y+1, withO £t £ 1, and y(0) = 0, which has exact solutiony =
1-e'. (a) Sketch the exact solution; and (b) compare the values (at the mesh points 0.1, 0.2, 0.3,
0.4 and 0.5) for the exact solution and the appr oximate solution obtained by (i) the Runge-Kutta
fourth order method, with Dt = 0.1, (ii) the Euler Method, with Dt = 0.1, and Dt = 0.025; and
(ii1) the Modified Euler method, with Dt = 0.1, and Dt = 0.05.

A: (a) The sketch is as shown on the right. (b) We must compare to the
exact solutions as follows: 0.1 = 0.095163; 0.2 = 0.181269; 0.3 = 0.259182; 04 1
= 0.32968; and 0.5 = 0.393469. (i) For RK-4, we have f(tn,y») = -y.t1, and the
difference scheme is as follows: k; = (0.1)(-yn+1); ko = (0.1)(-(ynt*/2)+1); ks =
(0.1)(-(ynt*e/2)+1); ks = (0.1)(-(Yntks)+1); and Y = Yn + Ys(Kit+2ko+2Ks+Ky). |

Now we know that y, = 0. Let us obtain y; = yo+e(Ki+2ko+2ks+ka): ki = (0.1)(-yo+1) =
(0.1)(0+1) = 0.1; kz = (0.1)(-(yo+/2)+1) = (0.1)(-(0+°Y/,)+1) = 0.095; ks = (0.1)(-(Yo+*%®/,)+1) =
0.09525; and k,; = (0.1)(-(yo+0.09525)+1) = 0.090475. Therefore, y; = 0 + /(0.1 + (2x0.095) +
(2x0.09525) + 0.090475) = 0.0951625. Smilarly for y,, ys, Y4 and ys. Comparison: the values
obtained for RK-4 are very close to the actual ones.

(if) Euler method. The difference scheme is Yii1 = Yat+Dtf (tn,Yn); Y1 = Yot Dt(-yn+1). When
Dt = 0.1, Yo = 0; y1 = Yo+0.1(-yo+1) = 0+0.1(-0+1) = 0.1; y, = 0.1+0.1(-0.1+1) = 0.19; y; =
0.19+0.1(-0.19+1) = 0.271; y, = 0.3439; and ys = 0.40951. The values are fairly close. When Dt
= 0.025, Yo = ynt0.025(-y.+1), and we have yo, = 0; y» = 0.025; y, = 0.049375; y; =
0.073140625; and y, = 0.09631210937. This is what we compare to the mesh point 0.1. Going
on, ys = ... Conclusion: the values for Dt = 0.025 are more accurate than the values for Dt = 0.1.

(iii) Modified Euler method. The difference scheme iS Y = Yt DA (tn,Yn) +H (the1,Yne1)] =
Yot D[ (-Ynt D) +(Yneat1)] = Yo + Dt - oy - Moyney Your(1+20) = yu(1-*5) + Dt Yo =
[Yn(1-2/5)+Dt)/[1+25]. At Dt = 0.1, Y1 = (Yn(0.95)+0.1)/1.05. S0 Yo = 0; y; = *Y/1 05 = 0.095238;
y> = 0.1814; y; = 0.2594; y, = 0.3299; and ys = 0.3937. The values compare well.

When Dt = 0.05, Yn+1 = (Yn(0.975)+0.05)/1.025. Therefore, yo = 0; y1 = /1 025 = 0.04878;
y> = 0.09518 (compare to mesh point 0.1); ys; = 0.1393; y, = 0.1813 (compare to mesh point
0.2); and ys = .... Conclusion: As with the Euler method, smaller Dt values mean better results.
And when Dt = 0.1, the modified Euler method returns the better results.



19th October 2000

Partial Differential Equations

Some standard pde’s. (1) ™/y - c2N2f , the wave equation. Here, f is a variable, such as
the displacement of a string, or an electric field, which depends on time and position in space:
in 1-D, x; in 2-D, x and y; and in 3-D, x, y and z. In 3-D, f =f(x,y,zt). In 1-D, N = ™/4.. In
2-D, N2f = ™ /gt ™ /g 1IN 3-D, N2F = ™ /gt ™ [y ot ™ [

(2) N2f =f (x,y,2), Poisson’s equation. (3) ™/y = kN2f | the diffusion equation. (4) i#™ /g = -
7[,N2f +vf | Schrodinger’s equation. (5) ™iy + ¥52™/he + rSVisrV = 0, Black-Scholes
equation in financial mathematics of derivatives — options and futures. For reference, V =
option value; S = current value; t = time; s = volatility; and r = interest rate.

Classification of PDE’s

The general second order pde may be written in two variables as @ /g + b™ /gy + ™ /gy
+d"/g + €/ + ff + g=0, wherea, b, ¢, d, e fand g are in general functions of x, y, f, "/g
and /g, but not functions of ™ /g, ™ /5, and ™ /.. The pde is classified as elliptic when b2-4ac
< 0; as parabolic when b?-4ac = 0; and as hyper bolic when b?-4ac > 0.

Examples: (1) ™ /qe-c2™ /5. = 0. Generally, we have a™ /gz + b"™ /g + ¢ /y,e. Here, we have
a=1Db=0, and c = -c& So b*4ac is 0+4c2 This is always > 0, so the wave equation is
hyperbolic. (2) ™ /gt /s. = f. Here,a= 1, b= 0, and ¢ = 1, so that b>4ac = -4. Thisis always
-ve, so that Poisson’s equation is liptic. (3) Set k = 1, so that ™/g-" /s = 0. Here, a= 1, and b
= ¢ = 0, so that b>4ac = 0, and thus the diffusion equation is parabolic.

Boundary Conditions

There are four types of boundary conditions that aré  equation | Boundary | Boundary
employed: (1) Dirichlet: f is given on the boundary. (2) —_Class_ Condition
Neumenn: The Gradient of f is given a the boundary. (3) 'meamie | e | dindhicor
Cauchy: f and its slope are given at a boundary. (4) Robbins Neumann
(mixed): a linear combination of f and its Sope is given at  EPic cossd | Dot or
the boundary. The table shown summarises the types of

boundary conditions appropriate for the three classes of PDE.
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Discretisation

Finite Difference Method: (1) Construct a mesh; (2) Approximate the differential
equation with a difference equation; (3) Solve the difference method; (4) Justify the method
(with convergence and stability arguments). Notation: We shall use U for the exact solution of
the pde; u for the exact solution of the difference equation; and t for the approximate solution
of the difference equation. What we want is U, but what we actually get is.



Difference operators. Forward Difference: D.v; = Vju-v; y
j+1

Backward Difference: D.v; = vj-v;... Central Difference: dv; = Vju-Vja. BQ/’J’ %\'/\7,-
i

Double Interval Central Difference: Dyv; = YADi+D)V; = Yo(Viss-Via).
Second Order Central Difference. d?v; = vj:1-2vj+vj... The difference
operators may be used to approximate differential operators, e.g. “/4 -1+l

= Ya(Vis1-vy) + O(DL); e = Yox(Vj-Vi-1) + O(DL); and /e = Ype(Vir1-2Vi+via) + O(Dt2). Proofs of
the above formulae use Taylor Series Approximations. Difference Notation for 2 independent
variables. v = v(x,t); Mg = [(Visg; - Vij)/(DX)] + O(DX); Mg = [(Vij+1 - Vij)/(D)] + O(Dt); and ™/,
= [(Visaj - 2vij + Vig )/(Dx?)] + O(Dx?).

1
-1

Par abolic Equations. We shall consider the 1-D L
Time diffusion/heat equation, ™/q = ™/g, where U =
ta=nlt| Y YOV U(x,t). Physically, this models the heat flow aong e

X

W thisisthepoint x =j Dx, t = nDt

W 1 abar, as shown on the right. U(x,t) is the temperature at position

: T x and at time t. The finite difference mesh consists of the graph
! ) /*"_ asshown on the left. Notation: U(x,t) (at X; = jDx, and at t, = nDx)
%“2 axeexerees X will be denoted by U; .. The finite difference approximation to

U;» will be denoted by ui ..

Simple Explicit Method. This uses forward difference for |
W/, and central difference for ™/ge, to give (Uini-Un)/(Dt) = |
(Uis1.n-2Ui 7+ Ui1,)/(DX?). This may be rewritten as Uiy = MU, d
(1-2r)Up + rU.1n, Where r = ®/pe. This alows us to march forwarc « Q@
in time from t, to t..1, and the process can be pictured as showr i1 5 X
on the right. Einite difference sencil or molecule
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Example: Derive four steps in the solution of ™/y = ™/y. (in 0 £ x £ 1) using the simple
explicit scheme; the initial condition U(x,0) = 1; and the boundary conditions U(O,t) = 0 for t >
0, and U(1,t) = 0 for t > 0. Consider three cases, and do four steps: () Dx = ¥4, Dt = 3, (r = %);
(b) Dx = Y/g, Dt = Y128 (r = ¥2); and (c) Dx = ¥4, Dt = /46 (r = 1).

) ° o o ®
n=4 0 14 1414 0 n=4 0 38 3478 178 334380 n=4 0 -2 3 -2 0
n=3 0 14 1214 0 n=3 O 234 1 1 1 34120 n3 0 1 -1 1 0O
n=2/ 0 12 1212 0 n=2 022 1 1 1 1 1 220 n=2 0 O 1 0 O
n=10 22 1122 0o n=1} 0 1 1 1 1 1 1 1 O p=2 0 1 1 1 O
00 1 1 10 @0 1 1 1 1 1 1 1 1 1 n=0 1 1 1 1 1
@ 1=01=1i=21=3]=4 " |=0j=1j=2]=3]=4]=5]=6=7]=8 , |=0j=1j=2]=3 =

A: For (a) and (b,) we have calculations of the type u, 1 = Y2U, + Y2Uo, €tC., becauser =
Yo For (c), we haver = 1 P Ui = UsanUintUian IN Uppe = U nt(1-20) U 01U . The latter
scheme (with r = 1) is unstable, but those with r = 2 were stable, and gave the correct type of
solution. Note that the smple explicit scheme is (1) single / one step; and (2) explicit (i.e. a
calculation of asingle value at the forward time step involves only values known at the previous
time step(9)).
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Local Truncation Errors

Vg = g Ui nea-Up o/ Dt = Upep n-2U; i+ U1 o/ DX2. Thi's represents the discrepancy between the
PDE and the difference equation. To find it, (1) Replace u by U in the difference equation; (2)
Expand in terms of Taylor series; and (3) Cancel off the terms that satisfy the original PDE.
What remainsisthe local truncation error at point x; and t,, which we denote by T; ..

Q: Find the local truncation error of the simple explicit scheme (Ujna-U /Dt =
Uin-2U ntU;1n/DX?). A: First expand U as a Taylor seriesin t. Note that U; .. = U(jDx, (n+1)Dt)
= U(X;, tr1), and that U;, = U(jDx, nDt) = U(x;,t,), and so the Taylor seriesin t about t, = nDt is
given by U;na = Ujn + (gDt + (Mse); (%), Wheret, £ t, £ the.

Therefore, Ujna-U; /Dt = (M/g)in + O(Dt). Now for the Taylor series in x: we express
Ujsn and Uj1, in terms of their values at x; and ty: Ujirn = Uit ("gdinDX + (Mge)in™l2 +
(Mlpe)inls + O(Dx*); and Ujan = Ujn-(MfndinDx + (Mge)in™ T2 - (Plyc)inle + O(Dx?); so that
Ujrpn-2U; it U 10/DX2 = [(MYge); nDX2+O(DX4)]/DX2 = (M/ge)in + O(DX?). Therefore, the difference
equation iS [Ujn-Ujo/Dt] - [Ujsrn-2U; i +Up.1,/DX? = O(Dt)+0O(Dx?). This is the truncation error
T;;. Note that this schemeisfirst order accurate in time, and second order accurate in space.

Consistency, Total Error, Convergence, Stability

Consistency. We say that a finite difference scheme is consistent with the PDE if the local
truncation errors tend to zero (for each fixed point in the domain) as Dx® 0 and Dt® O
independently. Example: Ti; = ®/o« + Dx2. Here, ensure that Dt = O(Dx?). Total Error. The total
error a point (X;, t,) is given by Ujn-0jn = (Ujn-Uin) + (Un0;n) (= global discretisation error +
roundoff error / computational stability).

Convergence. If, at each point (x;, t,), the discretisation error (g, = Ujn-U;n) tends to zero
as Dx, Dt® 0, we say that the finite difference scheme is convergent. Stability. Suppose that in a
computation involving a difference scheme, an error 1 o is introduced at time to, and suppose that
no further errors occur.

Let T, denote the error at time t, which has resulted from the single error at to. Then the
scheme is stable if [|_,| remains bounded as n® ¥ . Note: stability does not in genera imply that
the scheme has small truncation error. There are two main methods for testing whether a
schemeis stable: (1) The Fourier Method (the von Neumann method), in which a finite Fourier
series representation of the error is used; and (2) The Matrix Method, in which the scheme is

expressed in matrix form, and the eigenvalues of the associated matrix are examined.
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Stapility

Which method do we use? The Fourier method is easier, but ignores the effects of
boundary conditions. The matrix method is more rigorous, but is more difficult to calculate.




