30th January 2000

Introductory Lecture

Consider that we have a set of linear constraints and an objective function that we want
to optimise. Example One: Portfolio Analysis. An investor has £600,000 to allocate among the
alternatives shown. The investor requires. (1) The full Rateof | Risk
amount should be invested; (2) The aver age risk should be Return | Factor
£ 3.5; (3) At least £100,000 in govt. bonds, £100,000 in | A. Govt. Bonds 7.5% 0
money market, £60,000 in hi-tech and £50,000 in|[B-MoneyMarket | 86% 2
municipal bonds. How should the investor maximise the [ S-HitechStock | 13.5% | 9
return of the investment? D. Municipal Stock | 7.8% 1

Let x» be the amount invested in option A, etc. Constraints. X > 100,000; xg > 100,000;
Xc > 60,000; xp > 50,000; xa+Xg+XctXp = 600,000; and (x./600000).0 + (xs/600000).2 +
(xc/600000).9 + (xp/600000).1 £ 3.5, or 2Xg+Xc+Xp £ (3.5)600000. The objective function is
the annual return, 1/100(7.5XA+8.6XB+13.5XC+7.8XD).

Dist. 1 | Dist. 2 | Capacity | Example Two: Transportation. A company makes water

Plant 1 £50) | £8 | £500 | heaters at 2 plants, and distributes from two centres as
Pant2 | £10¢) | £94 [ £600 | shown. (The £x in the cels denote the cost of

Demands | 3 400 | 3 650 transportation). The company wants to minimise its

transportation costs. Constraints: X;+x; £ 500, Xs+X, £ 600, X;+X3 > 400, and X,+x4 > 650. Cost
Function (to be minimised): C(X1,X2,X3,X4) = 5X;+8X,+10X3+9X.
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Characteristics of L.P. Problems

The constraints are linear. If Xi,...,X, are the variables, then all constrains have the form
aXitaXot...+axn £ b (or > b, or = b) for some real numbers a and b. (We can use the
shorthand ax £ b). The objective function is linear: f(Xi,...,Xn) = CiX1+CXo+...+CXn. The
problem isto find some point xoer I R" Sit. the constraints are satisfied and f(xopr) is “optimal”.

Linear constraintsin low dimensions. Idiot example: n = 1. Constrain ﬁa
ax£b(orax>bh).Ifal 0,andsay a>0,thenx £, If a<0,thenx>"/, i.e —
—— we get ahalf-line as shown. If x £ b, and x £ b,, we get redundancy: - x £ min(by,b,),
b b, etc. If X £ b; and X > b, then we get the interval as shown on the left, provided that b, £

b, (or empty if b, < b,). The set of feasible points may be empty.

What about linear functions? The feasible region is ar
interval, a half line, or empty. A linear function has the forn
f(X) = cx (+ d) [Note: the +d is not going to change where Xopr
is]. Notes. There may be no feasible points; some constraints
may be redundant; no optima need exist if the region is
unbounded; and more than one optimal point may exist (wher |
f(x) isaconstant (straight line)). But, for the above, there isno f(x,a)




n = 2. A linear constraint is now of the form axx;+ax, £ b. Thi: X2
determines a half plane on one or the other side of the line a;x;+ax, = b.
Example: 2x;+4x; £ 12.

X

Typical Example: A paint manufacturer produces 2 types of paint
— standard quality (S) and top quality (T). Two ingredients are used, pigment and resin. S
requires 2 units of pigment and 3 units of resin for each unit sold at a profit of £1 a unit. T
requires 4 units of pigment and 2 units of resin for each unit sold at a profit of £1.50 a unit. The
stocks are 12 units of pigment and 10 units of resin. How much of each type of paint should be
made to maximise the profit?
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/1”2 Feasibleregion: the solution

f sd of the nequalities Variables: Let x; denote the number of units of type S; x, of type T.
3 T ® Pigment constraint; 2x,+4x, £ 12; Resin constraint 3x,+2x, £ 10. Also, X,

N semern > 0andxe > 0. Objective function: 1x,+1.5x,. Note: the feasible region is
1 N 2 . convex — not as on the right. Each constraint gives a convex 1
— 33 2" “haf space”. Theintersection of convex setsis convex.
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For any given real number, c, there are infinitely many points (X1, X2) where x;+3/>x, = C.

The lines with constant value are parald to each X2 At this point f
Iqther. To increase the value, we imagine moving the - ~ e
ines (North East!) as far as possible, i.e. aslongas 7 SR

the line intersects the feasible region. It seems that \Q\\\

max (and min) values occur at vertices, but coule |~ Ut N
also occur all along a single “edge” when f(x) = =3 N N

constant is parallel to some edge, face, etc.

Description of the Feasible Region

The feasible region is always convex. Definition: S| R"is convex if givenx, yT S, andt
T [0,1], then tx+(1-t)y T S. (Thelinejoining any two pointsin S lies wholly within S). Lemma:
If Lx £ cisalinear constraint, then S={x | l.x £ ¢} is convex. Proof: If x,y | S, thenl.x £ c,
andl.yEc.LetO£t£ 1, andlet x; = tx+(1-t)y. Checkif L.x; £ c: [.x, = tl.x + (1-t)l.y £ tc+(1-t)c =
C.

Lemma: If S,,...,Sc are convex subsets of R", then so is Ci-/* S. This implies that all
feasible regions are convex. Fact: A linear function defined on a convex set takes its maximum
and minimum values at vertices.

Summary of the dituation (in general): the feasible region is convex, but may be
unbounded or may be empty. The optimal value will occur at a vertex, but (i) one may not exist
(i.e. on unbounded regions); (ii) the solution may not be unique (if M is the max value, and f(x)
=M and f(y) = M, then all points on the linejoining x and y also take this value).
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Algorithmic Approach

1st Attempt (Not practical): (i) find the vertices, v; (ii) evaluate f(v) for each v; (iii) find
the biggest! New idea: find 1 feasible vertex, vi, and then test to see which direction is best to
increase f the most. Find the (first) feasible vertex in that direction; and go to that vertex and
repeat. When you can't increase f any further, stop. To aid interpretation, we introduce sack &
surplus variables, and write al inequalities in the same form.

Example: 2x;+4x; £ 12. Introduce s,, a dack variable, so that 2x;+4x,+s, = 12, with 5, >
0. Paint Example: 2x;+4x,+s; = 12, and 3x;+2X,+S, = 10, with X;> 0, X,> 0, 5,>0and 5> 0. We
now have the “equations’ in the form Ax = b. (m equationsin n variables). A basic solution to
AX = b is obtained by setting (n-m) variables equal to 0, and solving for the remaining m (basic)
variables. At a vertex, the (n-m) variables that are O are called hon-basic variables. Those that are
non-zero are called basic.

Simplex method (long-winded version). Maximise x;+1.5x,+0s,+0s;, = M (OBJ) subject
to 2x;+4x+s; = 12 (C1) and 3x;+2x;+s; = 10 (C2). All variables are > 0. Step 1: Find a “start”
vertex. Here, it's clear that x; = X, = 0 is a feasible solution, so we can take it to be the start
vertex. Xi, X, hon-basic; s;, ; basic.

Step 2: Rewrite M and the basic variables in terms of the non-basic ones to get one basic
variable in each, with coefficient 1: M-Xx;-1.5x, = 0 (OBJ A); 2X;+4x,+s, = 12 (C1 A); and
3X1+2X,ts, = 10 (C2 A). Step 3. Can we increase M? If so, how? (Increasing X, increases M
most quickly, asthe coefficient of x; isthe most -vein (OBJ A)).

Step 4: Increase the chosen variable as much as possible, keeping the other non-basic
variables at zero, and satisfying (C1 A) and (C2 A). (C1 A) gives s, = 12-2%3-4%,. If x;=0and s,
>0, then x, £ ¥/, = 3. (C2 A) similarly gives x, £ %, = 5 (Ratio: ™/ rienr). We can only
increase X, by 3. (X1, S, hon-basic; X,, S; basic). Now return to step 2 and repeat.

Step 2 (2nd pass): (C1 A)/4 gives ¥xtxtYss, = 3 (C1 B). (C2 A) - 2(C1 B) gives
2X;-Y5+5, = 4 (C2 B). And M-Yax;+3/ss; = 4.5 (OBJ B) [x; and s, are zero, so M = 4.5 here].
Step 3 (Again): Increase x; to increase M, keeping ;= 0. (C1 B) gives x; £ 3, = 6. (C2 B) gives
x:£ %, =2. (Thisisstronger). We can only increase x; t0 2. Sox;=2,5=0, =2 and $,= 0.

