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Introduction

The symmetry group D; of the triangle consists of 6 elements: W ! A RS RE
the identity, I; rotation through 120°, R; rotation through 240°, Rz~ """~ ¢
and 3 ‘flips, Sa (= ), Se, and Sc. Itiseasy toseethat RE= 1. Butc/ 8 o/ \c /N, o/
what is RS? We interpret this as “first do R, then do S’. From the s=s, S S
CAB R AA S A diagram on the left, we see that this produces Sg. But Ss2 = 1, so that

(RS)?=1. Can we get S other than as RS?

A s A~ r_ ¢ Wecouldtry SR or SR? (as shown), or we could manipulate (RS)? =1,
CAB BAC AAE RSRS =1, x onright by Sto give RSR = S (because & = 1), x on right
by R'= R2to give RS = SR2. Similarly, | = R(SR)S, SR = R2S. So we have SR = RS and SR2 =
RS. We can get al the elements of D; by multiplying S's and R's. And, we can work out
products of such. Summary: D; = {l, R, R%, S, RS, R2S}. As a “game’, try to see what some
other wordsin Sand R give. Example: SR2S'R*SR* = SR2SRSR = SR2 = RS,
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This suggests that any element of D; can be written as a product of R'sand S's in the

form R'S, where O£i£2, and O£j£1. We have a presentation of this group as follows: <r,s: r3=1,

=1, (rs)=1>, wherer and s are the generator s and we have 3 relations. Lemma: Any word in

R'sand S'scan bereduced using R =1, 2 =1, and (RS)? = | into one of the forms R'S for i =0,
1,2,andj=0,1.

Proof (fairly informal): Suppose that w is a word of R’'s, S's, R”s and S*s. Call the
number of symbols used the length of w. If the length of w is 0, then w = | = R°S". If the length
of wisl, thenw=R, S, R*or S. Ifw=R,theni=1andj=0.OK.Ifw=S, theni =0and |
=1LOK.Ifw=RYthenR¥=IbP R'=R2 ij.ew® R2 withi=2andj =0. OK. (Note: read
® as“reducesto”). Ifw=S%thenR=1b S'=Siew® S withi=0andj=1. OK.

Assume now that we can reduce any word w of length n to one of the 6 forms R'S. If w’ is
of length n+1, then w' = wx, where w isaword of length n, and x T {R, S, R%, S}. But w ®
R'S for somei and j, as shown above. So w’ = wx ® R'Sx. We now have to effectively check
that any of the 24 words R'Sx can be reduced to a“normal” form.

We can reduce further: S = S*, so that if x = S*, and we have already done S, then we
would be repeating ourselves. Similarly, if R'SR reduces to RS, then doing it twice reduces
R'SR2 to normal form, i.e. reduces RSR™ to normal form. This leaves RSR and R'SS to
handle. If j = 0, then we have RSR = R*!, which is all right unlessi = 2. But | = R°S if r = 2.
OR, we have R'S — which is already in the right form. If j = 1, then we have R'SS = R'. OK.
OR, we have RSR = RR2S= R**S® normal form.




Exercises

(1) (& The symmetry group Ds of the regular pentagon has 10 elements. I, 4 rotations,
and 5 flips. Let R be the rotation clockwise through #/s, and let S be the flip about the vertical
axis of symmetry. Note that R°> = |, = |, and that RS is a “flip” about another axis, so that
(RS)2 = |. Show that using the algebralc mformatlon alone, you can write any word in the R’s
and S'sin the form R'S, with suitable ranges for i and j.

A:Wehavel,R, R34 R3 R, S, S, S5, S, and S (S= S)). R 2
As you can see, RS produces S;. Because (S3)? = I, then (RS)? = 2' 502 4 O“
|. Presentation: Ds=<r,s.r°=1, =1, (rs)2= 1> Thenormal s 4

formin thisinstance is R'S, where O£i£4, and O£j£1. Now for the proof that any word intheR’s
and S's can be written in normal form. As before, if the length is zero or one, we are OK ..

Assume that we can reduce any word w of length n to one of the 10 forms R'S. If w' = wx
is of length n+1, then w’ = R'Sx, wherex T {R,S,R',S'}. We have to check that the 40 words
R'Sx can be reduced to normal form. As S = S?, we have only 30 wor ds to consider. Similarly,
R! = R* so0 reducing R'SR to R*S 4 times shows that we can reduce RSR™* to normal form.
This leaves RSR and R'SS to handle (20 cases). j = 0: R** (OK), OR R'S (OK). 10 left to
consider. j = 1: (RS)S=R' (OK), OR R'SR. What is SR? Now (RS)2 = |, so that RSRS =1, SR
= R!S! SR=R*S. So RSR = RR*S = R*S, which® normal form.

(1) (b) The group D, is the symmetry group of the regular n-gon. How many elements
does D, have? Justify. Noting that a basic rotation, R, and a flip, S, will “generate” al the
others, write down 3 “independent” relations between them, generalising those found for the
case n = 3, and use them to prove that any word in the R's and S's can be reduced to R'S for
suitable ranges of i and j.

A: D,will have n-1 rotations, each of #/,,. Note that R" = |. We will also have n flips for
each of the n vertices. Therefore, D, will have 2n elements. If a basic rotation, R, and aflip, S,
will generate all the other e ements of D, then the 2n elements of D, are as follows: I, R R? ...,
R™: S, RS, R3S, ..., R*!S. The 3 “independent” relationsare R"= 1, =1, and (RS)? =

SOD,=<r,srmM=1, =1, (rg)? = 1>. Now to prove that we can write any word in the
R'sand S'sintheform R'S, where O£if£n-1, and O£j£1. Before we proceed, note that (RS)2 =
SR = R'S?; SR = R"!S. Informal Inductive Proof: Suppose that w is any valid word. If the
length of wisO, thenw =1 = RS, OK. If thelength is 1, then we have R'S’, R°S!, R* = R™, or
S! =S, al of which are OK. Assume now that we can reduce any word w of length n to a
normal form. If w' = wx is of length n+1, wherex I {R, S, R*, S}, then because we assume
that w ® R'S, then w = R'Sx. We have (2n)x4 words left to check. But because S = S?, if we
consider all words ending in S, then we will have considered al words ending in S* as well.
Smilarly, if RSR reduces to RS, then doing this n-1 times reduces RSR™ to normal form, i.e.
reduces R'SR* to normal form. This leaves the R'SR and the R'S'S cases to handle.




If j = 0, then we have RR = R*}, or R'S, both of which are OK (if necessary, we use R" =
| for the first expression; the 2nd is already in normal form). If j = 1, then we have R'SR, or
R'SS. Case 1. As SR = R™'S, then RSR = RR™S = R*™S, which is OK using R" = | as
necessary. Case 2: RSS=R' as & =1, so thisisOK. End of Proof.

(T. Porter’s Answer): R and S seem to generate more elements (visually, the elements
RS correspond to ‘flips’ about other axes of symmetry). If n is odd, then the axes of symmetry
of the regular n-gon pass through a vertex and an opposite edge
S0 that there are n of them. If n is even, axes come in two types
axes through a pair of opposite vertices, or through opposite faces =~
(as shown: flip 2« 4: and flipping 1« 4 and 2« 3 in diagrams  **
and 2 respectively).

'1 4 1

Therefore, there are n axes of symmetry in both cases. (Problem for n even: Sthenisa
vertex axis flip — will the face axis flips be among the RS's — if so, how come?). A good
justification should include a general case. Do not just look at low vaues of n — beware! To
prove that there are 2n symmetries, you need either to represent R by a permutation (1 2 ... n),
and then S gets represented by (2 n-1)(3 n-2)... (handle n odd and n even separ ately), or by a
rotation matrix, and S by eg. (%,%1). Then argue. “Independent Relations’: R"= |, & =, and
(RS2 =1.

Proposition: Any word can be reduced. Proof: We first note that RSRS = |, so that SR =
RS Then R"=1 and & = 1 mean that SR = R™!S. If aword w inthe R'sand S'sis now given,
then w = R:S™.. R*S’», AsR" = |, and as S = |, we can assume that the word is rewritten so
that all a; are in the range O£ai<n, and that bi=0or 1. If any a; = 0, or if any b;= 0, then we can
reduce further, e.g. R'S’R*S = RS, Assume that thisis done, so that each a; isintherange 1 £
a; < n, and that if any S occurs, then it hasb = 1. If w is now in the form R'S, we are finished
with the reduction. If not, there is a subword SR somewhere in the current form of w. Replace
SR by R™S, and run through the reduction once again to get a shorter form (proof by induction
— omitted). At each stage, m cannot increase, and so the process will terminate with all R’sto
the left of S's, and al indices in the required ranges.

(2) Prove that if the order of an element g1 G isn, and if k > 0 satisfies g = 1, then n
divides k (hint: use the division algorithm for the natural numbers). A: By definition, if nisthe
order of the element g, then g" = 1. Further, n must be the |east positive power of g such that g"
= 1. Using the division algorithm for natural numbers, we get k = gn+r, where O£r<n.

So if g =1, then g™ = 1; (g")(d) = 1, (@)U9) = L, (DU(g) =1 —since g" = 1 by
definition. So g = 1 (---(1)). Now because O£r<n, and because n is the order of g, so that there
IS no poditive integer m less than n such that g™ = 1, then to satisfy equation (1), r must be zero.
Therefore, the remainder is zero in k = gn+r, so that n divides k exactly. QED. (T. Porter’s
Answer): Recdl that the order of gT G is defined to be the least positive n such that "= 1
Suppose that k > 0 satisfies g¢ = 1, and that g has order n. By definition, k > n, so using the
division agorithm, thereissome g, r T N, with Ofr<n, and k = gn+r. But then 1 = ¢¢ = g™ =
g"g = (@9 =d,snceg'=1. Asg =1, and asr < n, then we must haver = 0, so that n
dividesk.
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Review of Group Theory

Group: A set of elements with multiplication. An identity 1 and inverses. Associativity:
(0102)0: = 01(0203). 1cg=g=0ls. gl Ggivesg'l Gst. gg* = 1c = g'g (inverses). If Gisa
finite group, then |G|, the number of elementsin G, is called the order of G.

Definitions: (a) If G and H are groups, a function | : G® H is a group homomorphism if
foral g, @1 G,j(0:%) =) (q)] (92) (---(i)), and j (1g) = 14 (---(ii)). Note: this implies that
j (gY) =] (@*. Also notethat (i) b (ii), but (ii) is useful to note for its usefulness. (i) P (ii): If g
I G, then 1eg = g, so that | (1c)j (9) =] (1e0) = j (9) = 14 (9), i.e. | (1)j (9) = 14 (9)- SO
multiply ontheright by j (g)™ to get (ii).

(b) An element g1 G has order nif g" = 1; and if g¢ = 1 for somek > 0, thenk > n. (c) A
group G is Abelian if for any g1, g, 1 G, we have g0, = g1 (pairs of elements commute). Note:
D, is not commutative/abelian for n > 3.

Little result: Suppose that j : G® G is a homomorphism, and that j (g) = ¢? for dl g1 G:
then G isabelian! (i.e. the squaring function is a homomorphism if and only if G is abelian). (d)
If j : G® H is a homomorphism, then {gT G |j (g) = 1.} is asubgroup of G caled the kernel
of | (subgroup: if H is asubset of a group G with operation ¢, such that H is a group with the
operation e, then H is a subgroup of G. Testing for a subgroup: H is a subgroup of G if, and
only if, @ xyT HforeachxT Handyl H; (b) el H;and(c) x*T Hforeachx1 H).

Proof of the above result: (a) Supposethat x, y T kerj . Thenj (x) =j (y) = 1.. It follows
that j (xy) =j (X)j (y) = 1n1n = 14, showing that xy T kerj . (b)j (1) = 14, so that 1T kerj .
©j (xH =j (x)* =141 = 14, showing that j (x?) = 14, and that x* T ker j . It follows that ker |
iIsasubgroup of G. Infact, ker j isanormal subgroup (a subgroup H of agroup G isanormal
subgroup if x*Hx = H for eachx1 G).

