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Introduction

(D) Crisp Set. Let U ={uy,...,un}, where U is the universal/ordinary s
set. P(U) is the power set of U, the class of all subsets. |U| = nisthe 1
cardinaity of U. Sc U is the characteristic function, ps: U~ {0,1}. S H
us(u)=0foruyl U,ul S andlforyl U,ul S Example U=R;! 0 ul U
£ SE£ 7. Thecrisp set is as shown in the diagram.
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(2) Fuzzy Sets. A fuzzy set A defined on U is characterised by its membership functior
Ma: U - [0,1]. pa(w) is the degree of membership. An empty fuzzy set A is defined as pa(u)
Ofordl u 1 U.TheUniversal (fuzzy) set A is defined as pa(u;) = 1 for al u; T U. The Suppor
of the fuzzy set A on U isthe crisp set defined as supp A = {u; | ua(y) > 0}. The height of the
fuzzy set A on U isthe height, or hgt A =%, ua(u). A fuzzy set A on U is caled normal iff
height A = 1, otherwise it is called subnormal.
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Example (U isfinite): U = {Ford, Vauxhal, Fiat); A = Gareth’s car; A
= {(Fo, 0.4), (V, 0.1), (Fi, 0.5)}. So Supp A = U; height A =05—so Ais ™
subnormal. Fuzzy Numbers. Let U = R and A = “about 6. pa(u): pa(6) )
should be 1; pa(u) should be symmetrical about 6; and pa(u) should decrease © ul
as u goes away from 6. Should get a graph as shown, but could have any
pattern.
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Example U = {u,...,us}; A = “Red pencil”; A = {(uy,

Q ) 1max 01) (Uz, 02) (U3, 08) (U4, 03) (U5, 07) (Ue, 05)} Here,
renge m}nzo ap=1 Support A = U; height A = 0.8, and core A =f. The core
0 of afuzzy set AonU isacrisp set: CoreA ={uy, |y | U,

Ma(u) = 1}. A singleton is a fuzzy set whose support has
cardinality 1.

Example: U = {uy,...,us}; B = {(us, 0.8)} 1
(singleton). So B = {(u3,0) (ux,0) (us,0.8) ™"
bij ective, one-to-one correspondence (U4,0) (U5,0) (U 6’0)}_ Singl eton sets can be i ueR
normal or subnormal. i

aunj ective

Cardinality and Complement of a Fuzzy Set

Let U ={uy...,u}, and let A = afuzzy set on U, with |U| = u. The cardinality of afuzzy
set AonUis|A| = S"- pa(y). Example: Let U = {u,,...,Us} ; A = {Us,Us,Us}; SO A = {(u1,0) (uz,0)
(U3,1) (Us,1) (Us,0) (Us,1)}. Now S pa(u) = 3=A|. Therelative cardinality of afuzzy set A on
U is||A]| = My = (in this example) = 3/ = Y.

Let U={uy,...,u}, andlet ST U. (Sisacrisp set). S is the complement, where SCS = f
(the non-contradiction principle) and SES = U (the law of excluded middle). Now let A be a
fuzzy set on U, and define h: [0,1] - [0,1], with h(a)e [0,1], by h(@) = pa(u): u T U.



(D) his a function of 1 argument only. (2) h(0) = 1, h(1) = 0 (the
complement applies to crisp sets). (3) h is continuous and strictly
monotonically decreasing. (a > a with a, and & 1 [0,1] P h(a) < h(a), &
shown in the diagram). (4) h is involutive: h(h(a)) = a h(a) = 1-a The

complement of a fuzzy set A on U is a fuzzy set A on U such that p; (u) = !
1-pa(u) foral u T U. (5) If a,a 1 [0,1] so that a;+a,= 1, then h(a,)+h(a,) = 1.

| -complement (Sugeno). A', the | -complement of A on
U, is afuzzy set such that p;1 (u) = ll;ﬁ(“ljj)),wherel T (-1,%). %"  aala
(Note: an OPEN interval). This satisfies properties 1-4. h u ?Jofg::EAA?.
Definition: a-cut or a-level set. Leta 1 [0,1]. Let A beafuzzy P '

set on U. Thea-cut (or a level set) of A isacrisp set defined as
A ={u |pta(u) > a}. Inthediagram, A. = 11U lLU {x}.
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a-cut: decomposition (representation) Theorem: Let A be a fuzzy set on U. We can say
that pa(u) = 2oy min(a, ua,(u)). Example: Let U = {u,....,us}, where U = {(uy, 0.6) (U, 0.3) (us,
0.1) (ug, 0.7) (us, 0.6)}. Now consider a. For a £ 0.6, paa(W) = 1. For a > 0.6, paa(us) = 0.
Consider the minimum, min(a, Haa(u1)). Thisisa for a £ 0.6, and zero for a > 0.6.

Distances between fuzzy sets. Define d: UxU - R* as the distance. Properties. (1)
Non-negative: d(x,y) > 0. (x =y b d(x,y) =0). (2) Symmetry: d(x,y) = d(y,x). (3) Triangle rule:
d(x,2) £ d(x,y) * d(y,z), where * is an operation associated with a. Euclidean distance: +.

Consider By, B, 1 U (crisp subsets). The Hamming distance| w, Ju: [w [us Ju. Jus
in the table is 2 (the number of disagreements). Let A and B be|pe. |1 |1 [0 |1 |O
fuzzy sets on U. The Hamming distance between A and B is[Me [0 |1 |1 [1 |O
defined as du(A,B) = Si=1" |ua(u)-us(w)|. The Relative Hamming Distance is defined as dy =
Y,du(A,B) [JU] = n]. Here, 0 £ dy £ 1. The Euclidean Distance between A and B is defined as
de(A,B) = QS -a(pa(u)-ps())?). The Relative Euclidean Distance is de = Yo de(A,B).
Remember that O £ d: £ 1.

Measures of Fuzziness. Definition: A sharpenec /) w) w(u) g

. . arpened
version of afuzzy set A on U is any fuzzy set A* suct ! 1 1 version
that pas() < pa(u) if pa(u) < 0.5 pas(u) > pa(u) T yir Wl R

Ha(U) > 0.5; and pa- () = pa(W) if pa(u) = 0.5, oW T

Properties of a measure of fuzziness. Let ;(U) be the class of all fuzzy sets on U. A
measur e of fuzziness, H: 5 (U) - R", is defined by: P1: Sharpness. H(A) is a minimum iff pa(u)
=0or1fordl ul U.P2 Maximality: H(A) is a maximum iff pa(u) = 0.5 for all ui 1 U. P3:
Resolution: H(A) > H(A*), where H(A*) is a sharpened version of A. P4: Symmetry: H(A) = H(
A), where A is the complement.

Entropy based measure of fuzziness (Deluca and Terminy): HgA) =
kS (pa(W)log(pa(u))  + Mz (W)log(H; (W))). (k is a constant). Another measure:
-kS"=1(Ha(ui)log(pa(u)) + (1-pa(ui))(log(1-pa(u)))-
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Definition: the closest crisp set A’ to a fuzzy set A on U is | “A(”>7_ — )
defined as pa’ (Uy) = Oif pa(u) £ 0.5, and 1 if pa(u) > 0.5. Example: L/ /\
= {ug,U,us}; A = {(u1,0.3), (U,0.5) (us,0.7)}. So A’ = {(u1,0) (u,0 ﬂ,/ T Nlutw
(U3,1)} L,OrA’ = {U3} . /
po@ Question: is the closest crisp set a sharpened version of A? Answer :
1 A e NOI — 0.5 1S the problem. Kaufmann — the linear index of fuzziness. (a
|/ .\, measure of fuzziness): u(A) = %, du(A,A’). (dy is the Hamming
/ Distance; n = |U]). The quadratic index ish(A) = %/, de(A,A").

Definition: Two fuzzy sets A & B on U are equivalent iff pa(u) = ps(u) for al u T U.
Definition: A fuzzy set A on U isincluded in afuzzy set B on U iff pa(u) £ ps(u) for al u T U.
Definition: A fuzzy set A is strictly included on B iff pa(u) < ps(u) foral u T U.

The extension principle: Let A be afuzzy set on U, and let f map U onto V, f: U~ V.
Then afuzzy set B isinduced on V, defined as ps(V) = 7%, Ha(U). Remember that vl V, andif
there is a v such that there exists u¢ U for which v = f(u), then ps(v) = 0. Example: U =
{ab,c,d}; V ={x,y,z}. Looking at the table, (not injective| u a b C d
or surjective or bijective), we seethat if welet A ={(a,0.5) [ f(u) |y X X y
(b,0.3) (¢,0.7) (d,0.3)}, then B = {(x,0.7) (y,0.5) (z,0)}.

Laws. AE(BEC) = (AEB)EC; AC(BCC) - U U
(ACB)CC are associativity. AEB = BEA and ACB = BCA
are commutativity. ACA = A and AEA = A are idempotence ’a .D
ACU = A and AEf = A are identity. Note: U is an identity

with respect to intersection, and f is an identity with respect ACB AEB
to union.

AE(BCC) = (AEB)C(AEC) and AC(BEC) = (ACB)E (ACC) are distributivity. (AEB)®
= A°CB* and (ACB)° = A°EB° are De Morgan's laws. (A°)°= A is double negation (involution).
AEA° = U is the law of excluded middle. ACA® = f is the non-contradiction principle.
Example: (ACB)E(A‘CBCC)’EA = U — prove this. LHS: = (AEBYE(.)EA =
(ACEA)EB°E(...) = UEBE(...) = UED = U. Proved.
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Tutorial

Q: Define, using their membership functions, a crisp set and a fuzzy set. What is the
difference between the two? A: A crisp set Sis a subset of U having characteristic function s
mapping u onto {0,1}. pus(u) =0if ue U, ue S; us(u) =1if ue U, ue S

A fuzzy set A defined on U is characterised by its membership function, pa: U® [0,1].
Ma(u) is the degree of membership. The difference between a crisp and fuzzy set is that a
member ship function of a crisp set must have values O or 1; and a member ship function of a
fuzzy set can have any value in the interval [0,1].




Q: Design a fuzzy set “dow” (assuming ue R*™ is m.p.h.). Is this a normal fuzzy set?
Explain your answer. A: Assume a finite number of speeds. Let Ac R* be acar's speed: A =
{10, 30, 50, 70, 100}. Let A = (10, 0.9), (30, 0.7), (50, 0.5), (70, 0.2), (100, 0.1). Thisis not a
normal fuzzy set because the height A isnot 1. Infact, itis0.9.

Q: Let A and B be fuzzy sets on U defined [ 1 12 [3 Ia s 6 [7 T8
by the table shown. (&) Find the core and the|pa(u) [0.3 /0.9 |04 (1 [0.7 |0 ]0.6 [0.7
support of each set. (b) Find the 0.5 cut of the two [ps(u) |1 0.2 [0.5 [0.7 ]0.3 |0.9 [0.6 |1
sets. (c) Calculate the cardinalities and relative cardinalities of A and B. (d) Calculate the linear
measure of fuzziness n(A) of A. A: Core A ={us}; Core B = {u;,ug}; supp A = U-{Us}; supp B =
U. (b) Aos = {UQ,U4,U5,U7,U8} . Bos = {Ul,U3,U4,U6,U7,U8}.