The Fourier Method (The von Neumann Method)

Let uswriteDj, = U, + 1, in adifference scheme. If the scheme is linear, then the error
will satisfy the same equation as u,,. We now express the eror as a finite Fourier
series: T jn = Sk &cn(t)€ (x; in the exponential — not Xj), and, because the scheme is linear, we
only need consider the effect of asingle term, T ;,, = &.€. We need to obtain the condition so
that |€n| £ 1 — so that the error will not grow.

Example: Investigate the stability of the simple explicit scheme, Ui = rujan + (1-2r)u;, +
ru.in,, Where r = ®/p.. Substituting 1, = €. into the difference scheme, we obtain the

following expression: &,.,€% = r&@%es + (1-2r)é @ + ré&,dm = r&,d™ + (1-2r)&.e% +
e @™ = rgdxg®™> + (1-2n&ew + r&ewe ™, Therefore, cancelling, &.. =

[1-2r+r(€%+e ™)) &,

Now use € = cosq * ising, so that €%+e' = 2cosg. Therefore, &, = [1-2r+r2cos(kDx)] &,
= [1-2r(1-coskDx)]&n; Or € = G&n, Where g = 1-2r(1-coskDx) is the amplification (or growth)
factor. For stability, we require |g| £ 1, which is known as the von Neumann stability condition.

For g = 1-2r(1-coskDx), we require |1-2r(1-coskDx)| £ 1. Now -1 £ cosq £ 1, so that 0 <
®/0e = 1; and so 0 £ 1-cosq £ 2. We require |-4r| £ 1, which means that -1 £ 1-4r £ 1, where the
red inequality is redundant. The left inequality gives 4r £ 2, or r £ %2. Note that for a given
spatial mesh size Dx, the stability condition gives arestriction on the timestep of Dt: Dt £ /..

This is extremely restrictive — the timestep becomes extremely small for fine spatial
meshes. We say that the simple explicit scheme is conditionally stable. Perhaps an implicit
scheme would give unconditional stability?

Exercises 1

Q: Investigate whether the following functions satisfy a Lipschitz condition in the variable
y, and, if so, find a Lipschitz constant. (a) f(t,y) = tly| for {(t,y) | 1EtE2, -3£y£4}; (b) f(ty) =
-y+t+1 for {(t,y) | OEtEL, -¥ £y£¥ }; and (c) f(t,y) = 1+tsin(ty) for {(t,y) | OEtE2, -¥ £y£¥}.

A: We want a constant L > 0, with [f(t,y.)-f(t,y2)| < Llyi-y2|; or we use the following
theorem: if f(t)y) satisfies |"/q(t,y)] < L for al (ty) on the set, then f satisfies a Lipschitz
condition on the set in the variable y, with Lipschitz constant L. (a) f(t,y) = tly|; "/s/(ty) = t|1] =
t. Soift<L,thenwechooseL >t. Soany L > 2 will do.

Note that f(t,y) is not differentiable at y = 0. We could aso use [tly2|-tlyall = [lllyzlyill £
ty2-y1| £ 2ly2-ya|. The first inequality may be rewritten as (|ja-|b)2 = [a? - 2la||b|+|bP =
a&-2|a||b|+? £ a&-2ab+h? = (since [d||b] > ab) = (a-b)2. Hence -|d|b|] £ -ab. Taking the +ve square
roots gives ||al-|b|| £ [aDb.



(b) f(ty) = -y+t+1; /g (ty) =-1; |F-1] =1 —soany L > 1 will do, say L = 1. (c) f(t,y) =
1+tsin(ty); ["q(ty)| = [2cos(ty)| = tcos(ty)| £ 4 (sincetT [0,2] b t2 £ 4, and |cosg| £ 1 for any
g). So the Lipschitz condition is satisfied, with constant L = 4.

Q: Write down the difference equations obtained by using Euler's method to
approximate the solution for each of the following initial value problems: (a) y’ = sint+e*; (b)
Yy =2Ly+2€. A: (Q) Yo = YotDt(Sint+e™); (0) Yier = Yot DU((2/t0)Yn + t.2€").

Q: Show that the Adams-Bashforth two-step method is consistent, and has a local
truncation error of O(Dt?). A: We have Vi = Yo + Ma(3f(the,Yner) - f(tn,yn); and we rewrite
this as YoYn2Ynr) = YASf(thes,Ynr) - f(tayn). Substitute in the exact solution, giving

l_/D(t)(Y(tn+z)-Y(tn+1)) - Vo3 (tw1,Y (tre1) - F(tny(tn)) = 0, OF Yox(y(tosa)-Y(tn)) - Y2(3f(tnY(tn) - F(tnry(tra))

NOW Y(tn1) = y(t,+Dt) = y(t,) + Dty’ (t.) + Xy’ (t) + */ay’’" (t) + ...; so that Yx(Dty’ (t,) +
Ly () + Flay ) (t)+..) - Y4(...) = 0. Using y’ = f(ty), or y'(t,) = f(t.,y(t,), we have y’ (t,) +
LY () + PTay (t) + ... - YA3Y (tn)-Y (tr1)) = 0. Now Y’ (tn1) = Y’ (1) - Dty’" (tn) + /2y’ (1) -
e SOthat ... - Y53y (L) - V' (t) + Dty”’ (t) - ...) = 0. Infull, y' (t.) + 2Ly’ (t) + Xy’ () + ... -
Y2y’ (t,) + Dty (t,) - %2y’ (t,) + ...) = 0. Therefore, */ay’ "’ () + ... - Yo(-%lay’ " (t)+...) =0
= tn1. Note that t,. is the truncation error, where t., = O(Dt?). It is consistent, because as
Dt® 0, we have t ,.;® 0 — no terms are not dependent on Dt.

Q: Show that the theta method is consistent; is of order two for q = %2 and is otherwise of
order one. A: Theta method: Y = Ynt+Dt[(1-q)f (tn,Yn) +f (tre,Yne)], Where O £ g £ 1, oOr Ynia-y/Dt
= (1-g)f(tnyn) *+ Of(tea,yna). Substituting in the exact solution, Yo(Y(tr1)-y(tn))
(1-0)f (tn,Y (1) +Of (tre1,Y (tne1)); Yo(Dty' () + Xy’ (t) + Xlay’ (t)+...) = ... And now Y(...)
(1-a)y’ (t) + ay’ (tnsa).

S0 oDty (tn)+*72y" (tn)+ /2y (t)+..) - (L-Q)y’ (t)-QY’ (tnes) = O; Fox(-..) - (1-Q)y’ (L)
q(y’ (t)+Dty”” (ta)+>/2y" " (to) +...) = 0. Now y'(ta) + Py" (t)) + Xlay’”’ (t) + ... + ¥ (t)(0-1-0) -
q(Dty”’ (t)+>y’ " (t)+...) = 0; ¥ (t)(P-gDt) + Yy (t.)(*/5-q™/2)+... = 0. When q = %, the first
term disappears, and thel.t.e. isof order Dt2. Otherwise, it is of order Dt. QED.

Q: In acircuit with impressed voltage E; resistance R; inductance L; and capacitance C
in parallel, the current | satisfies the differential equation @/y = C*/ 4+ 4+ E. Suppose that
C = 0.3 farads; R = 1.4 ohms, L = 1.7 henries; and the voltage is given by E(t) =
e?%gn(2t-p). If 1(0) = 0, find the current | for the valuest = 0.1j, for j = 0, 1, ..., 100, using
Euler’s method.

A: Euler’s method is Yo = yot+Dtf(tn,yn). HEre, Y = Yot0.1(c™/ gt r®l 4+, E); E (t) =
-0.06pE(t)+2e%%"cos(2t-p); and E’’ (t) = -0.06pE’ (t) - 4E(t). Now yo=0;C=0.3; R=14;L =
1.7; E(0) = 0; E'(0) = -2; and E"’(0) = -0.06p(-2). Therefore, y; = yo + 0.1(0.3(-0.06p(-2)) +
l/1,4(-2) + 1/17(0)), Y1 = O+01() = -0.01315. Further, Y2 =
y1+0.1(0.3E"" (y1)+1.4E’ (y1)+Y17E(y1)) = ....; and so on for ys, ya, €tc.



Exercises 3

Q: Classify the following partial differential equations into (i) linear, quasi-linear, or
non-linear; (ii) hyperbolic, parabolic, or elliptic; and (iii) state what sort of boundary
conditions would be appropriate in each case. (a) /g + ™/q. = 0; (b) ™/ge - " /g = O, where
cisaconstant; (c) ™/g="™/ge: (d) 2™ /g = /g + p"/g + f , where ¢, p and q are constants; (€)
e + X g = 0; andl (F) g+ (1X2y2) e = x2-y2

A: (a) Linear. In general, we have a™ /y+b™ /gq,+C™ fg+d.... = 0. Here,a=1,b=0,and ¢
= 1; thus b?-4ac = -ve, and so the equation is elliptic. Boundary condition: closed; Dirichlet or
Neumann. (b) Linear. a= 1, ¢ = -/, and b = 0; so that b*-4ac = -4(1)(-%/<) = %/« > 0, and thus the
equation is hyperbolic. Boundary condition: open; Cauchy. (c) Linear.a=0, b =0, and c = 1,
so that b?-4ac = 0, and thus the equation is parabolic. Boundary condition: open; Dirichlet or
Neumann. (d) Linear. a=c? b =0, and c = -1; so that b24ac = -4(c?(-1) = 4¢2 > 0, and thus the
equation is hyperbolic. Boundary condition: open; Cauchy. (€) Linear. a=1,b =0, c = X; SO
that b?-4ac = -4x. The equation is elliptic when x > 0; parabolic when x = 0; and hyperbolic
when x < 0. Boundary conditions as appropriate. (f) Linear. a= 1, b =0, and ¢ = (1-x%y?); s0
that b2-4ac = x2+y2-1. When x2+y2 > 1, the equation is hyperbolic; x>+y2 =1 b parabolic; x?+y?
< 1 b dliptic (on, below, or above a circle of radius 1 in R?). Boundary conditions as
appropriate.

Q: By using Taylor Series expansions, prove that () ™/ (X) = (Vi«1-vi/DX) + O(Dx); (b)
Ma(x) = (Urua/DX) + ODx); (©) "i(x)) = (fea-fiaf2Dx) + ODx?); (d) ™ige(x) =
(Vis1-2Vi+Vi1/Dx2) + O(Dx?); (€) ™iw(X) = (-3vj+4vjs-Vi/2DX) + O(Dx?); and (f) ™/ge(x;) =
(2V;-5V;+1+4Vj.2-Vi+a/Dx2) + O(Dx?). Note: In an exam, use U'; = U’ (X;) = alx=x;, ELC.

A: (a) RHS: Vis1 = V) + (ﬂV/ﬂx)jDX + (ﬂzvlﬂ)(Z De >+ .... Therefore, Vj+1-Vj = (ﬂvlﬂx)jDX + (112\//'")(2 D¢ 2
+ o Vi ViIDX = (Mg H(Mlge) Mot = (Mgg+O(Dx). QED. (b) U-Uia = Uj - (U - (Mg)Dx +
(M)l + ) = (Mp)iDX - (Mlpe)>Tz + - + s UUa/Dx = (Mg - (M) ™2+ - o= (M) +
O(DX) Q@ (C) fj+1 - fj-]_ = fj + (ﬂf/ﬂx)jDX + (ﬂZf/ﬂxz DXZ/Z! + ... - fj + (ﬂf/ﬂx)jDX - (ﬂZf/'nxz DXZ/z + ... =
2((ﬂf/ﬂx)jDX + (ﬂgf/ﬂ)@ DX3/3! + ) Now fj+1'fj.1/2DX = (ﬂf/l"x)j + (ﬂzf/ﬂXBijzlgg + ... = (ﬂf/ﬂx)j + O(DXZ)
QED. (d) Vis-2vi+via = v + (M) DX + (Mge)™Ta + (Mge) Vo +..0 (20) + vy - (My)Dx +
(ﬂzvlﬂxz Dx2 o - () = 2((ﬂ2v/ﬂx2 ijz o+ (ﬂ4V/ﬂX4)J(DX4/4I) + ) S0 Vj+1'2Vj+Vj-1/DX2 = (ﬂzvlﬂxzj + O(DXZ)
Q@. (e) Vieo = Vj + ﬂv/ﬂXZDX + ﬂzv/ﬂx24DX2 2 + ﬂW/ﬂX38Dx3 a + ... SO -3Vj+4Vj+1 - Vjr2 = -3Vj + 4(Vj +
MuDX + ™o+ Mgy + ) - (v + Me2Dx + M0+ My + L) = Vg 2Dx +
ﬂ3v/ﬂx3(_4Dx3/3!) +...S0 -3Vj+4Vj+1'Vj+2/2DX = ﬂV/lnx + ﬂavlﬂxs('zDXz/m) +...= ‘Hv/ﬂx + O(DXZ) QED.

