26th September 2000

1. Strings and Languages

An alphabet S isjust afinite set of symbols, e.g. S = {1} (atally), S={0,1} (bits), S =
{a..,zA,...21,?..}, S = {dl words in the OED}. In the final example, each word is a single
symbol. A string (over S) is afinite sequence of symbolsfrom S. For example, if S={0,1}, then
examples of strings are 011, 1, 0, 00000, etc. If S = {all words in the OED}, then an example of

The string with no symbols is called the empty string, e. The collection of all strings over
an aphabet S is denoted by S* (“sigmastar”). If x T S*, then || is the length of X, e.g. [1001| =
4:1el=0.If al S, then || is the number of times the symbol a appears in x. Example: [0110}, =
2. 1f al S, then & = e (by definition), and & = aaaa...aa (n times, with n > 1). For example,
(021207 = 0001100.

Any subset L of S* is called a language. Examples: (1) Let S = {al words in the
OED}. Then S* = al possible sequences of words. DefineL | S* to be all sequences of English
words which make grammatical sense. It follows that L = “The English language”. (2) Let S =
{0,1}. Then S* consists of al possible binary strings. Define L | S* to be al (syntactically)
correct programs in Java converted into binary.

Let x, y T S*. The string xy is caled the concatenation of x and y (in that order). For
example, if x =00, and if y = 11, then xy = 0011, and yx = 1100. Properties: (xy)z = x(yz); ex =
x = xe; define x° = g and x" = xxx..x (n times, with n > 1). If x = uvw, where u, v and w are
strings, then u is the prefix, v is the factor, and w is the suffix.

Ordering the elements of S*. Let S = {0,1}, anc
assume that 0 < 1. List the elements of S* as shown on the
right. Note that w T {0,1}*, and that we have right tree 6\/1 Wo
ordering, which givesthelist g, O, 1, 00, 01, 10, 11, 000, ... e

Language Operations

Let L and M be languages over S. Language Operationsinclude L C M; L E M;L (the
complement of L in S*:L = S*\L, all stringsin S* notinL); and LM ={xy:x1 L,y1 M}, the
product of L and M. For example, if L = {a, ba, b?}, and if M = {&, ab?, ba}, then LM = {az?,
aah?, aba, baa?, baal?, baba, b?e?, b2ab?, b?ba} .
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Now L° = {€} by definition; L" = L...L (ntimes) (n > 1); and L* = L°E L'E L2E ... =
E. ' L'. For example, if L = {ab}, then L* = {ab}* in the usual sense. If L = {ab, ba}, then L*
= {e ab, ba, (ab)(ab), (ba)(ba), ..., (ab)(ab)(ab), ...}. Thisis the Kleene star of L. The aim of
this course is to prove Kleene' s Theorem — the characterisation of recognisable languages.




Deterministic Finite State Automata

Circles represent states, and these can be used to store b a
information — memory. A single arrow pointing to a circle points t Q ab
the initial state. Double ringed circles represent terminal or accepting 85(2)2 2
states. S = {ab} is an alphabet. Arrows labelled by elements of S are b
transitions. The aim of this machineisto recognise alanguageL | S*.

Example: \aaba in state 1; then a\.aba in state 2; aa\.ba in 2; aab\.ain 3; and aaba\,
in 4. So aaba is accepted by this machine (because state 4 is an accepting/terminal state). Note
that the (") arrows are meant to point to the top of the next letter. Now try \.bab (1); b\.ab (1);
ba\.b (2); and bab™ (3). Not accepted.

If A isthis machine, then L(A) isthe set of all strings which lead from the initial stateto a
terminal state. It follows that L(A) is the language accepted by A. This machine is said to be
deterministic because the current state and the input letter determines the next state (each circle
has two arrows coming out of it).

Definition: A deterministic finite state automaton is represented by A = (S, S, s, d, F),
where S = afinite set of states; S = the input alphabet; s = the initial state; F = the
terminal or accepting states; and d: SxS® S is the transition function, where d(s,a) 1]
(sisthe current state, a is the input letter, and the whole thing is the next state) is
often written as d(s,@ = sra. In figure 1 (the transition diagram above), S = 3
{1,2,3,4}, S={ab}, =1, and F = {4}. We can represent d by atransition table © 4
as shown which, with the extra symbols, can represent all the information.
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How to process strings. Consider that a;...a, is our input string. To process the string, we
manipulate the following expression: (...(((S*a)*a)*as)...)*a.. The function which processes
strings is d*: SxS*® S, the extended state transition function: d*(se) = s(s1 S); d*(sa) =
disa) (sT S, al S); and d*(sax) = d*(d(s,@), x) (al S, x1 S*,s1 ). Definition: L(A) = {x
T S*:d*(s,x) T F} isthelanguage accepted/recognised by A. As before, d*(s,x) = s*x.

Examples. (i) Compiler. This converts a high level language 019
such as C++ into machine code. The first stage is caled lexical Q

0,1..9
analysis. Tokens such as (, ), {, }, begin, end, if, 2.314, etc. are g s () 0L.9
recognised using f.s.a. For example, the diagram shown recognises g/
numbers in decimal form, where S = {., O, 1, ..., 9}. (ii) Tex
Processing eg. searching for words in text. (iii) Important ir Okns9

Combinatorial Group Theory.
Exercises

Q: Let S = {0,1}. Construct deterministic f.s.a’s which recognise the >®901
languages (i) f; (i) {e}; (iii) {0}; (iv) {0101}; (v) {00,10}; (vi) S*; and (vii ’

S*\{e}_ A (|) L(A) =f:S= {A}’ S = {O,l}, S = A:; F=f; and the transition table¢ g’%
and the diagram are as shown on the right.



(v) L(A) ={00, 10}; S={A,B,C,D}; S={0,1}; s=A; F=C, %G %g
and the transition table and the diagram are as shown on the right. (vii W

L(A) = S*\{&}: S={AB};: S={0,1}; % = A; F = B; and the transitior ~ **~°/ ot ooc
table and the diagram are as shown on the right. Vi
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accessible. Looking at figure 2 on theright, {q,t} A A x x 1
are accessible, while {r} isnot accessible. If A is (Figure2) q\/ti 0

not connected, construct a connected machine A Figure 3 ¢ ;‘ 0 t ;‘ 0
st. L(A®) = L(A). All you do isto remove al the (sep3= S A 0’1
non accessible states from A and their associated ”a”S'“o” *q q q AC

eeof A
transitions. A) gep1l gep2  sep3

tree” of A. Figure 3, the trangition tree, has as labels precisely the accessible states. To get A°,
glue the leaves of the tree to the interior nodes with some label. Non-deter ministic automata.
$E3”§d5 o left, there are 2 initial

COCEMNG yaes, more than one

W {r} f usngthesubset transition  labelled ‘&
ap Convention comes out of a state; and

transition (no b from s). This is an example of a non-deterministic automaton, where
non-deterministic means that the current state and the current input does not uniquely determine

There is an algorithm for constructing A° from A based on constructing “ the transition
: In figure 4, shown on the
Figure 4 Transmon Tabl%?
ab
® {r st {st % / version of Fig. 4 o
a
there is a missing
the next state.

Definition: A = (S, S, o, d, F) isanon-det. f.s.a if S=afinite number of states; S = the
input alphabet; s, I S is the set of initial states; F [ S is the set of terminal states; and d:
SxS® P(S) is the trangition function. (P(S) = the power set of S). Therefore, d(s,@) = {si,...S} (S
= current state; a= input letter; {s,,...,S,} = set of next states), and there is the possibility that the
situation d(s,a) = f is not excluded. (If thisis the case, then we say that the machine crashes).

How are the strings accepted by such machines, e.g. abaa in figure 4? Here, the different
combinations we can have ae r—a® s—b® crash; r—a® r—b® s—a® r—a® ((9));
r—a® r—b® s—a® r—a®r; s—a® r—b® s—a® r—a® r; and
s—a® r—b® s—a® r—a® ((s)). We say that abaa is accepted because it labels some path from
one of theinitial statesto one of the terminal states.

Extended State Transition Function. d*: SxS*® P(S) is defined by: d*(se) = {s};
d*(s@) = d(s,a) (al S); and d*(s,ax) = d* (s, X)E d* (s2,X)E ...E d*(s,,x), where d(s,8) = {si,...,S} .
Q: In figure 4, calculate d* (r,Nabaa). A: d*(r,Nabaa) = d* (r,Nbaa)E d* (s,Nbaa) = d* (s,Naa)Ef
= d*(r,Na) = d(r,Na) ={r,s}.




Definition: The language accepted by a non deterministic A isgiven by L(A) = {x 1 S*:

d*(sx)CF! f for somesi s}.
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Challenge: convert a non-det. automaton A into a det. automaton A® sit. L(A) = L(AY).
Method: Subset construction. Let A = (S, S, %, d, F) be non deterministic. Construct a
deterministic machine called A from A as follows; the states of A? are P(S); S is the alphabet;
the initial state of AYis s (I S); the terminal states of A are {Q | S QCF * f}; and the
transition function is given by d* P(S)xS® P(S), where d(Q,a) = E 4 od(q,a), withal S.

Let us now apply this construction to figure 4. States of the old machine = {r,s}. States of
the new machine = {(r,s), (), (r), (f)}. See figure 5 on the previous page for the picture.
Example of calculation: {r,s}*a = reak s*a (Wwhere rea and s*a are in the old machine) = {r,s}E{r}
={r,s}. And {r,s}eb = rebEsb = {S}Ef ={s}.

Theorem 1: Let A = (S, S, &, d, F) be anon-det. f.s.a. Then A%isadet. f.sa st. L(A) =
L(AY). Sketch Proof: Denote by (d?)* the extended state transition function in A% x T L(A% U
(dV* (s, X) T P (F* = the set of terminal states in A% U (d)*(s,Xx)CF ! f. Let X = &...a, for
someal S. Then we have s—a® s—a® s,..—a® s, U a...a, labels a path in A beginning
at some element of s, and ending at an dlement of FU x 1 L(A).