(©) JAl = Si=® pa(u) = 0.3+0.9+.+0.7 = 4.6. |A| = IAI/|u| = */g = 0.575. |B| =
1+0.2+..+0.6+1 = 5.2. ||B|| = *¥s = 0.65. (d) n(A) = % du(A,A’), n = |U|, du = Hamming
distance. S0 A’ = {(u;,0) (Uz,1) (U3,0) (Us,1) (us,1) (Us,0) (u7,1) (Us,1)}. The Hamming distance is
Siz1"|ua(W)-pa (w)| = |0.3-0] + |0.9-1] + |0.4-0] + |1-1| + |0.7-1] + |0-O] + |0.6-1] + |0.7-1| = 1.8. SO
N(A) = ?/gx1.8 = 0.45.

u 1 |2 |3 [4 |5 |6
ba(U) |03 |08 |09 |06 |1 |04

Q: Let U ={uy,...,us}, and let A be a fuzzy
set on U:.A = {u,/0.3, u/0.8, u3/(_).9, u,/0.6, us/0.1, 1. |07 |02 |01 |04 |09 |06
us/0.4} Give in atable the following: pa(u); py (u); Le(U) 102 109 |1 o7 1o 03
Max(u); and pa (u). A: as shown. i@ |0 |1 1 11 1o o

Q: If Aa={u|ue U, pa(u) > a}, show that a; >a, U Al A.. A:Proof: (1) a; > a,
P A.l A.. Solution by definition: (1) Aa = {u | pa(u) > ai} for ue Aas b pa(u) > a;. But
since a; > a,, (given), thisimplies that pa(u) > a; > a,, implying that pa(u) > az. SO Aa | A

(2) Provethat Ay | As. P a;>a, SnceAan | Aa, thenthere existsaue A, but ug
Aa.. Then, by definition, pa(u) > a,, and pa(u) < a;. Thisimpliesthat a; > pa(u) > a,, implying
that ai > ao.
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Let A and B be fuzzy sets on U; and U, respectively. A cartesian product of A and Bisa
fuzzy set AxB such that paxe(Us,Uz) = min{pa(us), He(U2)} (for ue Uy, ue U,). Example: U, =
{1,24,6}; U, = {ad}; A = {(1,0.3) (2,0 (4,0.1) (6,0.7)}; B = {(a0.1) (d,0.6)}. So U;xU, =
{(1,9) (2,9 (4,3),...,(6,d)}, and Uaxs(a,1) = 0.1. The m™" power of afuzzy set A on U is a fuzzy
set denoted by A™, such that pam(u) = (ua(u))™ for al ue U. When m = 2, the operation is called
“concentration”. It “shrinks’ the member ship function.

Propositions and Logic Functions

Proposition is a statement which is true or false. Negation and the proposition have
opposite truth values. Let v be alogic variable, sov € {T,F} or v e {1,0}. A function of one or
more logic variablesis defined asf: {T,F}" ® {T,F}. (LHS = Cartesian product). Thisiscalled a
logic function. Logic operators: conjunction (U), disunction (U), negation (bar, *).



Logic functions can be expressed in two ways. astruth| a b [aUblaUub]l a
tables and as logic expressions. Use truth tables to define| T T T T F
logic operations. Assume that a and b are logic variables.| T F F T F
Conjunction is “And”; digunction is “Or”; and negation is| F T F T T
“Not”. Values are as shown in the table. F F F F 1 T

Logic expressions are defined (recursively) as: (1) True and False are logic expressions;
(2) If aiis alogic variable, then both a and a are logic expressions; (3) If a and b are logic
expressions, then aU b and a U b are logic expressions too; (4) The only logic expressions are
the ones specified by steps 1-3. Examples. F, x UF, x; U, U Xa.

We can “bend the rules’ and come up with: (5) If aisalogic expression, thenaisalogic
expression too; (6) If a and b are logic expressions, then a b b is a logic expression too.
Implication. “If athen b”; “ainvolves b”; “from a follows b”. Example: if | EAT then | GET
FAT. “l EAT” isthe premise, and “I GET FAT” isthe consequent.

Two logic functions are equivalent or identical if| a b [apb| a alb

they yield the same vaues for al vaues of their| T T T F T
arguments. Tautology — if alogic function givesvalue T| T F F F F
for al values of its arguments. Contradiction — gives|__F T T T T
a b | abb |alab b)| (aUab b)b b | vlues FL_F F T T T

T T T for al values of its arguments. Here, (aU(ab b))
P b (modus ponens); (bU(ab b)) P a (modus
talbus); ((aP b)U(bb c)) P (ab c) (syllogisms
rule). In the second table, because the last
column consists of T's, it is atautology.

T |-
m|H|T| -

B B
T F
T F

—|— [

Tutorial

Q: Let A and B be fuzzy sets in U. Prove or disprove the following: (a) H(A) > H(B) b
IA| > |B|; (b) JA| = |B] P H(A) = H(B); (c) A =B P HA) = H(B). (H is the measure of
fuzziness.) A: (@) Disprove by example. Let |A| = Siz1" pa(u); U ={u}, and let A = {(u,0.3)}. So
IA|=0.3; A’ =f ={(u,0)}; [ua(u)-pa|(u)| = 0.3; and n(A) = ?/;x0.3 = 0.6.

Now let B = {(u,0.9)}. So [B| =0.9; B’ = u={(u,2)}; |1e(u)-He(u)| = 0.1; and n(A) = 0.2.
Here, |B| > |A|, and n(A) > n(B). This does not match what is given in the question. (b) Let U =
{ug,uz}, and let A = {(u;,1) (U2,0)}. S0 |JA] =1; A’ ={(u,D) (U,0)}; dn = |(1-1)+(0-0)| = O; so
n(A) = 0. Now let B = {(u3,0.5) (u2,0.5)}. So [B| =1; B’ = {(u,0) (u,0)}; dv=1; son(B) = 1.
Different! (c) Let A = B, then pa(u) = pe(u) for all uT U. Then H(A) = H(B). From the property
of symmetry, H(A) = H(A), therefore H(A ) = H(B).

Q: Prove that n(A) satisfies: (a) the sharpness property: n(A) = min iff A isacrisp set; (b)
the maximality property: n(A) = max iff A issuch that pa(u) = 0.5 for all ie U. Q: Show that the
| -complement (h(a) = %114, | € (-1, ¥)) is (d) monotone decreasing for ac [0,1]; (b) involute.



(@ n(A) = 4 d(AA") = %.Sa" |ua(u)-pa(w)]. This is a summation of +ve terms.
Therefore, it reaches aminimum iff each term is zero, i.e. |ua(W)-pa (W) = 0, i.e. pa(u) = pa (W)
foral ul U.pa(u)e {0,1} by definition (A’ isacrisp set), therefore pa(u) e {0,1} too. Hence
A isacrisp set.

(b) N(A) = %,Siz." |ua(W)-pa ()] Thisis a summation of +ve terms. It takes its maximum
when each term is maximal, i.e. iff each term is maximal. Now max|pa(u)-pa ()| = 0.5 iff pa(u)
=0.5and pa(u) =0.
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(1) alb = bUa; alb = bUa. (2) al(bUc) = (aUb)Uc; al(bUc) = (alb)Uc. (3) aU(bUc) =
(aUb)U(alc); al(bUc) = (aUb)U(alb). (4) ala=a ala=a (5) aUT =a aUF = F; aUT = T; aUF
=a (6) ala=T; ala=F. (7) ((a)) =a (8) (aUb) = aJb; (aUb)=alb.

Q: Prove modens tallens by

mani pul ating logic expression (Boolean [4] [2] (8] | [4]
expressions). A: We have to prove the ? $ apT b E (Z)LFJ(l) I";‘ (3)'; 4)
foIIc')wm_g:‘ (bl,J(aID b)) D_z‘a‘. |>|(?W a!D b T = = T = = =
=alb. (bU@Ub)) P 2= (U@EUL)Y A= [F T T T = T T
() UaUb)Ua=((b))U(aUb))e = F| F T T T [T 7

(bU(a) Ub)Ua = ((bUa)U(blb))Ua. Now because blb = T, this becomes (bUa)a = bU(ala) =
bUT = T. QED. The expression ((bU(ab b))b a can also be proved by atruth table, as shown.

(1) Union. Let A & B be fuzzy setson U. Theunion of A andB is¢
fuzzy set, denoted by AEB (AUB), with membership function pags(u) :
max{ ta(u), ()} forall ul U. Example: U = {uy,Uz,Us,us} ; A = {(0.1, uy

Operations on Fuzzy Sets

(2) Intersection. The intersection of 2 fuzzy sets, eg. A and B or
U, is a fuzzy set, denoted by ACB (AUB), with membership functior
Hace(U) = min{pa(u), pe(u)} for all uT U. The union and the intersectiol
correspond to these for crisp sets. |

B (2nd)
) pAU) e

| AiB

Mas(U)
Ha(u) pe(U)

Uy Up Us Us (02, Uz) (06, U3) (01, U4)}; and B
C 1 0 1 0 | ={(0, w) (0, u) (0.3, us) (0.4, us)}. SO AEB = {(0.1, w,)
D 0 0 1 1 1(0.2, u) (0.6, us) (0.4, uy)}. Now let C = {uy,us}, and let
CED | 1 0 1 1 | D={us uy} (Crisp Sets). It follows that CED = {uy, Us,

uq}. This can be shown in atable, as shown on the | eft.

Haca(U)
pa(u) He(u)

Properties: (1) ACB i AEB. Reminder: If C and D on U are fuzzy,
then Ci D iff pe(u) £ po(u) foral ul U; and C1 D iff pc(u) < po(u)
fordlul U. Inthesecond diagram,Bi AandB1 A.



Prove that ACB isnot strictly included in AEB, i.e. disprove ACB 1 AEU. (By letting A
= B). Proof: Let ue U be such that pa(u) = ps(u). Then min{ pa(u), ps(u)} = Mace(U) = Haes(U) =
max{ ta(u), te(U)}. Therefore, the strict inequality is violated, and ACB& AEB.

» 19th October 1999

max(a,b) = *,: min(ab) = #>&,. (1) Commutativity: AEB = BEA (E = max);
ACB = BCA (C = min). (2) ldempotence: AEA = A; ACA = A. (3) Associativity. (4)
Distributivity. (5) AEf = A; ACf =f; AEU =U; ACU = A. (6) De Morgan's Laws: (AEB)° =
A°CBS; (ACB)° = AEB®. Now prove that (AE B)° = A°CB®. (A and B are fuzzy sets on U). pags
= (u), with e U. 1-paes(U)) = Macs (for al uje U) = 1-max{pa(uj), Hs(uj)}. Right hand side:
min{ 1-pa(u), 1-pe(u)} = 1-max{pa(y), pe(u)}. So LHS = RHS. Bounded Sum: Let A and B be
fuzzy sets on U. The bounded sum is denoted by (and is a fuzzy set) AAB, where pass(U) =
min{ 1, pa(u)+us(u;)}. Bounded Difference: Al-|B; denoted by pape(U) = max{ 0, pa(u)-He(U)} .