(e) Again, givenj : G®H, theset Imj ={j (g) |gT G} £ H. (£ = “is a subgroup of").
Check that theimage of j is a subgroup: in this case, (a) supposethat x, yT Imj . Thenj (a) =
x,andj (b) =y, forsomea bl G.Isxyl Imj ?Ifitis, thenthereissomeci Gsit.j (c) = xy.
Letc=ab. Nowc| Gbecauseal G,bl G, and Gisclosed under multiplication (isagroup).
Thenj (c) =j (ab) =j (@)j (b) = xy, OK. (b) j (1c) = 14, sothat 14T Imj, OK. (c) Letx T Im
j,sothat thereisanal Gstj(@)=x.IsxT Imj?Nowal Gpb a'l G. Therefore,
j@y=j@*=xTImj, OK.

M) If x,y T G, the commutator, [x,y], is defined to be xyx'y ™. (Beware: some textbooks
(and GAP) use x'yxy). (g) If Gisagroup. and if H £ G, a (left) coset gH in G isgiven by gH =
{gh|hT H}. This gives a partition of G into cosets corresponding to an equivalence relation
defined by g, ~ @ if (and only if) g1g;* 1 H. (Note: Reflexive: g, ~n ¢ because gugp* =11 H.
Symmetric: if gi~n @2, then gugz* T H, sothat i T H, i.e. gz ~n g1 Transitive: if g ~u g, and
if g2~ 05, then g™ T H, and gogs* T H. AsH is closed under multiplication, g1 'gogs™ T H,
e st T H, g~ G).
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Example G =(Z, +), H = (nZ, +). Here, x ~y y if and only if X © y mod n. There are n
cosets, e.g. if n = 2, then “2Z” represents the even integers, and “1+(2Z)” represents the odd
integers. In general, /yy denotes the set of left cosets of G relative to H. It normally does not
have any useful algebraic structure. But let us try to define a multiplication on it (because
there’ s an “obvious’ one).

Try (giH).(9:H) = 9:g.H. This may (and usually does) depend on the labels g; and g, used.
These labels are called “coset representatives’. If g, ~w @', then guH = gu'H; qug’ * 1T H; and g,
= hg!’ jor someh T H.IsggH = g’'gH? Now i@, = hgy' @z, so this is OK! ((Gu02)(0' @)™ =
0:0:'* I H). Now try changing the label on the second term. If g> ~4 @', IS qugoH = i@’ H?
Now g~ g, P g’ =hl HP g=hg, P .0 = gihg:'.

So we don’t seem to know that gi@, ~« 010" (Note: ¢:0.0.' g™ = gihg:™?, and we do not
know that thisisin H — it won't be in general). Example: G = D;, H = {1,S}. Here, RSR* =
RSR2 = R2S T H. The construct will work if H isnormal in G. (H isnormal in G if given any g
T G, wehave gHg! = H). If H< G (« = “normal in”), then the set of cosets ¢/ has a natural
group structure called the quotient of G by H.

Tutorial

(3) Commutators. (a) Suppose that x = R'S, and that y = RS in Ds. Write [x,y] in the
form R®S, where a and b are explicitly given interms of i, j, k and |. (b) Repeat (a) with D, for
an (arbitrary) genera n. (c) Work out what D® will be for an arbitrary n. (d) If x, Xo, y 1 G,
then [XiXz, Y] = XoXayx2 X1yt = Xq[X2, y]x1t.[X1,y] by adding in terms and their inverses. Find a
similar way to express [X, yiy]. (€) Write [x,y]™* as a commutator. (f) Find a proof that G/[G,G]
isabelian.

A: (a) For Ds, =1, R°=1, and SR = R*S. Consider [x,y]. We have 4 cases: x = R/, and
y=R;x=RS andy=R;x=R,andy =RS; and x = R'S, and y = R'S. Recall that [x,y] =
xyxyt, Case 1: [x,y] = RRR'RI. Use Ri = R® to get = RRIRS'RSI = R*51*% = R1® = |, Case
2. [xy] = RSRS'R'RI. Here, use SR = R'SR*! = R8SR*? = | = R*S, So [x,y]
RRISSIR'R! = R*4 = R¥, Case 3: [x,y] = RRISR'S'RI. Here, use (RS)™! = SR> = SR
R20—4iS — R-4i S

So [X,y] = RMSR*S'RI = RMR4SS'RT = R*4 = R¥, Also, note in this case a “ sneaky
 [xy]?* = [y.x]. So we could have got case 3 directly from case 2. Case 4: [x,y] =
RSRlsis S!R1 = R'SRR'S'RI = RSR'S'RI= RR¥4SS'R1 = RIR¥ = R,

(b) For D,, =1, R"=1, and SR = R™S. Consider [x,y]. We have the same 4 cases as
before. Case 1: [x,y] = RRR'R! = |. Case 2: [x,y] = RSRS'R'RI. Use SR* = R™*S, so that
we have RRMISSIR'S! = R* D1 = R Case 3: [x,y] = RRSR'S'R! = RMSR'S'RI =
RYRMISSIRI = RUMMH = R Case 4. [x,y] = RSRSS'R'S'RI RSR'S'RI =
RiR(n-l)(j-i)Sis-j - Ri+(n-1)(j-i)-j — R(n-Z)j+(2-n)i.



(c) Using the 12/2/01 lecture, and (b) above, the commutators of D, are al rotations.
When n is odd, [DnD;] will contain al rotations. Also, all rotations can be redlised as a
commutator. Therefore, D,\[Dy,Dr] will contain two cosets: <R> = {I,R,...,R™}, and <R>S. So
D./** has order 2 when n is odd, and is isomor phic to C,. When n is even, not all rotations can
be realised as commutators — we can only obtain even powered rotations as commutators. So
we will have 4 cosets in D,\[D,,Dy]: <R> = {I,R2...,,R"?}, R<R,>, <R,>S, and R<R,>S.
Therefore, D,A* has order 4 when n is even.

(d) [XaX2,y] = XaXayXa X'yt = XoxoyXo Y yxa Yyt = Xa[Xa,Y]yXatyt = Xa[Xa Y[ Xa Xayxa Yt =
X[ X2, YIXi X0yl And [Xy1ys] = Xy Xyolyrt = XyaxXOXysxyotyrt = Xy HXyolynt =
XY: X YryaXyalyet = [Xyalyalxyalys . (€) [xy]™* = (xyxly ™)t = yxy*x* = [y,x]. (f) A group G is
Abelian if ysx =xey " x,y1 G.

The commutators [0, g2] in G generate a subgroup [G, G] of G caled the commutator
subgroup of G. This subgroup is normal since a conjugate of a commutator is again a
commutator. We want to prove that g[x, y]lg* =[x, y'] for somegi G,andx, x,y,y' 1 [G,G].
Now g[x,y]g* = gxyx'y'g?, and [gxg*, gyg”’] = gxg'ayg’gx'g gy g = gxyx'y'g™, so that
o[x,ylg* = [gxg?, gyg'], another commutator. Conclusion: [G,G] is a normal subgroup.

Now what is an element in ®/cq? It is g[G,G] for some g, 1 G. A group is abelian if xsy
= yex for dl x, y T G. So if we have gi[G,G]g.[G,G] = ¢10:[G,G], and if we have
0[G,G]0:[G,G] = g0:[G,G], we need to prove that 9:0,[G,G] = 9.0:[G,G]. But gK = g'K for a
normal subgroup K happens iff gg'*l K. In the above case, “gg’ ™" iS G10x(0:01)" = h00h g™
But thisis a commutator — soisin [G,G]. Therefore, ®/jgq is Abelian.

(4) (1) Find the subgroups of S;. Which are normal? (ii) Find the subgroups of D, for n =
3 and 4. Which are normal? (iii) Find the subgroups of D, in general. Which are normal? (iv)
The dihedral group Ds;, and S;, are isomorphic (so really the same). What about D, and S,?
These have different orders (what are they?), so are not isomorphic. Suggest a way of
associating a permutation of the vertices of a square to a symmetry, and hence find a
homomorphism from D, to S..

—_
N

A: The possible permutations in S; are given by the six possible ways
of ordering the numbers a, b and c as 1, 2 and 3 in the second row of (Y% ). ?
Lete=(f1%%), r=(%%%), P = (5%%), x = (1%%), y = (5%%), ad 2 = (%% |,
%). We have group table as shown on the right. By observation, the x

subgroups are { €}, {er,r3}, {err2xy,z}, {ex}, {ey},and {ez}. y
V4

= D|®D

—

N
—
N

N
D< N X |X
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N
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Now a subgroup is normal if x*Hx = H for each x T G. We test by this way, or
equivalently testing if we have left coset = right coset. We do this for the trivial subgroups
(empty and whole), and for {e,r,r3}. We need a counter example to prove that the other 3 groups
of order 2 are not normal, e.g. y{ex}y*=y{ex}y ={y,13y={ez} * {ex}.

N < X



Now as S is isomorphic to Ds, the group table for | R R R® S RSRSRSS

D; ={I, R, R2, S, RS, R2S} will bethe “same” asabove, | || R R® R® S RSRSRS
and the subgroups will also be the same. For D, = {I, R, R|R R R 1 RSRSRS S
R? RS, S, RS, R2S, R3S}, With R=1, 2= 1, RSP =1, and | e T 1o hoo o mt poa
SR = R3S, we have group table as shown on the right. s|s RSR'SRS | R R R
RSIRS S RSSRSS R | Rz R2

Subgroups: {1}, {I,R%}, {1,S}, {I,RS}, {I,R2S}, RS|R’SRS S RS R2 R | R?
{I,R3S}, {I,R,RZ,R3}, {I,RZ,S,RZS}, {I,RZ,RS,R3S}, and RBSIR®SR®S RS S R® R2 R |

{I,R,R3,R3,S RS, R2S,R3S}. The trivial subgroups are normal. This leaves 8 subgroups to check.
{1,B} isnot normal because R¥{1,S} (R3)™* = R3{1,SIR = {R3,R3S} R = {I, R3SR = R2S} ={[,R2S}
L {1,S}. Similarly, {I,R?S} and {I,R3S} are not normal. To check that the rest are normal, use
left coset = right coset, e.g. for {I,R,R2,R3}, the left coset of an element, e.g. RS={R2S, RS, S,
R3S}, isequa to theright coset for RS.

For D, if possible, draw the table and observe the subgroups. If this is not possible, we
could use Lagrange’'s Theorem, i.e. the order of any subgroup divides the order of the group,
IS] | |G|. This would enable us to specify the possible subgroups. For example, for D24, we could
have subgroups of orders 1, 2, 3, 4, 6, 8, 12 and 24.

(iv) D4 isthe symmetry group of the square. R means to rotate 90° clockwise, , )
and S means to flip by the axis shown. If we number the vertices as shown, we
havel = (%%%%), R=(%%%%), and S= (%4%%%). We can assign a permutation fol
any eement of D,. If we define afunction f: D.® Sy, then f(1) = (1%%%), f(R) =(C 1 °
21%%), T(R?) = (%3%°%1%), f(R®) = (2%%%). 1(S) = (4%3%%), f(SR) = (f1%°%%), f(SR?) = (%2%1%%),
and f(SR3) = (%3 2% 3 %). The 8 permutations will form a subgroup of S, so that D, will be
isomor phic to this subgroup of S, — therefore D, is homomor phic to S..
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Example: G group [G,G] ~ subgroup generated by all commutators [x,y]. Note: [x,y]* =
[y,X], but the product of commutators need not be a commutator, so take the smallest subgroup
of G containing al commutators, or take the set of al products of commutators. If g1 G, then
glx,ylg* = [gxg*, gyg']. So any conjugate of a commutator is a commutator. Since gabg* =
gag'gbg?, any conjugate of an element in [G,G] is there already. Conclusion: [G,G] « G.
([G,G] isthe commutator subgroup of g).