X x X X

{rst {s} f f

VARV,

The machine A® has many states. if A hasr
states, then AY has 2" states. Sometimes, this is the
best we can do — but often we can do better. | dea:

(The Modified Subset Construction): Construct i T
(A% directly from A without using A%, We do thi: < a /b
by constructing the transition tree of AY directly {rst (s st {s} | {rs} (g
from A. Then we construct (A%° by “gluing”. . /b | a\/b /b
{r,s} {rs} {r.ss} {r.;s}
X X
(3} {3} Example (the use of non-det. f.s.a’sin

x b x  x designing machines): Show that the
{f} {3}{f} {f} language{ab}{ab}* isrecognisable (the
a b a b set of al strings which begin with ab). A:

{2} {f} We can easily draw up a non-det. machine
aN{ 1 b A as shown. We then use the transition
tree method to get (A%¢, and then glue
’;3,} {3’f2} things together to get the final diagram as
2 b x shown.
{3.1} {32}
< X ﬁb Q: Show that { a,b}*{ba} isrecognisable.
{3} {32} A: As shown on the |eft.
a b
{3}




Q: Consider the non-det. f.s.a. shown on the right. (i) a,b@ ab
Describe L(A); and (ii) construct (A%° using the transition tree % a — b %
method. A: (i) L(A) = {ab}*{aab}{ab}*. (ii) Try this yourself >© A==
It is like the two examples on the previous page.

Q: If L(A) ={aDb™ n> 0} ={e, ab, aabb, aaabbb, ...}, construct af.s.a. which recognises
this language. A: If you tried to draw a diagram, you would end up with an infinite diagram. This
Is not a finite state automaton. It can be proved that this language is not recognisable. Tip for
answering questions: take particular note in the way in which you describe the language a
diagram recognises — do you use wor ds such as “All stringsin S* which contain ab”, or alist?
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Question: Given A, how do we find L(A)? We will develop an algorithm to solve this
problem. Q: Given a language L, how do we find (if it exists) a machine A st. L(A) = L?
Further, if L = L(A), and if M = L(B), how do we build a machine C such that L(C) = LM? Also,
how do we build a machine D st. L(D) = L*? Idea: det. f.s.a. ® non-det. f.s.a. ® non-det.
e-machines.

Non Deterministic Automata with e-transitions

Definition: Such a machine A is defined as follows: A = (S, S, S, de, F). All symbols
mean what they meant in the non-det. case, except that de: Sx{ SE{€})® P(S). As usual, d«s,a)
= ssa, Wwhereal SE{e}. At this stage, e is just an extra letter of the alphabet. The question is,
how is such a machine going to process strings?

There are two equivalent ways of answering this question: (1)

Nbbins ® (by etransition) Nbb (S;) ® bNb (S;) ® bbN () ® (by e e

e-transition) bbN (S,). Since S; is terminal, and since A has read bb © (<) c .
this string is accepted. (2) We rely on the following facts: For x T S*, "8 b Qd
ex = x = xe and €" = e for any natural number m. Let al S, ther A: '8 s={abea)

é"ag" = afor any m, with n > 0. So bb = €be’be?, and in particular, ebbe = bb. This labels a
path in A starting at the initial state and finishing at a terminal state — so bb is accepted.
Example: a=ae. Thislabelsa“good” path in the machine, so that ais accepted. Examples. d =
eed (accepted); e = ee (accepted). Let us now for malise these examples.

To determine whether astring x T L(A), we need the following definition: Let X = &...a,
with a T S. Then an e-extension of X is any string of the form €a,e”a,...€"a,e for some
natural numbers py, ..., pwe. Definition: x T L(A) U some e-extension of x labels a path from
aninitial stateto aterminal state.

Now for a procedure which will convert an emachine into a non-det. machine. |dea:
so(ea€") = ((sreMea)ee” (with al S). Definition: LettT S, then the e-closure of tis L (t) = {dll
states in A which can be reached from t using only €'s}. Example: L (S) = {%,5,S}; L(s) =
{s15}; L(s2) ={s2}; and L (ss) = {5} -



More generally, if Q | S, define L(Q) = 540 L(g). Using thic

notation, a

Sates | L(s) L(s)a L(9b L(gec L(s)ed |L(L(s)-a)L(L(s)-b)L(L(s)-c)L(L(s)-d) - .
% {{s‘).sl,s}z} (sl ﬁ Esﬁ ES% (5] ﬁ ﬁ ﬁ letter al Sis

S S1,S, Sg S, S, S ) S .
s | ottt {a |t t 1 (s processed in

s | {s ot {s}  f f s f " the following

way: L (L (9)+a) = {s*(€"a€") m, n > 0}. We can now use the bottom table @

to construct a non-det. f.s.a. without e-transitions which recognises the same language.

Assignment 1: Set 10/10: In 24/10; Back 26/10

Q: Construct a deterministic finite-state
automaton  which  recognises the language
{ab}*{aabb}{ab}*. Test your solution by tracinc
through what your machine does to the following
strings: (i) aabbabab; (ii) abaaabbbab; and (iii) ababaaabb. A: The transition diagram and the
table are as shown on the right. States: S={1,2,3,4,5}; Initial State: 5, = 1; Terminal States: F
={5}. (i) Naabbabab in state 1; aNabbabab in state 2; aaNbbabab in state 3; aabNbabab in state
4; aabbNabab in state 5; aabbaNbab in state 5; agbbabNab in state 5; aabbabaNb in state 5; and
aabbababX in state 5. Because state 5 is aterminal state, then the string aabbabab is accepted
by this machine. (ii) and (iii) are similar.

< x Q: Convert the non-deter ministic automaton shown
{B& %C} into a deterministic automaton
o .x. . . recognising the same language,
) {B C} {A} f using the “transition tree and 0\
0 1 subset” construction.  A:  The
f f {BA} {C} T
\/\A 0 A & 7 transition tree and “glued” deterministic diagram are as
{B ct  shown on the left. You could also if you wanted to
1 provide the dtates, initia state, termina states and
transition table information, in addition to the details of

how you used the subset constructl on to go from one node to the next in the transition tree.
12th October 2000
Let A be an emachine. We can construct a non-det. f.s.a. without e-transitions A°® s.t.
L(A) = L(A®). The details are as follows: A® = (SE{qq}, S, SE{q}, d, F¥), where FF = {Fif e
I L(A) (no o state), and F° = FE{qo} if el L(A) (g terminal state)}; foraII al S, do(gpa) =f

(no transitions out of q); and d:.°(s,@) = L (L (9)*a), with ¢ in A.

1

On the basis of the argument given last

time, we have the following theorem: AS is ¢ A= ¢ Y 20 AS‘%‘
- e =
non-det. machine without e-transitions, and L(A®) % @ @ 2
= L(A). Examplee S = {0,1,2}, with L =
_ gaes] L(9 [L(9°0 L(9°1L (9" Z\L(L(s) 0 LL(SDLL(S2)

{Op{1p*{2}*. (If x T L, then x = uvw, where L 0= oo, O e o e (@a) @)
T {0y, vl {1}*,andw 1 {2}* sothat x = @ | {n¢ o @ b e (@
0m1"2¢, with m, n, p > 0). Example: seeright. ® 1 @ @ @




=0 0O L0 Ol A normalised e-machine is one with aunique initial state
=) O %Qéee{) Q>© and a unique terminal state, and the only transitions coming
=0 =0 out of ® O are e-trangitions (and there are none coming |n)

and the only transitions going into © are e-transitions (and there are none comin¢ |

out). They are pictured as shown in red. T

/

P
\
N //

(1 If L and M are recognisable, then sotooisLM. Let L
= L(A), and let M = L(B), where A and B are normalised. As 020
you can see from the blue diagram, deme=1Im| LM. Wecar _ - e e 18
convert thisinto a deterministic f.s.a., hence LM is recognisable P00 0 Oe Or=0
(2) LEM is recognisable. As you can see i 1
from the purple diagram, again we car
| convert into a det. f.s.a. which recognises 0B (e
) LEM. (3) If L is recognisable, then L* is
recognisable. Machine for L*: as shown in green (L* =
L°ELEL2EL3E..., where L° = g, L2 = xy (withx, yT L), etc.).
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Summary: The following are al examples of recognisable languages (S = {ab}): f, {€},
{a}, {b}.If L and M are recognisable, then so too is LEM; if L and M are recognisable, then so
too isLM; and if L is recognisable, then so too is L*. Example: The following is recognisable;

(({a*+{b}*)*E{a*)*({a{b})*.
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Idea: Any language which can be described by means of an expression using only «, E, *,
f, {e, and {a}, with al S, is recognisable. Regular expressions make this idea precise.
Definition: The set of regular expressions over S is defined inductively as follows: (R1) f, e and
a(al S)areadl regular expressions; (R2) If R and S are regular expressions, then so too are:
(R*), (RS) and (R+S); (R3) Every regular expression is obtained by applying (R1) and (R2) a
finite number of times. Example: ((0(1*))+1) (over S = {0,1}). Note that to omit brackets,
assume that * has higher precedence than + and ¢, and that « has higher precedence than +. In
general, you need only use brackets to avoid ambiguity. Therefore, our example becomes
01*+1. |dea: Theinterpretation of 01*+1is{0} {1} *E{1}.

Definition: Every regular expression r describes a language L(r) obtained in the following
way: (L1) L(f)=f; L(e) ={€}; and L(a) = {a}, whereal S;(L2) L(R+S)=L(R)EL(S); L(RS)
=L(R)L(S); and L(R*) = L(R)*, where R and S are regular expressions. Example: L(01*+1) =
L(O1*)EL(1) = L(OI*)E{1} = L(0)L(1*)E{1} = {OIL(I*)E{1} = {O}L(D*E{1} =
{0H{1}*E{1}.

Definition: A language L is regular if there is a regular expression R st. L = L(R).
Theorem (First Half of Kleene's Theorem): Every regular language is recognisable. Proof: Let
L = L(r) for some regular expression r. We need to construct a machine A st. L(A) = L. We
prove the theorem by induction on the number of operators (i.e. +, ¢, *) in r. Base Case: Number
of operators is zero. It follows that r = f, e or a for some al S. The proof that L(r) is
recognisable isimmediate.




(IH, Inductive Hypothesis): Assume that the result is true for all regular expressions r
having £ n operators. Now prove that the result is true for those regular expressions having n+1
operators. Let S have n+1 operators. It follows that there are 3 cases: S=ReT, S=R+T,and S=
R*. We conclude the proof using the previous theorem.

Regular Exp.r  Normdised emachine A st.L(A) =L(r) We Sha” prove that e‘/ery
recognisable language is regular.
When we have done this, we will
have proved Kleene's Theorem: A
language is recognisable if and only if
it is regular. An example for the first
: half of Kleene's Theorem is shown

5 on the left. Remember that thisis not
ﬁ%ﬁo%o@j a practical agorithm — it merely

e proves the idea.
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SO0 00 20 Note: From now on, we will use +
rather that E, and e rather than {€}.