The example shown in the table is the symmetric u luw Ju |uw |us
difference, denoted by ANB, where pags(U) = [ta(W)-ps(w)]. | A 0 |03 |06 |1 |01
Note that |[ANB| = dy.. B 06 [01]06 [07 [03

AEB [06 [03 [06 [1 [03

Similarity, Inclusion, Consistency (Measures of [acB |0 |01 [06 [0.7 |0.1
Similarity). (1) S((AB) = "Bz, In the diagram, S;(A,B) AAB |06 |04 [1 |1 |04
T b > 0. Notes: Si(A,B) =0Owhen ACB=[A[B [0 102 ]0 030

IACBI f: S,(A,B) £ 1; S((A,B)=1when A =|ANB |06 |02 |0 [03 )02
. B. (2 S = 1-dus(A,B) = 1-]JANBJ. In
\ Uz Uy Us
IREB]| the table, we see examples A 0.3 0.6 1
pa e poe Of the use Of these B 04 01 0.8
. ., measures. Note that |IACBJ|[ace |03 |01 |08
g | = %3 = 04; |AEB|| = %s;|AEB |04 0.6 1
IANB|| = °%3; and s0 S; = MBI jpegy = 1%, = 0.6; and S, = ANB [ 0.1 0.5 0.2
diagram 1, I, = 1. Indiagram 2, I, = 0. In diagram 3

1_0.8/3= 11/15.
e
\ e W e w
O£ 1,£ 1 If weinterchange A and B in diagram 1, n u T u T u
thenl, = "B"/"A” £1 | ‘ \

Index of inclusion of A in B: I, = MBI, |- T

¢ = Index of Consistency: Let A and B fuzzy sets on U, then
T C(A,B) = height(ACB). S;, S; and I, are integral-type measures. C
Cﬁw \\ Y isapoint-wise measure.
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On the next page, we see atable of fuzzy implications. The “Y” or “N” indicate whether
these fuzzy implications agree with normal boolean implication. Think of it astesting valuesin a
truth table, where 1 column contains a another b; and the third aP b. Then we test the
implications in the table to see if they match up with the values seen in ab b. Note: think of
vauesnot as“T” or “F’, but as“1” and “0". Thistable isfor REFERENCE ONLY . Notation:

a= pa(u), b= ps(u).




Mamdani Type min{ a,b} N | Zadek max{ min{ a,b}, 1-a} Y
Larsen ab N | Standard aifagb,0ifa>b Y
L ukasiewicz min{1, 1-at+b} Y | DrasticProduct |aifb=1bifa=1,0ifa<l,b<l [N
K leen-Dienes max{ 1-a, b} Y | Gougen lifa£ b, blaifa>b Y
Bounded Product | max{0, atb-1} N | Gobdian lifaEb,bifa>h. Y

Aggregation Operations

Two-place aggregations; A: [0,1]x[0,1]® [0,1], where A(a,b) T [0,1], and ab 1 [0,1].
T-norms (t-norms) are intersection type aggregation operations. T-co-norms (t-co-norms) or
S-norms (S-norms) are union type aggregation operations.

For T-norms, the following must all be satisfied: (1) Limit: T: [0,1]%[0,1]® [0,1]. (2)
Commutative: T(a,b) = T(b,a). (3) Associative: T(a, T(b,c)) = T(T(ab), c). (4) Monotonicity: for
al a, b, cand d such that a> c and b > d, then T(a,b) > T(c,d). (5) One-identity: T(a,1) = T(1,a)
=a

For T-co-norms, the following must al be satisfied: (1) Limit: S: [0,1]%[0,1]® [0,1]. (2)
Commutativity: S(a,b) = S(b,a). (3) Monotonicity: for al a, b, c and d T [0,1] such that a > c,
and b > d, then S(a,b) > S(c,d). (4) Associativity: S(a, S(b,c)) = S(S(a,b), c). (5) Zero-identity:
S(a,0) = §(0,a) = a. [ldempotence: T(a,a) = a, or S(a,a) = a. Archimedean property: T(a,a) <
a, or S(a,a) > 4.

The only idempotent T-norm is ‘min’. The only idempotent T co-norm is ‘max’. Q: Show
that product is a T-norm. A: (1) For al ab1 [0,1], ab£ aorab£b,andsoabl [0,1]. (2)
Commutativity: obvious! (3) Associativity: a.(b.c) = (a.b).c. (4) Monotonicity: a>cand b >d
imply that a.b > c.d. (5) One-identity: a.1 = 1.a= a. All the axioms are satisfied.

T-norms T-co-norms name(s)

min(a,b) max(a,b) min, max

ab atb-ab product, probabilistic sum
max{ 0, a+b-1} min{ 1, at+b} bold union, bounded sum.

» 26th October 1999

Duality of t-norms and t-conorms

A t-norm T(a,b) and a t-conorm S(a,b) are dual with respect tco rodua, min
rodu \y m

the standard complement iff T(a,b) = 1-S(1-a, 1-b), or S(a,b) = 1-T(1-a \/

Y
1-b). Also, T(ab) £ min {ab}, and S(ab) > max {ab}. n-place O a b

“aggregation operations’: A: [0,1]'® [0,1], with &,....a, (& T [0,1]). Tnoms means T-conoms
where A(ay,...,a)) 1 [0,1], “representative’.

1

Ul Al ATAT A ] A ] From the table we have different aggregations.

u [ 03] 0 | 06 ] 02 Optimistic aggregation would have column values 0.6, 1
u [08] 1 | 07| 06 and 0.9 (max). Pessimistic Aggregation: O, 0.6, 0.4 (min).

| 04)081]09)09 Indifferent Aggregation: 0.3, 0.775, 0.75 (average).




Ordered Weighted Averaging Operators (OWA)

Let W = [Wi,Wa,...,Ww]"; and let a = [ay,...,a) . | AG9r. Operator OWA w &,..,an
The indifferent weighted aggregation is a’.w = w".a max [100---0]:
(S=2"w; = 1). Sort &,...,a& such that a, > a. .... > a. avr:r'gge [1[/09/“0011}]T
Example: a=[0.1, 0.6, 0.3, 0.7]"; w = [0.3, 0.1, 0.1, ~—odian [0...01(;. on]T“{‘ornoddn
0.5]". The OWA is [0.7, 0.6, 0.3, 0.1][0.3, 0.1, 0.1, (0,37, ..00] for even .
0.5]" = 0.21+0.06+0.03+0.05 = 0.35. compatitoniury | [0t o]

Q: Show that the probabilistic sum is a t-conorm. Show its duality with the product. A:
Prove the axioms. (1) Limit condition: S(a,b) = a+b-ab; S(a,b) T [0,1] for al abT [0,1]. Now a
> 1.b.atb-ab = (aab) + b. Because a-ab > 0 and b > 0, then whole expressionis> 0.

(2) Commutativity: obvious. (3) Associativity: we have to prove that S(S(a,b), ¢) = S(a,
S(b,c)). LHS. (atb-ab)+c-(atb-ab).c = atb+c-ab-ac-bctabc = (b+c-bc)+a-ab-act+abc =
(b+c-bc)+a-(btc-bc).a = Sa5(b,c)) = RHS. (4) Zero ldentity: §a0) = a+0-0.a = a (5)
M onotonicity: show that for al a, b, cand d T [0,1] such that a> ¢ and b > d, we have S(a.b) >
S(c.d). Form: show that S(a.b)-S(c.d) > 0. Now atb-ab-c-d+cd = (a-¢)+(b-d)-ab+cd. Here, (a-c)
> 0, (b-d) > 0, and ab > cd. This implies that (ac)+(b-d)-ab+cd = ac+b-d-ab+cd =
aabt+b-ctcd-d = (atb)-(ctd)-ab = atb-c-d-abtcd = [(atb)-(c+d)]-[ab-cd]. Both things in
squar e brackets are > 0. So we have (a-c)+b(1-a)-d(a-c). Thisis > (a-c)+b(1-a)-b(1-c) > 0.

» 28th October 1999

Determining Membership Functions

This is done by Human (e.g. experts or interviews) or Automatically (extract p's from
data). If U is continuous valued or discrete, we have membership functions. If U is nominal, we
only have degrees of membership for the elements of U. We can Lingisic Modeling

high have Linguistic Modeling or Jlow med i med/ ™ high
N N“(/X)\ Non-Linguistic Modelling th MD(X

Speed Difficulties. (1) Expert Specific low CORRECT  LhousricLy nconssrent
Linguigic Modeling Non-Linguistic Modeling (2) ConteXt SpeC|f|C, (3) Pr0b|eIT N \ /_\
Specific. An example of the difficulties is in classifyin .NTERZe:T.ONTOOLARG)E( NOINTERSECTI);N
Miwi(183cm) = ? This depends on what you are comparing to, e.g.

males, females, basketball players?

Modelling Methods (Expert/Human)

M ethod Question Comment

Polling (Horizontal) |“Do you think that .. is..?’ Nyes/Niota = JU(...) (Need a set of people)

Direct Estimation “What is the degree of membership of...?" [p(...) = (S=™ pi(...))/Niota

Reverse Estimation  [“Identify all elementsfrom agiven set that [0.3 cut. You need 1 person

(Vertical) you think have degree > 0.3”

Interval Estimation  |“Specify an interval corresponding to your |[Continuous valued or Discrete U.
notion of...” Combine all resultsasin 1

Pairwise Comparison |“Which of the two membersof U is We obtain a prefer ence relation and
more...?’ calculate i's fromit. |U| should be small.




Assignment 1

Q: Show that the | -complement of fuzzy sets is (i) monotone decreasing on [0,1]; (b)
involutive. A: Let h(a) = *¥aa (I T (-1, ¥)). Let a> b. Form h(a)-h(b), and show that this is
negative or zero. Y&, 5 - Yoy = @ADL 0. The denominator is always positive for
| >-1andabl [0,1]. Now 1-a+l b-l ab-1+b-l a+l ab = b(1+l )-a(1+ ) = (b-a)(1+l ). (b-a) is
negative by assumption, and (1+ ) isalways > 0. Therefore, h(a) < h(b). (b) h(h(a))= "/ 1. ha =
(1_(1—a/1+| a))/(1+| (l—a/l+| a)) - 1+l ar1+a/l+| alda= 1+l )a/(1+|) —a QED

Q: Design a fuzzy set A on some U, such that ||Al| = 0.6; n(A)= 0.6; and [Aos| = 2. Show
and explain the sequence of calculations. A: n = |U| > 2 because |Aos| = 2. Try n=3. Leta=
Ma(u1), b = pa(uz), and ¢ = pa(us). For |Ags| to be 2, we need exactly 2 of the three to be in [0.5,
1]. It does not matter which two we choose, solet a> 0.5, b > 0.5, and c < 0.5.

|A|| = #**/5s = 0.6. So a+b+c = 1.8. Now n(A) = %/3((1-a)+(a-b)+c) = 0.6; 2(2-a-b+c) = 1.8;
atb-c = 1.1. Any three numbers that satisfy the system of equations, and the 3 inequalities, is a
solution. So atbtct+atb-c = 2.9; atb = 1.45; 1.45-c = 1.1, ¢ = 0.35. Pick a=0.80, so b = 0.65.
Therefore, the set A is (U, 0.80), (U, 065), (us, 0.35). Check: ||A]| = 2806035/, = 0.6; n(A) =
?/5(0.2+0.35+0.35) = 0.6.