Facts: (i) If G is abelian, then [G,G] = {1}. (ii) It can happen that [G,G] = G. (iii) The
quotient group G*° = %/ g is always abelian — it is the “abelianisation” of G. Application: If G
is suspected of being infinite, see if G** isinfinite (very easy to do). If Yes, G isinfinite; but No:
“test fails’. Example: Ds** = ? What are the commutators. they are [R'S, R*S] =
RSR‘SSIR'S'R* If j =1 =0, then[R', R = 1. If j =1 = 1, then [R'S, R*S] = R**. If j = 0, and if
| =1,then[R, RS =R". Andif j = 1, and if | = 0, then [R'S, R¥] = R,

Each commutator is arotation, and any rotation can be realised as a commutator. So [Ds,
D;] = <R> = {I,R,R3} (Note: “< >" represents “subgroup generated by”). The two cosets are
<R>={I,R,R%} and S<R> ={S, RS, R2S}. So D5** has order 2, or [Ds, D3] hasindex 2 in Ds.
Further, D5**= C, (z = “isomorphic to”). Note: S<R>S<R> = <R> = <R>,



Theorem (1st Isomorphism Theorem): If | : G® H is a homomorphism, then j induces
between G/Ker j and Im j . Proof: The elements of G/Ker j are cosets g Ker j , and if gk 1
oKerj , thenj (gk) =] (9)] (K) =] (9), sincej (k) = 1. All the elements of a coset get mapped by
] to the same element, the image of the “label” used. This suggests defining j «: G/Kerj ® Im
] byj«(gKerj)=j (g) (wehavealready checked | - is“well defined”).

It is| - that we will show is an isomorphism, by (i) showing that j - makes sense (i.e. is
independent of the choices); (i) showing that j -~ is a homomorphism; (iii) showing that j - is
onto (i.e. is an epimorphism); and (iv) showing that j - is 1-1 (i.e. is a monomorphism). Write K
=Kerj. (i) If gK = gK, then g = gk for some k T K, and we know that j (g) =j (¢'), i.e.
] «(gK) is independent of the choice of g. (ii) Note that g;K.gK = 010K j «(010:K) = (quQ) =
J (@) (@) =] +(&K)j +(gK). So] - is ahomomorphism.
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(i) If wehave someh1 Imj , it isthere because it is the image of something, g, say, i.e.
h=j (g) =] «(gK), so that h is the image of gK under j -. (iv) A group homomorphism qis 1-1 if
and only if Kerq = {1}, because q(a:) = q(g.) implies q(g.z™) = 1, i.e. 10 1 Kerq. If Kerg=
{1}, then gigo* T Kerq. If Ker q={1}, then qug;* = 1, i.e. g1 = @y, and if g is 1-1, the only thing
in Ker q will be 1. So we need only check Ker j .. Suppose that gk T Ker j -, thenj «(gK) = 1s.
LHS=j (g),i.e. gl Kej;andgK =K, i.e. Kerj.={1}, sothatj - is1-1. All together, j - isan
Isomorphism.

Corallary (2nd Isomorphism Theorem): Suppose that K « H< G (with K« G), then "/k «
S/x, and /yy = ). Proof: Definej : ¢/« ® ©/, so that j (gK) = gH (check that if g:K = g:K,
then g;H = g,H. Method: giK = oK P qugz* T K1 HP giH = g,H. Soj iswell-defined. j is
obvioudly a homomor phism, since ;K@K = gigK. And | isonto, sothat Imj =%/4.). By the
1st Isomorphism Theorem, /o =%u. But gk T Kerj if and only if j (gK) = 14, i.e. gH = 1H,
i.e.gl H . SogkT Kerj U gl H,sothat gk T . ThusKerj ="/x. Therefore, ©/y = %y
asrequired.

Lagrange’s Theorem

Suppose that G is a group, and that H < G is a subgroup. If gi.H and g.H are two left
cosets, then g.h ® g:h; g;H ® g.H isabijection. Proof: This mapping is given by multiplying
by g.g:* on the Ieft. The inver se mapping is multiplication by g:;g.*. End of Proof (so that all
cosets gH have the “same size” — and the same size as H).

Suppose that G is finite, then the cosets of H partition G into a collection of subsets of
equal size, |H|. The number of cosets in [G:H] is called the index of H, and we have [G:H]
cosets, each of size |H|, which together exhaust G, i.e. |G| = [G:H]|H|. Theorem (Lagrange): If G
isfinite, then the order of any subgroup divides the order of G.

Example: Any group of order 13 has only two subgroups. 1, and the whole group. It is
therefore cyclic, since if g is any element (* 1), then <g> is the subgroup generated by g (and
must be the whole of the group). All groups of order 13 are isomorphic to Cis. The same
argument works for any group of order p, where p isaprime.



Corollary: If G has order n, then any element gT G has order dividing n. Proof: H = <g>
has order the order of g, but [H| divides n. (Note: g has order mif g"=1; and if g¢=1, for k > 0,
then m £ k).

Exercises

Symmetric Groups. Example: S;, the symmetric group on three symbols, {1,2,3}. Thisis
made up of al the permutations of {1,2,3}. One notation for the permutations is “ function
notation” : for instance, s = (* %%, is the permutation that interchanges 2 and 3, but leaves 1
unchanged. The more economical notation is “cycle notation”. Here, this permutation would be
represented as (2 3). In cycle notation, S ={(), (1 2), (23), (1 3), (12 3), (132)}.

To compose permutations, we will read from left to right, so for instance (1 2)(1 2 3)(1 3)
= (), the identity element, since 1 goes to 2 (in the first bracket), then to 3, and then back to 1.
Similarly for 2 and 3. Now the elements (1 2), (2 3) and (1 3) are 2-cycles (or transpositions)
and have order 2. The elements (1 2 3) and (1 3 2) are 3-cycles — and have order 3. For
inverses, (12 3)* = (13 2), asyou can easily check.

In general, we have the symmetric group S, of permutations of {1,2,...,n}. We can use
function notation such as's = (*s% 3% ). The corresponding cycle notation would be (15 3 4
2), a 5-cycle. Not all permutations give cycles: s = (*s% %% >,) corresponds to (1 5 2)(3 4), a
product of cycles. Any permutation can be written as a product of digoint cycles.

Exercises. (1) (i) Write the permutation s = (%23 % % 5% %) as a product of digoint
cycles. (i) Let s = (iy, iz, ..., I) be acyclein S,. Show that is can be written as a product of
digoint cycles. (Hint: s will split {1,2,...,n} into a collection of “orbits’). A: (i) (16)(24)(3789)
by writing it out.

(ii) Givenas = (iy, iz, ..., ir), write it out in function notation to begin with, so that s = (%,
%3~ ") Then, follow the first cycle, starting at 1 until it closes, then choose the next unused
number and follow its cycle, etc., until all numbers have been covered. Then write out the
(digoint) cycles next to one another.

(2) (i) Find the inverse of (1 3 2 4) working in S, (or for that matter, S, for any n > 4). (ii)
Let s = (iy, iz, ..., ir) be acyclein S;: what is s™*? Give a proof. A: (1324) = (%31 %, 323 *14).
Therefore, (1324)* = (1423). Check by computing (1324)(1423). If s = (iy, iy, ..., iy), thens™ =
(ir, ..., iz, i1). Proof: In's, i; goesto i, so that in s, i, must go to i;, which it does. Similarly for
all other consecutive entriesins.

(3) Find two two-cycles whose product is a 3-cycle. If we call thesea and b, isab =ba?
Conjecture when do two cycles commute? Try out some examples: why do your examples
behave as they do? (i.e. hopefully some commute, while others don’t). A: (13) and (34) produce
(134). Let ab = (13)(34) = (*13 %2, 344 *3;). But (34)(13) = (%35 %2, %1, “a3) 1 ab. Proposition: two
2-cycles commute if they are digoint, i.e. they do not share any common entries.



(4) 1t is known that every permutation is a product of transpositions. Find transpositions
that when multiplied in a suitable order, give you the 5-cycle (1 2 34 5)? Repeat with (12345
6). What about (1 2 4 5 3 6)? Prove the result we started with. (In fact, this proves that the
transpositions generate the group S, but what are the relations? Think about thisfor n = 4).

A: (12345) = (12)(23)(34)(45). Test by writing it out |a a & a ....a: as az a: a |
Smilarly, (123456) = (12)(23)(34)(45)(56), and (124536) = a 1 o
(12)(24)(45)(53)(36). Proof: We want to prove that (& & & ... &) ae T
= (& a&)(a &)...(a1 a). We look at the situation shown on the n o
right. Note that we write the top line specially, and only write ir . iy
what changes. What is happening is that for every transposition, [ & & &.... as az a: a  a

we are changing an entry on the diagonal, and cycling the last entry to the first entry slowly. ThIS
Is, if we have k elements in the permutation, there are k-1 transpositions, so that we can cycle
successfully. Note that a more formal proof can be done by induction (look in a book).

(5) The groups D; and S; are isomorphic (how could you prove this?), but D, is only
iIsomorphic to a proper subgroup of S, if n > 4. Find a suitable set of permutationson 1, 2, 3
and 4, corresponding to D, (the symmetry group of the square). Generdlise ... eventudly to a
general n.

A: For the proof of isomorphism, define a function f between the 2 groups, and show that
it is well defined, injective and surjective. Remember that in the previous exercises, we
constructed asubgroup of S, from D, by letting | = (11%3%%), S=(%%%%), and R = (%42.%%). In
general, D,={I, R, ..., R™}, S, SR, SR™'}.

We can provide aset of generating permutations in S, which generate a subgroup of S,
aCCOFding toD, | = (11 2 3 : n) R= (1 2132435465 ) nl) and S = (11 n n-1 n2 n35n2 nl n )for n
odd, and S = (%, %132~ "% ™, ™) for n even. To see this, picture a triangle, square, pentagon
etc., and note that S goes through a vertex when n is odd (and therefore vertex “1” remains
unchanged), and for n even, all the vertices are “swapped”.

Standard Examples

Cyclic Groups: All elements are powers of a single dlement, C, = {1,X,....x™} = <x | x" =
1>. Also, Cy = {1,x,x2,.....x1x2...}. A cyclic group is necessarily abelian. Example: Cs = {1, a,
&, &, &, &} (orders1, 6, 3, 2, 3and 6). If we write <x> for the subgroup generated by x I G,
in Cs, <&2>= C3, and <&®>= C,. In C,, <x | X" = 1>. Claim: X" has order "/qcqr ).

Proof of claim: We know that gcd(r,n) = an+br. Now (x)Weed = (x")(ecd) = J0ocd) = 1,
Therefore, the order of X" divides n/gcd. Try this with ged(r,n) = 1. Here, 1 = an+br. We know
that (x")" = 1, since al elements have order dividing n. Now x = x>™" = x", If order X’ = s< n,
then (x*)° = 1, since (x')* = 1, i.e. x*= 1, with s < n — OOPS — so we cannot have s < n, and
we must therefore have s = n. Back to the general case. Now order (X') = s = (want) = "geq(r)-
Assume that s < "gqn). Therefore, sged < n. But ged = ant+br; sged = asn+bsr. It follows that
x%00d = yasmbsr = yaswbs Bt x@1 = 1 (because X" = 1), and X" = ((x)9)° = 1° = 1. Therefore, x39 =
1 — OOPS— since sgcd < n, and x has order n.



Facts. If ged(r,n) = 1, then <x"> = C,. Example: in Css, there is one element of order one,
4 elements of order 5 (X7, x*, x#, x*®), 6 elements of order 7 (x>, x*°, x*°, x®, x*, x*°), and all
other elements are of order 35. (Here we use order(X") = Ygedrn) = */gearzs)). We have a Hasse
diagram as shown. 5 and 7 are coprime; 3x7-4x5 = 1. So x = (x")3(x°)* = (x")3(x°)3. Therefore,
any element in Cgs can be written as a product of an element of order 5 and an elemen s
of order 7 (possibly with one or another trivial). More exactly, for any ¢ 1 Css, we have Cs\ /07
c=ab, whereal Cs,andb1 C.. !

The Symmetric Group, S;

S; congists of permutations of {1,2,3}. (1 2) meansswap 1 and 2. S; = {(1), (1 2), (2 3),
(13),(132),(123)}.Note: (12)(23)=(132),and (23)(12) =(123). Note: in this module,
read from left to right, although from right to left as | did previoudly is still valid. Just do not mix

and match!
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The Symmetric Group on n Symbols, S,

ISi| = n!, eg. [Ss| = 720. We can give a schematic list of elements of S.: Identity, (i j)
transpositions ("™Y/,), (i j k) 3-cyclese.g. (135). Note: (135)=(351)=(513);(jk*=(k
]). There are k cycles for each k = 2, 3, ..., n (iy, ..., i). For n > 4, we aso get other types of
permutations, e.g. (1 2)(3 4), a product of digoint cycles. If the cycles are not digoint, then they
interact, e.g. (12)(23) = (13 2), but (2 3)(1 2) = (1 2 3), non-abelian.