01*:

01*+1:

e

Definition: If r and s are regular expressions, r = s means that L(r) = L(s). Some
L anguage Properties: Let A, B, C, ... | S*. Then (A+B)+C = A+(B+C); A+A = A; (AB)C =
A(BC); A(B+C) = AB+AC; (B+C)A = BA+CA; f+A = A = A+f; and eA = A = Ae. Notation:
Si=1¥Ai = A;+A+As+... Therefore, A(Si: ¥Bi) =S ¥ABi, and (Si=0¥ B.)A =S, ¥BiA.

Example: Let S = {ab}, and let X be some S-language which satisfies the following
condition: X = aX+b (X = {a} XE{b}). Then X * f as{a}f+b=f+b=b,and X ! easafe}+b
= atb. Let ustry X = a*b. The RHS is a(a*b)+b = a((etata+a+...)b)+b = (ata?+a+...)b+b =
abt+aeb+adb+...+b = b+ab+atb+aib+... = (etata?+...)b = ab.

Let A, EI S*. X = AX+E is caled a(right) linear equation for X. Claim: X = A*E isa
solution of this equation. Proof. A(A*E) + E = A((Si=o*A)E) + E = A(Si-0*AE) + E=Si-o* AiuE
+ E=E+ S= AmE = E + AE + A%E + ... = (S='A))E = A*E. End of proof. Theorem
(Arden): Let X = AX+E, where A, E1 S*. Then (i) A*E is asolution; (i) If Y is any solution,
then A*E 1 Y, and (iii) If e¢ A, then A*E isthe only solution. Proof: see later.

Examples. (i) X = etaX+bY (---(1)), Y = bX (---(2)). Thisis a system of 2 equations in
two unknowns, X and Y. Substitute (2) into (1) b X = etaX+b(bX) = etaX+2X = e+(ath?)X =
(atb?)X+e. By Arden, X = (atb?)*e = (a+b?)*. And so Y = b(atb?)*. (ii) X = etbX+aY+cZ
(---(2)); Y = (btc)X+aZ (---(2)); and Z = (a+b)X+cY (---(3)). We have S = {a,b,c}.

Substitute (3) into (2) and (1) giving Y = (b+c)X + g (atb)X+cY] (---(4)) and X =
etbX+aY + c[(atb)X+cY] (---(5)). Now Y = (b+c)X + a(atb)X + acY = [(b+c)+a(atb)]X +
acY; X = etbX+aY+c(atb)X + c?Y = et[b+c(atb)]X + (a+c’d)Y. From (4), Y = acY +
[(b+c)+a(atb)] X. By Arden’s Theorem, Y = (ac)* ([(b+c)+a(atc)] X). Now back substitute.
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Exercise: Solve X = aX+bY (---(1)), Y = aY+bX+e (---(2)). Apply Arden’s Theorem to

(2) to get Y = a*(bX+e). Now substitute into (1) to get X = aX + b(a*(bX+e)) = X(atba*b) +
ba*. Apply Arden to get X = (at+ba*b)*(ba*). Now substituteinto Y =a*bX + a toget Y.

We shal now show how equations can be constructed from a b ( )a
automata (this will work for det. and non-det. f.sa, but no a:
e-automata). For the example shown, let X; = L(A) = {x T S*: tyex 1 -

F}, andletXZZ{XT S*:tz’XT F}

Start with X3. A string in X, begins with either an “a” or a“b”. If w1 X begins with a,
thenw = aw’, wherew’ T X Ifw i X; begins with b, then w =

&‘ bxizaxso: ', where w”’ T X So Xi = aXy+bX, (--(1)). Starting with X5,
X, = etaX,+bX; (---(2)) (e because t; isterminal). Now solve these

b x2=axo+bxre  €QUAIONS. Apply Arden’s theorem to (2) to obtain X, = a*(e+bX,)

(---(3)). Substitute (3) into (1) to get X; = aX;+ba*(etbX,); X; =
Xi(at+ba*b)+ba*. Apply Arden to obtain X; = (atba*b)*(ba*) = L(A).

Exercise: From the diagram, we obtain the equations X,
OX1+1X; and X; = OXi+1Xq+e. Apply Arden to (2) to get X; = A: o1 %)
0*(1Xo+e). Sub. into (1) to get Xo = 00*(1Xgte)+10*(1Xgte) @
00* 1X+00* +10* 1Xo+10* = X,(00* 1+10*1) + 00* + 10*. Apply Arder 1
to get X, = (00* 1+10* 1)* (00* +10*) = L(A).

Theorem: Let A be any (non-) det. f.s.a. without e-transitions. Then L(A) is regular.
Proof (det. case): Let A = (S={s.,....5}, S, s, d, F). Foreschi (LEi £n), defineX; ={z1 S*:

sez1 F}.ltisclear that X; = L(A).
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We now write down the following right linear equations
(S ={a,....,a}) as shown on the right. The left hand diagrarr
holds by generalising arguments used in examples. The right
hand diagram holds since s is terminal. We have seen that r
right linear equations can be solved (start with the last equatior
and work up); no € s will appear in the languages multiplying
the unknowns as we solve them; and so by Arden’s Theorem, the system has a unique solution.
In Arden’s Theorem, if A and E are regular, this implies that A*E is regular. Hence X; is
regular, and we have now proved the following theorem (...see after Assignment 2).

Assignment 2: Set 24/10:In 7/11; Back 14/11

Q: Consider the non-deterministic e-machine shown. (i) Convert
A into a non-deterministic machine without e-transitions A°® using th
algorithm of the lectures; (ii) convert A° into a deterministic machine
((A®)%)° which is connected; (iii) write down the language equation: A:
associated with the machine obtained in (ii); and (iv) solve the
equationsin (iii), and hence find aregular expression for L(A).

Xi=aXigt ..+ aXi Xj=aXii+..+aXj +e




Following the algorithm, let us
calculate the eclosures of the states, and 3de L© [L(9:aL9bLL(g1) LL(SD)

) 1 ({14 {22 f |{2413 f
place them in a table. Note: We need state 5 2 {243{23 {3} | {243 {343
. S . ) 3 [{341{2y f |{241 f
in A® because the empty string is accepted by 4 |41 |¢zz ¢ | {2an
x x machine A. (ii)) The
{ng f transition tree is as shown on the left. We use the subset construction to go
on s+ from one node to the next in the tree. From the (e

(124} {134 f

... . .. ( a

S b 7 ftrangtion tree, we can draw the (deterministic) a a
24 $b transition diagram as shown. Note: State 1,5 is >
% A4 : —— b L Ja

{15} terminal because the empty string is accepted by

%
machine A, and thus has to be accepted by this machine ) b
too. States: S={15, 124, 134, f}. Initial State: s, = 15. Terminal States:
F ={15,124,134} . We can also draw the transition table.

(iii) The language equations are X5 = aX4t+bXs+e (---(1)); X124 = aXiatbXzste (---(2));
X134 = aXppatbXst+e (---(3)); and Xt = aX;+bX; (---(4)). (Simplify the equations if possible). (iv)
(4) b X; = (atb)X¢. Apply Arden to (4) and we get X; = (atb)*(f) = f. So we obtain X5 =
aX1at€ (---(5)); X124 = @X124+bX 134+€ (---(6)); and X134 = aXzate (---(7)).

Apply Arden to (6) so that X124 = @ (bX134+€) (---(8)). Sub. for X124 in (7) to get X34 =
a(@* (bXi3t€))+e = aa*bXz+taar+e (---(9)). Apply Arden to (9) so that X134 = (aa*b)*(aa*e)
(---(10)). Sub. for X134 from (10) to (8) to obtain Xi,4 = a* (b(aa*b)* (aa* +e)+e) (---(11)). Finaly,
sub. for Xipy from (11) into (5 so that X;s = a(@(b(aa*b)*(aa*+e)+e))+e =
aa*b(aa*b)* (aa* +e)+aa*+e=L(A).

Kleene’s Theorem

A language is recognisable if and only if it isregular. Let us now go back to Arden’s
Theorem: Let X = AX+E, where A, E1 S*, then (i) A*E isasolution; (i) If Y isany solution,
then A*E | Y; and (i) If e¢ A, then A*E is the unique solution. Proof of (ii): Let Y be any
solution to X = AX+E, i.e. Y = AY+E. Here, AY | Y,andEil Y.NowEIi Y b AEI AY
(think). But AY | Y,andso AET Y. Also, A2E=A(AE)I AY I Y.SoEI Y,AEIl Y, AE
[ Y, etc. By induction, APE | Y forall n> 0. But A*E = (Sio® ADE =S’ A"El Y, i.e. A*E
| Y.

Proof of (iii): Let W be any solution to our equation. By (ii), we know that A*E1 W. To
prove that in fact we have A*E = W, we have to show that W\A*E = f. We shall prove this by
contradiction — by supposing that WAA*E ¢ f. Let z T W\A*E be of minimal length. By
definition, zT Wandze¢ A*E. Now A*Eo E. Thusze¢ E. By assumption, W = AW+E. So z
T Wb z1 AW+E. Itfollowsthat ZT AW sincez ¢ E. Therefore, z = xy, wherex1 A andy
T W. By assumption, e ¢ A, so that [x| > 1. It follows that |y| < |z, withy T W. CLAIM: y¢
A*E. Suppose to the contrary that y T A*E. Thenz=xy T A(A*E) | A*E. But this can't
happen, because z 1T W\A*E. We have shown that y T W\AA*E, and that |y| < |z, which is a
contradiction. It follows that W\A*E =f, and hence W = A*E as required.




Exercises

Q: Construct aregular expression for each of the following languages over S = {ab}: (i)
All strings in which a always appears in multiples of 3; (ii) al strings which contain exactly 3
b's; (iii) all strings which contain exactly 2 or 3 b's; (iv) al strings which end in a double letter;
(v) al strings which have exactly one double letter (hard); (vi) al strings which do not contain
aaa as afactor; and (vii) al stringsin which the total number of a’sisdivisible by 3.

A: (i) (&8+b)*. (i) a*ba*ba*ba*. (iii) a*ba*ba* + a*ba*ba*ba*. (iv) (atb)*aat (atb)*bb.
(v) Let's consider first the case where the double letter is aa. The strings we want are of the
form (no double letters not ending in a), aa, (no double letters doesn’t begin with a). A string
with no double letters must have letters which alternate. These are of the form (etb)(ab)* (et+a).
Thus the strings where the double letter is an aa must be of the form
(etb)(ab)* aa(b(ab)* (eta)+e). This can be smplified. Observe that b(ab)* = (ba)*b. Thus we get
(etb)(ab)*aa((ba)*b(eta)+e) which is just (et+b)(ab)*aa(ba)*(et+b). Hence the regular
expression we require is (et+b)(ab)* aa(ba)* (etb) + (et+a)(ba)* bb(ab)* (eta).