Q: Prove or disprove that (a) |ACBJ| £ |JAEBI|; (b) height(A) =1 U height(AEB) = 1
(c) if (core(A) * ) and (core(B) * f), then height(ACB) = 1. A: (a) |JACB|| = ¥.S™, min(pa(w),
Ha(W)) £ .S max(ua(u), ts(w)) = [[AEB||. (b) height(A) = 1 U height(AEB) = 1. Disprove
by an example: Let U = {u}; pa(u) = 0.4; and ps(u) = 1. Then paes(u) = 1. But height pa(u) =
0.4 < 1. Therefore, height(AEB) = 1 b height(A) = 1 does not hold, and the statement is false.
(c) Disprove by an example: Let U = {uy,ux}; A ={(us, 0.1), (U2, 1)}; and B = {(u,1), (uz, 0.3)}.
Then ACB = {(u1,0.1) (u2,0.3)}; and height (ACB) =0.3 (* 1).

Q: Assuming that the truth table of implication is;T 2 T 5 Tap b (@) aCc® (@)] @b b
not defined for argument values (F,T) and (F,F), prove, [T | T T T T
using truth tables, that in order for modus ponensto| T | F F y F
hold, the only choice for the missing valuesis T. A:| F [ T X X F
Denote the missing values by x and y. The truth table| F | F y y F

for modus ponens is as shown. But modens ponens is a tautology, and therefore the last column
should contain only T. Therefore, x =T,andy =T.

Automatic Methods

We can have one fuzzy set, or “c” fuzzy sets. T
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M(U)  Diagram (i)

End-point estimation: Let U = {uy,...,un}, then Upns =

max{u}; Umn = min{u}; ando = Y, S, u. Using i

Histograms:. see diagram (i). If we have ¢ membershif

functions, we use clustering (Siz:° Wi(u) = 1 [shared degrees of membership]), or the k near est

numbers (Li(u) = “/). An example is shown in diagram (ii), where k = 11; po(u) = ®11; p(u) =

4/11, and L (U) 1/11

Unin U Uma
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Crisp and Fuzzy Relations

Let X and Y be crisp sets. The Cartesian Product is defined by XxY = {(x,y) | xI X,
yl Y} (anordered pair). If X 1 Y, then XxY 1 YxX. If X =Y, then XxY =Y xX. Example: X
={1,2}; Y ={ab,c}. Then XxY = {(1,a, (1,b), ...., (2,0)}. Let X4,...,.Xn be crisp sets. The
Cartesian product of Xi,...,Xm isaset XaxXoX...xXm = { (X1,X2,.0,Xm) | Xal X1, vovy Xl Xin} -

A relation among crisp sets Xi,....Xm IS a subset of the Cartesan product of
X1xXoX%.. XX, S0 that R(X1,X2,....Xm) 1 Xix..xXn. Example: R(X,Y) = {(1,b), (2,8}. A
relation between 2 sets is caled a binary relation. 3 sets. ternary. 4 sets. quaternary. 5 sets:
quinary. In general, we have n-dimensional relations.

Example: Xi1 = {English, French}; X, ={dollar, pound, franc v franecanadaiitan Gemany
mark}; Xs; = {USA, France, Canada, Britain, Germany}. Therefore, F ?ﬁﬁd[ o 0 0 1 0
= {(English, pound, Britain), (French, franc, France), (English mak [ 0 o o o o
dollar, USA), (French, dollar, Canada), (English, dollar, Canada)}. We can represent thisin a
matrix as shown on the right. The matrix shown is for the “English” case
» 4th November 1999
A fuzzy relation Ron X and Y isafuzzy set on XxY. And pr(x,y) I [0,1]. Example: Let
X ={NY, Pairs}; Y = {NY, Beijing, London}; and let R = NY | Beijing | London
“very far”. We could have a table as shown. R isabinary [ NY 0 1 08
fuzzy relation. An n-dimensional fuzzy relation is| Paris | 075 0.6 0.1

XX XoX . XX . And lJ.R(Xl,Xz,...,Xm) T [0,1] .

Binary Relations (Crisp and Fuzzy)

R(X,X) can be expressed as a directed graph (a
digraph). Consider X = {X1,X2,Xs} and R = {(X1,X1,0.3) X R
_ Beiiing (X1,X2,0.6), (X2,X1,0.7), (X3,X1,0.1)}. Then we will have 08 \1
Pari : the digraph as shown on the right. But if we wanted tc 07
London show asaggital diagram, we would have a diagram as
shown on the left.

NY

X2

The domain of acrisp binary relation R is asfollows: dom R(X,Y) = {X | xi X, (x,y)I R}.
The domain of afuzzy binary relation R is afuzzy set on X such that peomr(X) = maXyi v Hr(X,Y).
So in our example, Hsomr(Paris) = 0.75.



The range of a crisp binary relation R is as follows: ran R(X,Y) = {y |yl Y, (x,y)| R}.
The range of afuzzy binary relation R isafuzzy set on Y such that pranr(Y) = maXx x Hr(X,Y). SO
in the example, Wanr(Beijing) = 1.

A relation R is completely specified if dom R = X, otherwiseit is ~ “ “
incompletely specified. Consider X = {X3,X2,Xs} and Y = {y1,y2,y3}. L& o - = 0
us also define Ry = {(XuY2), (X2y1), (X2y3)}; Re = {(X1,y1), (X2,y1) < 7 ><
(X3,y1)}; and Rz = {(X2,Y3), (X3,y1)}. Consider the three diagrams shown \ d o
If each member of the domain appears once in R, then R is caled ¢.N° ves ves
mapping or a function.

Example: Consider the two diagrams shown. Is R injective, bijective and . A B
surjective? In A, the answers are no, no and no! So R is incompletely specified. Ir .~
B, it is (1) completely specified, (2) injective and (3) surjective. These three things %

also imply that it is bijective. (Note: Surjective = coversall y).

o

Definition: The inverse of a crisp relation R(X,Y) is a crisp relation R*(X,Y), where
RYX,Y) ={(yx) | xI X, yl'Y, xy)l R}. Example: if R = {(X1,y1), (X1,Y2), (X3,y2)}, then R* =
{(y1,X1), (Y2,X1), (Y2,%3)}. In matrix form, R = [*0o '04], and R = [* %%]. (The columns are the y;
while the rows are the x;).

Notes: R*1(X,Y) = (R(X,Y))". (RHS = the matrix). dom R*(X,Y) = {yu,y2}. dom R(X,Y) =
{X1,X3}. ran RY(X,Y) ={xy,x3}. ran R(X,Y) = {y.y>}. dom R*(X,Y) = ran R(X,Y). dom R(X,Y)
=ran R*(X,Y). (RY)*=R.

Examples X = {Housewives, Students, Middle aged business people,
060405 0 | Eidery}; Y = {Yoghurt, Cars, Cat Food, Pension Schemes}; and R = “is

03 000 |interested In”, afuzzy relation. We could have a matrix as shown, where the
0.1 09 0.1 0.6 s :
07 0 09 O columns correspond to Y, and the rows to X. For example, position (2,2) is

“how much are studentsinterested in cars?’. R*(X,Y) = “isinteresting for”.

Composition of relations. Consider that we have crisp sets X, Y and Z; and binary
relations P(X,Y) and Q(Y,Z). The composition of P(X,Y) and Q(Y,Z) is a relation R(X,Z) =
P(X,Y)-Q(Y,Z). (Y is absorbed). For crisp P and Q, R(X,Z) = {(x,2) | $ yI Y such that (x,y)I P
and (y,2)| Q}.

Properties of the composition: (1) Not commuitative; (2) Distributive with respect to the
inverse: (P(X,Y)-Q(Y,2))* = QX(Y,2)-P*(X,Y); (3) Associative: P(Q:R) = (P-Q)-R). For fuzzy
relations, the most popular definition is the max-min composition. Let P(X,Y) and Q(Y,Z) be
fuzzy relations. The max-min composition, - is a fuzzy relation R defined as pr(X,2) = max,i v
min{ Le(X,y)Ho(Y2)} -

Example Z = Price; Z = {low,

: : . 10 0 060405 0 [[1 0 O
medium, high}; Q = “expensive’. Now let P 001 09 030 0 0 |l oo1oo
= “well off", P(X,2). P = RQ is “isQ%| 1 ¢ ¢ [P5| 010001061 0 0
interested in expensive”. Looks like a matrix 006 04 07 009 0 Il 00604

multiplication, as shown on the right.



0.6 0.1 04 We caculate P by finding the maximum of each “product”. For position

03 0 0 |(1,1), wehave (0.6, 1.0), (0.4, 0), (0.5, 1) and (0,0). So we take the maximum of

0.1 0.6 0.9 | the minimumsi.e. take 0.6.

09 0 O

Q: Carry out an experiment, and design a membership function for the set “student’s

pocket” on the axis x = money. Explain the experiment and the membership function design. A:
It is best that we use the interval method and ask each member of a group what they believe a
student carries in their pocket. From the interval data, determine the cor e (the intersection of all
intervals) and the support (the union of al intervals) of the fuzzy set.

Define the transition between non membership and membership. You can use a line
segment or can take into account the interval overlap. For example, the function can be
stepwise, such that for all x, pa(xX) = Nv/N, where Ny is the number of intervals containing X,
and N is the total number of intervals (= the number of members of the group).

Q: Design a 10 question questionnaire to formulate a numerical axis for evaluating
lecturers. Define on the new axis membership functions corresponding to “poor”, “mediocre”,
“average’, “good’ and “excellent”. A: All 10 questions should poor mediocre average good excellent
“add” in the same direction, e.g. Q1: “Is the lecturer competent”.