Now repeat 2, 3and 4. (C2 B) ® x;-Vas,= 2 (C2 C). (C1 B) - %AC2 C) gives Xo+3/gS-Y4s;

= 2 (C1 C). And M+°/3s5,+'/gs, = 5. Because there are no -ve coefficients, we have reached a
maximum: Myax = 5. Here, =5 =0, and x, = 2, X, = 2.
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Tutorial

Q: By graphical means, find the maximum value of the function f = 2x+y subject to
2x+2y £ 3, 4x+y £ 4, and x+4y £ 4. (x >0, y > 0). Add the constraint 12x £ 11 and redo.



A: Firgt change the inequalitiestoy = ... ones, i.e. y £ 3/-X, y £ 4-4x,
and y £ 1-Y/,x. From the diagram shown on the right, we have 2 verticestc |\, - 4.4
consider. Vertex 1: find the co-ordinates by solving: 4-4x = 3/,-X; °/, = 3X; »
=55, 0y = ?/5. Here, f = ’/5. At the other vertex, (solving) 3/>-x = 1-Y/,x, <
X =%y =5 and f = ¥/ (less). So the minimum occurs at (°/s, %/5).
Adding the (purple) constraint does not change the solution, as no vertices
are* cut off” .

x = (11 12)

1\%\ 3 4 5
LNy =@2)x

Q: A food mixture for chickens is made using foods A and B. Each unit of A weighs 4
grams, and contains 2 grams of protein. Each unit of B weighs 5 grams, and contains 1 gram of
protein. The mixture weighs at most 40 grams, and must contain at least 10 grams of protein.
Assume that A costs 30p a unit, and B 10p a unit. By graphical means, find the values that
minimise the cost of the mixture used.

A: Here, 4x+5y £ 40 (y £ 8-Y/sx) and 2x+y > 10 (y > 10-2x) are the

y = 10-2x constraints. The objective function (OBJ) is 30x+10y = M. Assume that x >
0 and y > 0. Looking at the graph, vertex (5,0) gives M = 150. Vertex

y =845 (10,0) givesM = 300. The other vertex occurs at (solving) 10-2x = 8-¥/sX; X
=%/, 0y = ?/3. Here, M = *%; (smaller), so that (°/5, #/5) is the minimum

10

point.
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Simplex Method (Tableau)
This method, shown on the left, codes up the
M| X1 X, S1 raios 4 previous calculations. After the first table, divide the
gl 8 g é (i 11(2) %gig:\i*?ﬁraﬁ; pivot row by the pivot eement, and use it to eliminate
— 1320 0l 0 pivetro¥other entries in the pivot column. After the 3rd table,
vt/ . (lﬁges there are no negative entries in the (S)BJ) row, so we
dement 1 vevalue) have an optimal tableau: Myax =5, Xx; =2, and X, = 2.
ratios There is no dack, because s, =5, = 0. (A ‘" indicates
CB 0% 1 % 0]3 32=6 . .  l.
B o o 4 1 ‘ 4 aoes the value of the variable at the optimum position.
oB) 11 %0 38 0l45 _ o _
- NGt optimal becauss | ~ Variants. (a) Minimisation. Can be done by (i)
column of the-¥) minimising [-objective function] (minus). Beware: this
GC 010 1 38 -2 often requires “pre-processing” to find an initial vertex
CC 0] 1 0 -Ya %2 . . .
oBJ 11 0 0 516 U85 to start from. (ii)) Use a dual program which is a
maximisation — see |later!
(b) Finding an initial vertex. Here is an ad hoc [ Quaity | Mine1 [ Mine2 | Mine3
method, which works moderately well with small examples, [ High 2 6 4
but has no guarantee of success. Example (illustrating both): | Medium 3 2 6
3 mines produce 3 grades of coa as shown in the table. (The [ Low 8 3 2

numbers shown show the production per day in tons). The operating costs per day are £100 for
Mine 1, £120 for Mine 2, and £140 for Mine 3. There is an order for 20 tons of high grade coal,
20 tons of medium, and 30 tons of low. Find away to meet the order, minimising the costs.



Let Mine 1 be operated for x; days, etc. So we have 2x;+6x,+4x3 > 20; 3X;+2X,+6X3 > 20
8X1+3x2+2%3 > 30; and cost N = 100x;+120X,+140x5. To minimise N, we maximise M = (-N) =
-100x;-120x,-140x3. Sack variables. 2x;+6X,+4xs-s1 = 20; 3X;+2X,+6x3-s, = 20; and
8X1+3X,+2X3-53= 30 (Wlth X1, X2, X3, S1, &, 3 > O)

Ml X X% X S S s ratios
. Ci 0 2 6 4 -1 0 0 20
In the first table, we set out the problem, g 8 g g g 8 3 % gg
s; are < 0. But this then means that we are not at a
. .. . .- C/2 O 1 3 2 Y 0 0 10 | “s
feasible position. To search for a feasible position, olo 7 o % 1 olal=
try to eliminate one of the x's (as in Gaussian 00 -21 -14 4 0 -1]-50f%
.. . 1 0 -180 -60 50 0 0 |-1000]
Elimination).
0 1 0 2 Y, 0 | ©fy |
After we do this, and reach the second table, o I '31//14 é ° 1‘;’6 -
. - - 12 - - - 14
Xo=X2=5=0,and x; = s =10, and ss= 50 (i.e. 110 0 60 % =, 0=
feasible). So we carry on. (Note: blue means pivot ol1 o o 9 o ol
row/column, red means pivot element). After we oflo 1 0o =2 W o=
finish, we have the optimal solution: Run Mine 1 for R

2°/; days; Mine 2 for 13; days; and Mine 3 for 1%,
days. (Note: no surplus). The minimal cost is £657'/; (Max value of M = -Minimal value of N).

Assignment 1: Set 9/2: In 18/2; Back 23/2

Q: Maximise M = 7x;+9x,+3x3, subject to X;+4x,+8x3 £ 40, 2x;+x,+6x;3 £ 60, and
X1+Xo+Xs £ 16, with x; > 0, X, > 0, and x3 > 0. A: Introducing slack variables s;, s, and s; to
eliminate the need for inequalities, we obtain the following set of equations: X;+4x,+8xs+s; = 40,

X1 HX+6Xat+s, = 30, XitXotXsts = 16, and M = Mlx % % s s s ratios
C. 0 1 4 8 1 0 0|40 10
Xt I+ 3Xs. c. o|l2 1 6 0 1 o030 3
i . ) CG;G o0f1 1 1 o o 1]16 16
Solving the question using tableau, we start off oss™1 [ 7 9 =3 0 0 0] 0
with the first tableau as shown. Because -9 is the cia oly 1 2 % o ol
largest negative entry in the bottom row, the values in o2 1 6 o 1 o030
that column constitute our first pivot column. Tip: in =
the exam, say this on the sheet. Calculating the ratios,
because 10 is the smallest positive ratio, then we take ol s 2 30 olale
this to be the pivot row. Say this adso. So 4 is the of% 0o 1 Y 0 1|6 |%
pivot element shown, and we divide the pivot row by LI 015 % 00190
4 to obtain the second tableau. o|l% 1 2 % o o1
0 Iy 0 4 Y, 1 01|20
Next, we perform row2 - rowl, row3 - rowl, " ——+=——F———t=
and rowd + 9xrowl to get the third tableau. There
. . . 0 0 1 Ty g 0 Y| 8
are negative entries in the bottom row, so the tableau olo o = v 1 7|6
IS not optimal, and so we need to find a new pivot 0 é 8 “;a -1//3 8 “//3 28
1 263 23 193 1

element as shown (%,). Dividing the pivot row by ¥
obtains the fourth tableau, and doing row1 - Yarow3, row2 - /,row3, and row4 + *°/,row3, we
obtain the final tableau, which is optimal because there are no negative entries in the final row.
So the optimal valuesarex; =8,x, =8,%X3 =0,5 =0, =6, =0, and Muax = 128.
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Duality

Every L.P. problem has a dual problem. Example (Paint): maximise x;+1.5x, subject to
2X1+4%, £ 12 and 3x;+2x; £ 10 (X1, X2 > 0). Check: if it isa maximisation problem, all nontrivia
constraints take the form ax £ ¢ (minimisation: ax > c). The number of variables in the dual
problem is equal to the number of nontrivial constraintsin the “primal” (i.e. original) problem.

Associate u; with 2x;+4x, £ 12; and u, with 3x;+2x, £ 10. Primal max U Dual min;
Primal min U Dual max. The coefficients of us, U,, etc. in the dual objective function are the
corresponding right hand sides of the constraints, e.g. 12u;+10u,. The number of nontrivial
constraints in the dual is equal to the number of variables in the primal. x; ® 2u;+3u, > 1; X
® 4U1+2U22 1.5.