(vi) (bt+abtatb)*(etata?). Tip: If a machine recognises r, then to get ¢
machine that recognises S*\r = s, swap the terminal and the non-terminal states ~©
So here you can write down the machine which recognises all strings containing —————
aaa as a factor, and modify it. The language of all {ab} strings which do contair

aaa as a factor is accepted by the first machine, A. O ©

. . . Q Thus a machine which recognises those strings which do not

ab@ contain aaa as a factor is B. The language expressions we get are

(0" @ ﬁﬁ) X, = bX+aX,;+e, X, = .. which we solve by Arden and

b b@ substitution to obtain the regular expression
(b+abtaeb)* (a2+ate). (vii) (b*ab* ab* ab*)*.

OO O
Olo O

| i Q: Construct e-machines which recognise the
U0 2050050 W 0500, languages associated with the following regular

1 5050050 % - O expressions. Try to make them as simple as possible,
1 5020505050 ° and note that you do not have to follow the “ normalised

e-machine” approach of the lectures. (i)
(11+0)* (00+1)*; (i) (01+011+0111)*; (iii)
(00+11)*(01+10)(00+11)*; (iv) (000)*1+(00)*1. A: As
shown on the left. Try to remove as much e-edges as is

(11:+0)*

Q: Prove that the following
equalities hold: (i) (a*b)*a* = (ath)*;
(i) aba)* = (ab)*a and (iii) a =
O (aa)*+a(@@)*. A: (i) Because (at+b)*
consists of all strings over {a,b}, itis
obvious that (a*b)a* | (atb)*. We
need to prove the rever seinclusion.




Let x T (at+b)*. If x consists entirely of a's, then it is clearly in the LHS. Otherwise, x
congists of at least one b and some a's. Here, we can write X = wa', wheren > 0 and w ends in
b. Thus w = a@™ba™b....a™b, wherem; > 0and 1 £1i £ p. (Idea: Let the b's serve as dividersin
the string). But then w = (@™b)(a™b)...(a™b) T (a*b)*. Thusx T (a*b)*a*.

(ii) A typical eement of a(ba)* is a(ba)", where n > 0. If n = 0, then a(ba)° = al (ab)*a
Otherwise, a(ba)" = a(ba)(ba)...(ba) ((ba) n times). Therefore, a(ba)" = (ab)(ab)...(ab)a = (ab)"a.
Hence a(ba)" 1 (ab)*a, and a(ba)* | (ab)*a A symmetric argument in the other direction shows
that (ab)*al a(ba)*. Hence the proof is complete. (iii) An element of a* has either odd or even
length. The result follows.

Q: Check that X; = (atbb)* and X, = b(at+bb)* are solutions to X; = e+aX;+bX; (---(1))
and X, = bX; (---(2)). (Substitute into the RHS and check that you get the LHS). A: Substitute
the solution into the RHS of (1): X; = eta(atbb)*+b(b(atbb)*) = et(atbb)(at+bb)*. Now
(atbb)(atbb)* = S.o* (a+bb)(a+bb)" = S.o*(at+bb)™ = S.*(atbb)". But e = (a+bb)?, so
e+Se1’ (atbb)" = Sio* (a+bb)". So X; = (a+bb)*. Fine so far. Now substitute the solution into the
RHS of (2): X, = b((at+bb)*) = b(at+bb)*. QED.

Q: Write down the equations associated with the machine (Ja ()b ( ap
shown, and hence find the language it accepts. A: We have X, = a a @ a a e
aX; (---(1), X, = aX +aX; (---(2)), X, = etaXs+bX, (---(3)), anc. b

X3 = aXs+bXs+bX, (---(4)).

(4) b X3 = (atb)Xs+bX,. Apply Arden to get X3 = (atb)* (bXo) (---(5)). Sub. (5) into (3)

to get X, = eta(ath)* (bXo) + bX,. Apply Arden to get X, = b*[et+a(atb)*bX.] (---(6)). Sub. (6)

into (2) for X, to get X; = aX;+ab*[etalatb)*bXo]. Apply Arden to get X,

aa*b*[eta(at+b)*bXq] (---(7)). Sub. (7) into (1) for X; to get X, = aaa*b*[et+a(at+b)*bXo]
aa* b* a(atb)*bX, + aa*b*. Apply Arden to get X, = (&2a* b* a(atb)*b)* aa*b* = L(A).
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2. Context Free Languages and Pushdown Automata

General, Phrase-structure Grammars

Recognisable languages and their automata (f.s.a.) are too limited to cope with what we
might genuinely regard as languages. (1) High-level programming languages (Pascal, C, Java,
etc.); (2) Natural Languages (English, Welsh, Russian, etc.); and (3) Mathematical Languages
(propositional logic, predicate logic, etc.).

Background. Basic question: How can a natural language such as English with an
infinite number of possible sentences be generated by finite means? Evidence suggests that
languages are rule driven. Language is generated by a finite number of rules applied to a finite
vocabulary.




Example: The cat sat on the mat. ‘Cat’ and ‘Mat’ are Nouns. ‘Sat’ isaVerb. ‘On’ isa
preposition. ‘The' is a determinate. Each word in the language belongs to a grammatical
category. The structure of sentences is determined by the way grammatical categories can be
combined. Language has the following ingredients. Grammatical categories (which you don’t
see) and words i.e. symbols which make up the sentences. (Two levels).

Example 1. A fragment of English grammar. There are the following grammatical
categories (we'll usualy use the latter phase): Sentence (“start symbol”) S; Noun-phrase NP;
Verb-phrase VP; Noun N; Definite Article T; and Verb V. There are the following productions
(these are rules for rewriting certain strings as certain other strings):

(1) S® NPVP; (2QQNP® TN; (3Q)VP® VNP; (4 T® the. (5) N® man | ball | ...;
and (6) V ® hit|took | ... Thesymbols*“the”, “man”, “ball”, “ hit", etc. are called terminals. It
IS important to note that we are thinking of the words “the”, “man”, etc. as being individual
symbols, not strings. The symbol “|" is read as “or”, and is a way of combining several
productions having the same left-hand side.

We shall give a more formal definition later, but for now a (phrase structure) grammar is a
4-tuple G = (N, S, P, S) consisting of afinite set of non-terminals N, afinite set of terminals S,
afinite set of productions P, and a start symbol S. Example of generating a sentence using the
above grammar: S® () NPVP® (2 TNVP®QRB) TNV NP®(2 TNV TN®(4) theN
VTN®(B) ThemanV T N® (6) Themain hit T N ® (4) The man hit the N ® (5) The man hit
the ball. In the case of example 1, N = {S, NP, VP, N, T, V}, S = some subset of al possible
English words, P = (1)-(6), and S=S.

Example 2. Consider the grammar G = ({S}, {ab}, P, S), where P has the following
productions: (1) S® aSh, (2) S® ab. Examples of stringsin S* generated by this grammar: S
®(2) ab; S® (1) aSbh ® (2) aabb = &? and S ® (1) aSb ® (1) aaShb ® (1) aaaSbbb ® (2)
aaaabbbb = &'b*. Inthelast case, S~ a'b* (“e~ Means a sequence of ® 's).

You can prove that (1) S~ ab", wheren > 1, and (2) only such strings can be generated.
L(G) ={w: w1 S*, Se" W} iscalled the language of the grammar. Here, L(G) = {ab™ n > 1}.
We know that this language is not recognisable, and thus these grammars are more power ful
than f.s.a

Example 3: the following is a grammar for a fragment of a Pascal-type language called
the “language of while-programs’: the grammar G = (V, X, P, C)isgivenby V ={C, S, S, S,
A, W, C, U, T}, and X consists of begin, end, pred, succ, while and do, together with the
following symbols: :=,1,;,(,), 0, %, and .

The productions are asfollows: (1) C® beginS,end (2) S ® SS; (3) S;® ;Sile (4) S®
AWI|IC (5) A® V=T (6) T® pred(V)|succ(V)[0 (7) W ® whileViV do S (8) V ® xly.
Derivation: we can use it to generate begin  y:=0;  while x*y do y:=succ(y) end.
Construction: C ® (1) beginS,end ® (2) begin SS; end ® (4) begin A S; end ® (5) begin V=T
S, end ® (8) begin y:=T S, end ® (6) begin y:=0 S; end, etc.



Example 4. Consider the grammar G = ({A,S}, {ab,c}, P, S), where P has the following
productions: (1) S® abAScle; (2) bAa® abA; (3) bAc® bc; and (4) bAb® bbA. Exercise:
Derive ab3cd. Now S b (1) abASc b (1) abAabAScc b (1) abAabAabAScce b (1) (abA)3cd =
(abA)2abAcc? b (3) (abA)Zabcc? = (abA)abAabc® b (2) (abA)aabAbcd b (4) (abA)ab?Acd =
(abA)atbbAcc? b (3) (abA)atbbec? = (abA)ath?c® = abAaab?c® b (2) aabAab?c® b (2) afabAb?cd
= abADbbcd b (4) a¥b?Abce = abbAbc® b (4) a¥bPAcd = a¥b?bAcc? b (3) atbcs.
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Examples 1 to 3 have rules of the form single non-terminal ® string. Let us now
formalise the notion of a grammar. Definition: A phrase structure grammar is a4-tuple G = (N,
S, P, §) consisting of (1) afinite set N of non-terminals; (2) afinite set S of terminals; (3) we
have NCS =f; (4) Pis afinite set of productions, where each production is an ordered pair
(a,b) (we usually write this as a® b, where a, b T (N+S)*) and a contains at least one
non-terminal symbol; and (5) ST N isthe start symbol.

We want to define now the language generated by the grammar. Suppose that a® b 1 P,
andlet w=jay andlet w =j by. (These belong to (N+S)*). We say that w’ is immediately
derived fromw in G, and writew b w’. (Notee w =jay P w' =j by. (a changes to b)). If
Wi,...,Wn IS @ sequence of strings in (N+S)* such that wib woP wsb ...p w,, then we say that w,
is derivable from w;, and write wip * W,

The sequence w;,...,w, is caled a derivation of w, from w; w.r.t. the grammar G. The
language generated by GisL(G) = {w1 S*:S,"W?}. We now single out two special classes of
grammar. Definition: A grammar G = (N, S, P, S) is said to be context-free (CF) if every
production has the following form: A® a, where AT Nandal (N+S)*. (A single non-terminal
symbol on the |eft side of ® ).