Answers: No: O, Yes, 1. The scaleisfrom 0 to 10. We can aso give
weights, and make the scale, say, from O to 20. 0123456789 1

Q: The binary fuzzy relation R is defined on the sets X ={1,...,100} and Y ={51,...,100},
and represents the relation “ x is much smaller than y” . The relation is defined by the following
membership function: pr(x,y) = 1-%, if x £y, and pr(x,y) = 0 otherwise, where xI X and yi Y.
dom R is a fuzzy set defined by Heom r(X) = 1-*/100, for all x T {1,2,...100}. ran R is a fuzzy set
defined by praw(y) = 1-%, for al y T {51,...,100}. height R = max,max,(1-*/y) = 1-*/100 = 0.99, 0

Rissubnormal. Asdom R |, Risincompletely specified.
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Binary Relations (Crisp and Fuzzy) on a Single Set

In R(X,X), the ways to express R are by a Matrix, by a Saggital Diagrams, or by a
Digraph. An example is shown below, where we have X = {X1,X2,Xs} :

W01 [, O

0.1 05 0 \e§< w
0 06 0| x| 06 X X
0.1 05 0 %

X3 X3

Properties of Binary Relations on a single set. Crisp: Reflexivity: R(X,X) is reflexive
iff (x,x) T Rforalx1 X.If thisdoesn't hold, then Ris called irreflexive. If (x,x) ¢ R, for all x
T X, then Riscalled anti-reflexive. So for [0 10 ‘0g], it is irreflexive [(X1,X1) Yes; (X2,X2) Yes; but
(X3,X3) NOJ. [°11 Yoy %1¢] is anti-reflexive.




2: Symmetricity. R is symmetric iff * (x,y) T R P (y,x) T R. Otherwise, R is called
asymmetric. R is anti-symmetric iff (x,y) T Rand (y,x) T Rimpliesx =y. 3: Transitivity: Ris
trangitive iff (x,y) T Rand (y2) T R P (x,2 T R. Otherwise, R is non-transitive. R is
anti-trangitiveiff (x,y)T Rand(y,2T RP (x,2)1 R.

Example: [Yo; %o %04 is irreflexive, symmetric and transitive. Transitivity
Check: (X1,X3)(X3,X3) P (X1,X3) (YES); (Xa,X1)(X1,X1) P (X3X1) (YeS); (Xa,X1)(X1,X3) F
(X3,X3) (yeS), (Xl;X3)(X3,X1) P (Xl’Xl) (yes) X

To specify arelation R (to characteristic or describeit), (1) Givedom R, ran R; (2) ISR
completely specified or incompletely specified?; (3) Is R a function? — if yes, comment on
injective, surjective, bijective; (4) Reflexivity, (5) Symmetricity; (6) Trandgitivity. Vague
Example: R = “is a friend of” . Thisis Reflexive, Symmetric and Non-transitive. Think about

this.
> 16th November 1999

Fuzzy Relations

Consider that we have R(X,X), with pr(X1,X2) T [0,1], and x3,x2 T X. A fuzzy relation
R(X,X) is reflexive iff pr(x,x) = 1 for al x T X. Otherwise, it isirreflexive. If for al x T X,
Hr(X,X) < 1, then R(X,X) is caled antireflexive. Examples: Reflexive: [Y3 %1]; irreflexive [%
01,3]; antireflexive (irreflexive) [*%.7%%.].

A relation R(X,X) is symmetric iff pa(x,y) = pa(y,x) for al x,y T X. Otherwise, R is
caled asymmetric. If (if pa(x,y) > 0 and pa(y,x) > 0 then x = y), then R is anti symmetric.
Examples. symmetric: [%01 ®%3]. What is [*001 %002 “%006]? A relation R(X,X) is transitive
(max-min transitive) iff ps(X,2) > ™\ x Min{4r(X,y), Hr(Y,2)}; (max-product transitivity) iff
Hr(X,2) > ™1 x (MR(X,Y)-Hr(Y,2)).

Let X be a set of cities, and R “very near”. (1) This is reflexive a B e
(Ur(Sofia, Sofia) = 1). (2) This is symmetric (ur(Sofia, Belgrade) = 0.8 = Ac—B
Ur(Belgrade, Sofia)). (3) Thisis not transitive o we

Refl. Anti Symm. Anti Trans.
Refl. Symm.
Crisp: Equivalence Yes Yes Yes
Crisp: Quazi Equivalence Yes Yes
Crisp: (Tolerance) Compatibility. Fuzzy: Proximity Yes Yes
Partial Ordering Yes Yes Yes

The trangitive closure of a crisp relation R(X,X) is the “smallest” relation xi o

on X.X which contains R. “smalest” = gmalest cardinality. Example: X =
{ X1, X2, Xa,Xa} . ROX,X) = {(X1,X2), (X3,X2), (X2:Xa)}. SO Rr(X,X) = {(X1,X2), (X3, X2,

(Xz,X4), (X1,X4), (X3,X4)} . |RT(X,X)| =b5.

X3




An algorithm to find transitive closure: (1) Calculate R = RE(R-R). (2) If R ¢ R, assign
R =R’, and do step one. Else (3) return R’ as the transitive closure. So for the example on the
previous page, following the algorithm, we get:

0100]0100 0001 0101
|looo1|0001| 0000 looo1|
ReR=\ 01000100 | 0001 [RURR=451491|7R
0000J0000O 0000 0000
0101]0101 0001 0101
| ooo1|l0o001| |0000O looo1]|_ .
Now Ro R = 0101ll010117 10001 .RU(R°R) = 0101 =R. Thisisthe same.
0000Jl0000O 0000 0000

Assignment 2

Q: Let A & B befuzzy setson U. Show by example that the following are possible: (try to
find the “minimal possible’ example, e.g. by keeping the cardinality of the universal set small):
@ A1 Bandu(A)=u(B); () @)t @A), where A’ isthe closest crisp set of A, andA isthe
complement of A; (c) A1 A*, where A* isasharpened version of A.

A: (a) Let U = {u.}. Define A as pa(uy) = 0.2, and define B as ps(u) = 0.8. So A1 B and
n(A) = n(B) holds. (b) Let U = {u:}, and let pa(uy) = 0.5. Here, pa(u) = 1, and py H(ur) = 1.
Also, we have p(u) = 0.5, and pzy(u) = 0. Sothen A') * A)'. (c) Let U = {ui}, and let
Ha(Uy) = 0.6. Define pas(ty) = 0.8 > pa(uy). SOA T A*.

Q: Prove or disprove that (a) the bounded sum A A B isat-conorm; (b) |JAAB|| > ||AEB;
(©) Syi(A,B) = 0iff S(A,B) = 0. A: (8) S(ab) = min{1,atb}. Al: Limit condition: ab 1 [0,1],
hence atb > 0; S(ab) > 0. Also, S(ab) £ 1 is obvious. A2: Commutativity: obvious. A3:
Monotonicity: Let ab,c,dT [0,1], with a> ¢ and b > d. Since a+b > c+d, then min{1,a+b} >
min{ 1,c+d}.

A4: Associativity: Prove that S(S(a,b), c) = S(a, S(b,c)). LHS = min{1, min{1,at+b}+c}.
RHS = min{1, atmin{1,b+c}}. Case 1. atb > 1. Then LHS = 1. Case 1a: b+c > 1. Then RHS =
1. Case 1c: b+c £ 1. Then RHS = min{ 1, at+b+c}. Because atb > 1, then RHS = 1. Case 2. atb
£ 1. Then LHS = min{1,a+b+c}. Case 2a b+c > 1. Then LHS = RHS = 1. Case 2b: b+c £ 1.
Then RHS = min{ 1, a+b+c}. Since Cases 1 & 2 contain all possibilities, we conclude that LHS
= RHS.

(b) Denote & = pa(u), and let by = ps(u). So JAAB|| = Y, Sis” min{ 1, a+b} ; and [|[AEB|| =
.51, max{ a, b}. For each pair of corresponding terms, the two summations1>a and 1 > b,
imply that a> max{a, b}. Now a+b > g and a+b, > b, imply that a+b; > max{a,b}. Therefore,
for all 1,...,n, min{ 1,a+b} > max{a, b}, and ||AAB| > ||IAEB||. (c) Disprove: Example: Let U =
{ug,uz}; pa(ur) = 0.3; pa(uz) = 0; ps(us) = 0; and ps(uz) = 0.6. Now ACB =1; S,(A,B) =0; and
S,(A,B) = 1-Y/,(0.3+0.6) = 1-0.45 = 0.55.



Q: Let A and B be fuzzy sets defined on R by the following membership functions: pa(x) =
1-Y5x-3| if x T [0,6] (and O elsewhere); pe(X) = *Ys if x T [-1,7] (and O elsewhere). Find the
implication AP B in a functional form such as above, using (a) Gougen implication; (b)
Bounded Product.

A: Gougen implication: 1 if a£ b, and *, if a> b. Find th
points x; & X, for which pa(x) > pa(X). So 1-Y5x-3| = **¥s. (1): x 1 a9

[0,3]. Here, 1-Y5(3-X) = “*Yg; 1-1+%/5 = *Yg; 5x = 3; X, = ¥s. (2): x 1T W) o ff -
[3,6]. SO 1-Y5(x-3) = **g: 1-X/5+1 = *Yg: 48-8x = 3x+3; 11X = 45; X, ° (s

= %/,,. The implication is a fuzzy set A P B with membershif — ;

function Hap B(X) = 3X+3/24-8|X-3| for x T (3/5, 45/11), and 1 elsawhere.

(b) Bounded product: max{ 0, atb-1}. To find the region(s) where the bounded product is
greater than zero, solve at+b-1 > 0. In our case, 1-Y/3x-3[+*Ys-1 > 0. (1): x < 3. We have
g > 0; -24+8x+3x+3 > 0; 11x > 21; x > Yy, (2): x > 3. We have -*3/:+*Yg > 0;
-8x+24+3x+3 > 0, -bx > -27, X < 27/5. Therdore, HapB = _|x—3|/3+x+1/8 for XT (21/11, 27/5), and O
elsawhere.

» 18th November 1999

Transitive Closure of Fuzzy Relations

R’ (the transitive closure) is obtained by the same algorithm as for crisp R. (1) RE(R-R)
= R, then R is transitive (and is its own transitive closure). (2) R’ = RE (R-R); continue with step
(1). Example: R = [ 0,506 %.20 ®30.19]. This is anti-reflexive, asymmetric, and not transitive. This
Is how we do the transitive part:

R-R =[%0506 %20 %30.10]-[%0.506 %0.20 *30.10] = [*%0.20 .20 %.3035] (Min-max composition).
RE (R-R) = [*%0.506 %.20 ®%0.305) = R’. Thisis not transitive, but we can find the transitive closure:
R-R’ = [*%0.506 %.20 %%0.30.3] [>20.506 %0.20 ®%0.303] = [*%0.303 %0.20 ®%0.303]. Now R'E (R’-R’) = [*%0.506
%.20 *%0.305] = R’. S0 R’ isthe transitive closure of R.

Uncertainty and Information

Uncertainty has many definitions in the dictionary, but we are interested in Vagueness
and Ambiquity. In the diagrams, Vagueness could be “X i< Vagueness Ambiguity
sexy” (nonspecificity). Ambiguity could be that a witness says

“l saw somebody, but I'm not sure if it was a man or &
woman” (dissonance). /’

Two classical measures of uncertainty: Hartley, 1928, X-wbichone?

based on set theory; Shannon, 1948, based on probability theory.