The dua of the paint problem is to minimise 12u,+10u, subject to 2u;+3u, > 1 and
4u,+2u, > 1.5, with u; and u, > 0. The dual of the dual is the primal! If a constraint is an

equality constraint, e.g. 2x;+4x, = 12, convert to 2x;+4x, £ 12 and -2x;-4x; £ -12.
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Solving the problem using the tableaux shown, we see

that the first tableau is not feasible. To correct this, we c “é' ‘; ‘;2 Si 23 - ratios
perform (R-2Ry), (OBJ6R;), and (Yz:Ry),to getthesecond ¢, o |4 2 o -1 |15
tableau, which is feasible. We then find the pivot element ©8J 1 |12 10 0 0] 0
(shown in red), and then find the final tableau, which is the 0o|l1 15 -05 0 |05] %
0 0 -4 2 -1 | -05| Y

optimal tableau. Thus at u; = /16, U= /3, and 5,= 5= 0, we
have -OBJ = 5. Comparing solutions, (Primal) {x;= 2, xo=
2,5 =0, =0, OBJuax = 5; coefficients of s, and s, in 0 (1 0 025-0379 %s
OBJvax: /s, 1/8}; (Dua) {u, = *l6, Up =g, 5= 0, = 0, 1o o 2 2=
OBJuin = 5; coefficients of s, and s, in OBJuin: 2, 2}.

1 0 -8 6 0 -6

o
o
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o
o
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Duality Theorem

(1) If either the primal problem or the dual problem has an optimal solution, then they
both have optimal solutions. If an optimal solution exists, the primal and dual objective functions
have the same optimal value. (2) The optimal solution values of the primal variables (X1, X2, €tc.)
are given by the coefficients corresponding to the dlack variablesin the dual optimal tableau.

Principle of Complementary Slackness

At the solution point to the primal and dual problems, either a variable has zero vaue, or
the constraint associated with that variable (in the dual problem) is an equality constraint (when
the optimum solution values are substituted in). (Paint) The optimal solution values x; and x; are
both non-zer o, and the “surplus/slack” variables in the dual are zero, i.e. the “inequalities are
equalities’ . The optimal values of u, and u, are non-zero, while the corresponding inequalities
are equalities,




Interpretation of duality: in the paint example, both the pigment and the resin have avalue
given indirectly by the profit obtained by selling the product. How can this be evaluated?

Shadow Prices

The optimal values of the dual variables are called shadow prices. A shadow price
represents the amount of change in the optimal value of an objective function resulting from a
unit change in the right hand side value of a primal constant. Caution: changing constraints may
change the feasibility of the optimal solution. A shadow price is therefore only valid for a
specific interval within which a right hand side value can change without this happening.

Example: minimise Z = 4x;+9x, subject to x;+2x, > 200 and 2x,+6x, > 750, with x; and
X2 > 0. Looking at the diagram, the dual problem isy;+2y, £ 4 (constraint 1) 1 2‘200 L1002 ‘4

26|750U 2 6 |9

and 2y,+6y, £ 9 (constraint 2). We need to maximise 200y,+750y.. 49 200 750

Using the simplex method, we get the optimal tableau as shown on the left. Here, y.* =0,
1Bo1.y31 Y =% s* =1 ands* =0. The solution to the primal problemisx,* = 0, x,* =
¥3 10 v6/32 125, and OBJ* = 1125. Back in the primal problem, Constraint 1 gives
50 00 1251125 y x oy * = 250 > 200. The surplus of 50 is the coefficient of y:* in the dual OBJ.
Constraint 2 gives 2x;*+6x,* = 750: no surplus (= the coefficient of y,* in dua OBJ).

Notice that the dual objective function is 200y,+750y,, and that the optimal values of y;
and y, are 0 and 3/,. Therefore, OBJPT = 200(0)+750(*/,) = 1125. If we vary the RHS of the
original constraints, the coefficients of the corresponding y; in the dual objective function vary.
For example, varying the 200 to 201 does not change the minimum cost — but varying 750 to

751 changes OBJ’"" by £1.50. (Thisis the corresponding shadow value).
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Mixed Constraints / Big M Method

Example: maximise Z = 3x;+4X,+X3 subject to X;+2x,+3x3 £ 8 and 2x;+X,+4x3 > 10. To
see what happens, carry on regardless: add slack and surplus variables, giving X;+2X,+3X3+s; =
8 and 2x;+x,+4x5-s; = 10. But X; = X, = X3 = 0 isnot a feasible solution: s, = 8, but s,=-10 (oh
no!). So introduce an artificial variable a to absorb the -ve value, but to ensure that it cannot
influence the optimal value, you add -Ma, to Z, where M is an arbitrarily large +ve constant.
So our new problem is to maximise Z = 3X;+4x,+Xs-May subject to x;+2x,+3xs+s, = 8 and
2X1+XoHAXsta-S = 10, with X1, Xo, X3, S1, S, @ > 0. Now solve.

Sensitivity Analysis

After an optimal solution to an L.P. problem has been found, it is useful to study the
effects of small changes to the original problem, for example (1) changes to the objective
function coefficients; (2) changes to the RHS of constraints; (3) changes in the constraint
coefficients; (4) the inclusion of additional variables to the problem; and (5) the inclusion of
additional constraints. We will only look at (1) and (2).
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Tutorial

Q: Minimise Z = 600x;+460x,+600x3+800x, subject to 2x;+X,+X3 > 40, X3+2Xo+Xz+X4 >
60, and 2x;+2x,+X4 > 50, where X1, Xz, X3, X4 > 0. A: First find the dual problem: it is to
maximise 40u;+60u,+50us = M s.t. 2u;+U,+2us £ 600, ui+2u,+2us £ 460, uy+u, £ 600, and U,+Us
£ 800.

We can solve this using the normal method,
and when we finish, we have the optimal tableau as
shown on the right. Now the optimal solution of the
dual is as follows: u;” = 3, Uy’ =393, U =0, 5 =
32* — O, SB* — 740/3, 34* :2080/3’ and ZOPT — 48800/3_

-
)

Y, Y, A
7, Y, 2,
A, Y, Y,
Y, Y, Y,
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The primal solution (look at the coefficients) isx;” = /3, X, = ¥/3, and X3" = X4 = 0. Now
look at the amount of surplus in the primal constraints. Firstly, ui: 2(?*%5)+%%/;+0 = 40, so no
surplus (look at the red equation to see where that came from). Secondly, uy: #/5+2(%%5)+0+0 =
60, so no surplus. Finaly, us: 2(*%3)+2(%/5)+0 = 2®/3, so a surplus of 2%%/3-50 = %%,

| dentify and interpret the shadow prices: these represent the increase in Mopr resulting
from a change in the RHS of a primal constraint. Changing 40 to 41 in 40u;+60u,+50u; = M
gives a shadow price of u;’” = ™/, because Mopr = 8%/, = 40("°/3)+60(**%3)+50(0), so the
shadow price is ¥%/3-41("°/5)-60(**%5)-50(0) = /5. Smilarly, the shadow price of u, is 3%,
while the shadow price of us" isO.

Assignment 2: Set 23/2:In 3/3; Back 10/3

Q: Minimise Z = 110x,+120x,+150x, subject to X;+xz2 > 4, X1+X3 > 6, X1+Xo+X3 > 5, and X3
> 1, where Xy, Xz, X3 > 0, using the dual simplex algorithm. (Find the dua problem; solve the
dua problem; find the solution to the primal problem from the dual tableau; state the amount of
surplus in each primal constraint at the optimal point; and identify anc'

Urle s s 19 S8 raios
interpret the shadow prices). diato ey Y
0/0 11100 1150 150
A: The dual problem is to maximise z = 4u,+6U.+5us+u, subject tc - 0% % °
Ui+Up+Us £ 110, Ui+Us£120, and Up+Us+Us £ 150, With U, Up, Us, Us > C O 7 2 13 290/~
Solving the dual problem, we start with the first tableau on the right 2525555
Here, -6 is the pivot column (the largest -ve entry), and 110 is the pivol 0111010010
row (the smallest +ve ratio). So doing row3-row 1 and row 4+6row 1tC o/ 10 1 0 010|120
produce zeroes in the pivot column, we obtain the second tableau. 110105 01700

Note that the tableau is not optimal because the last row contained a negative entry. In the
second tableau, -1 is the pivot column (the largest -ve entry), and 40 is the pivot row (the
smallest +ve ratio). So we do row 4+row 3 to produce zeroes in the pivot column, and in doing
S0 obtain the third tableau.