(f) 2Vj-5Vj+1+4Vj+2'Vj+3 = 2Vj-5(Vj+ﬂV/ ﬂxDX+ﬂ2V/ <|1X2DX2 21 + ﬂX3DX3 3!+...) +
4(Vj+ﬂvlﬂx2DX+ﬂ2V/ 11)(24[))(2 2l +‘ﬂ3v/ﬂX38Dx3/ 3!+...) - (Vj"‘ﬂV/ ﬂXBDX"'ﬂZV/ﬂngDXZ 2l +ﬂ3vlﬂx333DXg/3!+...) = Vj(2-5+4-1) +
MeDX(-5+8-3) + ™[> (-5+16-9) + ™/>Y5(-5+32-33)  + (TV/Tx*)(Dx*4!)(-5+64-81) =
112\// ﬂXZDXZ + (-22/ 24) DX4(ﬂ4V/ ﬂX4). Theref ore, 2Vj'5Vj+1+4Vj+2'Vj+3/ Dx2z = '"ZV/ ﬂx2+D>(2('22/ 24(ﬂ4V/ ﬂXz) =
™/we+O(Dx2). QED. Look at sample solutions, and remember that formulae (€) and (f) may be
useful to obtain second order accur ate approximations at boundaries, i.e. when v;.; and v;.; are
not available.



Q: Use central differences to derive a difference formula for ™/yq,, and give its order of
accuracy. A: Let dX = Upisg + Uy and let dy = Upgrs + Upgree NOW Upieg = Upg £ M2 +
112u/'|1x2DX2/4(21) + 113u/'nanXs/s(a) + ... and Upgtre = Upg + ﬂu/ﬂnylz + ﬂzu/ﬂyzD)/Z/4(2!) + ﬂ3u/ﬂy3Dy3/8(3!) + ... Let us
calculate (Upiag-Upa) (UpgusUpg) = M VoMl ot ™l laay+...) + ™lge™ o (...) = ™lgay™ s +
ﬂau/ﬂxﬂyszsz/qg!)z +...+ ... Therefore, 4/Dny(Up+1/2,q-Up,q)(Up,q+1/2-up,q) = ﬂzu/ﬂxﬂy + aDy + bDy2 + ...+cDc +
dDXDy + ... + .... = M/g,q, + O(Dy) + O(DX).

Exercises 4

Q: Construct a difference scheme for ™/y = ™/ using :
central differences only. What problems does this pose in starting
the solution? A: Central difference: dv; = Vj..Vj+.. Notation: Denote ‘.
U(x,t) (at x; = JDx and t, = nDt) by u;,. It follows that [Uj Ui /D
= U [User Uil /DX); [Us U] IDE = (o [Upea Uy Uy U o/ DX] ™
U =W nad Dt = U1n-2U; i+ U1/ DX2. Problem: we need four values tc
get the next value.

7 —

%1 i j+1

Q: Theleap frog scheme for the diffusion equation ™/, - ™/g,. = 0 uses central differences
for both time and gpace, and results in the following three level difference equation: Ujn.1 = Ujn1 +
2r(Uis1n - 2Uin + Upap), Where r = ®/pe. (a) Prove that the local truncation error of this scheme is
O(Dt?) + O(Dx?). (b) Use the von Neumann method to show that the amplification factor g
satisfies g2+8rsin2(>/,)g-1 = 0, for any integer k, and hence deduce that the leap frog scheme is
unconditionally unstable.

A: Shematically, we think of the scheme as shown on theright. (8 ..,
Consider the Taylor series expansion about x = x; and t = t,. Taylor series ]
in t: uj,ntl = U(Xj, tniDt) = uj.n + (ﬂulﬂt)j,nDt + ('ﬂzul'ﬂt2 j,nDt2 2! + (ﬂ3U/ﬂt3j,nDt3/3! 1 B
(TU/t4), o(Dt4/41) + O(Dt). Note: we could write for the final term ™ 5
+(TPU/Y), (DI5/5)), where t, £ to £ th. Taylor seriesin x: U, = U+ It 10+t

Dx, t,) = exactly as above, but replace thet'swith x’s.

The above comes from the Taylor series expansion of f(x) about x = a f(ath) = f(a) +
(@ + Fge(Q)F/n + ... + (d*f/dx®)(at+z)(h®/5!), where a £ z £ h. Now the leapfrog scheme can
be rewritten as Ujnei-Uin1/2Dt = Uian-2U 0+ /DX2. Subgtitution. RHS (Yoe) (2(™g)in T2 +
2(THUMXH);n(DX44Y) + ...). LHS (Y200 (2" 4Dt + 2(™Vge) ™5 + .....). So we have (Yo)(("/5)Dt +
(Mge)®la+...) = Cloe) (M) T2 + (T°U/Xx4)(DxY41)+...).

So obtaining the difference error, ™/ - ™ige - [Mo)()Dt + (M)l + ..) -
(Z/DXZ)((‘ITZU/‘"XZ DXZ/Q + (ﬂ4U/ﬂX4)(DX4/4'))] = O, ﬂU/ﬂt - 112U/«ﬂxz - ﬂU/ﬂt - ﬂBU/ﬂthZ/gg - ...+ ﬂzU/ﬂxz +
(TUMIXY)DX2(a) + ... = 0. Therefore, -("/ge™ls + (TUME)(DE/S!) + ...) + (TUMX4)Dx(s) +
...) = 0. So we have an error O(Dt?) + O(Dx?). QED. (b) Let T ;, = &,€"5. Therefore, we obtain
the following: &€ = &6 + 2r[&,g - 28,85 + &, @] = &6 + 2re,[e ek - 2k +
g™, It follows that &ny = &g + 2rE[<-2+€'™] = &, + 2r&[2cos(kDx)-2]. Now writeé&,
= @gén1, SO that &1 = Yg&. Theefore, € = Y&n + 21€[2c08(kDX)-2]; €nt =
(Y4+2r(2c08(KDx)-2))&n.



Now cos(2q) = 1-2sin?g; 2cos(2q) = 2-4sin?q; 2cos(kDx) = 2-4sin?(**/,). S0 & 1 =
(Mg+2r(2-45in2(%))-2))e, = (Hg-8rsin(*/))en. Therefore, g = Yg8rsim(™)); @ =
1-8rsin2(*™/,)g; g?+8rsin?(>/;)g-1 = 0. QED. Now deduce that the scheme is unconditionally
unstable —we have to have provethat |g| £ 1 for stability. Consider that g has roots as follows:

(9-9)(9-9) = 0; 07-00:-09%:+0i G = 0; 9*0(g:+02)+0hg. = 0. We have to obey [gu| £ 1, and
loz| £ 1. Comparing to g2+8rsin?(**/,)g-1 = 0, we have g1, = -1, and gi+g, = -8rsin?(**/,). From
the first equation, if g; £ 1, then we must have g.> 1 — which isinvalid for g.> 1. Similarly, if
0:> 1, then we must have g, £ 1 — which isinvalid for g, > 1.

Therefore, for stability, we must have g, = 1, and g, = -1 — or vice versa. But then,
equation 2 P 0 = -8rsin?(*>/,), which is not allowed. Conclusion: the scheme is unconditionally
unstable — we cannot find values that give |g| £ 1.

Q: The Dufort Frankell scheme is a modification of the leap frog scheme, in that it
replaces 2u;, in the spatial difference by its time average, (Ujn1tUin1), Which results in the
following three level difference scheme for the diffusion equation ™/g-"/g. = 0: Ujwa = Uit +
2r{ Uis1n - (UineatUint) + Uian}, Wherer = %pe.

(8 Use Taylor Series expansions to show that the local truncation error is T, =
DL o(TPUITX i - Xe(™ie)in + X oe("™lse)int... (0) Deduce that the scheme is consistent only if
Dt® O faster than Dx. (c) If ™/ = C as Dt, Dx® 0, where C > 0 is a constant, show that the
scheme is inconsistent, and simulates ™/g-""/q,. = C2™/4e.. (d) Use the Fourier Method to show
that the amplification factor is given by g = [2rcos(kDx) * (O1-4r2sin(kDx))]/1+2r, and deduce
that the scheme is unconditionally stable.

A: Using Taylor Series expansions, Ui = Uin = ("/g)Dt + (Mge) > 7o = (M) ™/ + ...; and
Uszn = Uin £ ("Yg)DX + (Mge) ™2 = (M) L5 + ... Now the difference scheme is Ut = U +
2% o] ...}, OF Ujns1-Uyna/Dt = Ui n+2U51.0/DX2 - 2pe(U i1 Ui n1). SUbstituting in the Taylor sevies’,
Z/Dt((ﬂulﬂt)Dt + (1]3U/ﬂt3 De 3 + ) = Z/DXZ(ZUj,n + Z(ﬂzulﬂxz D2 a + 2) - Z/DXZ(Z(Uj,n‘l‘(ﬂZU/ﬂtz De o +
(T'U/E)DE/A + ...)).

Taking the difference to get the truncation error, ™/y - ™/ge - (Vg) + (Mlge)™la +
(ﬂ5U/ﬂt5)Dt4/5| + ) + 1/[))(2(2(Uj,n + (ﬂZU/ﬂxz)sz 21 +)) - Z/sz(Uj,n + (ﬂzU/ﬂtz De o + ) = 0. So we have
_((‘IPU/‘"t3 Dt2/3! + (ﬂSU/ﬂtS)D[4/5! + ) + Z/sz((ﬂ4U/ﬂX4)DX4/4! + (ﬂGU/ﬂXG)DX6/6!+...) _ Z/sz((ﬂzulw Dt2/2! +
) OF =(Mge) Xl + (TUIIX) > 12 - Plpe(™lye) + ... QED.

(b) If we let Di® O, and let Dx® 0O, then the first two series disappear with no problem. It
is the ™/o. terms that are troublesome. Letting just Dx2® 0, then the third series “blows up”. So
we indeed need Dt? to tend to zero faster than Dx2 for the |.t.e. to tend to zero — and not go off
to ¥. (¢) Mo = C, s0 that ®/pe = C2. Again, when Dx, Dt® 0, the first two series disappear.



We are left with the C2(™/s);,» term only — which does not tend to zero (as C > 0).
Therefore, the scheme is inconsistent. Note that it simulates ™/g; - ™/q. = C2™/y., because when
taking the difference on the previous page, the blue terms will cancel, and so, in this case, the
|.t.e. will tend to zero. (d) &€ = &€ + 2r{ &89 - &€ - &8 + &%) = &, +
2r{ 8,89 > - &6 - &,,6 + &,d%g™>}, Cancelling, we obtain &n = &1 + 2r{&,& - &y
-En1t+ee ™G,

NOW Enia(1+2r) = E,1(1-2r) + 2r{E(€%+e™ ™)} = &,,1(1-2r) + 2r&cos(kDx)(2). It follows
that &, = g&n.1, SO that €n4 = Y&\ Therefore, &n.a(1+2r) = Y& n(1-2r) + 4r& ,coS(KDX); € et (1+2r) =
En(*?ly + 4rcos(kDx)). So g = (Ysa)(*¥/g+4rcos(kDx)); and  thus g2(1+2r) = (1-2r) +
4rgcos(kDx).

Apply| ng the quadratic formUI a, g — +4rcos(kDx) + (OLGrzcosz(ka)+4(1+2r)(1—2r))/2(1+2r) — 4rcos(kDx) *
2(Olrzcosz(ka)+(1+2r)(1—2r))/2(1+2r) — 2rcos(kDx) * (O4r2co§(ka)+(1-4r2))/(1+2r)- Now concentrate on the square root:
4r2co(KDx) + (1-4r2) = 4r2(cos?(kDx)-1) + 1 = -4rzsin2(kDx) + 1. Therefore, g = 2eoskd =
(O4rzsinz(kDx)+1) /(1+2r) ] Q ED.

Now we must have |g| £ 1, or -1 £ g £ 1; -1 £ 2oskD) & OQacsrdkD+)y, 0 £ 1: -1-2r £
2rcos(kDx) + ((1-4rzsin(kDx)) £ 1+2r. Now for the red term, -1 £ cos(kDx) £ 1, -2r £
2rcos(kDx) £ 2r. For the blue term, O £ sin3(kDx) £ 1; 0 > -4r2ain?(kDx) > -4r2, or -4r2 £
-4r2sinz(kDx) £ 0; 1-4r2 £ 1-4rzsin(kDx) £ 1; Q(1-4r2) £ (1-4r2sin?(kDx)) £ 1. But (1-4r?) > 0,
s0 0 £ 1-4r2sin?(kDx)) £ 1. So we have -1-2r £ A+B £ 1+2r, where-2r EA £2r,and 0£ B £
1. Clearly, any combination of A £ B will not stray outside the bounds of our inequality — so

we can say that the scheme is unconditionally stable, as|g| £ 1.
2nd November 2000

Matrix Method

In this method, we express the difference scheme (over the .1 | . |
whole mesh space) for a single timestep in the form of a matri: =~ S ‘
equation. The properties of the matrix control whether the scheme i< " -1 g+l
stable, €g. U1 = AUy Uil £ |ludll; and ||A|| £ 1. The larges
eigenvalue in magnitude is a measure of the “norm” of the matrlx .