Let X = {X1,X2,..,.Xn} be a set of symbols. A message of length S is a sequence of S
symbols from X. The number of all possible messages of length sis n®. Let I(n°) be the amount
of information associated with S selections from X, where [X| = n. Now I(n®) = k(N).S. [ X4, |X4]
= ny; Xz, [X2| = np]. When the number of sequences of length S, from X, and length S; from X,
are such that n,;* = n,*, the two sets should have the same information.



Now k(m)S; = k(ny).S;; SIS = k(n)/k(nz); Silogsns = Sloguny; S/S; = logsni/logey;
k(n.)/k(nz) = logsna/logsnz; k(n) = kologsn (Where ko is a constant). ko= 1 and b = 2: BIT.
» 23rd November 1999
Recall that I(n®) = keSlog,n. With ko = 1 and b = 2, we get 1(n°) = S.logn; I1(N) = log:N,
“hit”. (I(N) is the total number of messages). 1 bit of information is the information in N = 2
messages.

Hartley information can be characterised by the following axioms. (1) Additivity: Let M &
N beintegers (M, N T N). Then [(N,M) = [(N)+I(M). (2) Monotonicity: I(N) £ [(N+1) for al N
T N. (3) Normalisation: 1(2) = 1. Theorem: The function I(N) = logN is the only function which
satisfies axioms 1-3.

Example: Let X and Y be sets of messages. As you can see from the table below, not all
combinations are possible.

X\Y Out of politics | Gave Birthto Triplets | Awarded an Oscar | Brokew/a g/friend
William No No No Maybe
Dawn French No Maybe Maybe No

Lord Archer Maybe No No Maybe

3 Types of Hartley Information

(1) Simple information: 1(X) = logz[X| (I(JX])); 1(Y) = log:|Y|. (2) Joint information: A
relation over XxY specifies the connection between the two sets of messages. Example: R = [%;
%9 %15 '01]. Here, |R] = 5; and I(X,Y) = log,|R]. (3) Conditional information: I(X|Y) = log,®/\y, =
log|RIFlogy|Y |; and (Y [X) = log®/ix; = logz|R| - 1ogy|X|.

R/, is the average number of elements of X that can be selected under the condition that
another element of Y has already been selected. Yy, in the example is */, = 1.25. Notice aso that
I(X]Y) =l0gy|R[Hlog|Y | = 10X,Y)-I(Y); and I(Y [X) = I(X,Y)-1(X).

Definition: The information transmission: T(X,Y) = I(X)+I(Y)-1(X,Y). Definition: X & Y
are called non-interactive if the selection of elements of X does not depend on Y (and
vice-versa). (All combinations are possible). Let R = XxY. For non-interactive X & Y, T(X,Y)
= 1(X)H(Y)-1(X,Y) = log|X |+ og:|Y |-l0g:|R| = log.[X|+log,|Y [-Hlog:|X Y| = 0.

For other X & Y, T(X,Y) > 0. For non-interactive X & Y, T(X|Y) = I(X,Y)-I(Y) =
L(X)+I(Y)-1(Y) = [(X); and I(Y]X) = I(Y). Consider the example in the table below. There, 1(X)
=log5 =2.4; 1(Y) =10g:3 = 1.6; I(X,Y) =10g:8 = 3; I(X]Y) = 1(X,Y)-I(Y) =3-1.6 = 1.4; I(Y|X)
=3-24=0.6; T(X,Y) =24+1.6-3=1; and T(X,Y)max = |(X+I(Y). (JR| =1 s0 log.1 = 0).

XY Appendicitis Heart Disease Pneumonia
Fever (39°) 0 0 1
Sub febrile (37.1°) 1 0 1
Severe Pain 1 1 0
Cough 0 0 1
Smoking 0 1 1




Hartley information comes from set theory. (X) high means many choices - vagueness /
non specificity.

Tutorial

Q: (a) Can areflexive relation be antitransitive? Why? (Remember that antitransitivity is
defined for Crisp relations only). (b) Can an irreflexive but not antireflexive relation be
antitransitive? Why? (c) Prove that for any transitive relation R (crisp or fuzzy), RR I R. A:
(@ For all x T X, (xx) T R (reflexive). Further, (xy) T Rand (y2) T RP (X2 1 R
(antitransitive). Now form (x,x) T R, and (x,x) T R, P (x,x) I R. Contradiction! So a reflexive
R cannot be antitransitive.

(b) If R is not antitransitive, then thereisan x T X such that (x,x) T R. Then the above
argument applies; and R cannot be antitransitive. (c) The transitive closure agorithm implies that
REQ = R, where R-R = Q (define it). So max{ ur(X,y), Ho(X,¥)} = Hr(x,y) for dl x,y T X. So
Ho(X,Y) I Hr(XY). Therefore, Q=R-RI R.

Q: Let X = {xy, Xz, X3}, and let R be a fuzzy relation on X, defined by R = [*0.297 ®%0.19.
%4004). (A) Find and characterise the 0.4 cut (Ro4) of R. (b) Find R*Ry4. (¢) Find a value of a
such that R, is a mapping (which could be incompletely specified). What are the values of min a
andinf a?

A: (a) the 0.4 cut matrix is [0, %0 *00]. Therefore, dom Ro4 = {X1, X3}, and ran Ro4 = {Xu,
Xs}. It is a mapping; not completely specified; injective; not surjective; not bijective; anti
reflexive; symmetric; and (by algorithm) non-transitive. (b) Use the transpose. (c) a isin the
range (0.3, 1]. It isa mapping with e.g. a = 0.4. It has no minimum (it does not exist), but the inf

is0.3.
» 25th November 1999

Shannon Entropy

Definition: H(p(x) | xI X) = -Sx x p(X).logzp(x). (p(x) is the probability mass function). If
x 1 X and p(x) = 0.99, thereis no surprise if X occurs. If p(x) = 0.01, there is a big surprise if X
occurs. Define g ® “surprise” when X occurs. “surprise” = information; g 9(x)
[0,1]® [0,¥). Notes: (1) g is monotone decreasing; (2) g is additive w.r.t. the
joint observations of independent events. g(p(A,B)) = g(p(A).p(B)) = (because .

A and B are independent) = g(p(A))+9(p(B)). | 1P

Cauchy equation: the solution is g(t) = kloget (k and b are constants). Now g(t) is
monotone decreasing while logst is monotone increasing. Therefore, k should be negative. Pick
k=-1andb = 2, sothat g(t) = -log:t. Now g(p(x)) is the information if this x occurs. Let X =
{X1,....%a}, Withx;T X. What is the expected information of X?

H highest
The expected information of X is defined as S.i x p(xi)a(p(x)) = Sxi: T = informatior

pOX)(-l0gz P(X)) = -Saix P(X)logep(x). Example: X = {xiz}; pix) =& ple /|

=1-a ol 05 1




Properties: 0 £ H(p(x) | xI X). Exploration: If p(x) = 1 for some x, then 1log,1 = 0. If
p(x) = O, then we have 0.10g:0 = ? Now "m0 P(Xi)I0G2P(Xi) =m0 108p(xi)/(1/p(x))) = (by
I’Hospital) = "pue o(L/P)IN2)/(-1/p(Xi)2) = "™pxyeo -pP(Xi)/IN2 = 0. Maximal value: p(x) = Y/,
(equiprobable events). H(p(x) | xI X) = -Suix YlogY/n = -log/y (sum over n terms). X is
discrete and finite.

Boltzmann Entropy ncertainy
£ N
Definition: B(q(x) | x T [ab]) = 1% q(x)log.q(x)dx s ampiguity
Notes: q(x) is the probability density function; Boltzmann _ fuzzy sats (crisp sets) (probability)

. . degree of fuzzinessu Hatley  Shannon
entropy is not an extension of Shannon entropy.

Fuzzy Systems

. — We have Inputs X,...,Xn,, and Outputs yi,...,ym. If we haven>1
> | Ydem - and m > 1, then we have Multi-Input-Multi-Output (MIMO). If we

- — ) :
INPUTS outrute have n > 1 and m = 1, then we have Multi-Input-Single-Output
(MISO). If we have n = 1 and m = 1, then we have

Single-Input-Single-Output (SISO).

» 30th November 1999

Example: Weather Forecast. Consider that we have X, Black Box

X, and x; for “today” parameters; X4, Xs, Xs and x; for “las } "
week”, and Xs,...,Xzo for “the weather over Europe from the lasl Xl%z System — >

week”. Now xi I R, X = [Xy,..x)]T T R" Further, y; = *—> ——w

tomorrow's min. temp., y» = tomorrow's max temp., ys = ..., ¥ =
[Vi,...ym]TT R™ And D, the system, is defined as D: R"® R™.

For dl x T R", the mapping D assigns to x an output vector y T R™. Fuzzy systems are
usually based on IF-THEN rules. The “if” part connects the inputs; (the premise or the
antecedent part); while the “then” part connects the outputs (the consequent part). Example: If
X1 islow, and X, is high, THEN y; islow, and y,islow. (x; = temperature; X, = speed of wind; y;
= maximum temperature; and y, = minimum temperature tomorrow).

Approximate Reasoning. If x; is low and x. Aud Az Ais o A b med high v. high
is high. (“if”: (clause 1, Hion(X2), Hiow(12) = 0.4); W '
“and”: (Clal.lse 2, |J.high(X2), I-J-high(6o) = 05)) This is ‘

60

conjunction. Define t(x) = Min{po(x), Pg(x2)} (I | © 22 xR uo R
isthefiring strength of the rule). Here, t(x) = 0.4, where x =[12, 60]". The consequent can be of
two types: (1) Linguistic; (2) Functional: y = f(x).

Put m = 1, and consider MISO and SISO. R If X1 iS Ay and .... and X, IS Anjikn),
THEN vy is Boy (linguistic). A and B are fuzzy sets corresponding tc

linguistic terms. Notation: In Aji«j, J 1S the number of the input; i isthi low med high
indicator function; and k is the number of the rule. Let, for our example B+ Bz B
the rule be Rs: If X; is A1y and Xz is Azis2), then y is Bys (the indicato y.R

function for the output).



Mandani-Assilian

(1) Set up the inputs, output and the rule base (Xi,....Xn; ¥; Ry,...,RL). (2) Specify x =
[X1,...,.Xn]", the concrete input. (3) Find (from the membership functions)ua, ., (x). for al j =
1,..,nand k = 1,...,L. (4) Caculate the firing strength of each rule, with the following formula:
t(X) = MIN{eay gy (X, ol Anen (0} (K = 1,...,L). (5) Implement the implication. Y is the fuzzy
output of the rule Ry. It isafuzzy set defined on R. (Corresponding to the output y).