Because the objective row doesn’'t contain a negative entry, the tableau is optimal.
Therefore, the solution of the dual problemisasfollows: u;’ =0, u, =110, us =0, U, =40, 5, =
0, s =120, s = 0, and zopr = 700. The solution to the primal problem can be obtained from the
dual tableau asfollows:

The coefficients of the dack variables in the optimal tableau (in the objective row) give
the optimal values of the primal variables. Therefore, x;” =5, X, = 0, and x;" = 1. The optimal
value is unchanged, so that Zoer = 700. We can obtain the amount of surplus in each primal
constraint at the optimal point by substituting the optimal values for the x; into the prima
equations (right at the beginning of the question).

For example, for the first constraint, x;+x, > 4, as x;” = 5 and x," = 0, this becomes 5+0 >
4, i.e. we have a surplus of 1 for the first constraint. Alternatively, we can get the amount of
surplus by looking at the coefficients of the u; in the objective row of the optimal tableau.
Therefore, the amount of surplus for constraint 1 is the coefficient of u, in the objective row of
the optimal tableau = 1. Similarly, constraint 2 has no surplus; constraint 3 has a surplus of 1,
and constraint 4 has no surplus.

The shadow prices for the i™ constraint of an LP problem is the amount by which the
optimal value is increased (do not use the word “improved”) if the right-hand side of the i
constraint isincreased by 1. The shadow prices are aso the values of the optimal dual solutions,
and thus are asfollows: u;” =0, u,’ = 110, uz =0, and u,” = 40.

| nter pretation. Consider that we change the second constraint from Xx;+x3 > 6 to X;+x3 >
7. This also changes the dual objective function from z = 4u;+6u,+5us+u, t0 Z = 4u;+7U+5Us+U,.
Therefore, using the optimal values for the u;, the optimal value changes from zopr =
4(0)+6(110)+5(0)+(40) = 700 to zopr = 4(0)+7(110)+5(0)+(40) = 810. There is a change of 110
above, therefore the shadow price for the second constraint (or for u,) is 110. Note that al of the

above only appliesif the change in constraint i leaves the current basis optimal .
24th February 2000

Back to the Paint Example

Reminder: Primal problem: Maximise x;+3/,x, subject to 2x;+4x, £ 12 (u;) and 3x;+2x; £
10 (up), with X3, X, > 0. Dual problem: Minimise 12u;+10u, subject to 2u;+3u, > 1 (X;) and
Au+2U, > 1.5 (o), with Ui, U, > 0. We have the optimal tableauas |, , .
shown on the right. Now let x;, X,', Uu;” and u,” be the solutionstothe _0 1 % -4
two problems. Complementary slacknessgivesx,’ = 0 or 2u/+3u,’ = ° ©° 7= h |
1; X, =0o0r4u, +2u, = 1.5; u;” = 0 or 2x; +4x, =12; and u,” = 0 or 3x; +2x, = 10. As we have
X1 =2 =Xy, U =34, and u, =g, the right hand equations hold. A knowledge of x;” and X,
will giveu;” and u," (and vice versa).

2
2
5

Note that the dual optimal values are the coefficients of the corresponding slack variables
in the expression for the primal objective function (at the optimal point). From our brief
discussion on shadow “prices’, we can link these coefficients with changes in the constraints.
Suppose that the pigment constraint changes to 2x;+4x; £ 12+h.



Complementary slackness predicts that 2x; (h)+4x;'(h) = /*
12+h, and that 3x,"(h)+2x, (h) = 10. Therefore, x;,"(h) = 2-Yh, anc _ \°
Xo'(n) = 2+%gh, with the optimal value 5+%¢h. Note that the values 3x2X10<<h><h»
-4, 3l and °/16 (the shadow prices for s;) occur in the tableau. The ‘
solution will remain optimal for small values of h, but only in the |
range x;*(h) > 0 and x;'(h) > 0, i.e. -*/3 £ h £ 8. Smilarly fo
changes to the second constraint: from 10 to 10+k.

Changes in the Objective Function

For example, consider a change from M to M(h) = x;+(*/>+h)x.. We expect from the
picture that this small change in the gradient of the objective function will not change the
position of the optimal solution. Now M(h)(2,2) = 5+2h. For adjacent vertices, M(h)(0,3) =
%»+3h, and M(h)(2,2) > M(h)(0,3), provided that 5+2n > %,+3h, i.e. h £ %. Similarly, for the
other near vertex, h < 0, and (2,2) stays optimal provided that h > -°/s. The objective coefficient
range for x, is-’/s£ h £ /,. For any h in thisrange, (2,2) remains optimal.

Equality Constraints & Unrestricted Variables

If 2x,+4%, = 12 is given, replace it by two constraints: 2x,+4x, £ 12, and -2x;-4x, £ -12. In
the dual, we will get two variables u; and u, — but these will aways occur together. For
example, they always occur as (Ui-Uy) in the constraints: 2(ui-uz) > ..., 4(ui-Up) > ...; and in the
dual objective function, they occur as 12(u;-uy). Let us define a new variable uz = u;-u,, S0 that u;
Is unrestricted (i.e. we do not have u; > 0). Dualy, if we have an unrestricted variable in the

primal problem, then we will have an equality constraint in the dual problem.
28th February 2000

A Transportation Problem

An electrical utility has 4 power stations, labelled j = 1, 2, 3, 4. ,-

These are supplied by three collieries, labelled i = 1, 2, 3. The total |12 3 45
requirement of the power stations equals the total supply of coal; anc i 2154 3 1) &5
the cost of transporting one unit of coal from each colliery to each raiens 6 11 17 ©

power station is given in the table.

In the corresponding LP, x;; is the amount transported from colliery i to power station j.
S0 X11+X12+X13+X1a £ 10, Xo1+Xoo+Xoz+Xos £ 15, Xz1+Xao+Xa3+Xzs £ 21, and X11+X21+X31 > 6, etc. We
have 7 constraints, where 7 = 3+4, and they really are equality constraints. For the objective
function, we want to minimise 2x;1+3X12+4X13+5X 14+ ... +2Xaa.

The LP problem has the form minimise M = S;§; Cjx;; subject to S§; xi; = a (availables
could have used £), with S; x;; = by (requirements could have used >). In our case, the problem is
balanced, in as much as S; a = S; by. Transportation method: (more efficient than ssimplex): (a)
find a basic feasible solution (bfs); (b) improve on the bfsif possible.




Finding a bfs: North West Corner Method. Start at the top left hand corner, and make
X11 &s large as possible, subject to the constraints. Delete the exhausted row (or column), with
3 4 residual supply and requirements left. Repeat with the new problem. In the
8 1;12‘81 table ShOWﬂ, the total cost (X11 = 6, X12 = 4, X2 = 7, Xo3 = 8, X33 = 9, X34 = 12,
9 [12] 21 all others zero) is 127 (= (6x2)+(4x3)+(7%x4)+(8%3)+(9%3)+(12%2)).
/ﬁ8 12 2nd March 2000

Commentary

1 2
6| 4
7

1
2
3

B

ocaion X11 = 6 using up the column (it can’t be more that 6 since Sxi; =
12 3 4 6). Replace 10 by 4, the residua supply. In the new problem, x;, = 4,
0 fgg 2 54> exhausting row 1. The residual requirement in column 2is 7. X2z = 7.
g/ ;11\;; - 215 123 3 2| The residual supply in row 2 is 8; delete column 2 from the problem.

@ X23 = 8. The residual requirement in column 3 is 9; delete row 2. X33 =
9, X34 = 12. Note: An alocation can exhaust row and column constraints. this needs a specia

trick (see later). Total cost: 127.

WN P

Minimum Cost
Instead of heading for the North West Corner at each stage, 1 TET 0 [7345
head for the cell with the minimum cost. In the diagram shown, the 2| (112 2 Sl
total cost is 30+4+6+12+45+6 = 103. s ume P

Vogel’s Method

Look at the relative unit cost — this is the jJump from the lowest entry to the next lowest
entry in any row or column. In each row and column, note that the difference “(second smallest)
- (smallest)” isthe “jump”. Select a row or column with the largest jump. Allocate the maximum

alowed to the cell in that row or column with the smallest unit cost.
6th March 2000

Improving on the Basic Feasible Solution

“Stepping Stones’. In the first diagram R
shown, we start by applying the North West [ 4 10 10
Corner method, and end up with a total cost of T pln| L W
127. We see what a reallocation between cells r 6 11 17 12 6 11 17 I 611 17 12
would do. Try dlocating q to cell (1,3). The change in cost is q(4-3+4-3) = 2q > 0. Thisis not
much use — it increases the cost. So we try again in the third diagram, with cell (2,4). Here, the
change in cost is q(1-3+3-2) = -q < O (if g > 0). This could improve the solution — we could
take O £ q £ 8, so we could decrease the cost by -8.