A language L is said to be context-free if there is a CF-grammar G such that L = L(G).
Example 4 is not a context free grammar, but examples 1 to 3 are CF-grammars. (The language
in example 4 is{ab"c™. n > 0}). A language L is said to be recursively enumerable (r.e) if there
Is a phrase-structure grammar G sit. L = L(G).

A grammar G is said to be right linear if

2 All S-languages
each production in P has the form A® bC, A® b, ol CF langueges
A®e(A,CT N,bT S). LetS be afixed aphabet - recognised by
Then we have the diagram as shown, a hierarchy of bushdown autormias)
languages known as the Chomsky Hierar chy. T NL_r.e. languages

(= recognised by
> \ Turing machines)
NOT Computer Sc.  right linear grammars
—non-algorithmic (= recognisable languages,

languages = languages recognised by finite automata)
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Phrase Structure Grammars

(1) r.e. languages. productions a® b, where a contains at least one non-terminal. (2) CE
languages. productions a® b, where a is anon-terminal. (3) Right-linear languages. productions
a® b, having the following forms: A® bC, A® b, and A® e, where ACT N, and b1 S.
Example (of a right linear grammar and language): G: S® 1B|1 (start symbol S), A® 1B|1,
B® OA. Example of a derivation in this grammar: S 1B b 10A b 101B b 10101A b
10101. It is possible to show that L(G) = 1(01)*. We shall show that thisis typical.

Lemmal: Lee G=(N, S, P, S) bearight linear grammar. Then we can always assume
that the rules which appear in P have the following forms. A® bC or A® g, i.e. NOT A® b.
Proof. Suppose that we have productions in P of the form A® b. Introduce a new non-terminal
symbol D (D1 N) and replace A® b by A® bD and D® e. Do thisfor all unwanted productions,
and the new grammar G’ satisfies the conditions of the lemma, and L(G) = L(G).

Returning to our example of aright linear grammar, G: S® 1B, A® 1B, B® 0A, S® 1,
and A® 1, we can replace S® 1 by S® 1D and D® e, and replace A® 1 by A® 1D. We obtain
anew grammar G': S® 1B, A® 1B, B® 0A, S® 1D, A® 1D, and D® e.

Theorem 2: A language is recognised by a f.s.a. if and only if it is generated by a right
linear grammar. Proof. Let G = (N, S, P, S) be aright-linear grammar (in the form given by
Lemma 1). We shall construct a non-det. automaton A such that L(G) = L(A), where A = (Q, S,
S, d, F) (an initid state 5). Let Q = N (states labelled by non-terminals), let s =S, let F = { A:
AT N,A®el P}, andlet d: (A)—b® (C) beatransitioninAU A®DbCT P.

Claim: L(A) = L(G). Proof. Let w = &...a,1 L(G). ThishappensU S,"wU SP aA;
P aaA:P ...P a..aA P a..aU ® () —a® (A)—a® (A)—® ..—a® ((A)) U wi
L(A). Converse Let A =(Q, S, s, d, F) beadet. f.sa DefineG= (N, S, P, S) asfollows. N =
Q,S=sP={A®eU AT F,A®cB U Aec =B inA}. Claim: L(G) = L(A). Proof: w =
a.al LA U ssw i FU ®(s)—a® (s)—a® (9)—® .. —a®((s)) U S®aS,
S® &S, ..., Su® aS, S®elU S'wi L(G).

Example: (from (From grammar to machine) (From machineto grammar)
grammar o W®IB | (SLB) G=({SPQR}, {ab}, P, 9
machineandthen g 1p (S,1D)
frommachineto A®1B | (A,1B) %ZFS’ g’ggg
grammar). B® 0A (B,0A) Q@R QObS

A® 1D (A,1D) R®aQ R®bP

D®e We




Context Free Languaqges

Backus-Naur Form (BNF) is nothing more than an alternative notation for writing down
CF grammars, where non-terminals are written as descriptions enclosed in <, > eg.
<description>; ® is written as ::=; and | means “or” as before. Example: Grammar 3 becomes
easier to read if we use BNF. C » <program>; S, » <statement sequence>. So (1) becomes
<program> ::= begin <statement sequence> end.
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Context Free Lanquages: Derivation Trees (Parse Trees)

For CF Grammars, there is a way of picturing derivations. Example P f\ v
Consider G = ({SA}, {ab}, P, 5), where P: S® aASja, A® SbA | SS|ba Fo (a" A s |
the derivation S 2ASP aAab asbAab asbbaab asbboa=abrer, the | |\,
derivation tree is as shown, where the a?b?e read off the tree is the yield of the |/ AN

tree. &/ (ba) ave

The derivation tree does not capture the order in which we apply the productions — but
this doesn’'t matter. The derivation tree provides the basis for assigning a meaning to the string
derived (i.e. the yield of the tree). Given a derivation tree, find examples of derivations with this
tree. We can use the derivation tree to construct a derivation of ab?a which rewrites the left
most non-terminal at each stage. S aASPb aSbASP aabASP aabbaSb aabbaa

Right most derivation — rewrite the right most terminal at each stage. SbP aAS P aAa
P aSbAa b aSbbaa b aabbaa. This example provides the idea behind the proof of the
following result: Proposition: Let G be a context free grammar. Thenw 1 L(G) U w has a left
most derivation U w has a right most derivation. Proof (Sketch). If w has a left most
derivation, then clearly w1 L(G).

Conversely, suppose that w I L(G). Then w has a derivation, and so we can construct a
derivation tree. But then it is clear that we can construct the tree by means of a left most
derivation, and hence we can derive w in aleft most way. There is a smilar argument for right
most derivations. Derivation trees / Parse trees. If G isagrammar, if we have terminals S, and if
w1 S*, then the process of trying to find aderivation treeis called parsing (or syntax analysis).

Ambiguity. A CF-grammar is said to be ambiguous if there is ¢ /R AE\
string in the language with more than one derivation tree. Example e x E E + E
Consider G. E® E+E | EXE | (E) | a For a+axa, we have two possible A \ \ m
trees as shown. This is an ambiguous grammar. The two differen ET a0 ‘Ex
derivation trees could be used to assign two different meanings to the a a a
string at+axa.

o—m

Compilers. (1) Lexical Analysis of a program in a high-level language identifies the
tokens of the language using finite automata. In Example 3, the tokens are begin, end, pred, succ,
while, do; =, 1,5, (,), 0, X, ¥, ... (2) Syntax Analysis parses (i.e. finds a description of) the
program.




The Pumping Lemma for CF Lanquages

The pumping lemma describes a property possessed by all CF languages. We shall then
show that there are languages which do not have the pumping property — and so are not CF.
First, some terminology: (1) We are dealing with directed rooted trees — the implied direction
of each edge is down, and the root is the vertex at the top from which all paths lead from. The
vertices (terminals) at the end are the leaves of the tree.

(2) Given a derivation tree for a string in a CF grammar, we define the length of a path
from the root to aterminal symbol to be the number of non-terminals on that path. The height of

aderivation tree is the size of a maximum length path.
10th November 2000

Exercises

Q: Let G=({SB,C}, {ab,c}, P, S), where P consists of the following productions. (1)
S® aSBC, (2) S® abC, (3) bB® bb, (4) bC® bc, (5) CB® BC, and (6) cC® cc. Show that a2b?c?
T L(G), and describe L(G). A: Sb aSBcby 1 b aabCBC by 2 aabBCC by 5b aabbCC by
3 b aabbcC by 4 b aabbcc by 6. L(G) ={ah"c" n> 1}. (Get this by doing examples).

Q: Let G = ({SC}, {ab}, P, S), where P consists of the following productions. S® aCa,
C® aCa, and C® b. Show that a%had 1 L(G), and describe L(G). A: Sb aCab aaCaa b
asaCasa b aaabasa. L(G) = {a'ba n>1}.

Q: Let G = {SA,B,C}, {ab}, P, S), where P consists of the following productions:
S® aS, S® aB, B® bC, C® aC, and C® a. Show that a®ba2 1 L(G), and describe L(G). A: Sb
aSb aaSPb aaaB b aaabC b aaabaC b aaadbaa. L(G) ={aba™ nm> 1}.

Q: Find CF grammars for each of the following languages, where S = {a,b}: (i) {ab* n
> 0}; (ii) {a™2 n > 0}; (iii) the palindromes of even length; (iv) the palindromes of odd length;
and (v) any paindrome. (A paindrome is a string which reads the same forwards as
backwards. A: (i) S® aSh?le. (ii) S® aTh|p?, T® b?aTb. (iii) S® aSabSble. (iv) S® aSalbSbjalb.
(V) S® aSalbSblalble.

//T\\R)

R

}/\\ | Q: Write a CF grammar for regular expressions over S = {a,b} (include all
(R *

) 2 Dbrackets). Find a derivation tree for (((atb)*)a). A: R® a|b|e|f | (R.R) | (R+R) |
/FE\+ E ) (R*). The derivation tree is as shown on the | eft.

Q: Find a right linear grammar which generates the language ab

recognised by the shown machine. A: G = ({ST}, {ab}, P, S), where P =

{S® aT, S® bT, T® aS, T® bS, T® €}. ab



Q: Find a non-det. machine which recognises the language generated by the following
right linear grammar: G = ({S,T,U}, {ab}, P, S), where P consists of the following productions:
S® aS, S® bT, T® aU, and U® a. A: We first have to convert the
grammar into a suitable form: replace U® a by U® aD and D®e (s} 21 ) 2(u)-2
Therefore, G= ({S,T,U,D}, {ab}, P, S), where P= {S® aS, S® bT,

T® aU, U® aD, D® e} . We thus obtain the diagram on the right.

/‘E\ /‘E\ Q: Show that the following grammar is ambiguous by finding two
//E\' ! T '//E\ different derivation trees of a-b-c, where G = ({E,I}, {ab,c,d,-}, P, E),
1 - E a 1~ - e and where P has the following productions. E® I, E® I-E, E® E-I, and
] | 1®ablcd. A: See the diagram shown on the left.