Consider "/ = ™/g. on 0 £ x £ 1, with boundary condition U(0,t) = 1

g(t), witht > 0; and U(1,t) = h(t), witht > 0.

ot hte) The mesh looks like as shown on the left. Att =t,, Xo = g(t,), and Xy =

tn }: R :} h(t,). The difference scheme is Ujna = rUjan + (1-2r)Uin + ruin. Applying
X0X1 v the simple explicit scheme, we get the 0 Lot ! o
shown matrix equation for the difference scheme, relating | 2 r () 321 0
the values a t.; to those at t,. It can be expressed as Un = R Il (- * 1 -
AU, + G, where A is atridiagonal matrix. 3;_2 0 "'IIZIIIIIII;.lgr sl |0
N- UN- r



We now suppose that roundoff errors enter along the first line at t = t,, and if no further
errors are made, then u; = Auptc, (exact), and a; = Al + Co (note that the over bars denote
‘rounded values'). Subtracting gives the error at the first time step, &1 = Ag + bo. This process
is continued to give, at the (n+1)" time step, €.+ = Aes+b, where &, = Us0ln, and b, = ¢+ Cn. NO
new errors are introduced, so that b, = 0 for n > 0.

At the second step, & = Ae; = A(Aest+hy) = A2ey + Aby, and, at the (n+1)" time step, €, =
A"ey+A™h,. Assuming that A has N-1 distinct eigenvalues, we expand & and by in terms of the
eigenvectors of A. If we denote the eigenvectorsof A by 4, fo, ..., fna, then e = aif, + asf, +
.. t anafng, and by = baf s + bof o + ... + byafna. If | ¢ isthe eigenvalue of A that has associated
eigenvector fy, then Afy =1 f; Adx =13k ...; At =1 "y, for L £ k £ N-1.

It follows that 6= A”g)+ An_lbo; 6= all nlf_l + a2| nzf_z + ...+ aN-ll nN-lf_N-l + bll n_llf_l +
bol ", + ... + byl "wafna. For the error to remain bounded, the magnitude of the largest
eigenvalue of A must have modulus £ 1. Thisis called the spectral radius of A, and is denoted by
r(A). Weneedr (A) £ 1.

7th November 2000
It can be shown (see a book) that the Eigenvalues of an MxM tridiagonal [a b

matrix, as shown on the right, are | , = a+2Q(bc)cos(**/y+1), wherek = 1,2,...,M. e A
Inour case, M =N-1; a=1-2r;b=r;andc=r. So | « = 1-2r+2rcos(*/y), with k Ty
=1,2,...,.N-1. Now | \ = 1-4rsin?(*"/,\) (use cos2q = 1-2sin2q). For |l | £ 1, we c a

need |1-4rsin?(**/o\)| £ 1, or -1 £ 1-4rsin?(**/,y) £ 1. The right hand inequality is always true, and
the left hand inequality gives 4rsin?(**/,y) £ 2. Now sin?(*/,y) £ 1 for every k. So we require 4r £
r,i.e.r £Y%(r="/p). Thisisthe same result as given by the Fourier method. Taking account of

the boundary conditions does not usually affect the stability condition — stability is primarily a
property of the difference scheme.

Lax Equivalence Theorem

The following theorem is important as it links the three ideas of consistency, stability and
convergence. (Consistency and stability are usually far easier to prove for than convergence).
Theorem: Given a properly-posed linear initial value problem, and a finite difference
approximation to it that is consistent, then the scheme is convergent if and only if it is stable.

Other Explicit Schemes. Leap Frog (Exercises 4, Q3): U;n1-Ujn.1/2Dt

Computational Stencils/ Molecules = )., -2U) +U 1 o/DX2. This scheme is consistent, with local truncation

;gﬂ;g /%\. i error O(Dt2)+O(Dx?3), but it is unconditionally unstable. Dufort-Frankel

n-1 (Exercise 4, Q4): this scheme replaces v, by its time average in the

Dufart- %\ w1 leapfrog scheme Uine1-Uin1/2DX = Uprn-2(Y2)(Ujner + Ujna)+Ui1/DX2 The
Frankd n

01 Dufort-Frankel scheme is consistent if Di® O faster than Dx; and iIs
unconditionally stable.




Parabolic Equations: Implicit Methods

Explicit methods usually require small timesteps so as to satisfy a stability condition, e.g.
r = ®e £ Y. This problem is exacerbated in 2 and 3 dimensions. Implicit methods allow alarger

timestep, but require the solution of a matrix equation at each timestep.
8th November 2000

Implicit Methods for the 1-D Heat Equation

Recall that we had ™/g, = ™/g,., and Uj nea-U; /Dt = Ujs10-2U; +U;.1o/DX2. Instead of evaluating
the spatial derivative at time t,, we use a weighted average at times t, and tn: Ujna-Uo/Dt =
(1-0)[Ujs1,0-2U; i+ U1,/ DX + Q[ Ujs1,002-2U; ne1tUin+2/DX?], where O £ q £ 1. Note that g = O gives
the ssimple explicit scheme (Forward Euler); q = %2 gives the Crank-Nicolson scheme; and g =1
givesthe fully implicit (Backward Euler) scheme.

Rewriting the difference scheme gives -rquj.ina + (1+2rqQ) U ne -
QUi = M(1-Q)Uian + (1-2r+2rq)uin + r(1-g)Ua,n. The computational B
molecule / stencil is as shown on the right, so in the implicit scheme %‘%g)ﬁlgrj I
three unknowns at time t., are related to three values at time t,.

thy g @r2ag—— (g

j-1 X X41

We obtain a matrix equation to solve at each timestep. The form of the matrix equation is
as follows: Aun: = Bu,tb,, where u.. and u, are the vectors of the values of the dependent
variable at the mesh points; A and B are given by the difference scheme; and b, gives the
boundary conditions.

Consider the Crank-Nicolson scheme, [an . E w2 "
where q = Y2 -Vl pt (W)U Y2l = | G e a | rlz\}/;\(\l.;\nz 0 o | oo
2U 0t (11U Y20, The matrix  equatior | () ,2 u 0 e
looks like as shown on the right. Stability of the 2T e Sz \wa/n

Implicit _Scheme. If we apply the Fourier method to the implicit scheme, we get the
amplification factor g = -4G-9smEDRN) L wrwoaz). FUrther, the stability criterion turns out to be:
for g > Y2, unconditionally stable; and for q < %, stable if r £ Y/,1.29. Note: remember that r =
.

Derivative Boundary Conditions

So far, we have looked at Dirichlet type boundary conditions,

g T where the dependent variable is given at the boundary. For
b-0 5=0(prarcusy) Neur_ngnn and Cauchy type boundary N .
TUre=... U= .. conditions, we have to calculate the

-

-

boundary values as well. There are two standard methods of treating w .-~ |
derivatives. (1): Use forward or backward spatial derivatives. Example:
Consider that we are given the boundary condition ™/q = kU at x = 0. l

The finite difference version of this is u;-uy/Dx = kuo, Which gives up = @
u,/1+kDx. Note that thisis only first order accurate.

by



(2): Introduce guard points. Guard points are ficticious points outside the domain. They
allow second order accurate central difference approximations at the boundary, and are
subsequently eliminated from the calculations.

9th November 2000
Example: If the boundary condition at x = 0 is /s = kU, we can form a second order
‘ accurate difference as w-u./2Dx = Ku,. Rearranging gives u; =

'TF ‘1‘ N‘_l+ . U-2DxKuo, and so u, may be eliminated when the system is solved. See
the exercise sheet for afull example on this.

14th November 2000

First Order Hyperbolic Equations

Consider the first order quasi-linear partial differential equation a™/q,+b"™/¢, = ¢, where
a, b and c are in general functions of x, y and U, but not of ™/, and of ™/y,.. We now show how
the above PDE transforms into two ODE’s if we choose to integrate along a particular family of
curves related to the equation — these are the char acteristic curves of the PDE.

Suppose that we move from P (at position (X,y)) to Q (at positior U+dU
(x+dx, y+dy)) along the curve. Let the change in the value of U betweer Q (x+dx, y+dy)
P and Q be dU. Then dU = W/ydx + "/q,dy. Compare this with the PDE
c = aY + b"™/y. From the PDE, we have ™/ = (c-b™/y)/a, anc " Pxy)
substituting this into the total derivative, we obtain dU = [(c-b™/y)/aldx + ™/gdy, or
W/ (ady-bdx) + (cdx-adU) = O.

This does not involve ™/, at al, since a, b and ¢ are not functions of "™/s. Now choose
the curve on the x-y plane such that ady-bdx = 0, or ¥/4 = /.. This defines the characteristics of
the PDE. The solution for U along such a curve must then satisfy cdx-adU = 0. Therefore, “/y =
°/,; and the set of equations can conveniently be written as */, = ¥/, = /..,

The PDE can thus be solved by first finding the characteristic

Wewant 1o o ey . Enif,vn curves (by solving ¥« = ), and then integrating U along such a
for U at agenef a  ,shee curve (by solving /g = %, or Yy, = /). Example: Solve y™/g,+"/g, =
point (x) x 2,givenUony=0,and 0 £ x £ 1. A: The curve on which the values

0 G 1 of U are specified is called theinitial curve, G

The PDE becomes %/, = %/, = ¥/,. The characteristics are given by ¥/ = */,. Now |ydy =
]dx + constant; ¥2y? = x+constant. This may be written as x = ¥2y?+A, where Y 1@2;1;2%&1
A is a constant of integration. This defines a family of parabolas, witt | —
intercept on the x-axis at A. Let x; be some value of x in 0 £ X £ 1. Then the ’@\

characteristic through (x;, 0) isX-X; = %2y?, or y? = 2(X-X;).

15th November 2000

Along any of the characteristic curves y? = 2(x-x;), we may solve for U by using dU =

2dy — therefore U = 2y+C by integration (C is a constant). This constant C is given by the

value of U a y = 0, which is known because y = 0 is the initia line/curve in this example.
Suppose that U = U at x = x; on'y = 0. Then U = 2y+U; along the characteristic y2 = 2(x-x;).




Notes: (1) Giving initia values on 0 £ x £ 1 defines the solution only in this region,
bounded by the characteristics through x = 0 and x = 1 (the end points of the initial curve). (2)
Outside this region, the solution is undefined. (3) A solution isonly defined if theinitial curveis
not a characteristic curve. (4) If the initial values of U along the initia curve are discontinuous,
then the solution U is discontinuous. (5) If the characteristics cross, then the solution becomes
multi-valued, e.g. shock waves in fluid flow.

Second Order Hyperbolic Equations

The general second order quasi-linear PDE may be written as a"™V/ge+b"™/gq+c™V/gte =
0. We shall use the following identities: d("/g) = ™/gedX + ™ge,dy, and d(/s) = P/geqdx +
M/ dy (Justification: dU = "/gdx+"/g,dy, so that d(™/g) = V™ /gdx+"4,V /5dy). We use these
identities to eliminate ™/g. and ™/q.from the PDE.

This gives a[Ya("/5) - ™lpa™a] + ™ gy + [V ™lyy - Py, ®/y] + €= 0. Rearranging
gives Mg [-a(¥w)? + b(¥) - ] + a¥w(™/p) Y + a("Vlyy) + €Y= 0. We try to find curves
such that a(%/4)>b(¥/«)+c = 0, then, along the curves obtained by solving the guadratic for ¥/,
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Tutorial

Q: The function U satisfies the equation x2U™/q + e¥ W/, = -U2, witt 7"

the condition U = 1 ony =0, for 0 < x < ¥. Caculate the Cartesian equatior Yo
of the characteristic through the point R, (Xr,0), with xg> 0, and the solutior 0‘ 470=3
along this characteristic. A: The PDE becomes /., = dy/e¥ = %/ .. Note that /f{/

we cannot yet attack ¥4 = ... because the dx part depends on U. So try dy/e¥ = %/ .. Now
ledy = ]-U?dU; & = Y, + constant. Use the initial condition € = 1+constant, so that the
constant is 0, and thus &’ = Y/, or U = &Y. Now we can attack ¥/ = €¥/Ux2: |e'dy = |®/ux; |€/dy
= dx.e/x?; y = -Y/, + constant. To get the constant, we know that when y = 0, X = Xxg. S0 0 =
(-1/xg) + constant, and thus constant = 1/xz. Therefore, y = (1/xr)-/x is the characteristic curve,
with U = eY being a solution along the characteristic.