Digoint cycles commute: (is...i)(j1..-)1) = (1--eJ))(1-.-1k), With {iq,...,1k} C{]1,....i} =T. Any
permutation s can be written as a product of digoint cycles, eg. s = (%3%3%%>) = (1 3)(245).
Any permutation can be written as a product of transpositions, e.g. s = (1 3)(25)(4 5). The sign
of a permutation is the parity () of the number of transpositions involved, e.g. s is an odd
permutation. Generating sets for S.. all transpositions;, (1 2) plus (1 2 ... n) (or any
transposition plus any n-cycle). Subgroup A.: the group of even permutations.

Triangle Groups and van Dyck Groups

We want to tessellate (tile) a space with copies of thistriangle. C
If a, b and c denote reflectionsin BC, CA and AB respectively, ther A
& = b? = ¢ = ¢, the identity. The element bc rotates the triangle B b a A
about A through an angle of 2a. To be able to tile, we need 2a tc c B

divide 2p. Similarly, we need ?/,, and */,,. If it does tile, these musl
beintegers|, m, n > 2 so that a ="/, b =/, ¢ =P/}, and (ab)' = (bc)™
=(ca)"=-e A

The group generated by a, b and c is denoted by D(l,m,n) (a triangle, not delta). Within
this, there is a subgroup of index 2 determined by the rotations, i.e. generated by ab and bc (ca
is there as ca = (ac)?, and ac = (ab)(bc)). This group, D(I,m,n), the van Dyck group, has
presentation D(I,m,n) =<x,y | X'=1,y"=1, (xy)"=1> (x =ab, y = bc).



Matrix Groups

Example: GL(2,C), a group of invertible (non-singular) 2x2 matrixes over C. This has
interesting subgroups e.g. the subgroup Q generated by z = (%) and h = (%), with z* = 1, h2
=72, and h*'zh =z, In fact, Q has order 8 — but how do you prove it? Q has presentation <X,
y | x*=1, x2 = y2, yxy = x!>. Generalisations of GL(2,C): eg. GL(m,C), GL(m,R), and
GL(m,Zy).

D, is isomorphic to a subgroup of GL(2,R) e.g. rotations
through #/,. A rotation through g (clockwise) is given by Ry = (“¥gn
S ). The subgroup of GL(2,R) generated by Royn and S, “looks a |~
Iot” likeDn=<r,s|rM=1,=1,(r9?=1>. Nowr® Ryrands® s,

seems to give a homomorphism D, ® GL(2,R). It seems to be a ansu 10\ =
monomor phism. (O 1> Sy

oRU Ry,

Representations of a group. Let G be a group. A linear representation of G is a
homomorphism r: G ® GL(m,k), where Kk is a field. It is faithful if r is a monomorphism.
Permutation Representation: G ® S,. Cayley’'s Theorem: If G has order n, then it has a
faithful representation, r: G ® S.. Proof (Sketch): Label the dementsof G as @y, ..., G If g1
G, then gg, is some “other” element of G.

Similarly for g, etc. Definer (g) T S, by r (g)(i), where gg = g . (OF, gg = g for some
J, and define r (g)(i) = j). Now check that r is a homomorphism and 1-1. Example: G = D..
Multiply {1, r, r3, s, rs,r2s} by rtoget {r, r2, 1, rs, r2s, s}, so that r (r) = (1 2 3)(4 5 6). Multiply
by stoget{s, r%s,rs, 1,13 r}, sothat r (s) = (1 4)(2 6)(3 5) (recall that sr = r2s).

Working with Presentations

Conjugacy. In agroup, G, dementsx and y in G are said to be conjugate if there is some
g1 G such that gxg* = y. We also say that y is obtained by conjugating x by g. Lemma:
Conjugacy is an equivalence relation. Proof: (i) Reflexive: x is conjugate to x (use 1, 1x1* = x).
(ii) Symmetric: if gxg* =y, then (gHy(gh™* = x. (iii) Transitive: if gyg* = x, and if hzh™* =y, then
(gh)z(gh)™ = x.

The equivalence classes are called conjugacy classes. Example: Ds = <r, s|r*=1, =1,
(rs)2 = 1> (change the last relation to sr = r*s). Every element hasthe formr's for O£ £ 4, and
=0, 1. For the case 1, it is only conjugate to itself. What is conjugateto r?j =0: rrri=r.j = 1:
(r9r(s*r') = r'risr' = rt. So {r, r'} is a conjugacy class ({r, r}). Now take r2, and conjugate
with some x: xrax* = xrx*xrx* ={r2, r?} ={r?, r3}.

Now look at s: rsr* = r2s; r2sr? = r(rar)rt = r(r2g)r! = r(r)rirsrt = r2r2s = r's. We get {s,
I2s, r's, rs, r3s}, as these are the only ones left. The conjugacy class structureis as follows: {1},
{r,r}, {r2r3}, and {sI2s, r's, rs, r3s}. Smilarly, in De, we get {1}, {r,r*}, {r3r%}, {r3}, {s, s,
r‘s}, and {rs, r3s, r°s}.



Conjugacy

(6) Find all the conjugacy classes for a general dihedral group, D.: (i) for n even, and (ii)
for n odd (the two cases are different, athough some of the working will be the same). A: D, =
<r,s|rM=1, =1, (rs2= 1> Thelast rlation P rs=sr!* = g™ and sr = r's! = r"*!s. We
already know that any element may be written intheformr's forO£i £n-1, andj =0, 1.

We consider conjugatingrs by rand by s. (r) j=0: r(f)r*=r.j =2 r(ro)r* = r*lgrt =
r"?s (reduce if i+2>n). (s) | = 0: S(r)s* = sr's=r"iss =", | = 1: §(r's)s® = sr' = r™'s. Now if we
try to conjugate r's by r<s, we get (r<s)(r's)(s'r*), and so we can find the conjugacy class of any
element by repeated application of conjugation by the r and by the s.

We start by considering the conjugacy class containing r. r conjugated by any power of
itself isjust r. r conjugated by sis srst = r"!sst = ™%, ™! conjugated by any power of ris .
And r"! conjugated by sis s'™!s' = rss* = r. Thus the conjugacy classis {r, r"*}. Now find the
conjugacy class containing s. s conjugated by sissss* = s. sconjugated by risrsrt = rg™* = r2s,
rzs conjugated by sis sr2sst = sr2 = r™gr = (") = r™?s, r2s conjugated by risr3srt = r*s, s
conjugated by sissr™?sst = g2 = g™t = rgrt = r2s,

r"?s conjugated by r is st = r{(sr™) = r"(rs) = r"s = s. r*s conjugated by sis sr'sst =
s* = ™“s. And r*s conjugated by r is r°srt = r°s, So we have {s, 12, rs, ..} E{r"%s, r™s, ...}.
When nis even, e.g. 8, we have {s, r2s, s, r°s} E{r®s, r’s, 25, s} = {s, r%s, r*s, ..., "?s}. When n
isodd, e.g. 7, we have {s, rs, r's, r°s} E{r’s, 13s, rs} ={s, IS, %S, 13s, ..., s},

Now find the conjugacy class containing r2. r2 conjugated by r isjust r2. r2 conjugated by s
issr2st=r™grs = r™r™1ss = (2, ™2 conjugated by risjust 2. And r™2conjugated by sis st =
s™ir™s = rer™s = r2ss = r2, Thus the conjugacy class is {r2, r'"?}. There seems to be a pattern,
and we would expect to get {r3, r"3}, ...

When nisodd, eg. n =5, we have {r,r*}, {r2,r3}, {r3,r3}, {r*r}, i.e. 2 distinct classes, or
“1f, distinct classes: {r, r"%}, {r2,r"?}, ..., {r™¥2 Y21 When n is even, e.g. n = 6, we have
{5}, {r2, %}, {r3}, {r'r3}, {r°r}, i.e. 3 distinct classes, or "/, distinct classes: {r,r"},..., {22,
(2D 2 We can now classify all the conjugacy classes of D, for when nis odd: we have
a total of "/,+2 conjugacy classes, and they are as follows. {1}, {srsr3s,...,r*s}, {r,r"'},
{rz’rn—Z}’ s {rn—ljz’ rn—(n—]jZ)} )

When nis even, alittle more work is required. We have not in this case dealt with the set
of dements {rs, 35, ..., r'"'s}. Is this a conjugacy class? It turns out that it is by anaysing the
conjugacy class containing rs. So we can list the "/,+3 classes as follows: {1}, {s,r%s,r’s,...,r"%s},
{rsr3s, 15s, ..., ™}, {r,r™1}, {r2,2}, ..., {21 (@D £yv2L  Note: Avoid general examples as
these detract from the genera theory.

(7) Find all the conjugacy classes of S, (think: there are 24 elements — so checking all
combinations is not feasible. Try out some examples, seeing what conjugation does to 2-cycles,
3-cycles, 4-cycles, and products of digoint 2-cycles in turn). What is likely to be the general
result on the conjugacy classesin S,?



A: S ={(1), (12), (13), (14), (23), (24), (34), (123), (132), (143), (124), (134), (142),
(12)(34), (23)(14), (24)(13), (234), (243), (1234), (1342), (1243), (1432), (1423), (1324)}. Let
us try some ssimple examples to start with. 2-cycles: (13)(12)(31) = (23); (34)(12)(43) = (12);
(123)(12)(321) = (13); (13)(24)(12)(13)(24) = (34); and (1423)(12)(3241) = (34).

This suggests that we will get a conjugacy class of al the 2-cycles, {(12), (13), (14), (23),
(24), (34)}. Similarly, by testing some 3-cycles, 4-cycles, and digoint 2-cycles, we see that the
set of those types form conjugacy classes by themselves. To “ complete the set”, note that the
identity permutation forms a class by itself. Generaly, in S,, we would expect al “types’ of
permutation to form conjugacy classes, e.g. j-cycles (2 £ ] £ n), digoint 2-cycles, etc.

(8) Show that x is central in G (i.e. x I Z(G), so that x commutes with all the elements of
G) if and only if x isin a conjugacy class by itself. A: (if) Consider that an dement x T G
commutes with all the elementsy T G, i.e. xy = yx. But this implies that yxy* = x, therefore x
and y are conjugate for al y T G, and therefore x isin a conjugacy class by itsdlf. (only if) If x
is in a conjugacy class by itsaf, thenyxy = x foralyl gb yx=xyforalyl G, and
therefore x and y commute. QED.

The Quaternion Group and its Relatives

(9) Let GL(2, C) denote the group of al non-singular 2x2 complex matrices. This has a
subgroup Q generated by the matrices x = (%) and h = (%), where, of course, i2 = -1. Check
that |<x>| = 4, and that h | <x>, so that |Q| > 8. (Why?) Note (and check) that h2 = x2, and that
hxh = x*. (Q is caled the quaternion group).

(ii) Defineagroup G hy <x, y | x* =1, y2 = x2, y’xy = x>, Prove that any element in G
can be rewritten in the form x'y for somei andj intherangesO£i £ 3, andj = 0 or 1, so that
|G| £ 8. (iii) Provethat |Q| = 8.

A: (I) X2 = (ioo-i)(ioo-i) — (izooiz) — -100_1). X3 = (ioo-i)(_loo-l) — (-iooi)- x4 = (ioo-i)(ioo-i) — (-iZOO_iz) — 1001)
= I. Asx* = |, then the group generated by x is of order 4, i.e. |<x>| = 4 as required. We can
clearly see that h 1 <x>. Why is |Q| > 8? For Q, we have already found 4 elements, and, by
multiplying these on the left by h, we will get 4 other elements. So, as we have already seen 8
distinct elements, we must have |Q| > 8. We do the checks by simple matrix multiplication, and
by noticing that we can check h™*xh = x* by checking xhx = h.

(i1) Using the normal form defined, we see that we can have 1, X, X3, X3, y, Xy, X2y and x3y
as valid elements. Assume that we can reduce any word w of length nin the x’s and the y’sto
one of the 8 forms above. If W =wq isof length n+1, thenw’ =x'yiqforO£i £3,and0 £ £ 1,
withgT {x,y,x%y'}. We have to check that the 32 words can be reduced to normal form.

Notice that because x3 = x*, then if we can reduce x'y'x, then we can also reduce x'y'x* —
by reducing x'y'x3 three times using the previous method. Case x. x'yx. If j = 0, we have x™*,
which is OK as we can reduce using x*= 1 as necessary. If j = 1, we have x'yx. But y*xy = x?,
so that y2xyx = 1, yx = x''y, so we have x'xy, which again is OK using x* = 1 as necessary.