Q: How could the grammar in Example 1 be written using BNF? A: <sentence> ::= <noun
phrase><verb phrase>, <noun phrase> = <def. article><noun>, <verb phrase> =
<verb><noun phrase>, <def. article> ::= the, <noun> ::= man | bal | ...., and <verb> ::= hit | took
| ....
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Proving that there are Languages which are not CF

Subtree replacement principle (only applies tc /%

CF grammars). A subtree of a derivation tree is e ——— al Slanguages

particular vertex of the tree, together with that part of \& CF SHlanguages sUbtree
the derivation tree which lies below it. It looks like @ popeny

derivation tree, except that its root can be any "easytochex”

- EBame non-terminal. If theroot is A (I N), then the subtree
| Q0 iscalled an A-tree.
O/B\\B
Btree y (SRP) Let T be aderivation tree, and let T, and T>

obtain\\\V/ s be any B-trees. Suppose that T, is a subtree of T,

7 . -
rﬂ.me J B then the tree T' obtained from T by replacing T. by
88 T,isalsoaderivation tree.
SN\
0B B
[

The pumping property for CF languages

Derivat
We apply the SRP to the first derivation tree — v (1 A B (Z)A B
concentrate on the A-trees (upper & lower). (1) St wney s

Replace the upper A-tree by the lower one. (2) N
Replace the lower A-tree by the upper tree. This | e A A A | B
process (replacingA lower by upper) can be ) lowerA - SPB uwy(l L(©) A B
iterated. If uvwxy | L(G) as above, then uv'wx'y

T L(G) (for all i > 0). We now deal with the SD(:Ni‘“('éZ)B; A
question of derivations with  repeated W
non-terminals.




Lemma 1: Let G be a CF grammar. Suppose that ; sportaite o

et e

the longest right hand side of any production has m .3:': i e’ AR L
symbols. Let T be a derivation tree for astringw T, %0 ™" L ew
L(G). If the height of T isj, then jw| £ m. Prog ~em== =wom ™ ™" 0
(Sketch): shown in the diagram. B - terrimal il

The Pumping Lemma

Let L be a CF language. Then there exists natural numbers p and q > 0 depending only on
L, such that if zT L, and if |z| > p, then there is a factorisation z = uvwxy satisfying the
following three conditions: (i) [vwx| £ q; (ii) v and x are not both empty; and (iii) for al i > 0, we
have uvwx'y T L (the “pumping property”).

Proof: Let G be a CF grammar for L. Let m be the length of the largest right hand side of
any production in G. Let [N| = k. Put p=m*. Let z1 L such that [zl > p=m. By Lemma 1, in
any derivation tree for z, the length of some path must be > k+1. (*If there is more than one
derivation tree for z, choose the one with the smallest number of vertices*). But [N| = k, and so
some non-terminal must be duplicated on this path.

Consider the lowest possible duplicated pair on this path. Call the s
duplicated non-terminal A. Then the upper A of this pair contains no othe A k
duplicates below it. This means that the length of the path from the upper A - 5 Upper A
to the leaf is at most k+1 — because there are k non-terminals. Let us call kdu,iii?i%
the string derived from the tree rooted at the upper A ‘vwx’, wherew isthe v A x Lowera
string derived from the lower A. By Lemma 1, [vwx| £ m*** = q, say. We

write z = u(vwx)y, as shown on the right. w

We now apply the subtree replacement principle. If we replace the upper A-tree by the
lower A-tree, we obtain diagram (1). Thus uwy = uv®wx% T L(G). If we replace the lower
A-tree by the upper A-treei times, we get uv”lwx”lyT L(G). Thus we get uvawx2y T L(G) as

shown in diagram (2). ﬂ N ﬂ N ﬂSN (%SN

We conclude the proof by showing u Ay u Ay
that v and x cannot both be empty. Suppose ﬁ k A A

to the contrary that v = x = e. Then our W
derivation tree would be as shown in ﬁ & w

diagram (3). We could then replace the

upper A-tree by the lower A-tree to obtain w

diagram (4). Thus we have shortened the

dotted path by at least one, and this contradicts our choice of derivation tree of z made in (*)
above. Hence v and x cannot both be empty. End of proof.




Application: L = {ab"c": n > 0} is not CF. Proof: Suppose that L were CF. Then we
could find p and q > 0 st. for al z1 L (|zl > p) the conditions (i), (ii), (iii) of the Pumping
Lemma would be satisfied. Let r > p,g. Consider z = db'c. Thenz 1 L, and |z| = 3r > p.
According to the Pumping Lemma, we can factorise z = uvwxy in such away that (i) [vwx| £ q;
(ii) a most one of v and x is empty; and (iii) for al i > 0, uv'wxy T L.

There are 5 cases to consider: (1) vwx is entirely within the a-block; (2) .... the b-block;
(3) .... the c-block; (4) vwx falls across the ab boundary; (5) — —

...bjc.... BUT, vwx cannot fall across both the ab and bjc a ab b ¢
boundaries — because [vwx| £ q < r. By (iii), we have tha r r r
uvawx2y T L. But if we now consider each of the 5 possibilities ' ' v v
in turn: (1) increased the no. of a’s, but theno. of b’'sand c'sisdtill r; (2) ..b’s...a's...C's....;
(3 ...Cs....as..bs (4)..asandb’'s...c'sisdllr; (5 ...b'sand c's .... a’sis gtill r. Thus

uvdwx?y ¢ L. Therefore, we have a contradiction, and it follows that L is not CF.
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Pushdown Automata

Idea: A pushdown automaton (pda) is made up of a non-det
e-machine and a pushdown stack. A stack has a stack alphabet C
where g T G We can only read the symbol at the top of the stack. | &
Adding a symbol g to the top of the stack is called pushing g. The =
process of reading the symbol g at the top of the stack is called popping g.

push g pop g

QR R
alq|a
2Q|g

, Definition: A pushdown automaton (pda) is a 6-tuple A: A =
PR B = (Q, S, G d, s F), where Q is afinite set of states; S is an input

@ g :‘ a alphabet; Gis the stack alphabet; sisthe start state; F is the set of
5 terminal states; and d is the transition function as shown on the

oarensae - nedsde left, wherea T SE{e}, andby 1 GE{e}.

The operation of a pda is determined non-deterministically v ot
by three pieces of information: the current symbol at the top of - ‘ - tape
stack, the current state, and the current symbol bei ng read. The nasbesn read cetamines futureactions of pda
configuration of apdaisatriple (w, g, a), wherew I G* isthe stack contents: (....w....)top; g 1
Q isthe current state; and a T S* is the part of the input string under the tape head and to the

(@ g h) right. Suppose that the current configuration is (ug, q, aa). Then a possible
@ T d next configuration is (uh, ', a). For this, we write (ug, g, aa) ® (uh, g, a),
where® signifies amove in the pda.

* | %

Example of a Pushdown Automaton (ae’a@ (b.2.6)

%
Inthediagram, A = (Q, S, G d, s, F), where Q = {s, q, @}e,e,#) (b, a,e) ( e#, )@
r,f},S={ab}, G={a b, #, F={s, f}, and disas shown ir read p‘gp\p_iq
the diagram. m

sack
tape



starting configuration  How A processes the string a2, In the diagram, there is a U over the letters
@ s Sabb) on the tape being read — and crossed out letters indicate which have been
# q, ibb)i read. In the notation of the definition of a “configuration”, these strings would
(#a, q, 288b) be written as aabb, aabb, abb, bb, b, e and e. According to the diagram, a2 is
gia’ ?’ pn )y accepted by A. Clearly all strings of the form ab" (where n > 0) are accepted
#, riﬁﬁo - i by A. Any string beginning with “b” will be rejected since the transition from
e _f, v g to r cannot be followed. If a string is to be accepted, then it must have the

atermina sate form a = ab, where b does not begin with an “a’

Let's see how a isprocessed. (g, s, d&b) ® (#, q, &b) ® (#a, g, d&b) ® (#a2 q, &%) ®
.. ® (#&, q, b). If b = e, then the machine halts in state q. Thus we can write b = b, where
m > 1, and y does not begin with a “b”. Therefore, we have (#&, g, b™) ® #a*, r, b™) ®
#A2 1, b"2) ® ..

If m <k, then wereach (#a™, r, 7). If y = e, then the machine terminates in stater; ify 1
g, it crashes. Thus a is not accepted. If m > k, then we reach (#, r, b™), and the machine
crashes. If m =k, then we reach (#, r, y). We know that y can’'t begin with a “b”. If it begins
with an “a’, then the machine crashes. Thus the only way a can reach the termina stateisif a =

ab*. Conclusion: we have proved that L(A) = {ab" n> 0}.
21st November 2000

Configuration of a pda

w1 G contents of stack; q1 Q current state; a I S* part of the input ¢="5"~

under the tape head and to the right. If ¢; and ¢, are two configurations linkec -%
Sepl by a sequence of moves, then we

@(e,e,#@(e,e,s@(e,#,@ write c,—*® ¢,. Start configuration: (e, S, a) (stack

, — empty, start state, input string). End config.: (y, t, €)

Places#'son sack Thiswill only be followed . . .

if theinput sringhasbeenread ~ (StaCK: any contents, terminal state, input string

andthestack containsonly # - reqe]) Leta T S*. We say that a is accepted by A (in

Step2  For each production A® a;....am I P final state mode) if there exists (e, S, a) —® (y, t,
(eea]) O e for some t T F. Remember that pda are
eAre@i-a) inringcally non-det. L(A) ={a 1 S*:A acceptsa}.

rev(ay...am)

(e,Aanb =am....a;

(eeal) iepopA, pushrev(a,.ay) e shal prove the following: if G is a CF

Sep3  For exchinput letter al S, add petdl grammar, thereisapda A such that L(G) = L(A). Let

@)Q(a@e) Q = (N, S, P S). The propedure for constructing A

Isas shown in steps 1 to 4 in the diagram.

Sep4 Number Sates

We wish to prove that L(A) = L(G). Recall thatw 1 L(G) U S.*w U S, w which iseft
most. The machine A will simulate a left most derivation of w. Idea: How to determine if a
string a...an 1 S* is generated by G. We need only find a left most derivation of a...an
Suppose that we can generate S »* &...aa, with a T (S+N)*. Then we need only generate
ai+1...am from a. The stack will contain strings used in derivingw from S, A ® as...an.



Example: From a CF (In shorthand...)
Grammar to a pda
(e,ShSa) (eSha)
Let G be the grammar e M
S®ash | ab. We follow the R O U O
method of the lectures to obtain (@50 g,
the following shown pda. (bb,e) EE’?;J)

Assignment 3: Set 21/11:In 28/11: Back 5/12

Q:LeeG=(N,S,P,S),whereN={S, A,B},S={a b},and F s
consists of the following productions: S® aB, S® bA, A® a, A® aS e \
A® bAA, B® b, B® bS, and B® aBB. Describe L(G). A: Consider the /aB\ \b
shown tree which may be used to start a derivation. Clearly, all stringe ® S @BB  ba bas bbA/
in L(G) will have alength of at least 2. Further, al stringsin L(G) will have even length. To see
this, try to derive an odd string — it is impossible! (e.g. (babba): S® bA ® baS® babA ®
babbAA ® babbaA x). Soif I T L(G), we know that [I| > 2, and that ||| = 2z, zT Z.