Q: Mg + Xey™lgy = 2x, withU=0onx=0andy>0;and U=00ony =0and x > 0.
Cdculate the analytical solution at the points (2,5) and (5,4); and sketch the characteristics
through these two points. A: We have dx = ¥/, = Y/, - so that e = ¥ey; dyOU = xdx (---(1))
— oops! — and therefore we use ¥V, = iy dy = Vhoquy; y = QU) + constant. Further, we
also use 2xdx = dU; x2 = U + constant. So we have U = x2+A, and y = B+QU), where A and B
are constants.

When we are at the point R(Xg,0), U =0, sothat A =-xg%, and B vy (2.5, Y =x+3
= 0. Therefore, U = x2-xg? (---(2)), and U = y2 (---(3)). Now (3) in (2) b ,/(54)
X2-y2 = Xg?. SO the solution along the characteristic x-y? = xg? from o« Ty =x-1
(Xr,0) isU = y2 When we are at the point S(0,ys), A =0, and B = ys, / X
So U = x2 (---(4)), and y = ystQU) (---(5)). Putting (4) into (5) b y =
yst+X; y-Ys= X. S0 the solution along the characteristic y-ys= x isU = x2 Not Allowed




At (5,4), the first characteristic gives 25-16 = Xgr% 9 = Xg% 3 = Xr. The second
characteristic gives 4-ys = 5; ys = -1 — not alowed, because ys < 0. So we use the first
characteristic, and so U(5,4) = 4?2 = 16. At (2,5), the first characteristic gives 4-25 = xg?, not
allowed. The second characteristic gives 5-ys= 2; ys= 3 — which is alowed. So we use the
second characteristic, and so U(2,5) = 22 =4,

Q: Mgy - (x-y-1)™/g, = X(y-X). A: The solution is */; = ¥ .1y = Vlyyx. Therefore, ¥y =
-(x-y-1); ¥« - y = 1-x. Recall that if ¥4 + P(X)y = Q(x), the general solution is €™y =
1QeP™dx + c. Here, |Pdx = ]-1dx = -X; so that ey = |(1-x)e*dx+c; ey = |e*dx - |xe*dx+c. Let
u =X, so that “/s = 1; and let ¥/ = €%, s0 that v = -e*. So we have e*y = -e*-[-xe*-|e*]+c; ey
= -g*+xe*-e*+c; y = -1+ x-1 + c/e*; y + 2=x + (c/e¥).
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The quadratic has two real distinct solutions for %/« (the characteristic /v
direction) if b*-4ac > 0, so that the discriminant implies that we have ¢
hyperbolic equation. It has two equal solutions if b?>-4ac = O (a parabolic
equation); and it has two complex conjugate roots if b2-4ac < 0 (an dliptic
equation). Note: ¥/, = b4, = beiQactryy,

The Numerical Solution of Hyperbolic Equations by Characteristics

At any point, there are two characteristic directions given by the solution of the
g quadratic for ¥/, and we shall denote them as f and g. We may use the above
>< . theory to solve initial value problems, where the unknown and the first derivatives

(“U/ﬂX and "/y,) are given on an initial curve, G. (i.e. we are given a Cauchy
boundary condition). Suppose that P(xp, Yr) and Q(Xq, Yo) are two neighbouring points on G, and
that fp, gr; fo and go are the values of the characteristic slopes at P and Q. We
want to obtain the solution for U at a point R off the initial line. Let R be the
inter section of the straight line through P (with slope fp) with the straight line
through Q (with dlope go). We are assuming here that if P and Q are close
enough, then the straight lines will be a fairly good approximation to the true !
characteristic curves.

y

There are several steps to this procedure. (1) Find XX X,y The
YYo= 9q (X-Xq) VYo = fo(XXp) /| .
the co-ordinate of R, (Xr, Yr). For intersection, yr-yp = s pTRYETR /) S‘Ope_'s
fr(Xr-Xp); aNd Yr-Yo = Jo(Xr-Xgq), Which gives us a set o P ‘\Q\\ X1 Yp % o F
simultaneous equations for xg and yr. (2) Use the G PrlL o

equations for ™/, and ™/q, adong both characteristics to find /g, and ™/, a R. (On PR)
Va5 )+ () + efp = 0. (On OR) a¥u(™/5)do + cVa("/g,) + €go = 0. The simplest way
to difference these is along PR: aef e[ ("V/5)r-("/sx)e] + Co[ ("/5)r-("/sy)e] + €[yr-Ye] = O. (The Red
bits are unknown). Along QR, aoGal ("/n)r-("/1)a] + Col fay)r-("/1y)al + elyr-yo] =0

(Note: If we had some approximate values available at R, then it would be more
accurate to replace a by a-+ar/2, etc. This would be available in an iterating scheme). By
solving the above two simultaneous equations, we obtain approximations for ("/g)r and ("/g)r.
(3) Now find U at R, by using dU = "/qdx + ™/g,dy.




Along PR, Ur-Up = Y[ (Mlg)rt+("Mlgde] (Xr-xe) + YA (May)rt("lay)el (Yr-ye). Along QR,
Ur-Uq = Y ("ln)rt (")l (Xe-Xq) + YA ("/ay)r+("/y)al (Yr-Yo). These two equations will give
two values for Ug; and these should be in good agreement if the approximations were justified.
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Features of Hyperbolic Equations

(1) To extend the solution, we need initial values on a curve Gwhich is no  \ ,,
a characteristic. (2) In the figure, the initial curve Gis AB. The region in whict
the solution may be found in is bounded by the characteristics AC and BC ¢
Region ABC is called the domain of dependency of AB. Values of the solutior o
within ABC are not affected at al by the values on the continuation of AB; an
thisisin contrast with elliptic equations —where all boundary curves affect the solution.
therange of
nuneeefc(3) The solution at C is determined from the solution within ABC. AB
is called the interval of dependence of C. (4) Vaues a C influence the

the domain of

dependency of AB solution ahead of C in a region determined by the characteristics
3 through C. Thisregion is called the range of influence of C.

theintervahof dependence of C

Example: Solve ™/q. - UZ™/q. = 0 at the first grid point between x = 0.2 /Y

and x = 0.3 (with y > 0), given that ony = 0, U = 0.2+5x2, and ™/g, = 3x. A R

The characteristics are given by a™/pe+b™ /g, +CP gt = 0; Vg = b4,

Here,a=1,b=0, and ¢ = -U2, s0 that ¥/ = *349, = +U. Alternatively, we go 5 o3 &

directly to (¥a)%U2 = 0; ¥4 = £U.

Note that the characteristics depend on the solution U, and cannot be drawn in advance.
Solution: Take P = (0.2, 0); take Q = (0.3, 0); take fr = (¥a)p = Up; and take go = (Ya)o = -Uo.
Now we know that U = 0.2+5x2 on y = 0, so that fp = 0.2+5(0.2)2 = 0.4, and that go =
-(0.2+5(0.3)?) =-0.65.

(1) Find the co-ordinates of R. At P, yr-yr = 0.4(Xr-Xp); and therefore yr = 0.4(xz-0.2)
(---(2)). Similarly, at Q, yr = -0.65(x&-0.3) (---(2)). Solving (1) and (2) simultaneously gives Xgr
= 0.26190. and yr = 0.02476. This is our first approximation for R. (2) Find ™/g and ™/y, at R.
Method: we use the finite difference formula as given in the theory, i.e. a d(™/g)¥a + ¢ d(™/s,)
+edy=0.Nowa=1c=-U%ande=0,whichisuseda Pand Q. Ony =0, we have U =
0.2+5x2, so that ™/y = 10x. At this stage in proceedings, we know U, ™/g,, and ™/g, on'y = 0.
Therefore, we have ("I )e = 2; (V/g,)p = 0.6; (V/5)o = 3; and ("Y/g,)o = 0.9.

Along PR, (0.4)[("/s)r-2] - 0.16[("/4)r-0.6] = O; and along QR, (-0.65)[("/sx)r-3] -
0.4225[("/¢,)=-0.9] = 0. The solution of these two simultaneous equations for ("/g)r and ("/q)r
gives (/g )r = 2.45524, and ("Y/q,)r = 1.73810. (3) Find U at R (at both P and Q) by using dU =
TW/gax + W/gdy. At P, Ur-0.4 = ¥5(2+2.45524)(0.0619) + 14(1.73810+0.6)(0.024); Ur = 0.56684.
At Q, Ur = 0.55237. These two values agree only to 1 significant figure, so we should try to
improve the solution.
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Second Approximation. We have fr = Ug, and gr = -Ur. If we choose Ur = 0.56684 (we
could well have just chosen Uk to be 0.55237), then fr = 0.56684, and gr = -0.56684. Stage 1:
find a new approximation for the position of R. Along PR, yr = ¥2(0.4+0.56684)(Xr-0.2). (fp+fR).
Along OQR, yr = -%2(0.65+0.56684)(xr-0.3). (gotdr). Solving this pair of simultaneous equations
yields xg = 0.25572, and yr = 0.02694.

Stage 2: Find "™/, and ™/y, a R. To do this, use averages for f, g and c. Along PR,
15(0.4+0.56684) (/g - 2.0) - ¥2(0.16+0.32131)("Wigy g - 0.6) = 0. (fo+fr, then co+Cg). Along QR,
15(0.65+0.56684) (Wi - 3.0) - ¥%(0.4225+0.32131) (gl - 0.9) = 0. (Go*Qr, then Co*Cr).
Solving simultaneously gives "/q,|r = 2.53117, and ™/ |z = 1.6670. Stage 3: Find U at R. Now
Ur = 0.55677 (along PR), and Ur = 0.55673 (along QR). Thistime, the answers agree to 4 d.p.

The Finite Difference Solution of Hyperbolic Equations

Consider the wave equation ™/y. = c2™/y.. Discretising using central differences gives
Uj ne1-2U; o+ U -t/ D2 = C3(Uj10-2U5 0t Uj1.0/DX?), OF Ujner = A(UsantUien) + 2(1-r2)Uin - Ujng, Wherer =
c™ox. Notes: (i) There is a different definition of r as compared with the parabolic case, where r
was */pe; and (ii) r = ™/, is called the Courant number.

Stability Analysis. Using the Fourier (von Neumann) method, substitute u;, by a Fourier
mode (of error €,exp(ikx;)) in the difference scheme. For stability, we require ... = ¢&, where
lo| £ 1. Writing &1 = 0&n = g%, €tC., We obtain g-2g(1-2r2sin™/,))+1 = 0, or g>2Ag+1 = 0,
where A = 1-2r2sin?™/,. Note that A £ 1.

The roots of the quadratic for g are as follows: g = A+Q(A2-1); and g = A-QA2-1). (a) If
Al > 1 (i.e. A £ -1), then A-C(A%-1) < -1, so that [g2| > 1, which leads to instability. (b) If |A] £
1, the roots are complex conjugates. gn = A+i((1-A2), and g, = A-i(1-A2); so that |gi| = |g| = 1
gives stability. Therefore, we must have |A| £ 1, i.e. |[1-2r25in2(*>),)| £ 1, i.e. -1£1-2r2sin(<>Y,) £
1.

The RHS inequality is always satisfied. The LHS inequality t~ .

gives 2rasin2(™),) £ 2; rzsin2(™/,) £ 1. This must be true for all o /\
Fourier modes k, so that r2£ 1, or that r £ 1. Therefore, ¢ £ 1, or 4, N

Dt £ ™, o ¢ £ " This condition is called the o x
Courant-Friedricks-Leury condition (the CFL condition). It restricts

the timestep which may be used with a particular spatial mesh; and may be thought of as shown
in the diagram.
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Elliptic Equations

Elliptic equations arise from steady state problems such as electrostatics, magnetostatics,
perfect fluid flow, steady heat flow, etc. 1-D heat equation: ™/g = ™/g,e. 2-D heat equation: ™/y, =
TV get"Vlg,.. The prototype equation is Poisson’s equation, ™/g.+"™/q. = f(x,y). If f(x,y) = 0, the
equation is called Laplace's equation. Boundary conditions. either U or its derivative (or a
combination) is specified on the boundary.




Example: The following equation models the steady state y Uiy =
temperature distribution in eectrical  windings, with internal o =0
generation of heat, and heat loss by radiation to the surrounding air: o X
"lge + 3™y, = -16, defined onthe square -1 £ x £ 1, -1 £y £ 1, with =% &
boundary conditionsU =0 onx = +1; and /gy =-U ony = +1.

y/ )
N — guard points

Note that the problem is symmetric w.r.t. both the 5l g
x-axis and the y-axis, so that we need only solve in one 5 1 b lara /ey =-U
quadrant, which we shall choose to be the +ve quadrant. We 6/5 678 U=o
use the shown mesh, and we discretise the PDE by using 109 1011 12~
N central difference formulae. Using the points 1413 14 15 16 .
w ¢ e either sidein the usua way (see the diagram on e \
the |left), we obtan (Uw-2Uc+Ue/Dx?) +

S 3(Un-2Uc+Ug/Dy?) = fe.

For our problem, choose Dx = Dy = % so that the difference scheme is given by
(UW-2U0+UE/(1/4)2) + 3(UN-2Uc+Us/(1/4)2) = -16, which glveS 3Un + Uw - 8Uc + Ug + 3Us = -1.
For example, at mesh point 10, 3U¢+tUq-8U 0tU;+3Us = -1, a mesh point 12,
3U8+U11-8U12+0+3U16 = -1, and at mesh pOl nt 9, 3U5+U10-8U9+U10+3U13 =-1.