Casey. xyly. If j = 0, we have X'y, which is in the normal form. If j = 1, then we have
X'y2. But y2 = x2, so we really have x'*?, which again is OK using x*= 1 as necessary. Now as y?2
=x2p y*=x* if we have handled the case for y, we have handled the case for y* aswell, as to
handle y*, we just handle y3 3 times. So as any word in the x’s and the y’s can be reduced to
any of the 8 normal forms, we can say that |G| £ 8.

(T. Porter’s Answer): Any element of G can be rewritten in the form x'y! for some O£ i £
3, and for some | = 0, 1. Suppose that we can reduce any word of length n-1 (or less) to one of
the standard forms. Now assume that w = w’a, where w is of length n, so that w’ is of length
n-1, with a being one of x, x*, y or y*. We can reduce (modulo the relations) w’ to x'y! for some
I and j as before. We now analyse what a does to the reduced word.

If a=y, andif j = 0, then w reducesto x'y. Fora=y* and j = 0, w reduces to x'y* — but
y2=x2and y* = x* = 1, so that y* = y3 = x?y. Therefore, w reduces to x'*?y, and possibly further
if i+2>4. If a=y, and if j = £1, then w reduces to x'y2 = x*?, or to x'. If a=y?, and if j = #1,
then w reduces to x'y? = x™?, or to x. Both the above could possibly be followed by further
reductions (mod 4) if i+2 or i-2 were outside therange O£ 1 £ 3.

If a=Xx, then w reduces to x"**, or to x'yx. Thefirst caseisal right asyx = y2yx = y2xly*
= xy* = xy3 = x?y, and a further reduction gives us the correct form. Finaly, for a = x*, and
using yx* = xy, the reduction works as before. There are thus at most elements 1, x, X2, X3, y, Xy,
X2y, x3y, i.e. |G| £ 8 (but can we be sure that there aren’t any duplicates amongst this list?)

(ii1) We map G—onto® Q by using the two results (i) |Q| > 8, and (ii) |G| £ 8, to give |Q| =
8. We need an isomorphism between the matrices x and h, and the generators x and y. We get
this by setting x = x, and setting h = y. We have already shown (in tests) that the relationsin (ii)
are satisfied by x and h in part (i). So G = Q. (T. Porter): The substitution test gives a
homomorphismj : G® Qgivenby|j (X) =x, andj (y) =h. Asx and h generate Q, thisis onto;
hence |Q| £ |G|, and both must be 8.

(10) The generalised quaternion group, Q-n, is defined either as the subgroup of GL(2,
C) generated by x = (",°.), and h = (%), where w = €”™; or as being given by the presentation
Qn=<X,y|y2=x", yxy = x*>. (i) Prove that x*" = 1, that y* = 1, and that any element in Q>
can be written in the form x'y/, for some i and j intherangesO £i £ 2n-1, and j = 0 or 1. (ii)
Describe al the conjugacy classes of the elements in Q... Describe the center of Q... Describe
the commutator subgroup of Q.. Find the abelianisation of Qz.

A: Assume that x = x. Now x2 = (%), and x® = ("’w). Clearly, x" = (“"%wm),
depending on if nisodd or even. Thus X" = (**P.eqip) = (Yo%), ad S0 X" =(" 1) (%) =
101) = I. Therefore, x*" = 1. It follows easily that y* = 1, asy2 = x" b y* = x*" (x*" = 1, so that y*

= 1). Can any element be written in the form x'y' for O£ i £ 2n-1, andfor O£ j £ 1?



Assume that we can reduce w of length n to normal form. Let w' = wq be of length n+1,
thenw' = xyiq for g1 {x,y,x%y'}. Because x"= 1, then x* = x**, so that if we can handle the
case g = X, then we can handle the case g = x* aswell. Similarly, because y*= 1, we have y3 =
y!, so if we can handle y, we can handle y* as well. Case x. X'yx. If j = 0, we have x*!, OK,
using x" = 1 as necessary. If j = 1, X'yx. But y’xy = x* b yx = xy, so we have x'xy, OK.
Casey. If j = 0, we have X'y, OK. If j = 1, x'y2. But y2 = x", so we have x*", OK. So any word
CAN be reduced to normal form.

(ii) When we conjugate any element X'y by x*y', we obtain x*y'x'y'y'x*. So we can obtain
the conjugacy class of any element by repeated application of conjugacy by the x and by they.
We start by considering the conjugacy class of x. x conjugated by any power of X is just x. X
conjugated by y isyxy™* = yyx* = x* = x*™1, x?*! conjugated by any power of x isjust x?™*, x?v1
conjugated by y isyx*"'y ! = yxy? = x. Thus the conjugacy class containing X is{x, x*}.

We now consider the conjugacy class containing y. y conjugated by x is xyx*. As xy =
yx*, then we have xxy = x2y. y conjugated by y isjust y. x2y conjugated by x is x3yx™* = x%y. x2y
conjugated by y is yxayy?! = yx2 = (xly)x = x*lyx = x*" x>y = x*™2y. We will notice a pattern
developing, and we will expect to get the class {y, x?y, X%y, ..} E {x*"?y, x**%y, ..}. Thistime, it
makes no difference as to whether n is odd or even, as 2n is always even. So the conjugacy
class containing y will aways be given by {y, x2y, X%, ..., X"y, x?"?y}.

As before, we will get conjugacy classes { x2, x*%}, {x3, x*%}, ... So, if say n = 4, then we
get {x,x}, {x2x%, {x3x}, {x*. If n=5, wewill get {x,x%, {x2x%, {x3x7}, {x*x%, {x°}. We
can now classify all of the conjugacy classes (n+3 of them): {y, x?y, X%, ..., x*™y, x>}, {xy,
X3y, ..., X2 {xx® {xex®?), L, {xT, xer e h) Ix™ ) and {1}, The centre of Qg is those
elementsin a conjugacy class by themselves. From the ligt, these are {1} and {x"}.

Commutators. [x,y]. There are 4 cases to consider (as previously). Case 1. [x,y] =
Xxx'xd = 1. Case 2: [x,y] = X'yxlyx'xT = x/(yx)yx™ = X' (xy)y x™ = x711 = x4, Case 3: [X,y]
= XiXlyx'yixd = xMxlyyIxd = x?. Case 4: [x,y] = X'yxyyx'yx] = xixIyx'yx? = xxIxyyx] =
x?-4, So what are the commutators of Q.,? They are the even powers of x, so that [Qz, Q2] =
{1, x2, x4, ..., X" %22} What is Qx/**? We will have 4 cosets in Qa\[Qzn, Qa]: {1, X, ..., X2}
= <Xu>; X<Xi>; <Xy.>Y; and x<x,>y. Therefore, Q" is of order 4 for al n.

(T. Porter’s Answer): Recall that as conjugating by ab corresponds to first conjugating
by b, and then by a: (ab)c(ab)* = a(bcb*)a*; and conjugating a product a(xy)a® = axa'.aya’; it
is a good idea to work out conjugates of each generator by each (other) generator. Now yxy* =
YAy IXxy)y? = xx" = x1, and yx'y*! = (yxyH)* = x, so that conjugating x by itself gives x back
again, so that x is conjugate to itself and its inverse only: {x, x*}, or {x, x**'} is a conjugacy
class. Conjugating x* by some word a1 Q. gives ax‘a® = (axa'), so yields either x*, or x*
(since a consists of y's, y's, x's and x*'s only). Hence each {x*, x*™} is a conjugacy class.
Note: x" isin the centre of Q,, since X" = x**", so that {X"} is a conjugacy class. Turning to the
conjugacy class of y, xyx™ = x2y, since xy = yx*. Now conjugate x2y by both x and y: x(x2y)x* =
xx2x1txyxt = xty; and y(x3y)y! = yx2ytyyyt = x*"2y,




Continuing with the new elements, we will get dl x*y for k = 0, ..., n-1. This seems to
give a conjugacy class {y, x?y, ..., x**%} with n elements. Now start with y* = y3 = x2y — but
that is already there! (Take care). What about xy: as x> = 1, this cannot be written as x*y, so it
isn't there. Conjugating xy by y, y(xy)y™*=yxy™y = xy; and by x, x(xy)x™* = x.xyx™* = x3y.

Thus {xy, ..., x*?y, ..., x>y} is a conjugacy class. We so far have {1}, {x"}, {x¥, x>}
foreachk =1, ..., n-1; {y,....x*"?y}, and {xy,....x*" 'y}, so that counting elements, we have 1 + 1
+ (n-1)x2 + n + n = 4n elements — all elements are accounted for. Any element in Z(Q.n) will
be in a singleton conjugacy class, so that Z(Qz) ={1, x"}.

The commutator subgroup of Qz, will be normally generated by [x, y] (since [y, X] = [X,
y]*, and we can use the tutorial questions on page 5 to expand a commutator of a product in
terms of products of commutators of generators, together with conjugates of these
commutators). Now [x, y] = xyxy?* = x2y.y! = x2, The commutator subgroup must contain all
x*, wherek T {0, 1, ..., x-1}. (Conjugating these yields elements in the same list by our earlier
calculations).

To caculate Q.*°, add the commutator [x, y] into the relations for Q.. Informally, one
can then commute the elements of the relations as they will be consequences of the old
relations, plusxy = yx. S0 Q™ =<x, y | y2=x" yxy =x1, x2=1>° <X,y | y2=X", x2=1, Xy =
yx>. If niseven, X"= 1, so thisbecomes <x, y | y? =1, x2 = 1, Xy = yx>, which is the Klein 4
group Ks=Co C={1, X, y, Xy}, withxy =yx, x2 =1, and y?2 = 1. If nisodd, y? = x" implies
that y2 = X, so that y*= 1 since x2 = 1. This gives C,.
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AsN < G means that xNx* = N for al xT G, Nisnormal U itisaunion of conjugacy
classes. Example: List the normal subgroups of Ds. Lagrange' s Theorem gives possible orders
of subgroups as 1, 2, 5 and 10 (1 = trivial; 10 = the whole thing). Assume that Hx Ds, and that
some element of order 2isinH. ThenH = Ds. (1T H, and somer'sT H — but then all of the 5
elements conjugate to r'smust bein H, i.e. |H| > 1+5 = 6, so that |H| = 10).

The rotation subgroup <r> ={1, r, 12, 13, r*} <« Ds. Therefore, Ds/<r>= C,. Lemma: If G
isafinite group, and if H £ G, with [G:H] = 2, then Ha G. Proof (If x T G, xNx* is a subgroup
so that 1 T N): xN is either N or G\N (there are only 2 cosets). Nx is either N or G\N,
dependingonif xT N, orif xT GW. Inall cases, XN = Nx, i.e. xXNx* = N as required.
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Centre

If G isagroup, then the centre of G, Z(G), isgiven by {xT G|" g1 G, xg=gx}. Now
1T Z(G); if x1, X2 1T Z(G), then (X1X2)g = X10%2 = g(X2X2); and if x T Z(G), then x* 1 Z(G). So
Z(G) isasubgroup of G. Example: Ds = <r, s|r®=1, =1, (rs)2 = 1>. Ingeneral, if xT Z(G),
then gxg* = x for al g1 G (and conversely). Sox 1 Z(G) U x is only conjugate to itself. In De,
the elements in “singleton” conjugacy classes are 1 and r3, i.e. the centre of Ds is Z(Ds) = {1,

r3}.



Lemma: If G=<X |R> thengl Z(G) if and only if for al x T X, we have xg = gx.
Proof: (P)AsX 1 G,thenxg=gxforal xT X (weknewif “* g1 G” dready). ) IfyT G,
theny = x;*%..x:*%, with x; T X, and assume that for al x T X, we have xg = gx. Now look at yg
= X XXt = L= Xt X = gt xq = gy

Proposition: Z(G) < G. Proof: Suppose that if x T G, and if g1 Z(G), then xgx* =g 1
Z(G), so that xZ(G)x* = Z(G). Example: D¢/Z(Ds). [De, Z(Ds)] = 6. We have two candidates
(Cs and D) for the quotient. Which one? Hand Wave! In D¢/Z(De¢), we kill off Z(De), so that we
kill off r3. This suggests that D¢/Z(Ds) should have the presentation <r, s|r°=1, 2 =1, (r5)2 =1,
rB=1> (3 = 1 to “kill off” thecentre) =<r,s|r =1 =1, (r92=1>(asr*=1isa
consequence of 13 = 1) = Ds.