6 49 q 106 4

2 Doing this, we obtain the cell on the left, where the total cost is 119. We
7 8 could do this for all empty cells, but with m supply points and n requirement

741 points, there are mn cellsin the table, and each solution will (usually) have m+n-1
positive vaues. Therefore, mn-m-n+1 gets large very quickly — OOPS! So let us look again at
the LP formulation plusits dual.




Primal: Minimise M = SiSj GijXj SijeCt to Sj Xij = & and S Xij = bj, with Xij = Ofor dl i and
j. Dual: Maximise N = S au; + S by, subject to u + v; £ ¢; (u and v; are unrestricted). The
problem is balanced (Sa = Shyj), and this means that the primal constraint equations are not
linearly independent.

Lemma. At any basic feasible solution, the coefficient of x; in the prima |2 3 _
objective function will be cj-u-v;. Problem: to find suitable u; and v;. Step 1: Identify By 2

the unit costs for the (starting) position as shown on the right. Step 2: Attach dual variables u
and v; to rows and columns sit. for each of these, ui+v; = ¢;. For our example, u;+vy = 2, Ui+v, =
3, WV, = 4, U+v; = 3, Ustvs = 3, and ustv, = 2. We have 6
eguations in 7 unknowns. Set one variable to a value of your choice
(va=0). Step 3: For each cdll, work out c;-ui-v; as shown on the [ ft.

Vi V2 Va Vi

=0 =1 =0=-1
288

4 3

3

ccc
o u
W whN

0 02 4
) © @ &
2 @-10 0

10 10
1 14
3 12

11 17 12

10
15
21

The cj-u-v; are the coefficients of the objective function at | 6 q 4+q

this point (a this bfs). To reduce the “cost’, head for the |, 3%, 5 6
maximum negative entry (here, -2, in cdl (1,3)) and alocate a= 6 1t 17 2 6
much as possible. In the table, gn = 6, in order to keep non-negative alocations. The total
change in cost is q(1-2+3-4+3-3) = -2g. So alocating g = 6 reduces the cost by 12. Step 4.
allocate the maximum to this cell, and produce the yellow table. Then repeat until you get no

Xij-Ui-v; < 0, and therefore you will obtain an optimal tableau.

8th March 2000

Tutorial: Transportation Problems

Q: For the transportation problem shown, use al three methods (NW
Corner, Minimum Cost and Vogel’s Method) to find a starting position; (b
Use the transport algorithm to solve the problem (use one of the above starting
positions). Note that in an exam, it is best to use the minimum cost, as using i.
with the algorithm usually ensures not too long a solution (NW Corner), nor not too short a
solution (Vogel — doesn’t show that you under stand the algorithm!).

A
15
26
50

@oooﬂah

58 @ 5"
IS(AJI\JU'IN
B vwolw

1
2
3
R

NW Corner Minimum Cost A: Follow the agorithms to produce the NW Corner and
1 2 3 4 A 1.2 3 4 .. . .
115 5 1[15 15 the minimum cost solutions. Vogels method is not shown
21t 5 25%2;‘5 21w 1 28, (see later!). Now apply the transportation algorithm using
R 16,10 305 35 R 16,10 30 35 the minimal cost method to get the starting position.

V=0 vo=-8 v3=-8 vi=4

110 5 6 10 10 |5 6 10 (10 5 6 10
u=10| 15 u=10| 15 u=10 15
o 3 4 4 o 1 2 0 2 2 2
0°q P10 ° 6 ®1 %0q Csg w8 10 7 %
U= 16- U= 10- 15+ 2=
qﬁ 0 5 _ 3 0 q07 ] d 0 1 5
b 2 |5 |4 %9+ 2 5 @ «;3)0 0 12 @10 \\4»30 @10
Us= 1- 30 g us=10 30 - Us=
qo -1 0 o 2 qﬁ qo 2 0 0

Totd Cogt = 550. gmax = 1.
New Tota Cod = 548

Vi=0 V2=-6 V3=-6 V4=-2

Total Cog = 548. Omax = 10.

New Tota Cod = 538

7V1:0 Vo=-7 V3=-6 Vs=-2

Minima Cog = 538



At the start, we get the v; and the u; by first saying that v; = 0, and getting the values
FROM cells with values in them USING the unit cost matrix. For example, u; = 10, because 0+?
= 10 (10 from the cost matrix), so that u; = 10. The numbers in the top left denote the cost
values, while the circled values denote which cells are used. The bottom right hand side values
denote the answer of a cost value: vi-u; for that particular cell. For example, cell (2,3) has value
5, which comes from 7-(-8)-10.

Now, choose a cell with the most negative bottom right hand side coefficient; allocate q
to that cell; and do a “circuit” around the filled cells. gmax = 1, because 1 is the lowest value on
the circuit. So apply the change and proceed as above, until we obtain no negative bottom right
hand side costs — and so we have an optimal solution: X2 = 15, Xo1 = 1, X214 = 25, X3, = 10, X33 =
30, X34 = 10, and x;; = O otherwise.

Another Example: Here, we get a degenerate starting solution. We can ignore it, and
declare that when we fixed an allocation of xi, = 20, thal ~ UnitCost Matrix A ucp  Voue'sMethod

“killed” the first row. To complete the table, wethusputa |2 ; 5 2 218 12 %

0 in the 2nd column, X = 0, to complete the columr 62 1 3|35 15| | 8 27<
ipr . . . - 36 2 8|16 1 14 |2

artificialy. Alternatively, if we consider that 20 was filling  r1420 20 27 yeo -y cos A

the 2nd column, we then add in a zero somewhere in the = P

first row.

This is a bit ad hoc — we used the perturbation method to solve the problem. Add e to
each of the “available supplies’, A, and collect up al these notationa supplies with an additional

requirement of 4e in the first column. Then, use Voge (or any other B T L
method) to solve the problem. In the solution table, we select which v=2 | ¢ 20 | 20w
cell gives us a “zero” basic variable. It is optimal, as we have N0 =4 ° * o’ 10w
negative coefficients; and therefore the minimal total cost is 185+11e. s s 1(18+e 3270 .
Now put e = 0, and the minimum total cost is 185 (at X12= 20, X23= 10, 5 Y M, % O
X33= 8, X34 = 27, Xa1 = 14, X43= 2, and all the others zero). Note that ¢, w=3 3% 228 6

= Uy +Vy, SO this solution is not unigue. Wrde 20 20 27
9th March 2000

Compact Notation

Use bigger cells to show all the information clearly. Circle those ¢; with |
positive x;, and put the largest -ve bottom right hand corner in a little square | i (£0)
Remember to add comments, e.g. “Tota cost = 127, “Oma = 67, “Allocate 6 to G
(1,3)”, and “Note: choice of -1 as the pivot cell”. At the end, say “ No negative bottom right
hand corners, so this tableau is optimal”, and list the coefficients, remembering those you do

not list are zero. If possible, use different colour s for clarity.

Assignment 3: Set 8/3:In17/3; Back 24/3

Q: For the transportation problem shown, (a) Use al of the three 122 2.2
methods (NW Corner, Minimum Cost and Vogel’s Method) to find a starting 2 | 6 07 5|9
position; (b) use the transport algorithm to solve the problem. A: (see over). 2255 245




For the problem, which is balanced, we now find basic feasible solutions |3 2 g
(a) Using the NW_Corner method, we obtain the diagram on the right, with tota 3 1] 15
cost 199. Commentary: We allocate 3 units to the top left, because this is the 3 BN P
maximum we can alocate without exceeding the requirements or the availables for that
row/column. This exhausts the requirements for the first column, and reduces the availables for
the first row to 2.

2
6
2

We now exhaust the availables for the first row, by allocating 2 units to cell (1,2),
checking first that the requirement for the second column at least matches 2. Now repeat the
above, starting with cdll (2,2). (b) Using the minimum

5 5 Moo 114 ¢ ) )
3 5 3} . 96 5 (e,ii:q Clgb‘(f% 5 cost method, we end up with a b.f.s. with total cost
A A e ¥ s 134. Commentary: Start with cell (3,4), because this
i has the lowest unit cost, 2. Allocate 12 to this cell, then
2 1@ . N A
6 107 . ?9 %0 75. 6 107.,. 07 | hide the fourth column, and start on the second
19 8 5 . g A —_ e =

! iteration, etc.