Findly, all stringsin L(G) will have to have the same number of asasb’'s. To see this,
consider all possible strings of length 2 or 4, and let us try to derive them. Length 2 (4 not
shown): aa: S® aB® aaBB x; ab: S® aB® ab OK; ba: S® bA® ba OK; bb: A® bA® bbAA x.
As you can see, the only valid strings arethose with#as=#Db’s.

Therefore, L(G) = all strings where# as=#b’'s. Thisimplies that al string lengths are
even — we cannot have an odd string where # a's = # b’s. However, the above definition allows
the case where # a's = # b's = 0 (the empty string), but the productions P do not allow this. To
correct this, alter the definition to L(G) = al strings with an equal number of a's and b’s,
excluding the empty string.

Q: Use the Pumping Lemma to prove that the language { db'd: i T N} isnot CF. A: This
proof has already been given in the lecture notes. All that is changed is where we had {ab'c: i >
0} before, we now have {db'd: i1 N}. Otherwise the proof isidentical.

Q: LetL ={dbd:i,jT N}. (i) Find a CF grammar for L. (i) Let L’ = {abd:i,jT N}.
Find a CF grammar for L’. (iii) Describe LCL’. Deduce that the intersection of CF languages
need not be CF. A: (i) LetG=(N, S, P, S), whereN ={S, A, B}, S ={a, b}, and P consists of
the following productions: (1) S® aAbaB; (2) A® aAble; and (3) B® aBle. (Note: take N to be
the sequence {1,2,3,...}. Do not do this in an exam — according to MVL, 0T N). (i) Let G =
(N, S, P, S, whereN ={S, A, B}, S={a, b}, and P consists of the following productions: (1)
S® AabBa, (2) A® Aale, and (3) B® bBale.

(iii) InL’, we have asequence of i @ sfollowed by j b's. InL, we havei &sfollowed by i
b's. Clearly, if astring isin both L and L', we must havei =] in L’. Thisway, astring in L’
whichisasoin L startswith i @ s and then we also havei b’s to correspond to what happensin
L. Smilarly, in L, we have (after asequenceof i a's) astringof i b’'sand thenj &@'s.




InL’, we have (after asequence of i @s) astring of | b'sand then j &s. Again, if astring
iIsinboth L andinL’, wemust havei =] inL. Thisway, astringin L whichisalsoinL’ starts
with i a's and then we have i b’'s, followed by i a's to correspond to what happensin L’. From
the above, we deduce that for astringtobeinbothL andL’,i.e.in LCL’, we must havei =j in
both L and L’. But if i =], we can say that LCL’ = {db'd: i T N}. But we have already proved
In question 2 that this language is not CF. Therefore, we have seen evidence that the intersection
of two CF languages is not necessarily itself CF.
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We have G, a CF grammar, and A, a pda. We have an informal description of how A
works. We will now prove that L(G) = L(A). Key Lemma (¢): (#rev(s), q, rr’) (the
configuration of A, where r = input already read, and red will now denote “ already read” ) U
S+" rs inG. Proof: Once we have initialised the stack, we are in configuration (#S, g, w). On
the other hand, S~ S.

Thus (¢) is true right at the beginning of processing w. Now assume that (¢) is true at
some stage — we prove that after a transition in A, it will still be true. ( 1): Top of the
stack contains a non-teminal. The current situation is (#rev(t)A, g, rr’) U @ @A, an.a,)
S.'rAt. And A® a;...an 1 P. Thus we have the diagram shown on the right.

Soin A, (#frev(t)A, q, rr’) o (#rev(t)am...a;, q, rr’). In G, S" rAt (A = left most
terminal) b ra;...ant. For these expressions, (¢) holds (match the blue expressions). (Case 2):
Top of the stack contains a terminal symbol. The current situation is (#rev(t)x, g @ (X.X,€)
yxr')U Sb .yxt. Sowe have the diagram shown on theright. (x is aterminal).

InA, (Hrev(t)x, g, yxr’) ® (#rev(t),q,yxr’).InG, S, y xt. No change, and (¢) holds.
End of proof. Now apply the Key Lemma w1 L(A) U (eSw) e (c,f,e) (definition) U (esw)

o (6f,8) (iNA U #S,qw e (efe =(efwe) U (keylenma) SP"we=wU wi L(G
(by leftmost derivation).

Exercises

LeteG=(N,S,P,S,wheaeN={S T,F},S={c (), + *},andPisgivenby S® T |
SHT(land2); T® F|FPT(3and4);and F® c|(S) (5and 6). (1) Find a left most derivation
for the string c*c+c. (2) Construct the pda A from G according to the recipe of the lectures. (3)
Show the configurations involved in the processing by A of the string c* c+c.

A: () SR2SHT®1T+HT ®4 FPT+T ®5c*T+T A= (222 @T.T*P)
®3 C*F+T ®5 c*c+T ®3 c*c+F ® 5 c*c+c. (2) The i s
diagram on theright. (3) (e, S, c*ctc) ® (#, p, c*ctc) ® g (ee#
(\ (e,e,9
(#S, g, c*cHe) ® (2) (HT+S, g, c*c+c) ® (1) (#T+T, q B e#e)@
c*ctC) ® (4) (HT+T*F, g, c*ctc) ® (5) (#T+T*c, q, TR g@
c*ctc) ® (#T+T*, g, *c+tc) ® (#T+T, g, ctc) ® (3) 0.).8

(#T+F, g, ctc) ® (5) (#T+c, g, c+c) ® (#T+, q, +C) ® (#T,q,c) ® (3) (#F, g,¢c) ® (5) (#c, g, ©)
® (#,0,© ® (e f, €. Wearenow at aterminal state P c*ct+cisaccepted by A.
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Concluding Remarks

We have proved that every CF language can be recognised by a pda. Theorem (not
proved here): If alanguage is recognised by a pda, then it is CF. If L and M are CF, then so too
are L+M, LM and L*. However, if L and M are CF, it isNOT true in general then LCM is CF
(look at a counter example). It follows that the complement of a CF language is not necessarily
CF. One can define deterministic pda — they recognise deterministic CF languages. N.B.: Not
all CF languages can be recognised by deterministic pda’s.

3. Turing Machines

fsa | pdal Turing Machines & regular languages I CF languages | r.e. languages.
Thisisthe hierarchy of languages known as the Chomsky Hierarchy. TM’s were first defined in
1936 by Alan Turing. They were introduced to solve a problem in Mathematical Logic, and are
now the basis of Theoretical Computer Science.

. _ _ current sae%@éread/write head
Informal Description of TM’s: in the diagram. Ta <V-> i
increase the power of a f.sa, (1) the tape head car *| %] *| %% %D D finite
move at any instant one square to the left or right; (2)
the tape head can over print the contents of a square.

T N
input string  blank square

End of Tape
(DDR) aDR)_/\(DDL)./ 3\@DL)./ For Examgl_e 1, we can represent v A
(bbR) wpy a0 execution chain by the bR —=® Dasb =
(@aR) (BOR) (@al) diagram on the right, or by the ® oaio =
1STAR3T OOR)_(gHALT) following sequence: 1bab ® D5ab ® Dabb ® Dab5
(bbR) (DDR) ooy ® Dabb ® Dra® D7Da® D1a® DD2D ® D3D
(a,aR@ N %(aa,L) ® DD8D. Halt!, and the string bab is thus accepted
. 6OR) >/opn) "\ oL 77 by this TM.

EXAMPLE 1

(1) Sistheinput string, and DI S because we use

@2k bR (©ODR) D's to mark the end of an input string. (2) The tape
.9 9 head can read the contents of a square, replace the
(b.bR) s contents of a square, and move either L (left) or R
EXAMPLE2  S=G={ab} (right). The tape-head can never move L of the first
square. If it istold to do so, the TM crashes. (3) Gis
the set of symbols which can be printed. (4) A finite
set of states, including one start state and some halt
states which cause the TM to stop. s+eP A
(5) Transitions, examples of which (e osein

are shown.

State Transtion Table

Read Write

<
2
o)

From

[

BRRMOO O WwNNNG

ARWOOWWNNN
>OOO0OW>P WO WY D
>OVPUW>WEIW >
prrA0Vr-ITDO0D
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Formal Definitions

Definition: A Turing Machineisa 6-tuple A = (S, S, start, G d, F). (Detail: S = a finite
set of states, S = the input alphabet, start = an initial state, G = the output alphabet, d = the
transition function, and F = a set of halt states). Here, d: Sx(G+S+D) ® SxGx{L,R}, anddisa
partial function, i.e. TM’s can crash. An instantaneous description (ID) of A is a string
a...a.1na...a, whereni S; a...a.1 (GrS+D)*; anda...a 1 (G+S+D)*.

We can now define what we mean by a computation in A. Let the (ID) be &...a.1na...a,
and let d(n, a) = (n’, &', R). Then we write &...a.1na...a ® &...8.18' Na+1...& as “one move'’.
Now let the (ID) be &...a.1na...a, and let d(n, a) = (n’, &’, L). Then we write &...a.1na...a& ®
a...Na.1a’ ...a as another move.

Edge Effects. If the (ID) is &...a.1na, and we have d(n, a) = (n’, &', R), then we write
&...a.1Na ® &...a.a'n'D. If the (ID) is na...a, and if d(n, a) = (n", &', L), then the machine
crashes. Ifaand b areID’s, and if b is obtained from a by a sequence of moves, then we write
a e b. Definition: If A isaTM, the language accepted by A, written L(A), isdefined by L(A) =
{wl S*:startwe uhdtv, whereuandvi (G+S+D)*}.

Theorem (not proved here): A language is accepted by a TM U it is recursively
enumerable. So far, our automata has only been used for accepting languages. We now want to
consider TM’s as transducers, i.e. we are interested in the string left on the tape when the TM
halts.