Van Dyck’s Theorem and the Substitution Test

Formalising “Presentations’: free groups and their guotients. Free Groups. The idea is
that given a set X, we build a group F(X) from the elements of X (and X*) with as few
constraints as possible. (i) F(X) = <X | >. (i) If X ={a}, then F(X) ={a n1 Z}= C..
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Example of Construction. Let X = {x,y}. In F(X), we will need al x", where nl Z, and
dl y", wherem 1 Z. So we will need all x*y"x?y™, . x*y", with a;, b; T Z. But we can assume
that the word is reduced, so that no interior a; or b; is zero. Example: if a, = 0, then
XPuyPixOyPoxds | = xBuyPrbayds @ x0 = y0 = the identity or empty word.

We can multiply in an obvious way by concatenation and reduction, e.g. if w; = xyx2y?3,
and if wy, = y3yx?, then wiw, = (Xyx2y®)(y3xlyx?) = xyx?y°x'yx? (laws of indices) =
xyx2xtyx* (reduces to) = xyxyx* (laws of indices again).

Definition: A group F isfree on asubset X | F if for any group G, and any assignment q:
X ® G, thereis aunique homomorphismq': F® Grestricting to g, e.g. X = {X, y} as before.
If G is arbitrary, and if g X ® G picks out two elements (g« and g,), then g (x2yx3y3x) =
0x°0,0x °0,°gx. Example: q': F(x,y) ® De defined by g(x) =r, and g(y) = s.

It follows that q'(x2yx?y3x) = r2sr3s*r = r2sr3sr = 1. In fact, ' is onto (since r and s
generate D). But another choice of mapping may not yield an epimorphism. Consider j (X) = r?,
andj (y)=s. Thenri Imj’. Notethat g (from now on, forget the ‘) is an epimor phism, since
the image of X is a generating set for G in this case. The 1st Isomor phism Theorem says that if
j : G® Hisahomomorphism, then G/IKerj = Imj .

So if j is onto, then all the information on j is encoded in its Kernel. In our case, Q:
F(x,y) ® Ds, and its Kernel contains x°, y2 and (xy)2. But it also contains x2yx2y, yx°y*, etc. Ker
] isanormal subgroup of F(x,y), so that it is closed under products, inver ses and conjugation.
CLAIM: x?yx?y is a product of conjugates of x°, y2, xyxy and their inverses. Now Xxyxxy =

X(Xxyxy)x xyxy = x(xyxy)x*.x(y?)x*(xyxy). QED.
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The Todd-Coxeter Heuristic

Example: <x, y | X3 = e, y2 = e, Xyxy = €>. The table closes up to give 6 elements, and a
permutation representation: G® S, wherex ® (12 3)(465), andy ® (1 4)(2 5)(3 6). We
have a Cayley Colour Graph as shown.

X X X y |y X 'y X y xxtyy?!
1 2 3 1 1 4 1 1 2 5 4 1 112 3 4 4
2 3 1 2 2 5 2 2 3 6 5 2 2/3155
3 1 2 3 3 6 3 3 1 4 6 3| 31266
4 6 5 4 4 1 4 4 6 3 1 4 46511
5 4 6 5 5 2 51 5 4 1 2 5| 5(4622
6 5 4 6| 6 3 6| 6 5 2 3 6 6/5433

Exercise: Try <a, b | baba® = g, abab™® = &>, and <x, y | x2y3, x3y*>.
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For the second one, we use the method described below, where we have four tables. It
turns out that we obtain just one element, the identity element for the group. Try it out and see —
you will get “deductions’ to place in atable, but at some stage will get e.g. 5y 5, soin this case,
5isthe trivial operation, implying that x is also the identity operation, so that we only have 1
element.

Todd-Coxeter Coset Enumeration

Q: Find |G| given G = <Qy, 2, ...y Om | 1, T2, ..., > Step 1. Initialise. Prepare a relations
table, ‘REL’, with a column for each relator, and an unlimited number of rows. Placea“1” at the
beginning and the end of each row. Prepare a coset-generator table, ‘CGT’, for storing <coset>
X <generator> = <coset>, with one column for each of the generators g, one column for each
g, and an unlimited number of rows. Label the first row “1”. (These are the two tables shown
previoudly).

Prepare a deduction table, ‘DEDN’, with 3 columns; and a coincidence table, ‘COIN’,
with 2 columns, both having an unlimited number of rows. Let s denote the number of cosets
(elements) defined, and set s = 1. Now “add deduction x.gi = y” means to check to see whether
(X g y), or (xg*x),isaready arow in DEDN. If not, place (x g y) in the 1st available row in
DEDN.



Similarly, “add coincidence u ® v’ means to check to see whether (u v) or (v u) isarow
in COIN. If not, place (u v) when u < v, or place (v u) when v < u, in the 1st available row in
COIN. Step 2: Make a definition. If CGT is complete, then STOP. Otherwise, increment s (s
;= s+1), and define s=k.g** for some 1 £ k £ s, and for some 1 £i £ m, to fill in some blank in
CGT. Start anew row in REL, and place an “s’ at the beginning and end of each column. Start a
new row in CGT, and enter the new entries.

Step 3: Fill up the holes. Fill al possible holes in REL using the entries in CGT. If a
one-hole gap in one of the columns isfilled, and we obtain x %y 9 z (wherey is new), then either
X.gi=Yy and y.g; = z are already known; or one of them is known but another is a deduction. If
there is a deduction, add this deduction, and underline x y or y z in REL. If DEDN and COIN
are both empty, go back to step 2, but otherwise go on to steps 4 and 5.

Step 4: Process a coincidence. If there is a non-empty row ir g gl g gl
COIN, process this coincidence as follows: if (X y), withx <y, is¢ | S —
row in COIN, compare rows x and y in CGT (and REL) as shown X O s U e
say. For each g (and each g, if x.g = u, but y.g' is blank, dc , 8 V

nothing; if y.gi=v, but x.g; is blank, add deduction x.g = v; if Xx.gi= |

u, and if y.g = u, do nothing; and if x.g = u, if y.g=v, and if u?! v, add coincidence u ° v.
Delete row y in REL and in CGT. Replace every y in REL and in GCT by x. Remove the row
(xy) from COIN. Go back to Step 3.

Step 5: Process a deduction. If there is a non-empty row in DEDN, process this
deduction as follows: if (x gi y) isarow in DEDN, then x.g =y, and y.g™* = x. Check that x.g; is
blank in CGT. If not, and if x.g =z ! y in CGT, then add coincidence z ° y. Usualy, x.g; is
blank, so put x.gi=y, and put y.g* = x in CGT. Remove row (x y) from DEDN. Go back to Step

3.
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Normal Closure

(Kerj ® F(X) —j ® G).If Gisagroup, and if Si G, then the normal closure of S (in
G) is the smallest normal subgroup of G containing S. Lemma: <<S>>=C{N |N< G, Si N}.
<<S>> s also obtainable by forming all consequences of S where a “consequence of S’ isa
product of conjugates of elements of S.

Generators (more precisaly): Suppose that we have X | G, where G is a group, then
there is an inclusion function, X ® G. This induces a homomorphism j : F(X) ® G. We say
that X is a set of generators for G if j is onto. Proposition: Every group is a homomorphic
image of afree group. Proof: Take X to be the underlying set of G.

Relations (or relators): Given a set X of generators (of G), and thusj : F(X)—onto® G, a
relation is an element of Ker j , where Ker | is the relation subgroup. Definition: (a) Given a
group G and a set X of generators, asubset R of F(X) is called a set of defining relations for G
If <<R>>=Kerj . (b) A presentation for G isapair <X|R>, where X isaset of generators, and
R is a set of defining relations. G is finitely generated if X can be chosen to be finite. G is
finitely presented if X and R can be chosen to be finite.



Lemma: Let G, H and K be groups, witha: G® H, and b: G yH yH
® K, as shown in diagram 1 — homomor phisms with a onto anc ¢ G igcommut&
Kera [ Ker b. It follows that there is a homomorphismg H ® K, hek bk

such that ga = b, i.e. as shown in diagram 2. Sketch Proof (wel Diagram1  Diagran2
definition of g left as an exercise): The 1st Isomorphism Theorem P H= G/Ker a (a onto). So
ogKera)=gKerbT Imbi K works. End of Proof.

Theorem (van Dyck): If R and S are subsets of F(X), and if R S, then there is an
epimorphism <X|R>—q® <X|S>. The kernel of q isthe normal closure of the image of S\R as
asubset of <X|R>. Proof: Usethe lemmafor <<R>>[ <<S>> (Kera | Kerb).

The Substitution Test (Useful)

Suppose that G := <X|R>, and that H isa group. If g: X® H is afunction, then g extends
to a homomorphism, q: G ® H, if, and only if, for al x T X, and dl r T R, the result of
substituting g(x) for x in R yields the identity of H. Example: G = D3, X = {x,y}, and R = {x3,
V2, (Xy)?3} (=14, 12, I3). Isthere a homomor phism from D; onto C; = {1, a, &} ? (= H).

Try assigning elementsof C;tox andy. (@) Try q(X) =a and gq(y) =a Nowq(r) =a& =1
in Cs, but q(rz) = a1 1, nogood. (b) Try q(X) = a and q(y) = & — still no good. (c) Try q(x) =
a and q(y) = 1. Here, q(r.)) = 1; q(r) =12=1; and q(r;) =al.al=2a1 1, no good. Proof by
exhaustion yields that there is no epimorphism from D; onto Cs.

Application: listing endomorphisms and automorphisms of groups. Illustration of the
method: (a) Consider C, = <x | X" = 1>. Define (or try to define) an endomorphismj ,: C,® C,,
where | (x) = X" (0 £ r < n). This does give an endomorphism (by the substitution test), where
JoX) = 3.00" = x™ = (X" =1 = 1. Which of these are automorphisms? Test for
automor phism: (i) isj onto?, and (ii) isj 1-1?(j : G® G). If Gisfinite, it is enough to check
thatj is1-1,i.e that Kerj istrivial. Back toj .. What isKerj ,21f 1= (x°), thenx* =1, i.e.
nisr (e.g.j 2: Ce® Ce, x31 Kerj ).
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Proposition: j , is an automorphism if and only if ged(r,n) = 1. Proof: Assumethat j | is
an automor phism, then there is some s sit. j (x°) = x (because | , is onto), i.e. x = x*; rs°® 1 mod
Nn. r has an inverse mod n, so that 1 = rst+kn, and gcd(r,n) = 1. Now assume that gcd(r,n) = 1, so
$sst.rs® Imodn. If x'T Kerj,, thenx®=1; x =x%=1°=1, i.e. x' wastheidentity, and the
only element in Ker j . is the identity. Now Ker j = {1}, so that j , is an automorphism. End of
Pr oof.

Corollary (of the proof): If rs® 1 mod n, then (j )* =j « The set of automorphisms of
any group G form a group, Aut(G). Now consider a: G —=® G, and b: G —=® G. The
composition isba: G ® G. What is Aut(C,)? Aut(C,) = {j | gcd(r,n) =1}, and j s = s
(reduced mod n if > n). For any n, U, is the abelian group of integersin Z, which have inverses
(under multiplication).



U.={1} (Z.={0,1}). Us={1,2} = C,(Z3={0,1,2}). U, = {1,3} = C,. Us={1,2,34} =
Cs Us={1,5} = C.. U, ={1,2,34,5,6} = Cs. Us ={1,3,5,7} = K4, the Klein 4-group (elements
of orders 1 and 2 only). Corollary: Aut(C,)= U,. Lemma: If pis prime, then U,z C, (look up
aproof). Proposition: Aut(Cp)= C,..

Proposition: If p is prime, with t > 1, then Aut(Cy;t) = Cpe1p-1) . The orders are easy to
check: Z x has p' elements, and p** of them have a factor in common with p', thus|U | = p-p**.
Challenges: (i) Find a presentation of Aut(C,) if n = p,"p.% (ii) prove that Aut(Cr)=z Aut(Co);
that Aut(Cie) = Aut(Cy); and then find some more!