For the derivative boundary condition at y = 1, introduce guard points outside the
domain, and approximate ™/q|. by Un-Us/2Dy. So, for example, at mesh point 1, /g »
Us-Us/2(Y4) = U.s-Us/Y2. The difference equation for the PDE at mesh point 1 is given by
3U.s+U2-8U;1+U,+3Us = -1. The derivative boundary condition at mesh point 1 is given by
U.s-Us/%2 = -U;. Eliminating U.s between these two equations, we obtain 3(Us-(U./2)) + U, -
8U;+ U, + 3U5 = '1, which g|VeS -8U; - 3/2U1‘|' 2U, + 6U5 =-1.
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The set of 20 equations in the 20 unknowns is as follows: Point 1: -8U;-*/,U;+2U,+6Us =
-1; Point 2. U;-8U,-3,Ux+Us+6Us = -1; Point 3. U-8Us-*/,Us+U,+6U; = -1; Point 4:
Us-8U4-%,Us+6Ug = -1; Point 5: 3U;-8Us+2Ue+3Ug = -1; Point 6: 3U,+Us-8Us+U7+3Uy0 = -1
(N+W+C+E+S= -1); Paoint 7: 3Us+Us-8U;+Ug+3Uy; = -1; Paint 8: 3U,+U7-8Ug+3U, = -1.

Points 9 to 12:

Add 4 onto node B- 3161000 .82 0 0 1000
numbers 5 to 8. Points , 3(’)' ;3;:38 here B = 1-810 41 = 0100
1310 16: Add another 4| | ama | |0 1-81 " Tloo1o0
onto the node/mesh point O 006l B 0O 0 1-8 0001

numbers. Point  17:
6U13'8U17+2U18 =-1 (N and S+ C+ E and V\O, Point 18: 6U14+U17'8U18+U19= -1 (N and S+
W+ C+ E); Paint 19: 6U;5+U15-8U19+Ux = -1; and Point 20: 6U16+U19-8Uy = -1.

This matrix equation may be written as Au = b, where u = (U;U,Us....)" is the vector of
the unknown values at the 20 mesh points, andb=-(111 .... 1)" isavector of ones. The matrix
A may be written in block form as shown above.



Exercises 5

Let the PDE "™/y - ™/4. = O be approximated at the point (jDx, nDt) by the difference
equation q[u;na-Uin/2Dt] + (1-)[Ujn-Uin/Dt] - (Ujan-2U50+U1 o/DXx?) = 0. Show that the local
truncation error at this point is given by -¥2Dt(1-0)("/e)in - Y2Dx¥(T*U/XY);, + O(Dt?) +
O(Dx*). For what value of g will this error reduce to one of order Dt2 and Dx*? With this value of
g, and the choice Dx? = 6Dt, show by the Fourier method that the scheme is stable.

A: Untr = Un £ (ﬂU/ﬂt)j’nDt + 1/2(ﬂ2U/ﬂtz)j,nDt2 + ... And Uiz1,n = Un £ (ﬂU/ﬂX)j,nDX + 1/2(ﬂ2U/11X2 j,nDX2 *
... Substituting into the difference equation gives Yoo Un + (gDt + Y2(™/g)D2 + ... - (Ui, -
(MgiaDt + - )]+ Cofuin - (Un - (YiaDt + YA e)DER - L] - Yol 204V ) iDX2 +
Yo (TUMX)DX + ...)] = 0. Smplifying, we get (1-0)[-Y5(™/se)Dt - Ya(TU/T)DE + ..] + [(Vy) +
Yoy (M) Dt2+..] - 2[5 ge) + Ya(TUMXDX2 + ..] = 0 (—-(1)).

To get the I.t.e,, do (1) - PDE, giving (1-q)[-YA"™/s)Dt - O(D)] + (Ya(™/e)DE2 + ...) -
2(Hu(T*U/x4Dx2 + O(Dx*) = 0; (1-q)[-Y2(™/s)Dt] + O(D2) - Y1,Dx3(T*U/x%) + O(Dx*) = O.
QED. The next step is to choose a value of g that will eliminate two of the above terms. The
choice q = 1 eliminates the fir st term, but we also need aterm of the form */,Dx3(T*U/91x?). Try q
= 1+Y6™/x to start with. Therefore, (1-1-"7ep)[-Y2(" /) Dt] + O(Dt2) - Y1,Dx3(T*U/x?) + O(Dx*)
=0, 1/12DX2(ﬂ2U/ﬂt2) - 1/12DX2(T[4U/T[X4) + O(th) + O(DX4) =0.

But /g = ™/ge, so that ™/ = °U/X*. Therefore, substituting in the above gives just
O(Dt2) + O(Dx*) as required. So g = 1 + ™/ is our choice. Further, if Dx2 = 6Dt, we get g =
1+ = 2. Qubdtitute in for g, and the scheme becomes U iU /Dt = Uy =20 i1 n/DX2

(---(2).

Now show that the scheme is stable by using the Fourier method. Let T ;, = & .exp(ikx;).
Substituting this into (2) gives the following expression: (Y/m)E n1€xp(ikx;) -& nexp(ikx;) = (Yoe)[
eexp(ik(x+Dx)) - 2&.exp(ikx) + &, exp(ik(x-Dx))]; & naexp(ikx;) =& nexp(ikx) + *oel...).
Cancelling the exp(ikx;)’s, we obtain & .., =&, + & (exp(-ikDx) + exp(ikDx) - 2);& n1 =€ +
™ oxe&n(2c0S(KDX) - 2).

Now c0s2q = 1-2sin2(], SO that &ny = &, + Mpe&n(2-4sin2(*/,)-2). Manipulating, we get the
following: &n = &n - 4% nSIN(*),). NOWE vy = GE 1, SO that B =€, - 4Yn€ Sin2(PY,); g =
1-4%/5esin2(*>/;). But Dx2 = 6Dt, so that g = 1-*Yensin2(™); g = 1-285n2(*/,). Now O £
Sinz(kalz) £ 1, O£ zlgsinz(kDX/Q) £ 2/3; -2/3 £ -2/3$i nz(kalz) £ O, 1/3 £ 1'2/35. nz(kalz) £ 1, 1/3 £ g £ 1
Therefore, the scheme is stable for this value of g — and the choice Dx? = 6Dt.

Q: Using forward difference for time, and central differences for space, construct a finite
difference scheme to solve the PDE /g = a™/q+b™/q+cU, where a, b and ¢ are constants, and
the other symbols have their usual meanings. Show, with the usual notation, that the truncation
error of this scheme is ¥2Dt™ /g - a2/ 1(T°UIX%) - b/ /g, + O(Dt2) + O(Dx*). Now assume that
b = ¢ = 0. Show that the scheme is fourth order accurate with the choice Dt = ®/s,. Show also
that the scheme is stable with this choice of Dt.



A: Thisis similar to the previous question. The difference scheme we use is Ujn.1-U; /Dt -
A(U-1,0-2U; ntUjs1,/DX?) - B(Ujs10-Ui-1,i/2DX) - cun = 0. Use Taylor expansions to get the loca
truncation error T;, at point (;,t,). We get, after substitution, T, = ("/)in + ("se)in /> O(DE) -
[ ("lpe)in + Hr TUIXY);.0Dx2 + O(DXY)] - b[("/ge)in + He("fge)inDx2 + O(DX?)] - CUjn.

Taking away the PDE gives T, = ¥2Dt™/qe - &/ 1(T*U/X*) - b2/ /g + O(Dt2) + O(Dx?).
QED. If b = ¢ = 0, then the PDE becomes /g, = a™/q,; the difference equation becomes
U nea-U /Dt = @(Uir1-2Uin+Us1/DX2) = 0; and the truncation error becomes T, = *o(™/qe)in -
anzllz(ﬂ4U/ﬂX4)j,n + O(th) + O(DX4)

From the (naN) PDE, ‘ITZU/ﬂtZ = & /dt(ﬂZU/ﬂXZ) = aﬂZ/ﬂXZ(ﬂU/ﬂt) = aﬂzlﬂxza(ﬂZU/ﬂXZ) = a2(ﬂ4U/ ﬂX4).
Substituting for ™/g. gives T, = M@(TU/MXY);0 - aT(TUIXH; . + O(D2) + O(Dx?Y); Tjn =
(#1.Dt - &115)(T*UMx*); » + O(D2) + O(Dx?). The first term vanishes if #,Dt = &y, i.e. if Dt =
™. INthis case, T;,, = O(Dt2) + O(Dx“) as required.

To investigate stability, use the von Neumann method, expressing the error as a Fourier
series. Because of linearity, we can study the propagation of a single Fourier mode, &.exp(ikx;),
where k is the node number — and this is propagated by the same difference equation as u;.. As
before, let T, = &exp(ikx;), and substitute and manipulate to give g = 1-4a/n,esin2(>/;). Now
if Dt = Pg,, then g = 1-%,5in2(<>/,). Therefore, as before, /3£ g £ 1, and the scheme is stable for
Dt = szlsa.

Q: The Crank-Nicolson implicit scheme is used to obtain an approximate solution to the
PDE ™/g. = /g, subject to the boundary condition U = 0 at x = 0 and x = 1. Show that the
scheme can be written in matrix form as Uy = Gu,, Where G = (2I-rT)*(21+rT), inwhich T isa
tridiagonal matrix; | isthe identity matrix; and r = Dt/Dx2. Write down the entriesin T.

Use the matrix method to show that the scheme is unconditionally stable. You may
assume that the eigenvalues| s of the NxN tridiagonal matrix A =[a,], where a; =-2; a.1j = &1,
= 1; and otherwise a; = 0, are given by | s = -4sin?(*/;.1)), for s=1,...,N. You may also assume
that G is real and symmetric, so that ||G|| = r (G), and that the eigenvalues of [f(A)]'g(A),
where f(A) and g(A) are polynomials in the matrix A, are given by [f(I )]*g(l ), where | is an
eigenvalue of A.

A: The Crank-Nicolson implicit scheme comes from applying a

= Yo to Uj n+1-Uj o/ D = (1-0)[Uj+1,0-2U 001 1/ DX?] 1 tnﬂ%\j’? \lfr/ \1/?;
N 1 SV o

QU120 pea+Uiina /DX, where 0 £ g £ 1. So we have <;’2 o (12

. X; Xy

'rl/zuj-l,n+1+(1+r)uj,n+1'r1/2Uj+1,n+1 = rl/zuj_1,n+(1-r)uj,n+r1/2uj+1’n_ Th(_, i-1 ] i+l

computational molecule / stencil is as shown on the right, so that in the implicit scheme, three
unknowns at time t,., are related to three values at timett,.

We obtain a matrix equation to solve at each timestep. The form of the matrix equation is
Aun.; = Buntb,, where un.; and u, are the vectors of the values of the dependent variable at the
D Ut e s we Mesh points; A and B are given by the difference scheme; and b, gives
| \ the boundary conditions. In this question, the boundary conditions are
u=o u=0 zero, so that b, = 0.




The matrix equation looks like as shown [ 2

(2r) \r/ 2 .

on the ri w20 . 2 0 2| e
ght. As you can see, A and B are V2 i) 2 I e a: K
tridiagonal matrices. Multiplying both sidesby | g ., 1" oo, L
2, and taking it inside A and B respectively, we Sz ) e e S w2 | \wafy
I are then able to write A = s g 2 dn
{ re2to (21-rT), and B = (21+rT), where T is as shown on the left. Therefore, Uy =
"7 1 A'Bu,. QED.

Let us now use the matrix method to show that the scheme is unconditionaly stable. We
assume that the eigenvalues of T are | s = -4sin3(*/yn.p), Withs=1,..,N. Let f(T) = 2I-T, and let
g(T) = 2I+rT. For the error to remain bounded, i.e. that the scheme is unconditionally stable, we
must have r (G) £ 1, where ||G|| = r (G), the spectral radius of G. In other words, the largest
magnitude of the largest eigenvalue of G must have modulus £ 1.

So we want |[f(1)]%g()] £ 1; |[[2-r @+l £ 1, 2+l J2-r1 £ 1
oSN ), coqomey| £ 1 or -1 £ .. £ 1. The RHS inequality gives 2-4Sin?(¥/ynsy) £
2+4SIM (P yn+1)); ~SINA(Ponsn) £ SIN3(Flyneny), Which isalwaystrue assin?x > 0 for all x. The LHS
inequality gives -2-4sind(¥/yn+y) £ 2-4sind(*/ne); O £ 4, al right. Therefore, the inequality
holds, and we can say that the scheme is unconditionally stable. QED.

Q: Show that if central differences are used throughout to construct a difference scheme
to approximate the one-dimensional heat equation, ™/ = ™/, then the scheme is
unconditionally unstable. Suppose now that the space derivative ™/y. is replaced by the
EXPression U n-Uj ne1-U; n1tUi-1.o/DX?, where the notation used is standard. Show that the modified
scheme is unconditionally stable.