We "cut" the consequent set By with the firing strengtt
tu(x). Therefore, pyvy) = min{te(X), Heo(y)}, where ti(x) is ¢ BB BB
number in the interval [0,1]. Thus, we find Y,...,Y_ (the outpu bk
fuzzy sets). (6) Aggregate the output — use fuzzy sets Yy,...,Y, ta VAP W y.F
obtain the resultant fuzzy set Y.
Hray) Hra(y)
To aggr egate the output

(as shown on the | eft),

_J L ¥R I~ 'R use Hy(y) = max{ p:(y),-...Hv(Y)} -

(max = digunction).

uv2(y) v (y) resultant fuzzy set

y.R f/_\_‘x y.R

(7) Defuzzify Y. Use the MOM Method (The Mean of Maxima s s
method, shown above); or the COG defuzzification. (Centre of gravity: 2DV 2V

y1 {Vi...Vs ® universa set of output values. (Note: the output of ¥ = s =T W
the systemisy 1 R)). 3, 1)

Example. (Inputs) X1, Xz, y. (Outputs) A1 — low, A1, — medium, A3 — high; Az —
smal, A,, — large; B, — good, B, — bad. (Rule Base) Ri: If x; is medium and Xx; is large then
y isgood; Rx: If x; ishigh and x; issmall theny is bad.

X1 X2 y
Ry —{ / |good b Aggregate:
g Y1 Y |
X1 ‘ X2 JT/
R2 / / 1\ \ y
| | \

X1 X2



Assignment 3

Q. Let A & B be fuzzy sets on R, with pa(u) = exp{-Y/(*¥s)3, and ps(u) =
exp{-*2(*"/s)?}. Knowing that core(A) = {1}; height(t(A,B)) = 0.88; (where t is the product
t-norm); and Wi g (0) = 0.37, (where i(A,B) is the Gougen implication), find (a) a, b and s; (b)
C(A,B), where C is the consistency index; and (C) paxe(8), where ANB is the symmetric
difference based on Hamming distance.

A: (@ From core(A) = {1}, a = 1. From height(t(A,B)) = 0.88, Myag(u) =
exp{ -H2("Ys)2-Y(*+01)2) = (simplifying) = exp{ -Ys:(u-*"/5)2+(**/,)?). Since this is positive for any
u, the maximal vaue of Yapg is found for the minimal value of the thing in the exp{}. The
minimal vaue of the contents of exp{} is therefore reached for u = **/,. From this, we get the
formulab = 1+2s GIn(0.88).

Consider Wiag)(0) = 0.37. In our problem, pg(0)/ua(0) = 0.37 from the definition of the
implication. Therefore, exp{-Y(("/s)>-(-*s)?) = 0.37; -Y.Y(b?-1) = In0.37; ..; b =
((1-2s2n0.37). To find b and s, solve the two equations simultaneously to give s » 0.9682 and
b » 1.6923.

(b) Consider height t(A,B), with t = min. (C(A,B) = height(ACB))
Now X isthe point of intersection, so equate pa(u) and ps(u) to give x = 1.34. m
Therefore, C(A,B) = exp{-Y/2(**"/os6s2)? » 0.94. (C) Hae(1) = [Ha(D)-pe(D)| = ]
|€Xp{ 0} exp{ 1/2(116923/09682)2}| 1-0.07744 = 0.2256. a x b

Q: Let Ay,...,A, be fuzzy sets on U. Let us denote the pessimistic aggregation obtained by
the minimum operation as Amin; and the optimistic aggregation obtained by the maximum as
Anmex. If Aowa is obtained by an OWA aggregation operator, prove that Amin I Aowa | Amex.

A: Let ul U be some element of U; and let pa(u) = &. Then, for u, we have pam(U) =
min{ a,...,an} ; Ham(U;) = max{ay,...,a}; and Aowa(U;) = S"=1 big;). (Note: thisisfor bi>0and i =
1,...,n, where S"; b= 1, and g(yy,...,a(n are the eements &,...,a,, sorted in descending order).

Let anin = Han(W) = Min{ ay,...,a}; and let anx = Ham(l) = Max{ay,...,a}. " sSet of OWA
coefficients by,...,b,, we have S"-; biag £ S"=1 Dan = @na. Therefore, Paowa(U;) £ Haw(U;) for al
Uji U. Smilarly, Sty bia(i)z S biavin = ain. Therefore, I.J.Amin(Uj) £ IJ-AOWA(uj).

Q: For which values of x isthe following fuzzy binary relation transitive: [%1 %*%s]. A: For
trangitivity to hold, we must have R = RE(RR). Now RR = [%01 %%g][%01 %%s6] =
[Madx0Y o eminicony0q  TREMnx02.02 1 Consider max{min{x,a},a}, for al [0,1]. If x < a, the
resultisa. If X > a, theresult isagain a.

Therefore, R:R = [M(x04, 02, ]: RE (R:R) = [M{xmadx01}, 1 02, 1 So max{x,max{x,0.1}}
= max{Xx, 0.1}. For trangitivity to hold, we must have max{ x, 0.1} = x, i.e. x must satisfy x > 0.1.



Q: For each of the following binary relations on a single set, state whether the relation is
reflexive, irreflexive or antireflexive; symmetric, asymmetric or antisymmetric, and transitive,
nontransitive or antitrangitive. (i) "is a sibling of", (ii) "is a parent of", (iii) "is smaller than",
(iv) "is the same height as’, (v) "is as least as tall as', (vi) "looks like" (is similar but not
necessarily identical to).

R IR AR S AS | AnS T NT AT
iIsasibling of v v v
isaparent of v v v
issmaller than v v v
is the same height as v v v
isasleast astall as v v v
looks like (is similar but...) v v v

> 2nd December 1999

(MA linguistic fuzzy systems;, TSK(TS) Takagi-Sugeno-Kang functional fuzzy systems).

Re: If X1 is Al,i(k,l) and ... and X, IS An,i(k,n), THEN Yk = fk(X) USUa”y, Yk = b0k+b1kX1+...+bnan,
whereby T R andj =0,...,n (the coefficients).

(1) Build the system: Nominate Xi,...,Xn; Construct the rule base Ry,...,R.; Pick fy,...,f; and
design the membership functions for the inputs. (2) For x T R", find all payw(X) forj = 1,...,n
and k = 1,...,L. (3) Cdculate the firing strengths t«(xX) = min { Havey(X1),-,Hanen(Xn)} . (Min =
conjunction) (4) Calculate the outputs yx = fu(x) for k = 1,...,L. (5) Fuse the outputs using the

formulay = M

k=1 Tk(X) . S B
Example: x = [x1 X2]"; Ra: If Xq issmall and x; i 7“ X %
big, then y; = 3xy; Ry: if X, is medium and x, is small R~ )
then y, = 5x;-X.. From the diagrams, we see that t,(x) = < o
0.7, y1 =3x4 =12, ty(x) =04, andy, =5x4 - 11 =9. 09— ~ |
SO X= [4 11]T’ and y = 0'7)(12+O'4X9/0.7+0.4 = 109 R | \\ X2
X2=11

The Equivalence Between the MA Model and the TSK Model

? Assume that S/MH s | B 1
07 for x I R" (input) o~ % 07 g 0.7
04 al y» to yo ae , | / X1 4 X2 Yiy
‘ different, so that y; 1 12
| 9 12 R AP
y;forit j, withi,j | S B |
{1,...L}. (1) y« define singletons on R. ~ Oi
(2) Aoggregate the Yi,...Y. by the R X2 Yooy
maximum method. (3) Defuzzfy: y = %= 11 9

9><O.4+12><0.7/0 4407



> 9th December 1999

Revision

(1) Fuzzy sets, notions & notations. Elementary propositional logic. Membership functions.
Measures of fuzziness.

(2)  Operations on fuzzy sets. Inclusion, Similarities, 2 place operations (Set operations, E, C,
t-norms, t-conorms). n-place operations (aggregation, OWA). Implications.

(3) Fuzzy relations. Definitions, representation (matrices, graphs, sets). Relations on 2 sets
and on 1 set. Mappings & properties. (injective, surjective, bijective). Characterisation
of a relation. Properties of a binary relation on one set: reflexivity, symmetricity,
trangitivity.

(4 Uncertainty & Information. Hartley information, conditional information, information
transmission. Shannon entropy.

(50 Fuzzy IF-THEN systems. Algorithms of operation. Equivalence between the two models.

Questions. If A isafuzzy set defined over the Cartesian product of X ={1,2,3} and Y =
{ab}, then U = {(1,9), (1,b), (2,8, ..., (3,0)}. Given another set, we could then calculate S; =
1-JANBJ|. With OWA operations, consider that we apply OWA to 3 sets A, B & C, with
coefficients (0.7, 0.3, 0). Thenfor Al 3 p Bl a b Ccla b OWA a b

every postion, order the numbers, 11 0109 1 0 03 1 03 0.1 1/ 024072
and then multiply by theo 1 03 20906 2 0 0 2
coefficients. In the table shown, 31 02 06 3/ 0401 3/ 1 03 3

0.24 = (0.3)(0.7)+(0.1)(0.3)+(0)(0);
and 0.72 = (0.9)(0.7)+(0.3)(0.3)+(0.1)(0).
» 14th December 1999

Revision — Fuzzy Relations

Let X = {ab}, and let R(X,X,X) be a relation, (a subset on the Cartesian product
XxXxX), with U = XxXxX, and |[U| = 8. Thisis aternary relation, for example R = {(aab),
(aba), (bbb)}. Crisp (R): 0 or 1; Fuzzy (R): Anything between 0 and 1. Binary Relations:
R(X,Y) can be represented by a matrix, a set, or a saggital diagram.

Example: (Crisp): X ={ab}; Y ={A,B,C}; and R ={(a,B), (b,A), (b,B)}. Here, dom R =
X;ran R ={A,B}; and R is not a mapping, but is completely specified. Fuzzy example: R = [*3%
%s %], with R = {((aA), 0.3), ((&C), 1), ((b,B), 0.6)}. Here, dom R = {(a,1), (b,0.6)}; R is not
completely specified; ran R = {(A,0.3), (B,0.6), (C,1)}; and R is not a mapping.

Relations on a single set X can aso be shown with digraphs, eg. X ={ab} with R =
{((a,a),0.6), ((b,d,0.7)}. Three properties. Reflexivity, Symmetricity, Transitivity. Note: with
antisymmetricity, on each pair of off-diagonal terms, if one is non zero, then the other must be
zero. For example, the following is reflexive & antisymmetric: [*0.30 %104 *04].

Fact: Something is not bijective if [X| 1 |Y|. Q: If R is abinary bijective mapping, prove
that X and Y are aways interactive, i.e. prove that [(X,Y) 1 I(X) + I(Y). A: Weneed |[X| = |Y|=
N, and |R| = N. Therefore, the above holds.



Assignment 4

Q: What is the meaning of “ completely specified”, “ injective’, “ bijective’ , “ surjective”
and “mapping” ? Give an example where R is a completely specified, surjective, but non
bijective mapping. Give an example where R isnot a mapping, but is completely specified. A: A
relation is completely specified if dom R = X; it isinjective if the mapping is one-to-one only; it
is bijective if al of Y is covered; it is surjective if it is completely specified, injective and
bijective; and it is not amapping if it is one-to-many.