(i) If n=pspz7, thenj (n) =] (p*)j (P27 = [P (pe-D)I[P2""(p-1)]. Therefore, in this case,
Aut(C,) = C,, where x isthe red expression. (ii) U; ={1,2,3,4,5,6} = C¢; and Uy ={1,2,4,5,7,8} .
Evidence: (a) we have the same number of elements in both groups; (b) we have matching
element orders. for Uy, 22 =4, 23 =8, 2'= 16, 2°= 32, 2°= 64, OK (as 64 - 9x7 = 1); 43 = 64; 5°
= 15625; 73 = 343; and 8 = 64. For U, 23 = 8; 3°= 729; 4° = 64; 5°= 15625; and 62 = 36.

Note that we have orders (2, 3, 3,

. Ur Us After Swapson Us
6,6)|nea:hcase. NOWdra\NupthE |12345686 [124578 [142758
1112 3456 11124578 1142758

Cayley table for each group. We want to Order| Ur [Us 55 4 6135 2248157 4478125
swap some rows and columns in Ug's 3 2447 3362514 4487215 2284517
table to get the “same” tableasU;. Swaps 6 135/25 5531642 7751842 5521874
are influenced by the matching orders. 6l654321 8875421 8857241
Experiment, and find that we can set (U;=Ug) 1=1,2=4,3=2,4=7,5=5,and 6 = 8 to get

the isomorphism. Now Ug = {1, 2, ..., 18} = Cis. And Uy = {1, 2,4, 5, 7, 8, 10, 11, 13, 14, 16,
17, 19, 20, 22, 23, 25, 26}. As before, find the orders of elements and match them up; draw
tables; swap; and find the isomorphism.

(b) Dihedral Groups, D, = <x, y | X"=y? = (xy)? = 1>. Try to definej : D,® D, by (X)
= x%"®, and j (y) = x%". Substitution Test: if j isto be an endomorphism, we need (x3")" = 1
(x%y%2 =1, and (x3"x%y%2 = 1. For now, restrict to n = 2m+1, so that (x3®)*™* = 1. But (x3y)*™?
=x% 1 1, so that we must have b = 0. Similarly, j (y2 = 1 means that (x%%)2 =1, and if d = 0,
this cannot happen (nisodd). If d=1, OK. Theonly j 'salowed are asfollows: j ..(X) = x? and
] acly) = X%. Proceed as before to get automorphisms. n+1 endomorphisms. For
automor phisms, we need gcd(a,n) = 1, and any c will do. Therefore, |JAut(D,)| = nf (n). (Notes: n
=2m+1, f = Euler’s phi function, and f (n) = |U,|). We have similar analysis for when nis even.

Tutorial

H, G, [G:H]. If you know |H| and [G:H], then |G| =

|H|[G:H]. Changes to Todd Coxeter to enumerate cosets rather | X X X X X X X X X
than elements; consider that we have G = <x | x®>, and H = 212 3121:23 ?izl 1231
<x*>. Add one table for each given generator y of H. (Thered | 3 | 5 3 1 5 3 x x1
table is the generator of H). From what is shown, we deduce that 12 3
[G:H] = 3, and that the per mutation representation is given by g ?i 21

G® S, withx® (123).



Let G=D(3, 3,2 =<x,y|x3 V3 (xy)>, and let H = <x>. From what is shown on the
left, we see that [G:H] = 4. We know that |H| £ 3, because x3 = 1. Permutation representation: x
® (234),andy® (123) (G—r® S).r(x) hasorder 3, so that x has order divisible by 3. So
1,1 asx¥=1 wehaveO(x) =3,i.e. H={1,

X X X yYyy Xy Xxy X Xy X _
11112/1231/1123111 11213 X x3,ad |G =12 Squeezing yet
2342231223112 2334 1 further, (1 2 3) and (2 3 4) are even
3423312334423 34 122 permutations, and they generate all even
4234[4444f42344 412 4 34 permutationsin S, — so they generate
A4, the alternating group (made up of al even permutations, where A, has order 12). r maps

generatorsto generators of A4, sothat A,= D(3,3,2).

Now consider D(4, 3, 2) = <X, y | x* =y3=(xy)2 = 1>. Take H = <x>. (Answer : |G| = 24).
Conclusion from the diagrams: [G:H]

_ ox x x x| yyyllxyxy | x | xyxty?
=6. Weknowthat [H|£4,becausex’ 17777 1 172311123 111 11213
= 1. Permutation representation: X® 2 3 4 522 3 1223112 2013351
(2345),andy® (123)(456).G34523312334523 34122
—r® Ss. Now r(x) has order 4, s0 4 5234456445664 455 36

5234556 45|/52345 526 44
thatxhasorderd|V|S|bIeby4.66666645666456 66465

Therefore, asx* = 1, O(x) = 4, i.e. H

={1, x, x2, x3}, and |G| = 6x4 = 24. QED.
26th March 2001

Free Groups and Tietsze Transformations

Recall that given a set, X, the free group, F(X), on X, is the group which is freely
generated by the symbolsx T X, and x* for x T X (so that all words w are made up of x’s and
x*Vs, where if xx* or x'x occurs, it is cancelled) x — > uFEX) | Fx)
Multiplication is by concatenation, followed by (possibly)
reduction. Each word can be reduced to a single reduced
word. Free groups have the universal property that X [Ty u(G) G [GROUPS
—q® U(G) (where U(G) isthe underlying set of G) gives
the unique extension F(X) —q'® G.

u(a) q'<— (unique)

le U F(X ) F(X,) Corollary: If we havef: X;® X, then f induces a unique F(f):

f U B - F(X1) ® F(Xy). Proof (“natural” in the diagram means the natural

® b 3! assignment of the “word” x to the element x 1T X): This

X, naural F(X,) F(X,) homomorphism, F(f), just maps a word in F(X,) to the word in
[Groupg F(X2) made up from the images of the letters.

[SETS]

Example: if X1 ={a b, c}, andif X, ={x, y}, wheref isasfollows: f:a® x,b® x,c®
y, then F(f)(aba'bc?) = F(f)(@F(f)(b)F(f)(@h)... = xxx*xy? = x2y2. Coroallary (of this): If X; and
X2 have the same cardinality, then F(X;) = F(X,) (pick a bijection between X; and X,). The
cardinality of abase X for F(X) is called the rank of F(X).



Tietsze Transformations. Consider S; = <a, b | @ = b? = (ab)? = 1>. We also know that
S; is generated by the transpositions (1 2), (1 3), and (2 3), and so has some presentation of the
form<x,y,z|x2=1,y2=122=1, ..>. It dso has a presentation of theform<a, b, c|a& =1, I?
=1, c2=1, abc'=1>. We would expect to be able to write x, y and z in terms of aand b (and c)
and vice versa. The method is (intuitively) that of substitution and itsinver se.

Example In<a, b, c | @ =b? = ¢ = 1>, cisredundant, and could be omitted to give <a, b
| @ = b2 = 1>. The aim is to give some basic moves on presentations that leave the group
unchanged, and that are “complete” in the sense that any two presentations of the same group
can be linked to a series of such moves. In the following, as usual, G = <X | R>.

(T1) Adding a superfluous relation. <X|R> becomes <X|R'>, where R’ = RE{r}, and r 1
<<R>> s a consequence of the given relations. (T2) Removing a superfluous relation. <X|R>
becomes <X|R'>, where R* = R\{r}, and r T <<R’>>. (T3) Adding a superfluous generator.
<X|R> becomes <X’ |R’>, where X’ = XE{g}, gisanew symbol not in X, and R = RE{wg"},
where w is a word in the old generators. (T4) Removing a superfluous generator <X|R>
becomes <X'|R’>, where X’ = X\{g}, R" = R{wg?}, and w1 F(X’) is a word not using g.
These form the Tietsze transfor mations.

27th March 2001

Example: Consider D;=<a,b|a&=1,1?=1, (ab)?2=1>, orD;=<a b, c|a& =1, b?=1,
c2 =1, abc* = 1>. Intuitively, we write ¢ = ab, and substitute for ab in (ab)2 = 1. Formally, <a, b |
a@=1bm=1 (ab)2=1>—T3® <a b,c|ad=1,0m=1, (ab)2=1, abc'=1>—T1, but need to
check that c2isaconsequence—® <a, b, c|a&=1,0b2=1, (ab)2=1,abc'=1, c2=1>—T2,
but need to check that (ab)? is a consequence of the others—® <a, b, c|a& =1, ¥ =1, =1,
abct=1>.

c2 needs to be written as a product of conjugates of r = a8, s = b2, t = (ab)?, u = abc?, and
their inverses. Now cb'a'abab = cab. And c'(abct)c = c'ab; now invert, giving ba'c.
Therefore, (cb'at)(abab)c*(cb*a')c = ul.t.c'(u?)c = 2 (so that ¢ was a consequence of t and
u). Second check: check that (ab)? is a consequence of r, s, u and v = ¢ uv = abc'c? = abc =
c(abc)ct = cab = cab(abc?) = cababc™ = ¢*(cababct)c = abab, OK.

Example: Consider <a, b, c,d|ab=c,bc=d,cd=a da=b>=<a, b, c, d|abc?, bcd?,
cda?, dab*>. Informally, substitute ¢ = ab in the other relations, and delete ¢ (T4 after using T1
and T2 to eliminate), to give<a, b, d | bab = d, abd = a, da = b>. The 2nd relator givesbd = 1,
so that d = b*. Substituting b™* for d in the other relations, and deleting d, gives <a, b | bab = b,
b*a=b> (T1 and T2 to process the 2nd relation; then eliminate d from the other relations by
using T1 and T2; and then use T4). The 2nd relation P a = b?;, and substituting b? for ain the
other relations, and then deleting a, gives<b | bb?b = b*>, or <b | b>°= 1>= C..

Details of the 1t to 2nd step: The idea is to preprocess the presentation to get rid of cin
the other relations. <a, b, ¢, d | abc™, bed?, cda?, dab™> = (T1 twice) = <a, b, c, d | abc™, bcd?,
abd™b, cda’, abda*, dab*>. Check: ac'cdb = (abct)b*(bcd?)b — so it is a consequence of the
others. Now use T2 twice to give <a, b, ¢, d | abc?, abd*b, abda’, dab*> = (T4) = <a, b, d |
abd?b, abda*, dab™*>, etc.




Tietze's Theorem (1908): Given two (finite) presentations of the same group, one can be
obtained from the other by a set of Tietsze transformations. Proof: see Knots and Surfaces,
pages 135 to 138.

Exercises

(1) Calculate completely Aut(Ds) and Aut(D4). Note that these have 6 and 8 eements
respectively. Try to find presentations of the groups. (ii) Applying the general method,
calculate directly (not using the formula) the orders of Aut(Ds) and Aut(Ds). (iii) Longer term
and more open ended: How would the calculation of the automor phisms of Q,, differ from that
of D,?

A:()Ds=<x, y [ x=y2=(xy)?2=1>={1, X, X3y, xy, xy}. If ] : Ds® Dsisa
homomor phism, j is determined by the valuesj (x) and j (y), and we must have (j (x))% = 1,
G)rz=21Land( X)) ¥)?=11f(j (xX)3=1,thenj (x) =1 or x or x2will do, butj (x) =y or xy
or x2y will not do, as (xy)2=xy 1 1 (for 0£i £ 2), asx'y is of order 2. So we have 3 choices
for j (x). But, we cannot choosej (x) =1, asit is not of order 3— we want an automor phism,
not an endomorphsim. Soj (X) =x andj (X) = x2are OK. If (j (y))2=1, thenj (y) = X" will not
do, as (x)2=x*1 1 when we have an even power of x; and x3 = 1 (for the odd case).

Let us check the other choices of j (y): if | (y) =, then (j (y))? = 1. Similarly for xy and
x2y. (x2y)2 = xxyxxy = xy*x*xy'x*=1). So we have 3 choices for j (y), al of order 2, giving
the total possible number of combinations to be 2x3 = 6. We must now check that (j (X)j (y))? =
1. But all possiblej (x)j (y) will be in the red list above, so it follows that (j (x)] (y))? =1 inadl
cases. Therefore, |JAut(Ds)| = 6, with| (X) =x or x2, and j (y) =y or Xy or x2y.