(c) Using Vogel’' s method, we get a basic feasible solution 1 lteration

with a total cost of 134 units. Commentary: start off by [ ° g 21473
calculating the relative costs, shown in the matrix headed “1st = 3 215, % J9 8 5 2 3
iteration”. The biggest jump occurs in the 1st column (from 6 t¢ ° 57 /‘2 I
19), so we allocate as much as we can to cell (2,1), which is 3 anlltjralgw@ %agin 4th Iteration
units. Now ignore the first column, and start on the seconc . ‘107)3 1078
iteration. Here, there are three choices for the largest jump. | - /(12) -8 5.3_sh. @?‘UCE

decided to choose the cell for which we could allocate the most
unitsto. So | allocated 12 unitsto cell (3,4), rather then 9 unitsto cell (1,4). Now carry on....

| will now use the transport agorithm with the b.f.s. given by the minimum

vi=0 v2=4 vi=1 v4=-2

u=3

u=6

us=4

22

11

4

(®
30

19
15

cost method. Constructing the “ information matrix” , we get what is shown,
where all the symbols and locations have their usual meanings. Because there
are no negative bottom right hand corners, the tableau is optimal, and so we

have a minimum cost of 134, with the following optimal values. Xi3 = 5, X1 =
3, X22= 5, Xp3= 1, Xz3= 3, Xz = 12, and al other x; = 0. The red circled zero
shows that the optimal solution is not unique. (If the bottom right’s weren't all non-negative,
we'd alocate g units to the most negative, and go on a circuit to balance things out. The total

cost then reduces by gx(bottom right hand corner concer ned)).
13th March 2000

Special Situations

12 3 4|A
1,2 3 4 5 11
. . . 21543 1|16
(i) Unbalanced transportation problems. If the total supply isnot 3| 1 3 3 122
equal to the total requirements, the problem is unbaanced, and either  © | 22 21 e
surplus will be stored, or dack bought in from outside the system 1234 spn
Example (A variant on the basic problem): In the first table, thetotal 3| 1 3 3 1 S 22
available supply is 49, and the total requirement is 46. A e
1, 2 3 4 5pja
2|1 543 1m|a
3| 133 1pla
dmmy | g g g 0 &
R I b1 b2bs bs bs




In the second tableau, the p’'s are penaty costs, perhaps of transportation, storage,
repayment of loans, etc. For simplicity, assume that the p’s are zer o if not told otherwise. Then,
run the transport algorithm as normal. If need be, add a dummy row as well as a dummy column.
This is shown in the third tableau, where a, is a dummy supply level, and bs is a dummy
requirement level. We need Sa = Sh;, and can take a, and bs as large as we like to ensure that
this can happen. The usual way isto take a, = b, +b,+bs+h,, and to take bs = &y ta+as.

(if) Non-unique solutions. In anormal LP problem, non-unigue solutions occur when M is
constant along some face of the feasible region. In this situation, at a vertex on that region, we
have some non-basic variables b;,...,bn which are equal to zero at that vertex, and some basic
variables by, ...,0, Which correspond to a column having zerosand asingle 1.

If we include a non-basic variable b, we expect the objective function M to change by
Diyxm;, where m is the coefficient of M in column . If we are at an optimum, yet that optimum
IS not unique, then we must have m, = 0, and vice versa. We thus have: if the coefficient of a
non-basic variable in the optimum function M is zero, then if we are at an optimum, that

optimum is not unique.

Back to transportation problems. For the diagram shown, the bottom right hand corner is

Ci-u-v; in each cell. If it happens that this entry is zero for ¢ 2 % 3 |5
non-allocation cell in an optimal tableau, then the optimal solution i¢ 555711 1 3@qu 4
not unique. Example: Look at the diagram on the right. We end ug sa3 = L .32
with a total cost of 102. But note: Cis-Ui-vz = 0. So allocating qtc 6 17 2 [T @ @ |2
cell (1,3) changes the cost by (3-3+3-3)q, i.e. not at al. Any g, for 0 SIMI% .

£ g £ 10, could be allocated to (1,3) without changing costs.
20th March 2000

Degeneracy (Not Examinable)

DBV X: oo Xis o X oo Xnem In L.P. problems, the situation
shown in the diagram can very, very |
Xr [ &1 0 & amn | G occasionally occur. In the tebleau, — \\\\

suppose that we have what is shown.
Notes: b.v. = basic variable; the two
vaues ¢; and ¢ are such that c/a; = A
C/ay; and the x; column is the pivot column.

Xs | Q1 1 Oy Snim | Cs

Pick one of the two rows as the pivot row. We will X1 o Xiseo Xjoe Xem
pick the r'" row, and reduce to get the tableau shown on
the right. So the new basic variable x; has value c/a;, but X|a/a; 0 1 am«/a C/a;
the basic variable x;s has become 0 during the process.
With this situation, the algorithm may loop infinitely. If it Xs
does, kick it by dightly perturbing the problem.

1 0 amm.{Csay(c/a)=0




Back to Transportation Problems

Here, degeneracy corresponds to one of the n+n-1 g i g i iso 10 fl ; £{
alocations of our solution being zero. For example, inthe |1 3 3 1 21 arary
problem shown, if we use the NW Corner method, we get the *© * % # 104 1, 14

second matrix. Here, there are 5 (rather than 6) non-zero alocations. So, before continuing, set
one of the remaining alocations to zero. If the algorithm loops, apply a small perturbation: with e
> 0, we have the bfs as shown on the left. How big should e be? If we change the a to a+e, and

e 1ove the b, to b, + me, and the other levels of supply remain unchanged, using e =
e - e

e 1 ome o usudly works.
e dl AL 22nd March 2000

Johnson’s Algorithm for the Two Machine Flow Shop

Suppose that we have two machines, and jobs have to be processed first on M, and then
on M,. Because the jobs “flow” between the machines, and we are optimising the processing, we
have a flow shop problem. L et the processing time of job J on machine M; be a;, and that on M,
be bi. We seek to minimise the overall time to complete the whole job, the makespan.

Johnson’s Algorithm. (1) Select the smallest timein thelist ay, ay, ..., an, b1, by, ..., bn. If
thereis atie, select any of the smallest times. (2) If the smallest timeis an ay, do the k™ job first.
If it isaby, do the k™ job last. (3) Now repeat the procedure on the remaining (n-1) jobs.

Johnson’s Algorithm for the Two Machine “Job Shop”

Here, the order of processing (M1, M;) is not aways the same. We have 4 classes of jobs:
N.: processing M; then Mj; Nj: processing M, then Mi; Ns: only needing M,; and N4: only
needing M,. To find the optimal schedule, do the following: (1) Schedule the jobsin N; (with the
flow shop algorithm) to get the sequence S;. (2) Schedule the jobsin N, to get S;, remembering
that M, is the first machine. (3) Schedule the jobsin N; in any order to get S;; (4) Schedule the
jobs in N4 in any order to get Si. An optimal schedule is then: process the jobs on M; in the
order (S;, S5, $); processthe jobson M; inthe order (S, &, S)).

Exercise 1: Use Johnson’s agorithm to find the optimal schedule for the shown

J a; bi
set of jobs. A: The smallest timeis as, so do job J, first. Next, we have as= 9, so do | 1 [25|15
job Js second — the list so far is (Js, Js, ...; next a, = 1050 (&, Js, L, ...; next b; = 11| 2 (10|12
SO (&, Js, &, ..., &); next bg = 12 0 (&, s, &, ..., &, J); findly put the last in the| 3 12|11
middle, so we have an optimal schedule (&, Js, b, Ji, J, J). ‘5‘ S 1(53

6 [15[12

se] o [« To get the optimal time, draw a Gantt diagram like
s W 2 2= & 1 the one shown on the left, and find out that the makespan is 90,
BEE EREen with an idle time of 11 for M; and 15 for M,. These are

8 18 3 455 67 79 9D unaVOIdable,

M| Js

M

N




Exercise 2: Use Johnson's algorithm tofindthe | Job |1(2[3]|4]|5|6]|7]8|910/11|12
optimal schedule for the set of jobs in the “job-shop” a, [20[17[21] |17]|15| |20]|10|15|16(17
shown. Here, the schedule for N; (in Red) isS; = Ji, | b [14] |11]10/14/10{15(25/10|12(11
Jio, Ji1, J; and the schedule for N (in Blueg) isS; = J, [Group |1| |2] [2[1] ]2[2]1]1
J, J, Js. Always be careful with this one (with the ordering). The schedule for S; (in Purple) is
X, Ji2; and the schedule for S, (in Green) is J,, J;. Now draw a diagram similar to the one above,
remembering that the ordering is (S, S5, &) for My, and (S, S, S;) for M,. We find out that the
total timeis 168, with an idle time of 36 for machine 2.