A: The difference scheme is Ujn1-Ujn-1/2Dt = Ui.10-2U; n+Ui+1,//DX2. We have already shown
that this is unconditionaly unstable (see page 17, the Leap Frog Scheme). In summary, use the
Fourier method (1 ;. = &exp(ikx;)); manipulate; let& , = ¢ 14, €tc.; substitute and manipulate to
get o2 + 8(*/pe)sin?(<>/2)g - 1 = 0; and then factorise to prove that [g| < 1.

Smilarly, we have dready proved (see page 18, Dufort Frankell) that the scheme
Uint1-Un/2DE = Upean - Une - U1 + U.1,/DX2 is unconditionally stable. Here, we proceed as
above, and get the quadratic equation g2(1-2r) + 4rgcos(kDx) + (1-2r), wherer = */p.. Apply the
guadratic formula, and we find bounds for the solutions — finding that [g| £ 1 always.

Exercises 6

Q. Prove that the dopes of the characteristics of the quas-linear PDE
A" gt bV g, +C" Ve = 0 satisfy the quadratic equation a(¥/s)?-b(¥/s)+c = 0, and that on the
characteristics, the equation reduces to au(™/5)¥ax + cVa("/gy) + €Y/ = 0.

Use the method of characteristics to find a first gpproximation to the solution of the PDE
U/ ge-(U2c0s2U) ™/ = 0 from P = (0.1, 0) and Q = (0.2, 0) to anew point R. The equation is to
be solved in the domain'y > 0, and the initial conditionsare U = 1+5x2 and ™/, = 10x on 'y = 0.
Work to 3 significant figures.




A: The first part is theory given in the lecture notes. Now we /'y
have initial conditions U = 1+5x2ony =0, (i); and "/q, = 10x ony = 0
(ii). Differentiating (i) w.r.t. x gives /g = 10x on 'y = 0, (iii). For this R
particular equation (as compared with the general PDE considered by
the theory), a= 1; b = 0; ¢ = -U2cos?U; and e = 0, so tha the P QX
characteristics satisfy (¥/4)? - U2cos?U = 0. Therefore, ¥/g = £UcosU. '

Along a characteristic, the PDE reduces to Yu("/p)¥ax - U2cos2U%Yu(™/g,) = O.
Substituting for ¥/4, we obtain +UcosUd("/g) + U2co2Ud("/y) = 0, (iv), along a characteristic.
To proceed, we require the values of several variablesat Pand Q. At P=(0.1,0), (i) P U =
145(0.1)2 = 1.05; (i) P "y, = 10(0.1) = 1; and (i) P /g = 10(0.1) = 1.

Now U =1.05P UcosU = 1.05c0s(1.05) = (1.05)(0.4976) = 0.5224; and thus U%cos?U =
0.27295. At P, we take the characteristic with +ve slope, i.e. ¥/ = +UcosU = 0.5224. Now at
Q=(0.2,0), (i) P U=1+5(0.2)2=1.2; (ii) b ™/ =10(0.2) = 2; and (iii) P "™/4 = 10(0.2) = 2.
Now U =1.2pP UcosU = 1.2cos(1.2) = (1.2)(0.3624) = 0.4348; and thus U2cos?U = 0.1891. At
Q, we take the characteristic with -ve slope, i.e. ¥/4 = -UcosU = -0.4348.

Next Step: get the position of R. Assume that the characteristics are straight lines through
P and Q that meet a R, i.e. that Yr-Ye/Xr-Xp = (Ya)p; and that Yr-Yo/Xr-Xq = (¥ a)q. Therefore,
Yr-0/Xr-0.1 = 0.5224, and yr-0/Xz-0.2 = -0.4348. S0 yr - 0.5224xr = -0.05224, and yr+0.4348xr
= 0.08696. Subtracting, we obtain 0.9572xr = 0.1392; xg = 0.145.

Substituting back yields yr = 0.08696 - (0.4348)(0.145) = 0.0238. So R is at position
(0.145, 0.0238). We now want the values of ™/y, and ™/, at R: use (iv) at P and Q. At P,
(0.5224)[(Vlg)r-(Mlgde] + (0.27295)[(Vig)r-(Uly)e] = O. Therefore, (0.5224)[(Vig)r-1] +
(0.27295)[("Vg,)=-1] = 0; 0.5224("/g)r + 0.27295("/g,)r = 0.79535, (V).

At Q, -(0.4348)[(“lp)r-("l)al + (0.1891)[("/g)r-("ly)] = O; -0.4348[("/5.)r-2.0] +
0.1891[(V/g,)x-2.0] = 0; 0.4348("/g)x - 0.1891("/y,)x = 0.4914, (vi). We now solve (v) and (vi)
simultaneously for (W/g)r and ("Y/g)r (V)/0.5224 P (Mig)r + 0.5225("/)r = 1.5225.
(Vi)/0.4348 b ("Y/g,)r-0.4349("/y,)x = 1.130.

Subtracting gives 0.9574(™/q,)r = 0.3925, so that ("/q,)r = 0.410, to 3 sf.; and that ("/q)r
= 1.130 - (0.4349)(0.410) = 0.952, to 3 s.f. Next Step: get the value of U at R (use dU = ™/gdx
+ W/dy at P and Q, and compare the solutions to ascertain the accuracy obtained). At P,
Ur-Up = Y4 ("I )rt (" i)el (Xr-xp) + Y (Vay)r + (Mlay)e] (Yr-Ye)-

Therefore, Ug-1.05 = (0.5)(0.952+1)(0.145-0.1) + (0.5)(0.410+1)(0.0238-0); Ur = 1.05 +
(0.5)(1.952)(0.045) + (0.5)(1.410)(0.0238); Ur = 1.111, (vii). At Q, Ur-Uq = ¥ (Wig)r +
(Mol (XeXe) + YHA(Mhyr + (Mg)al(Yrye); Usl2 = (0.5)(0.952+2.0)(0.145-0.2) +
(0.5)(0.410+2.0)(0.0238-0); Ug = 1.2 + (0.5)(2.952)(-0.055) + (0.5)(2.410)(0.0238); Ur = 1.147,
(viii). Comparing (vii) and (viii) shows that thereis 2 s.f. of accuracy.



Q: The PDE ™/ - U2™/q.= 2y is to be solved in the domain x > 0 and y > 1, subject to
the initial condition U(x,1) = ™/¢(x,1) = x2, the initial curve being the line y = 1. Use the
numerical method of characteristicsto find a first approximation for U, at the first characteristic
grid point R between P= (1, 1) and Q = (1.1, 1).

Verify that U = x?y is the exact solution of the problem, and compare your numerical
answer with the exact solution. Y ou may assume that, on the characteristics, the PDE, with the
usual notation, reduces to a d(™/q)¥a + ¢ d("V/yy) + edy = 0.

A: Compared to the general PDE, we have a=1; b = 0; ¢ = -U? and e = -2y. Thus the
characteristics satisfy (¥/4)? - U2 = 0, and therefore %/« = +U. Along a characteristic, the PDE
reduces to d(™/g) ¥« - U2d("/y,) - 2ydy = 0. Substituting for ¥/4 gives +Ud(™/q,) - U2d("/y,) -
2ydy = 0 (---(1)) along a characteristic.

To proceed, we require the values of severa variables at P and Q. At P = (1,1), U = Y/,
=12 = 1; and /g = 2x = 2. At P, we take the characteristic with +ve slope, i.e. ¥/ = U = 1.
Now at Q = (1.1, 1), U = W/, = 1.12 = 1.21; and "/, = 2x = 2.2. At Q, we take the
characteristic with -ve slope, i.e. ¥/4 = -U =-1.1.

Next Step: find the position of R. Assume that the characteristics are straight lines
through P and Q meeting at R, i.e. that yr-Yp/Xr-Xp = (¥a)r; and that Yr-Yo/Xr-Xo = (Ya)o-
Therefore, yr-1/xr-1 = 1, and yr-1/Xg-1.1 = -1.1. It follows that yr-1 = Xz-1, and that yr-1 =
-1.1xr+1.12. Therefore, yr = Xr, and this implies that 2.1xg = 1.12 + 1; 2.1Xg = 2.21; Xr =
1.05238 = yr. S0 Risat position (1.05238, 1.05238).

Next Step: obtain the values of ™/, and /g, at R, by using (1) at P and Q. At P,
DIM/dr - el - (LM - May)e] - 2y(Yr-ye) = 0; (M)r - (Vigy)r - 1 - 2(1.05238-1) = 0
(--(2). At Q, (L.2D)[(Mpr - 2.2] - (L21)[(Mhy)r - 1.21] - 2(1)(Yr-Yo) = 0; 1.21("/gw -
1.4641("/y,) - 0.890439 - 2(1.05238-1) = 0 (—-(3)). Solve (2) and (3) smultaneously to get
Mi)r = oz +  (Plozut?o2541)(0.05238) = 1.171; (W) = 1 + 0o +
(2-2/0_21+2/o_2541)(0.05238) = 2.2758.

Next Step: obtain the value of U at R, using dU = /g, dx+™"/,dy at P and Q; and compute
the solutions to ascertain the accuracy obtained. At P, Ur-Up = Y[ ("/g)rt("/5)e] (Xr-Xp) +
o (VxR (Vr-ye): Ur-1 = Y[(M/g)r+2] (1.05238-1) + Y[ (Vg,)r+1](1.05238-1); ....; Ug =
1.1688. At Q, UrUq = Y(")rt(Mlp)ol (XeXo) + Y(MIa)rt(Mls)al (Yr-Yo); Ur-1.21 =
Lo (Vg )rt2.2] (1.05238-1.1) + Y4 (V/g,)r+1.21](1.05238-1): ... Ug = 1.1658,

We now verify that U = x2y is the exact solution: /g, = 2xy; ™/ge = 2y; /g, = x2 and
"/g: = 0. On substitution, we obtain 2y = 2y, and therefore, U = x2y is a valid solution. At R,
(1.05238, 1.05238), Ur (Analytical) = x?y = 1.05238% = 1.165515. As you can see, we have
agreement in the red values good to 2 d.p.



Q: State, without proof, the Lax Equivalence theorem. Explain briefly why the theorem
Is of central importance in the application of the finite difference method to solutions of PDE'’s.
L et the equation ™/q+"/g = O (Where n is a constant) be approximated by the difference scheme
Unes = (1-0-1Us1n+ (Q+) U1, Where 0 < g < 1; r = "p,; and the rest of the symbols have their
usual meaning.

Prove that if the time step Dt is chosen to satisfy Dt = ™/, where ¢ is a positive constant,
then the scheme is consistent if and only if g = %2. Show (by the Fourier method) that with the
choice g = %, the constant ¢ must be chosen to be greater than or equal to unity for the
scheme to be stable.

A: Lax’'s Equivalence Theorem: Given a properly posed linear initial value problem, and
a linear finite-difference approximation to it that satisfies the consistency condition, stability is
the necessary and sufficient condition for convergence. The theorem is important because in
order to prove convergence, which is of vital importance, “al” that we need to prove is that the
scheme is consistent and stable.

Note: a problem is properly posed if (i) the solution is unique when it exists; (ii) the
solution depends continuoudly on theinitial data; and (iii) a solution always exists for initial data
that is arbitrarily close to initial data for which no solution exists. Justification: use Taylor
series expansions, and apply to the difference scheme.

Ut = (100U + (QH) Uity Uies = Uisn + (O (Ui = Uisan); Ui+ (")) Dt + Y ("Vge) D2
+ o= U+ (Mp)Dx L+ (@)U (M) DX+ (M)l - (M) > La+ 1) = (Uin + (M) DX +
(ﬂZU/ﬂxz >, + (ﬂgU/ﬂ)@ Dy + D (ﬂU/ﬂt)Dt + (ﬂzU/ﬂtz %l + ... = (ﬂU/ﬂx)DX + (ﬂzU/ﬂxz L + ..+
(@*+N[-2[ (M) DX + (Plye) > + 015 () - () + 2(g+r)(...) = 0.

Now take away the PDE, so that the l.t.e. is (V/y)Dt + (M/w)™/ + ... - [("Y/y)Dx +
(ﬂZU/ﬂxz DXZ/Z + ] + 2(q+l‘)[(ﬂU/ﬂx)DX + (‘IT3U/‘"X3 DX3/3! + ] - ﬂU/ﬂt-nﬂU/ﬂx =0 (the red bitis O) So thel.t.e
is (gDt + (M) ™o + ... - [(Vg)Dx + (M ge)™>2 + ...] + 2(g+0)[ (5 Dx + (M) >3 + ...], OF
thel.t.e. is ("/q)Dt + (20+2r-1)("/5)Dx + O(Dt2) + O(Dx2). We require the |.t.e. to tend to zero as
Dx ® 0and Dt ® O independently.