Presentation. In the table, we have all the possible combinations. Lete=j ,, and let a=
J 2. Now &(x) =] 2] 2(X)) =] 2(x) = x, and &(y) =] 2( 2(y)) =] 2(xy) =] 2(X)] 2(y) = XXy = X2y,
so that & = 3. Now &(x) =] 2(X) = x, and &(y) = 2(x?y) = x3y =y, so that & =¢, (] ()
and so aisof order 3. Let b =] 4. Now b?(X) =] 4(x?) =X, and B2(y) =] «(y) =y, SO Tx v
that b2 = e, and so b is of order 2. It looks like Aut(Ds) = Ds. Do aand b generate j,| x «xy
jsandj 6? Now ab(x) =j 2] 4(X)) =] 2(x?) = x? and ab(y) = | 2(j «(y)) =] 20y) =Xy, js| X X
so that ab = j s. Similarly, &b = j 6. Findlly, is (ab)? = 1? We know that ab = j 5, and ] 4 X2y
that j s2 = e, so that (ab)2 = e. So, lettinge=j,a=j, andb =] 4 then Aut(Ds) =~ s Xz Xy
<ab|@=e b= (bP=e>={ea @b, ab,ab} ={jnj»isjnis]e. Jol X Xy

Element| 1 x x2 X3 y xy xy X% Q: Calculate completely Aut(D,). A: Dy = {1, X, X2,

Oder [1 4 2 4 2 2 2 2 x3y,xy,xy, X3}, withx*=1,y2=1, and (xy)? = 1. If
( (X))* =1, we need elements in D, of order 4. From the table, we see that the only options are
] (X) =xorx3 If (j (y)? =1, we need elements in D, of order 2. Again, from the table, our
optionsarej (y) =x2ory or xy or x2y or x3y. If (j (xX)j (y))? =1, we need elements j (x)j (y) of
order 2. There are 10 possible elements for j (x)j (y). The ones where j (y) = x2 mean that
] X)j (y) =1—not of order 2. So we conclude that [Aut(D,)| = 8, withj (X) =x or x3, and j (y)
=y Oor Xy or X2y or x3y.




Presentation. Lete=j,andleta=j,—thena@=j;,&=jsada=e LX)
so that ais of order 4. Letb =js. Now b2 =g i.e. bisof order 2. It looks like 11| * ¥
Aut(Ds) = D.. It is possible to show that ab = j 6, that @b = j 7, and that &b = j ¢. j z " g
Therefore, a and b generate al of thej ; (for 1 £ i £ 8). Finally, is (ab)?2 = e? We P4 x %y
know that ab = ¢, and that it is possible to show that j 2= e, sothat (ab)2=¢, OK. j | x3 vy
Solettinge =j ,a=j,andb=js then Aut(Ds)=<a b|a=¢e b2=¢g (ab)2=€> jo| X Xy
={e a & & b ab &b &b} ={jj2jajaisielns 7y

je| X* Xy

(i) Calculate |Aut(Ds)| without using the formula. Here, we want j (X) to be an element of
order 5. In Ds, the only elements of order 5 are X, X2, x3 and x*. Further, we want j (y) to be an
element of order 2. Now (x?)21 1for 1£ a£ 4, asx>= 1. We cannot havej (y) = 1 (order 1). So
j(y) =yorxyorx2 or x3 or xy are all valid — they have order 2. Therefore, we have 4
choices for j (x), and 5 choices for j (y), so that we have 20 combinations in all. Do all of these
have j (x)] (y) of order 2? By tabulation, we can answer “yes’ to this question. Therefore, we
conclude that JAut(Ds)| = 20 (which agrees with the formula), with j (x) = x or x2 or x3 or x*, and

j (y) =y orxy or x2y or X3 or x%.

Q: Caculate |Aut(Dg)| without using the formula. A: By analysing the orders of elements
in Ds, ] (X) = x or X°, as these are the only elements of order 5. Further, j (y) = x3or y or xy or
X2y or ... or X°y, as these are the only elements of order 2. But we also need j (x)j (y) to be of
order 2. If j (y) = x3, then | (X)j (y) is of order 3, not order 2 (al other j (y) are vaid).
Therefore, we conclude that |Aut(De)| = 2x6 = 12 (which agrees with the formula), with j (X) = x
or x>, and j (y) =y or Xy or X2y or x3y or Xy or x°y.

(iii) Now Q= {Xx, y | y2=Xx", yxy = x}. The calculations would differ in that we would
consider elementsintheset Q. ={X'y |0£i £ 2n-1,j =0 or 1} asour transformations, i.e. j (X)
=x%°, and j (y) = x%". Thistime, we require (j (x))*'=1, (j ())*=1, and j (x)j (V)i () =] (¥)
for a valid Automorphism. We would start by finding al the orders of the elements from Q.,
pick possiblej (x) and j (y) based on the correct orders, and then, for each pair, we would test
to see whether j (X)j (y)j (X) =] (y) wastrue or not.

The Todd-Coxeter heuristic can be adapted to give the number of cosets of a subgroup H
in agroup G which is presented with generators and relations. The subgroup H is specified by
the generators (which are given as wor ds in the generators of G), and the method is essentially
the same as for the case H = the identity subgroup handled in the tutorial, except that one more
table is needed for each given generator of G. If you are given or know the order of H, then you
can deduce the order of G if you know the number of cosets, which is an output from the
heuristic.

(2) Findtheorder of GwhenG=<a, b|a@=b*=¢ b'ab=a>,usingH =<a>=<a|& =
e>. Give the permutation representation and the Cayley graph relative to this subgroup. (3)
Find the order of Gwhen G =<a, b | a*=¢, a&ba=b?>, using H = <a> =<a| &= e>.



aaaaal bbbb | b'a'b a a a balb! H a 4 1
1111111432 1122111 11412 1 1

2222 2221432233222 22123

333333 32143344333 3321314

4 4 4 4 4 4432 14411444 4434 1 3 2

A: (2) Tables as shown above. H = <a> (<a | & = e>), s0 that |H| = 5. From the tables,
[G:H] = 4. Therefore, |G| = 5x4 = 20. Permutation Representation: a® (1), andb ® (14 3 2).
The Schreier Coset Graph is as shown. (3) Tables as shown below. H = <a> (<a| & = ), so
that |H| = 4. From what is shown below, [G:H] = 5, s0 that |G| = 5%4 = 20. Permutation
Representation: a® (2354),andb® (12 34). The Schreier Coset Graph is as shown.

aa a a a ab ablp?t a b alp?t H aaaa\aabab'lb'1
111111112321 1/12 14 a 111111112321
2 3 5 Y42|2 3 5%54 3 2 23 3 Y41 1 1 235422355432
3 5 Y42 3/3 5 741 14 3 35422 3542233541143
4 8293654 4 8293742 1 4 4821653 oy 423544234214
5 Y42 3 5|5 742 3 5 §55 5 Y4653 65 4 7 542355423555
6 4 829 6/ 6 4 829 6 5 6

i 2 8 1
723577 2 34 8 17

5 6

89 6 4 889 6 5 7498 8 39 5 \
9654 82979 654 1T 1 749 9 Y

(3) Suppose that we are given agroup, G, and a subgroup H of index 2. Prove that H isa
normal subgroup of G. A: If H hasindex 2, then [G:H] = 2, i.e. the number of cosets of H w.r.t.
G is 2. We need to prove that gHg* = H for dl g1 G, or that gH = Hg. There are only two
cosets, and H is one of these cosets, becauseel H (Hisasubgroup) P eH =H (el G).

For gH, if gT H,thengH =H.If g1 H, thengH = G\H. For Hg, if g1 H, then Hg = H.
If g1 H, then Hg = G\H. Putting this together, Casegl H: gH =H =Hg, OK. Casegi H: gH

= G\H = Hg, OK. Inall cases, gH = Hg, i.e. gHg' = H, and so H« G. QED.
2nd April 2001

Permutation Representation, Cayley Diagrams, Todd-Coxeter, etc.

Relative to a subgroup, TC ® Permutation Representation, and G —q® S, where n is
the number of cosets. We can use g to say things about elementsof G. If gT G, and if g(g) has
order m, then g has order a multiple of m, eg. q(g) = (1 35 7 9)(2 4) has order 10 (order 5 x
order 2). Now q(g)? = (13579)(24)(13579)(24) = (13579)2 = (15937), thus g(g)*° = 1, and so if ¢
=1, then q(g)* = 1, and 10 will divide k.

(black =T,
red=ys)

Cayley graph G (Given G and a set of generators X). The vertices
aeeementsof G={V, gl G}. Edges V,—x® V. Example: Ds, with
X ={r,s}; or S;, with X ={(123), (12)} . We have graph G, as shown.




Another example: Cs with X = {a} = <a| & = 1> will
give the first graph on the left, while Cs with X = <&, &> will
give graph G on the left. An automorphism of a (coloured
directed) graph maps vertices to vertices and edges to edges,
SO as to respect incidence (i.e. if agoestoj (a), and if b goes
toj (b), then an edge from a to b corresponds to an edge from

i @toj ().

Direction. Colouring/Labelling (if a—x® b has label x, then so does|j () —x® | (b)).
Theorem (Frucht): Given any (finite) group G, there is alabelled directed graph G such that G =
Aut(G). Examples: Aut(G) = Ds, and Aut(G)= Ce. You can do this with any Cayley Graph.

If you do a Todd-Coxeter w.rt. a subgroup H (* 1), the . L ob | abab
permutation representation gives a Schreier Coset Diagram, eg. G =
<a, b | &, bd, (ab)%>, with H = <ab, a&?>. We have tables (as shown)
o that |G| = 3|H|. Permutation representation: G —q® Sz, witha® ., |, apb |
(123),andb® (132). Asq(ab) = 1, it is unlikely to be a faithful 2112321 5
representation. It follows that g is probably not an injection. (A T.C 3
a® ) with k = <a> gives another representation: a® (23 4),andb ® (1 2 3), with

— 2 q:G® Sy, and so G =4[K]| (*). Now <(2 3 4), (1 2 3)>isof order 12 (**).
bT%Ta Further, @ = 1, so that |[K| £ 3. Now (*) b |G| £ 12, and (**) P |G| > 12, sO
"0
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1
= that |G| = 12. The Schreier Coset Diagram for the second representation is as
® shown on the | eft.




Exam Paper: May 2001

Answer 3 questions out of 5 (Questions Done: 2, 3, 5)

D)

(2)

3

(4)

Define what it means for a subgroup N of agroup G to be normal. [2 marks]
A group G is given by the permutation:

G =<x,y|[x° =g yxy! =x% y3=e>.

Prove that:

(i)  Any eement of G can be written in at least one way in the form x'y withO £i £5

andO£j £ 2 [8 marks]

(i)  Thesubgroup N = <x>, generated by the element x, is a normal subgroup of G.
[7 marks]
(ili)  The quotient group G/N is cyclic of order 3. [3 marks]

Define the four Tietze transformations on a group presentation <X | R>, where X is the set
of generators and R the set of relators. [4 marks]

Show, using Tietze transformations that the group with the presentation:
<a, b, c | a(bchb, (cbt)2a>
is cyclic, generated by x = bc™. [14 marks]

Find the order of x in G. [2 marks]
Using the Todd-Coxeter heuristic relative to the subgroup H = <a>, find the order of the
group with presentation:

G:=<ab|a&d=¢ =g ab’a=b>. [10 marks]
Find the order of the subgroup <a?b>. [5 marks]

Show that the subgroup <&, aba!> contains the element b and hence show that this
subgroup is normal. [5 marks]

(@ Suppose that a: G ® G is a homomorphism such that for al g1 G, a(g) = g2
Provethat G is abelian. [5 marks]

(b) Let x bean element of order nin agroup G. Suppose r is a hatural number coprime
to n. Prove that the r' power, X', of x also has order n. [9 marks]

(c) LetH beasubgroup of agroup G and let Ng(H) ={nT G:n'Hn=H}.
Prove that Ng(H) is a subgroup of G and that H isanormal subgroup of Ng(H).
[6 marks]



()

Let G be any group. Define what it means for two elements g and g' of G to be conjugate.
[2 marks]

Prove that conjugacy is an equivalence relation. [7 marks]

Now consider the dihedral group, Dn, which has presentation:
<X, Y [x"=1,y? =1, (xy)?=1>.

This has 2n elements al of which can be written in the form X'y withi =0, 1, ..., n-1 and
=0, 1. Find the conjugacy classes of D,. [11 marks]