Assignment 4: Set 23/3:1n 31/3; Back 7/4

Jl1[2]3]4|5]6]| Q: UseJohnson’s agorithm to find the optimal schedule for the shown set of
a;|4|6]|4|7(3]|4]| jobs. Give the total optimal makespan, and the idle time on each machine. A:
bi|3]5]7]4]8|5]| Choose as = 3 (J, ...); Next by = 3 (J, ..., Ji); Choose az =4 (&, X, ..., J);

Choose asg=4 (Js, k, I, ..., Jl), Next b4 =4 (Js, K, I, ..., Js, J]_) 3 7 11 w7 24 28 35
We only have job J, left, so the optimal schedule is (3, &, J, J, ™'~ »laf 2] s [
Ji, J1). The Gantt diagram for this schedule is as shown on the m: \ ¥ k|| % \ I n
right. Optimal Makespan: 35 units. Idle Time: Machine 1. 7 3 1 1828 28 235
units; Machine 2: 3 units.

J[1]2]3[4]|5]6[7]|8]9][10[11]12[13[14] Q: Use Johnson's agorithm to find the
a; [20]17]21 715 24(10/16]16|17|15| 15| optimal schedule for the shown set of jobsin a
bi|14] 111)10]14)10{15|25[10)11{11] 12|12 “job-shop”. Give the optima schedule, the
Gl1 2 2|1 2(2(1]1 1] 3 | makespan, and any idle time. Give a Gantt
diagram to show that your schedule is feasible. Comment on any flexibility in the schedules, for
exampleif the positions of two jobs can be exchanged without adversely effecting the makespan.

For Group 1, we have the

D i 2o i'f;'bi j'ai“’i following  schedule  (from  the
1 A . . . . .

% |510 1l 7114 I 17| 3, |15 information in the first table): (J, J,
Jo |16]11 J|24|25 Ji3, Ju1, Jo) = S For Group 2, S; = (3,
Ju |16]11 J|10{10 Jia, Js, Jo, Js). For Group 3, S; = (&, Jio)
Jis |15 12 Jia| 15|12 (scheduling in any order). And for

Group 4, S, = (J4, J;) (scheduling in any order). Machine 1 processesintheorder S;, S5, S; — so
has schedule (J,J1,13,d11,10, J,d12, Js,J14,38,0,J5). Machine 2 processesin the order S;, Sy, S1 —
S0 has schedule (3s,14,J5,J0,J5, Ja,J7, J6,d1, I3, I11,10)-

Forming a Gantt diagram for this problem, we would find an optimal makespan of 183
units, and an idle time of O units for machine 1, and 28 units for machine 2. There is a lot of
flexibility in the schedules. We can interchange the order of any two jobs in fact; and with
suitable restrictions, it is also possible to change the order of the sequences.

For example, we can interchange the order we do S; and S; on machine 1, with jobs in
these sequences being able to be shuffled in any way, as long as job 6 is not the last job to be
done.



7th March 2000

Scheduling on a Single Machine

Characteristics: There are n jobs to be processed on a single machine. Parameters &
Variables: Data: pi is the processing time for job J; d; is the due date for job J. Dependent on
Shedule: G is the completion time for job J; L; is the lateness of job J (Li = Ci-d); T is the
tardiness of job J (T; = max(L;, 0)). Optional: Weight factors w;, giving the relevant importance
of the jobs. Problems: To minimise C = ¥,S-" Ci, the average completion time; or Cpax =
maxi-,"{ Ci}, the makespan; or L, the average lateness; or L Or prioritised versions, e.g.
llnSWiCi.

(i) SPT Scheduling (Shortest Processing Time). We have equally weighted jobs, and
want to minimise C. Algorithm: Sequence the jobs so that job J is processed before job J if pi <
p. (If pi=p;, toss a coin!). Example: the table shown, where the due dateis|J|1{2[3]4|5]|6
now! The schedule is i, J, Js, b, K, Ji, Wwhere 5 & J, and b & J: can be|pi|20/15/15| 5 10|10
per muted.

Work out the completion times as shown on the right, then C = 25/, = | 3| 4[5]|6[2[3]|1
35°/s. Why does this work? If the schedule is Ji,...,J,...,d then Ci, = pi; Ci, = |G| 5]1525/4055)75
PiutpPi; ...; Cin = put...tpin; and SCi = npu+(N-1)pi+...+2pi..+pi. We minimise this by keeping the
longer jobs until later. To minimiseL , L; = C-d;; and Y/,SL; = 4/,SC-4/.Sd;; so thatL =C d , where
d is the average due date, independent of the schedule. So to minimiseL, minimiseC .

(i) EDD Scheduling (Earliest Due Date). To minimise| J | pi | di | Prec. |w,

L e OF T, process job & beforejob J if d < d. (iii) Lawler’s| 1[2[3] - |1
o ®) Algorithm. We have non-equal priority weightings, and|2|3{6] & |1
@) precedence constraints. In the example shown (with|3{2181 % |1
accompanying diagram), we want to minimise the maximum g 2 172 J ;

tardiness, T, = maxL, { w; T;}. 6|1]7 J: 2

Lawler’s Algorithm: find the job to schedule last, then the one to schedule last but one,
etc. Let V be the set of jobs that can be performed last. (In the example, V = {J%,k,J}). Let t =
Si-i" pi. Choose ajob in V to minimise wimax{t-d;, 0}. Suppose that J does this, then schedule

J last. Remove J from the list and repeat.
29th March 2000

Tutorial

Let the aim be to minimise the maximum weighted tardiness, T"ma[ 3 T 5 [ d | P | w,

= max"i-{wiTi}. An example table is shown on theright, where Pdenotes| 3, [ 2 [ 3 | - [ 1
precedence (the previous jobs). Let V be the set of jobsthat can be| 3 [ 3|6 [ | 1
performed last, V = {J, J, J}. Let t = S"-; pi be the total completion| & | 4 | 8 | L | 1
time of the last job. Note: t does not depend on the order in whichthe| J+ [ 3 [ 7 | - | 2
jobs are processed. k121121 L) 2
J|l1[7]3]2

Choose ajob in V which minimises wi{t-d, 0}. Suppose that J does this, so put Kk last;
remove J to obtain a new problem with (n-1) jobs; and repeat the procedure.



SJ An example of tabulated calculation is as shown on the left. Key:
SJ = Scheduled Jobs, * indicates that this job cannot be
scheduled in the current last position due to precedence rules; S
indicates that the job has already been t|J3 k% bk & kI & L[SI
scheduled  (helps  with the |[P23532261
3, “book-keeping’); and red indicates V‘i ? ‘j 212312215120;
J choices. After finishing, the optimal — 18 24362834
J. scheduleis (Jl, I, I, b, &, Js), with a22 * 42 * S302430
%1 weighted tardiness of 6 (the maximum 16

*
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Another example of calculation is as shown on the right. Note 10
that it isimportant that you keep in mind which jobs are completed as >
you go aong — some precedence will be lifted. 2

nuumunuom
nuunmwunuonm
nuunmunuonm
nuumunonm

* 6
0S
SS

C
=

Smith’s Algorithm (a preview): Suppose that the weightings are equal, and no
precedence rules apply. Minimise C subject to no job being late. The agorithm is adapted from
the above, but you are not allowed to have ajob completed after its due date.

Remark: If the weighting (w;T;) is replaced by a non-decreasing function of T; or of C;,
then the algorithm still works. (Each function would in general be different). In our case, g(x) =
wimax{ x-d;, 0}, where x is the completion time C..

(iv) Smith’s Algorithm. Goal: to minmiseC = t |3 & % % & ¥k &[S
1/,Si" C subject to no job being late — T; = O for every i. 2 120 115 ‘7‘ 134 3 111
An example calculation is shown on theright. Note that t = —3 — 1~ 3 * * |1
Spi again, and that V is the set of jobs that can be 10 2 1 * s * 11|34
scheduled last without being late. Select from V ajob J 8 S 1 * s 2 1%
with p. as large as possible. Put J, last, delete from the © s 1 4 S S 114%

_ S 1. S S S 1|
problem and repeat. For the problem shown, C = S s s s s 1|3

Ys(1+2+6+8+10+13) = /s = 6% and we reach this
minimum with the schedules (J, %, k, Js, Ji, &) or (&, J, Js, s, Ji, Js).