Example 1. Let X = {x3,Xx2}, and let Y = {yi}. Therefore Bxamplel
XXY = {(y1,X1), (X2,y1)}. Let us define a relation by R(X,Y) = X Y s
{(X1,y1), (X1,y1)}. The relation is completely specified because yi x(ﬂ
domR = X; surjective because al of Y is covered; but not bijective oL
because it is a many-to-one mapping. Example 2: Let X = {X}
and let Y ={y1,y2}. Let us define ardation by R(X,Y) = {(X1,y1), . y
(X1,y2)}. The relation is completely specified because domR = X; Ay
but it is not a mapping because x; has linkstoy; & y,, i.e. itis« Xliyl
one-to-many relation. y:

X2 saggital diagram / matrix

Example 2

saggita diagram / matrix

Q: Prove that the Shannon Entropy H for U = {uy,u}, where p(u,) = aand p(uy) = 1-a, has
amaximum for a= 0.5. Find this maximum. A: The Shannon entropy is defined as H(p(u) |u 1
U) = -Siu p(u).logzp(u) = -p(ua).logzp(un)+p(uz).logap(uz)) = -(alogx(a)+(1-a)logy(1-a)) =
-al0g2(a)-10g,(1-a)+a0g.(1-a). To find the maximum points, find the stationary points for H(p(u)
| ul U).

Let y = H(p(u) | ul U), so that y = -alog(a)-logy(1-a)+alogy(1-a). Therefore, ¥y =
-logx(a)-1+Y1.4+l0gx(1-3)-¥1... We find that this has a stationary point at a =%, and we test ®/q.
to find that this is a maximum. Now plug a =/, back into y to find out that this maximum value
Islogz(2) = 1.

Q: Find a relation between two sets of messages X & Y such that the information
transmissionis T(X,Y) = 3; X & Y are of the same cardinality; and the relation is not a mapping.
A: TCOXY) = 10X)+I(Y)-I(X,Y) = log|X[+log,|Y|-log|R|. Because X & Y are of the same
cardinality, we must have |(X) = I(Y), and therefore we have 2log,|X| - 10g,|R| = log(*f/jr). Now
we want T(X,Y) = 3, so 3 = logx(*f/r); 23 = ¥F/g, 8R| = |X[]2. We need to choose integers X and
R satisfying the above. Choose |R| = 2, so |X]| = 4. Choosing an example that is not a mapping,
we can have the following: X = {X1,X2,X3,Xa}; Y = {Y1,Y2,¥a.Y4}; and R = {(X1,y1), (X1,Y2)}.

Q: A MISO fuzzy system is defined by the following rules. R;:
amall medium large If X, iIssmall and x; is small, then y = 3x;-X,+5. Rz If X3 is medium
and x; is large, then y = x»-5. x; & X, vary in [0,10], and
membership functions for small, medium and large are as shown
on the left. Express the membership functions in functional form,
and calculate the output of the system for x = [5,8].

X1, X2




A: Denote the peaks of the triangles as having height a, where al [0,1]. Here are the
membership functions in functional form: penai(X2) = a(¥sx) for x:T [0,3]; Hemai(X1) = a(-Ysx+2)
for x;T [3,6]; and penai(X2) = 0 for x; T [6,10]. NOW Mregium(X2) = O for xa T [0,2]; Hmedium(X2) =
a(Hox-213) for X1 [2,5]; Mmegium(Xs) = a(-Yax+%/3) for X1 [5,8]; and pmeium(X2) = O for x. T [9,10].
Finally, Wage(X1) = O for x.1 [0,4]; Miarge(X1) = a(*/sx-*/3) for x11 [4,7]; and Miarge(X1) = a(-Y/ax+/5)
for x,1 [7,10]. The membership functions are the same for X..

We now have a TSK functional fuzzy system. Let us calculate the output of the system
for x = [5,8]. To start with, let us calculate the firing strength for each rule. Now ti(x) =
Mi N Psma(X1), Hsmat(X2)}, 90 t1(5,8) = min{ tsmai(5), Hsmai(8)} = min{a(-*/5+2), 0} = 0. And t,(X) =
MiN{ Pmegium(X1), Hiage(X2)}, SO t2(5,8) = MiN{ Pmesium(5), Miarge(8)} = min{ a(’/s-%/s), a(-*fs+%)} =
min{a(1), a(*s) = */a.

Let us now calculate the outputs yx = fu(x) for k = 1,...,.L. To start with, y; = 3x;-Xx+5 =
3(5)-8+5 = 12. Secondly, y, = X»-5 = 8-5 = 3. To get the output for x = [5,8], let us fuse the
above outputs, giving y = @330 oz = 2 aaz = 28(32) = 3.

Q: Consider an MA model with antecedents as above and consequences. R;: .... theny is
medium; Ry: ... then y is small. Assuming that y varies in [0,10], and that the membership
functions are defined as in the previous question, calculate the output for x = [5,5] with MOM
(mean of maxima) defuzzfication.

A: Using the Mandani-Assilian method, we will now calculate the output for x = [5,5].
To start with, let us calculate the firing strength for each rule. To start with, t1(X) = min{ psmai(X1),
Hsmal (X2)}, S0 t1(5,5) = Min{Ysva(5), Hsma(5)} = min{a(-*5+2), a(-*/s+2)} = a(-*/5+2) = Ts.
Secondly, t2(x) = Min{ Mmedium(X1), Hiarge(X2)}, SO t2(5,5) = Min{ Pmecium(5), Miarge(5)} = min{ a(*/=-73),
a(®ls-*15)} = a(®/s-*13) = 3. We shall now implement the implication, where Y is the fuzzy output
of rule Rw.

Here, tyi(y) = Min{ta(x), tneaun(y)}. FOr X = [5,5], we have & /i
Hya(y) = min{ti(5,5), Hmedum(y)} = Min{%s, Hmedum(y)}. SO we “cut” = '/ \E Xi Xe
the consequent set “medium” with #; (as shown in picture 1). Now o 2 2 6 8 1
IJ'YZ(y) = min{tZ(ﬁ)i I-lsmall(y)}- For x = [5’5]’ we have UYZ(y) = amall medium large PICTURE 2
min{t,(5,5), Hmai(y)} = min{¥s, Hea(y)}. So we “cut” the °
consequent set “small” with %3 (as shown in picture 2). a3 N Xi,%e
0 2 4 6 8 10

/{ To finish, we aggregate the fuzzy sets Y, and Y, to obtain the
. resultant fuzzy set Y: py(y) = max{v.(y), Kv(Yy)} (as shown on the left).
i To defuzzify Y, we shall use the MOM method: a maxima strip occurs in

° 2 f. 0 8 7 soy* occursat 7, = 4.




Exam Paper: January 2000

SECTION 1 (Compulsory)

@D @

Define t-norm between two fuzzy sets giving a set of axioms. Give the name and a
mathematical expression for each axiom. [5 marks]

(b) Let A beafuzzy set on some universal set U. Let A’ bethe closest crisp set of A, A
be the complement of A, A* be a sharpened version of A, and A, be the a-cut of A.
There are exactly four correct statements in the below table. Find and rewrite them

(one mark each). (Make sure you write down only four.) [4 marks]
Al A* core(A) I Ags Al Ago
AT Ao Al A Al A
Ao.5|’ Ao> A* i Aoo COfE(A)] Ao
(c) Thetable below shows three fuzzy sets, A, B and C on the same universal set U.
U® Uy Uy Us Us Us
Ha 0.1 0.4 0.9 0.3 0.2
Us 0.1 0.6 0.1 0.0 0.7
Hc 0.1 0.0 0.0 0.2 0.4
(i)  Aggregate the three fuzzy sets using OWA (ordered weighted averaging)
coefficients [0, ¥, V). [2 marks]
(i)  Find |core(AEB)| and height(AEA ). [1 mark]
(iif) Caculate the fuzziness n(A) of A. [1 mark]
(iv) Cdculate the similarity between A and B using a measure of similarity of
your choice. [2 marks]
(d () Draw membership functions for the linguistic labels “small” and “large”’ for
x, 1 [5, 50]. Draw membership functions for the linguistic labels “early” and
“approximately on time” on atimescaex, 1 [-10, 10]. [2 marks]
(i)  Formulate al possible if-then rules for the two variables and calculate their

firing strengths for input [20, -4]" (you can estimate approximately the degree
of membership from your graph). [3 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

Prove that the Hamacher product T(a, b) = =22 isat-norm.

[15 marks]



3)

(4)

Let R(X, X) be arelation on the (crisp) set X ={X, ..., Xa} expressed as the matrix

(@

(b)
(©)
(d)

0.1 06 04 01
R= 09 0.6 0.1 0.3
~1100.00.004

00010508

Find an a such that the a-cut of R has the maximal possible cardinality and is a
mapping (could be incompletely specified). Characterise the mapping obtained.

[3 marks]
Characterise the relation Ry (the 0.6-cut of R). [3 marks]

Prove that antitrangitivity involves antireflexivity (for any relation).  [5 marks]

Calculate the max-min composition Roze R*, where R* isthe inverse of relation R.
[4 marks]

Let X and Y be sets of messages.

(@

(b)

(©

(d)

Let R(X, Y) be a crisp binary relation which defines a completely specified
bijective mapping f: X® Y. Knowing that the cardinality of X is N, find the
information transmission T(X, Y). [3 marks]

Give an example of a crisp relation R(X, Y) that defines a completely specified
injective mapping f: X® Y with joint information value I(X, Y) =2. [4 marksg]

Let [X| =N and |Y| = M. What are the minimal and the maximal possible values of
the joint information (X, Y) if R defines a completely specified surjective mapping
f. X®Y? [4 marks]

Let x be arandom variable taking valuesinthe set X ={-1, 0, 1, 2, 3, 4}. Knowing
that the expected value (the mean) of x is 3, suggest a probability mass function
with minimal value of the Shannon entropy (no proof is required). [4 marks]



5) (@ Assume you have a MISO MA-type fuzzy system. The membership functions
partitioning the input feature axes as given in the figure below.

small medinm large

e —

small large

small

small medium large

(i)  Calculate the firing strength of the rule:
IF X1 is medium AND x; is large AND X3 is small THEN vy is medium for
input [4, 2, 1]" and product as the AND operation. [4 marks]
(i)  Draw the output fuzzy set for this rule using minimum as the implication.
[3 marks]



(b)  The firing strength of the 4 rules of a SISO TSK fuzzy system for input x = 6 are
respectively 0.4, 0.7, 0.1 and 0.2. The consequent parts are as follows:

Ri: ... THEN y = 3x
Rz ... THEN y = 2x-1
Rs: ... THENy = x+1
R4 ... THEN y = 3x
(i)  Find the output of the system. [3 marks]

(i)  Assume that the consequents are normal singletons at the respective values of
y, and the system is an MA model. Find the output fuzzy set of the system
and calculate the output by the Mean Of Maximums (MOM) defuzzification
method. [5 marks]

(Questions done: 1, 2, 5)