Example 4. Q: Process aba. A: 1laba® #2ba® #a3a® : (DaR)
#ab2 ® #abad ® #abbSa ® #abba ® #5aba ® 5S#aba ®
#6aba. HALT. #aba is the string left on the tape when the

machine halts. This TM is computing a function, with input any b, (DDL)
string in (a+b)*, e.g. w; and output #w. We can also compute E?%IL))

functions concerning N. The ordered m-tuple (Xi,...,Xm) 1 N’ Examples #ER)
will be represented by the string a“ba®b...ba. S= (ab}, G= {abi} @
Examples: (i) abaa = aba? « (1,2) T N2 (ii) bbabbaa = a’ba’batba’ba2 « (0,0,1,0,2) 1
N°>. We are interested in TM’s which accept as input elements of N™ encoded as above, and
when they halt (if they do) leave the unary encoding of a sequence from N". A (partial) function

f:N™"® N"issaid to be Turing computable if the following conditions are satisfied:

Let D I N™ on which f is defined. Then, if there isa TM Ar, (1) (X1,...Xm) T D «
asb..bar T L(A); (2) If (X,....xm) 1 D, then ab...ba o ab...ba" (halt), where f(xy,...,.Xm) =
(Y1,-.-,¥n). Functions which can be computed in this way are called partial recursive functions.




Consider f: N\{0} xN ® N, where f(m,n) = m-n if

Exampled
(aAR) - m > n, and f(m,n) = 0 if m £ n. Claim: Example 5
0L obR) - (@aR) computes f. Now a'ba* > a"ba’, where m > 1, and a‘ba*
aa,

(aaR) ® gfmn).

T (D,DL)
3 8 R
aar)| ©D %%(a,D,L) Ttean)
(aal) (b.b,R)

(bbL)
(DDR) o, aB; ®(D,D,R)

5th December 2000

Turing’s Thesis

To say that something is computable means that we have an algorithm for computing it.
But what is an “agorithm”? Dictionary definitions such as “ A step-by-step procedure by which
an operation can be carried out without any exercise of intelligence” are not correct in the
mathematical sense. Can we do better?

Computability in Computer Science U Mathematical Algorithm. Example: Euclid’s
Algorithm, with input a, bT N, and output gcd(a,b). We should agree that anything a TM does
should be regarded as algorithmic. Turing's Thesis asserts that the converse is true — for each
algorithm, there is a Turing Machine that implements the algorithm.

In other words, Turing's Thesis says that we define an algorithmic problem as one that
can be solved by a Turing Machine. It implies that whatever a computer can do, however
powerful and sophisticated, it can also be carried out by some Turing universd T™
Machine, because computers do no more than implement algorithms. Thusthe ||
boundaries of the computable and the non-computable are defined by the input code
abilities of Turing Machines. ™

Encoding TM’s

Let S ={ab}. Theorem (not proved): Let L be ar.e. S-language, then thereisa TM A sit.
L(A) =L, with S = {ab}, and G = {ab,# . We dso assume that (i) the unique start state is
labelled 1; and (ii) there is a unique halt state labelled 2 (easy to achieve). We'll call such Turing
Machines “ Special”.

X3 X4 | code

%5 | code We shall encode each transition table of a special
@ L| a TM by meansof astring from {ab}*. Encode a row:
ab R| b .
ba X1, X2 1S encoded as aba®. X3, X4 and Xs are encoded as
bb shown in the diagram on the left. We can encode every
row of the transition table by means of a string from aba'b(at+b)®> (remember that * =
“dagger”). To encode the whole table, ssimply concatenate the codes for each of the rows.

From|To|Read| Write| Move

X1 | X2| X3 X4 X5

*t O OO

Let T be the set of all transition tables of special TM’s. Then code: T® {a,b}* is such

that code(transition table) = concatenation of the row codes. Given astringw T {ab}*, we can
easily decide if thereisatransition table A s.t. code(A) = w.



Example 1 Sring: abaaabaaaabaaabaaabaaaabaaabaabababa

From | To Read WritelM ove Code for Each Row Transition From|To|Read/WriteMove
1,11 bl b R ababababb Table: 1 3] a|] a | R
13 a/ b | R abasabaaabb 3 |3 a| a | R
313 a| b | L | a;bascbaasha 312 bl b| L (aaR
312 D| b| L | aadbaabbasba f@
Transition Diagram: (@aRr)
The one-word code word for the whole machineis: 1 w(bbL) 2
ababababbabaaabaaabbaaabaaabaaabaaaabaabbaaba START HALT

7th December 2000

Let S ={ab}. DefineGi S* asfollows: G={w 1 im(code): if code(A) =w thenw |
L(A)}. (Note: w1 im(code) isinterpreted asw = code(A) for some AT T).Put B =S*\G. IsB
r.e.? Suppose for the sake or argument that B is r.e. This simply means that B is accepted by
some TM. Thus (by an argument given earlier) B is accepted by a special TM, A. Therefore,
L(A) = B. Put w = code(A). We either have (1) w1 B, or (2) wi B (but NOT both). Case 1:
Supposethat w1 B, thenw I G. Now w = code(A), and thusw T im(code). The only way that
(aby» W I G can occur isif w1 L(A) = B. Contradiction — case 1 cannot hold.
Case2:wl B,andsow 1 G. Thismeansthat w1 L(A). But L(A) =B, and

hence w T B. Conclusion: B is not r.e, and so by Turing's Thesis, no
algorithm (and therefore no program) can determine membership of this
language.

Assignment 4: Set 5/12:In12/2: Back 15/12

Q: With reference to the transducer in Example 5, write down the execution chain
corresponding to the input string aba. A: Startaaaba ® Alaaba ® Aalaba ® Aaalba ®
Aaab2a ® Aaadba2 ® Aaab3aD ® AaabbDD ® AabtabDD ® AaD7bDD ® AaDb8DD ®
AaD3bDD ® Aa4DDDD ® A4aDDDD ® 4AabDDD ® aHALTaDDDD = aHALTa

Because we are now at the terminal state, this means that the string aba is accepted by
the Turing Machine. What is left on the tape is the string aa = & We would expect this, as
example 5 represents the function f: N\{ 0} xN® N, where f(m,n) = m-n if m > n, and f(m,n) =0
if m £ n. With an input string a®ba« (3,1) T N2, we would expect the output 3-1=2 « &. v’

Q: Consider the TM shown. (i) Find the execution chains for (bbL) bR
(a) aaa, (b) aba, and (c) ababb. (i) The language accepted by this Eﬁﬁt)) @‘aa’” (a#”
TM isthe set of al strings over {a,b} with an odd number of letters
having an “&’ in the middle. Explain the algorithm which this Tiv
Implements.

A: (i) lasa® #3aa® #ada® #aad ® #abaD ® #6a#D ®
THattD ® #la#tD ® ##3HD ® #HHALTD = ##HALT. Therefore
aaais accepted by the TM as we have reached the terminal state.




(b) laba® #3ba® #bda® #bad ® #b5aD ® #6b#D ® 7HLHD ® #1b#HD ® ##2#D ®
the machine crashes (there is no transition reading a ‘# at node 2). Therefore, aba is NOT
accepted by the TM — it crashes while processing the string.

(c) lababb ® #3babb ® #bdabb ® #badbb ® #babdb ® #babb4 ® #bab5bD ®
#babb#D ® #b7ab#D ® #7bab#D ® T#bab#D ® #lbab#D ® ##2ab#D ® #Hadb#D ®
#HabA#HD ® #Habb#D ® #H6aHHD ® #7HattHD ® ##latHD ® ##H3IHD ® #HHHALTHD =
#HH#HHALTH. Therefore, ababb is accepted by the TM — we have reached the termina state.

(i) The TM does not accept even length strings (aa, abab, ababbab, etc.) — it only
accepts odd length strings with an ‘a in the middle (a, aab, bbaba, etc.). We can think of the
TM in question as working in cycles, where in each cycle we replace 2 letters by a ‘#. The
letters we replace are the first and last letters of whatever string of a's and b’s we have at a
particular time.

When the length of the string of @ sand b’sis £ 1 after a particular cycle, we stop cycling
and look at what we have left apart from the #'s. If we are left with an ‘&, then we reach the
HALT state. Otherwise (we have ‘b’ or the empty string) the machine crashes. In pseudo-code,
the algorithm which the TM implements could be written as follows:

Let the input string to be processed be I.
Repeat
renove the first letter froml
renove the last letter froml
Until |I] £1
If I = a accept |
El se reject |.
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SECTION 1 (Compulsory)

D

(@

(b)

(©)

(d)

Let S be afixed alphabet.

Define what is meant by a recognisable language over S. [1 mark]
Define what is meant by aregular expression over S. [2 marks]
State Kleene' s Theorem without proof. [1 mark]
Explain the algorithm for constructing an e-automaton from a regular expression
with reference to the regular expression (ab+a)*. [6 marks]

Find a context-free grammar for the language { dbi/dd: i, j > 0} . Construct a leftmost
derivation of the string al?c?a and a corresponding derivation tree.
[5 marks]

Give the forma definition of a Turing machine. [2 marks]
Explain briefly what is meant by Turing's Thesis, you should make clear the
relationship between ‘algorithms and Turing machines, and between Turing
machines and real computers. [3 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

3)

This question refers to the e-automaton A in the shown diagram.

(@

(b)

(©)
(d)

Convet A into a non-deterministic machine withou
e-transitions B which recognises the same language as A.

[6 marks]
Convert B into a connected deterministic automaton C which recognises the same
language as B. [3 marks]
Write down the language equations associated with C. [3 marks]
Solve the language equations in (c), and so find aregular expression for L(A).

[3 marks]

What is meant by a right-linear grammar? Prove that a language is generated by a
right-linear grammar if and only if it is recognisable. [15 marks]



(4) This question concerns the context-free grammar G = (N, S, P, S whereN ={S A}, S =
{ab} and P consists of the following productions:

1. S® AaA

2. A® aA

3. A®DbA

4. A® e

(@ Construct aleftmost derivation of the string &3. [2 marks]

(b)  Construct a pushdown automaton which recognises the language L(G).[8 marks]
(c) Show how your machine processes the string & by tracing through the
configurations assumed by your machine. [5 marks]

(5 A Turing machine is said to be special if it satisfies the following conditions:

S={a b} andG={a b, #
Thereis aunique start-state labelled 1, and a unique halt-state labelled 2.

It is a theorem that every recursively enumerable S-language can be recognised by a
specia Turing machine.

(@ Explain how every specia Turing machine transition table can be encoded by
means of a string from (a+b)*. [5 marks]

(b) Let G (a+b)* be the set of al these strings w which encode a Turing machine
transition table A and satisfy w 1 L(A). Prove that the complement of G is not
recursively enumerable. [10 marks]

(Questions done: 1, 2, 4)