Multi-Machine Processes

Consider Johnson'’s algorithm for the 3 machine flow shop with machines M;, M, and M3;
and let the times for job J be a, b and ¢ for each machine respectively. Minimise the
makespan, assuming that the b, are “dominated”, i.e. either ™cicn & > ™ 4gign by, OF ™igien G >

M eien 0. M ethod: Consider the two machine flow shop problem with a; = a+b;, and b; = bi+ci.
3rd April 2000

For the example shown on the right, the domination condition holds, Jobja b clai b;
5 10 16 28 35 4 withmina=5>maxb =4£ minc=5. k|52 6(78
" 31:*\ s o ] » | Johnson’s Algorithm gives the schedule ; i' 2%3
", Jj 35\12 1‘6&20 ZSJS 13"‘139 44345 (I, s, VBN ) J). Now draw a triple jj 6 4 slo12
7 20 2831 40 45 s Gantt diagram as shown on the left, where 5 |15 3 g|1512
Ms » % | 3 [l »[2][2] themakespanis5l. k|52 7709




Critical Paths

When the number of activitiesis larger, they are Activity |A|B|C|D|E]|F
nearly always interlinked. Consider the table on the Dependson | - | - [ B]A,d C |D,E
right. Drawing a network diagram to illustrate the dependence relations, the nodes of the
network mark the beginning and end of each
task, while the edges themselves represent the
tasks. The dotted lines represent the “dummy”
activities, while the red numbers denote the
“durations’ of each activity.

node i; bottom right = [;, the latest time at node
I. Work back from the end to get the latest times

delaying the completion time. The critical path i<
the path through the network taking the longes
time. On the critical path, e = |;, i.e. there is nc
time to spare.

In the example shown above, the total time sequentially will be at least 13+3+1 = 17
days. If resources allow the tasks to be done in “parallel”, then we can complete the tasks in 13
days. For a delay on a non-critical activity, the completion time for paralel execution will not
change (for small delays). In the above example, the critical path is BCDF. To check that two
teams can perform all the tasks, draw a Gantt diagram.

—— (5 Activit A B C D E F G
Depenéllson - - B AC B CE F
e Duration 3 5 5 4 6 2 8

BEFG
2 8 Consider another example, with the table
A F % G ‘EE’ shown above, and the diagram shown on the left.

5th April 2000
>~ Q: Find the critical path(s) for the

% AH G 2628 example shown. A: The critical paths
N5 T s s A / are ABEFG and/or ABCG.
o a P Activity A B C D E F G
E Depends on - A B B B E CF
Duration 5 8 10 5 4 6 3

6th April 2000

Note: Each activity corresponds to an arc from a start node i to a terminal node j. It is
often useful to call the arc or the activity by the pair (i, j).




Further Analysis

The total float on an arc (i, j) is the amount by which the starting time of (i, j) could be
delayed beyond its earliest starting time — without delaying the completion of the project. So
TF(, ) = l;-e-t;, where t; is the duration of activity (i, j). Activities on the critical path have total
float 0. These are called the critical activities.

The free float of an arc (i, j) is defined as FF(i, j) = g-e-t;. This
interpretes as the amount by which the starting time of activity (i, j)
can be delayed — without delaying the start of any later activity
beyond its earliest starting time. This can be non-zero. Suppose we
have adiagram as shown, then FF(, ) = 12-3-6 = 3.

Formulation of a Critical Path Problem as a Linear Programming Problem

Let x; be the time a which node j occurs, and let t; be the duration of activity (i, j).
Therefore, x; > x; + t;. If F isthe final node of the project (and if one doesn’t exists naturally,
add dummy arcs to a new final node), then the completion time of the project is x-Xo. Example
(using the first C.P. diagram): each arc yields a constraint, summarised as follows:

Minimise Xs-Xo Subject to: x; > Xo+3 (arc (0,1)); X» > Xo+5 (arc (0,2)); X3 > X,+2 (arc (2,3));
X4 > X1; X4 > X3 (dUummies); Xs > X4+4 (arc (4,5)); Xs > Xs+1 (arc (3,6)); X7 > Xs; X7 > Xs (dummies);
Xg > X7+2 (arc (7,8)), with x; > 0. We can read off an optimal solution x; = &, with optimal time
13.

Sensitivity Analysis

Writing the constraints in a more standard form, for example xs-x, > 4, we can use
senditivity analysis to see how the completion time variesif 4 isvaried slightly.

Crashing the Project

The above example completes in 17 days if done sequentially, and in 13 days if done in
parallel. Suppose a bonus would be paid if the completion time was less than 10 days — but
extra resources cost. Let C be the cost of reducing task (i, j) by one day, and let r; be the
amount we reduce task (i, j) by. The cost of crashing the project is therefore S, Cijri;.

Take this as the new objective function. Then take a new constraint: XX, £ 10; and
change the other constraints: arc (0,1) to X; > Xo+3-rq1; arc (0,2) to Xz > Xot+5-rqp; €tc. Superficial
analysis shows that whatever the Cjj’ s are, we do not want to reduce non-critical activities unless
the “range of validity” of our critical path (the optimal solution) is exceeded.



Exam Paper: May 2000

SECTION 1 (Compulsory)

D

A toy manufacturer produces two types of toy, A and B. When running at full capacity,
the factory has at most 1000 man-hours available in its machining department, 400
man-hours available in its assembly department and 250 man-hours in its painting

department. Manufacturing time (in hours) required by each toy in the three departmentsis
given by:

| Machining Assembly Painting
A 0.2 0.2 0.1
B 0.5 0.1 0.1

A toy of type A sdllsfor £10 and one of type B for £8.

(@ Formulate alinear program model of this situation, explicitly defining the variables,
the constraints they must satisfy and the objective function. [8 marks]

(b) Use the smplex agorithm to find the production levels that will maximise the
income. [12 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

Consider the following minimisation problem:
Minimise w=4y;+3y,+YVys

subject to y; + 2y, >6 (1)
Y1 -Y2tys >8 (2
2y, +ys; >10 (3

wherey, yz, y3 > 0.

Find the dual problem, solve the dua problem and form the dual optimal tableau, find the
solution to the primal problem. State the amount of surplus in each primal constraint and
identify and interpret the shadow prices. [15 marks]



3)

(4)

A small manufacturing group has 3 warehouses and 4 retail outlets. The relative costs of
transporting one item from warehouse to outlet are given in the following table, as are the
resources available (right hand column) and the supply requirements (bottom row):

Outlets: 1 2 3 4 Resources
Warehouse 1 20 15 5 6 5
Warehouse 2 5 12 10 2 10
Warehouse 3 15 7 4 1 15
Requirements: 4 4 10 12
(@ Usethe NW corner, the minimum cost and Vogel’s method to find basic feasible
solutions as starting positions for the transport algorithm solution of this problem.
[6 marks]
(b) Solveto find the optimal assignment, starting with the minimum cost basic feasible
solution. [9 marks]
(@ The processing times for five jobs on each of two machines is shown in the table
below:
Job Machinel Machine?2
1 4 3
2 2 2
3 5 4
4 3 5
5 4 6
All jobs have to be processed first on Machine 1 before passing to Machine 2. Find
the optimal order so as to minimise makespan and draw a Gantt diagram for your
schedule giving the total time taken, and the total idle time. [7 marks]
(b) Seven jobs have to be processed on a single machine. Job, J, takes p« days to

process and has due date d«. The various values of pc and d¢ are given in the
following table:

J | a2l B M ] ] K
P 1| 2| 3] 4] 1| 3| 3
ok 10| 8| 16| 6| 9| 17| 13

Let Cy be the completion time for Jk and set C = (SCy)/7, the average completion
time. Using Smith’s algorithm find a schedule that minimisesC subject to the
constraint that no job can be late. Give the optima value of C and the
corresponding schedule. [8 marks]



(5 (@ Anengineering firm has agreed to undertake the design, fabrication, and testing of a
prototype transmission for a magor car manufacturer. They have identified the
following activities and their associated times and precedence relationships.
Construct the network diagram that represents this project and find the critical path.

[7 marks]
ACTIVITY TIME (WEEKS) | IMMEDIATE PREDECESSORS
A Establish design specifications 1 -
B Mechanical design 5 A
C Electrical design 4 A
D Final design review 1 B,C
E Prepare test vehicle 25 B
F Fabricate prototype 2 D
G Conduct test 35 E,F
H Prepare ‘ blueprints 1 G
I Prepare final report 1 H

With only one team of workers, the firm will take 21 weeks to finish the project.
Show that by getting a second team in for some of the time to work on non-critical
activities, the project can be finished within the total time of the critical path. Draw
a Gantt diagram showing the feasibility of your plan. [5 marks]

(b) For small extra cogt, the time for activity B could be cut to 4 weeks and that of G to
3 weeks. What should the firm do if it could gain prestige and a handsome bonus by
finishing the project within 13 weeks? Justify your answer. [3 marks]

(Questions done: 1, 2, 3)