First, let DI® 0. Then we have (2g+2r-1)(/y)Dx = 0O left, which reduces to
(29-1)("/4)Dx = 0 (---(1)), asr = n"/o ® O asDt ® 0. For (1) to disappear, we must have 2g-1
= 0; g = ¥%. Now let Dx® 0. Then, we have ("/q)Dt = 0. But this disappears as well, because Dt
=Dx/cIn|® O0asDx ® 0. Sowehave QED, and it isonly consistent iff q = %%

Now choose q = %, and show that for the scheme to be stable, we must have ¢ > 1.
Therefore, U = (Y2NUpan + (Y2H)U1n. Let T, = &exp(ikx), S0 that we haveé n..exp(ixk) =
(Y2nEexp(ik(x+Dx)) + (Yztrenexp(ik(x-Dx)); € m1 = (Y2rE eXp(ikDx) + (Y2trE nexp(-ikDx).
Now asé&n = g5, We have g = (Y21)exp(ikDx) + (¥z+r)exp(-ikDx). We want |g| £ 1 for stability,
where g = Y exp(ikDx) + exp(-ikDx)] + r[exp(-ikDx) - exp(ikDx)]. Now €% = cosg+ising, so that
g%e'l = 2cosg, and that €'%-€% = -2ising. Therefore, g = cos(kDx) - 2irsin(kDx): g is a complex
quantity. Now continue to find out that |g| £ 1 only when c > 1.



Exercises 7

Q: Using the simplest central difference formula, and choosing Dx = Dy = h, write down a
finite difference scheme for the PDE "™/g,.+™/q-aU = 0. The equation is to be solved inside
the square domain determined by the lines x = 1, y = +1, subject to the boundary conditions
(i) U(x,1) = 0, -1EXEL; (ii) U(x,-1) = 1, -1£x£1; (iii) ™in(1y) = -22U, -1<y<1; and (iv) "/ (-1,y)
= U, -1<y<1.

Consider the case a = 16, with h = Y. Label the points with |8
co-ordinates (0, 3/4), (1/4, 3/4), (1/2, 3/4), (3/4, 3/4), (1, 3/4), (0, 1/2), (1/4,
1/2), etc. as 1, 2, 3,4, 5, 6, 7, etc. Show that we need to solve thirty five finite
difference equations, which can be written in matrix form as Au = b, where
IS a column vector whose transpose is (Ug,Uz,...,Uss); A IS a matrix which can be written in
partitioned form as shown; and | is the 5x5 unit matrix. Find B and b.

|

B I
I B |
I B |
I B I
I B |
I B

y u=0
A: The central difference approximation to ,_,,, e
UutHUy-au = 0 (with Dx = Dy = h) is Yre(Uisgj - 2U; + Uiy, L ;0 )
+ 1/h2(Ui,j+1-2Uij+Ui,j.1) - auj = 0 (---(1)). By symmetry ;:1 B A
about the y-axis, we can solve for x > 0. (The boundary o x

condition on x = -1 is symmetrical to the boundary
condition on x = 1 — so the derivative of u in the

outward direction normal to x = -1 is -Y/u, i.e. Mg, = -,
=-Yauonx = -1, and "y, = "/ = -Yauon x = 1).

N
=
N
N
N
w
N
=
N
ol
N
=

N

We have 35 unknowns (u, ..., Uss) at the points shown in the diagram, where h = 0.25.
Introduce guard points4’, 9', ..., 34" at x = 1.25 to enable second order approximation for the
Neumann boundary condition on x = 1. Also, label the points at x = -0.25 symmetrically about x
= 0, so asto incorporate symmetry into the approximation on x = 0.

k-5 For a = 16 and h = %4, (1) becomes 16[Ui:1j - SU; + Ui1j + Uijs + Uija] = O.
ki W k1 Therefore, -5uU; + Uiy + Uigj + Ui + Uijr = 0. (---(2)). The computational stencil
Is as shown on the left. Using the numbering scheme on the diagram, (2) becomes

k+5 Uks + Ukt - DUk + Uer + Ues = 0 (---(3)).

On x = 1, eliminate guard points using central difference approximations to the boundary
condition: Uy = -Y2U: Ug-1y-Uk-1/20 = -Y2Uk; Ug-1y-Uk1/2.%a = -Y2U; Ugery = Uka - Yalk (---(4)). On x =
1, (3) takes the form Ui.s + U1 - Sug + Uk-1y + Uk+s = 0. SUbStltUtlng for Ugk-1y from (4) P Wws+
U1 - Y4 + Ukes = 0 (---(5)). On x = 0, (3) takes the form Uxs - Sux + 2Uk+1 + Ukss = 0. (---(6)).

B Matrix 3 Matrix 4 A

520 0 0/|10000-520 0 010000 ) x 10000-520 0 Of x= B I

1510 0[/{01000 1510 001000/ x 01000151 0 O X Bl 0

0151 0 00100015 1 000100 00100015 10 1 B I

001-5 1//00010001-5 100010 00010001 -5 1 1 Bl

00294 0|/00001002-94000001]|| . 00001002 -94 0| .. I BI
Xis Xas 0 |?




Ony = ¥, the uks are not present (because u=0ony = 1), so (3) becomes U1 - Sux + Uk«
+ Uews =0.Ony =-%, the uus are dl 1 (becauseu= 1ony = -1), so (3) becomes uxs + Uxs -
5u¢ + U = -1. So for points 1 to 5, we have matrix 1, i.e. (B 1)(Xi....X10)" = 0, where B is as
shown, and | is the 5x5 unit matrix. For points 6 to 10, we have matrix 3, i.e. (I B I)(X...X15)" =
0. Smilarly for the points down to 30, giving a total of 5 similar equations. For points 31 to 35,
we have matrix 4, i.e. (I B)(Xz....Xs5)" = (-1....-1)". The complete system is therefore summarised
by the expression Au = b, where A is as shown; B is as before; | is the 5x5 unit matrix; and b =
(0.....0-1....-1)". (rows 1 to 25; rows 26 to 35).

Past Paper Question: Consider the first order quasi-linear PDE a“/q,+b™/y, = ¢, where
a, b and c are in general functions of x, y and U. Show that the equation may be transfor med
into 2 ODE’s if integration is performed along a particular family of curves known as the
characteristics.

A: Let @/ +b"/g, = ¢ (---(1)). Consider the increment in U between the two points P =
(x, y) and Q = (x+dx, y+dy). The total differential of U is dU = "/gdx+"/gydy (---(2)).
Substituting for /g from (1) into (2) gives dU = UM dx + Mg dy, or "/ (ady-bdx) +
(cdx-adU) = 0 (---(3)). (1) is quasi-linear, so that (3) does not involve ™/y,. Now choose®/« at P
s0 as to make ady-bdx = 0, i.e. choose ¥/ = /.. This defines the characteristic direction at P,
and the PDE reduces to cdx-adU = 0, i.e. /4 = %, The two ODE’s may be written as */, = %/,

— duy_

Q: Show that the char acteristics of the equation y™/y,+™"/y, = 2 are the curves y2 = 2(x-c),
where c is a constant of integration. Derive the equations for the 3 characteristics passing
through the points (0, 0), (/2, 0), and (1, 0); and sketch them. Indicate on the diagram the
region in which a knowledge of U on the part of the real axis (0 £ x £ 1) determines the solution
uniquely. Derive the solution for U along a genera characteristic, and hence write down the
solutions along the 3 characteristics passing through the points (0, 0), (1/2, 0), and (1, 0).

A: Here, ®/y = ¥ = V. Now 1dx = ydy; X = ¥ay>+c; and Y2 = Y/ yorpy yo-oy.1 ye=ox-2
2(x-c), where c is a constant of integration. QED. If it passes through /Zx
(0, 0), thisimpliesthat ¢ = 0, so that y2 = 2x. If it passesthrough (*2 _ o % A X

0), thisimpliesthat 0 = 1-2c, so that ¢ = ¥, and s0 y2 = 2x-1. And if ir [ isknown her (region
passes through (1, 0), thisimplies that 0 = 2-2x, sothat ¢ = 1, and < S yellow)
y2 = 2x-2. The sketch is as shown on the right. u< ‘zyﬂﬂtf{ Zwujéé) — 24U,

Now solve for U. “/y, = 2, so that U = 2y+d, where d is a constant of integration. If U is
known for O £ x £ 1, and for y = 0, then the constant d is given by the value of U, where the
characteristic crosses the x-axis. If thevaluesof U at x = 0; x =2, and x = 1 are Uy, U2 and U,
respectively, then the equations for U along the characteristics passing through these points are
U = 2y+Uo; U = 2y+Uy; and U = 2y+U;.



Exam Paper: January 2001

Answer 3 questions out of 5 (Questions Done: 2, 4, 5)

D

(2)

() Consider the first order ordinary differential equation %/ = f(t,y) for t > t, with
initial value y(to) = yo. Write down the following numerical schemes for such an
initial value problem using a uniform timestep Dt: (i) Euler, (ii) trapezoida Euler,
(iii) backward Euler. [4 marks]

(b)  Write down the difference equations given by the three schemes when applied to
theinitia value problem %/ = -1 y for t>0 with initial valuey(0) = 1, wherel >0is
a constant. [4 marks]

(c)  Show that the exact solution y = €'t implies that y(t..) = €' ®y(t,). Compare this
exact expression with the approximations given by the three difference equations
derived above. Hence comment on the stability of the three difference schemes.

[4 marks]
(d) Hlustrate your conclusions by comparing the exact solution with approximate
solutionsfor | =2 using Dt = Yaand Dt = 3/, for 4 timesteps. [4 marks]

() Consider the logistic equation ¥4 = y(1-y). Set up a predictor-corrector scheme
using the Euler scheme for the predictor and the trapezoidal scheme for the
corrector. Derive the difference equations, but do not attempt to solve them.

[4 marks]

The partial differential equation ™/q - ™/y. = 0 is approximated at the point x; = jDx, t, =
nDt by the difference equation

Ujn+1-Ujn-1 ] [ Ujn-Ujn-1 ] Uj+1,n- 2UjntUj-1n _
9[ 2At + (1 - 9) At - AX2 =0.

(@ Expand U about this point in terms of Taylor series in time up to Dt?2 and Taylor
series in space up to Dx°. Hence show that the local truncation error at this point is
4
ADH(1-0)("fse)in - H22DXEE ) + O(DE) + O(DXY). [8 marks]
(b)  Show that setting g = 1 + ™/ex reduces the local truncation error to one of order Dt2
and Dx*. [3 marksg]

(c) With this value of g and the choice Dx? = 6Dt, show by the Fourier method that the
scheme is stable. [9 marks]



3)

(4)

Consider the initial value problem ™/y, = ™/g. with initial condition U(x,0) given for 0 £ x
£ 1 and boundary conditions U(0,t) = g(t), U(1,t) = h(t) given for t>0.

Construct an explicit finite difference scheme for the problem using forward difference for
the time derivative and central differences for the space derivative.

Write down the difference equations in matrix form and show that the stability of the
scheme depends on the magnitude of the spectral radius of a certain matrix. Deduce that
the scheme is stable when Dt £ 9%,

Y ou may assume that the eigenvalues of the real symmetric M x M matrix

ab
bab
bab

bab
b a

aregiven by | s =a +2b(1-2sn?(¥/v.1)) fors=1, 2, ..., M. [20 marks]

The partial differential equation ™/g,. - U2™/q. = 2y isto be solved in the domain x > 0, y
> 1. Theinitial curveistheliney=1 and theinitial conditions are U(x,1) = ™/y(x,1) = X2

Use the numerical method of characteristics to find a first approximation for U at the first
characteristic grid point R between P=(1,1) and Q = (1.1, 1). [16 marks]

Assume that U = x?y is the exact solution of the problem and compare your numerical
answer with the exact solution. [4 marks]

You may assume that the partial differential equation a™/ge + b™/gyy + c™V/ge + € = 0,
with the usual notation, reduces to a d(™/g)¥ + ¢ d("V/g,) + e dy = 0 on the characteristic
curves given by the roots of a(¥/4)? - b(¥/«) + ¢ = 0.



(5 Using the simplest central difference formulae and choosing a uniform mesh Dx = Dy = D,
write down afinite difference scheme for the partial differential equation
M + 3™/ =a, wherea is a constant. [5 marks]

The equation is to be solved inside the square domain determined by thelinesx =1,y =
+1, subject to the boundary conditions (i) U(1,y) =0for -1 £y £ 1 and (ii) U(x,1) = 1 for
-1 <x <1, and the problem is symmetric with respect to Ox, Oy.

Consider the case a = -16 and D = % Label the points with coordinates (0, 3/4), (1/4,
3/4), (1/2, 3/4), (3/4, 3/4), (0, 1/2), (14, 1/2), ...as 1, 2, 3,4,5,6,7, 8,9, 10, ... etc.
Show that it is necessary to solve sixteen finite difference equations which can be written
in matrix form as Au = b, where u is a column vector whose transpose is (Ui, Uy, ..., Use)
and A isamatrix which can be written in partitioned form as

where | isthe 4 x 4 unit matrix. Find B and b. [15 marks]



