31st January 2000

Introductory Lecture

Regression (quantitative from quantitative), Analysis of Variance (quantitative from
qualitative), and the General Linear Model (quantitative from quantitative and qualitative) are
Normal. Note that the Generalised Linear Model (not covered) is NOT normal.

Example: A drug company develops a drug to lower heart rate (H.R.). Measure the H.R.,
give the drug, and measure again, giving the change, (B-A). We do not have the same response
for everybody, and the change for person i is not C units (b.p.m.) — it is C units = variability.
Variability is normally distributed.

Consider C - C;, where C; depends on the gender/age/initial H.R. The change in person i
IsCi + error;, e.g. yi = W+e. Populations/Samples; Variables (quantitative)/Factors (qualitative);
Observational/Experimental; Linear/Non Linear. Regression: y = a+bx+l (a and b ae
parameters): a unit change in parameter leads to the same change in y for al x. y = aexp(bx)+1

(additive error): the change in y depends on x.
1st February 2000

Random Variables (r.v.’s)

Typically, we know the range of a measurement, but not an exact value for an individual,
e.g. we know that Heart Rate > 0 but < 500. Use a lower case y for an individual measurement,
e.g. Yi,...,.Yn. Discrete: Finite and Countably infinite. Continuous: any real number in the range.
Probability Distributions. Example: acoincanbeH or T, soycanbeH or T. Pr(Y =y) =% (H)
or ¥z (T). f(y) = Pr(Y =y) isthe p.d.f. (probability density function). f(y) > 0 and Sf(y) = 1 (or &
f(y)dy = 1). The purpose of applied statsis to get information about a population from a sample.

Distributions. The expected value of ar.v. iSE(Y) = S;yipi = . (¢/f(y)dy). In the table,
E(Y) =% Transform Y to g(Y), then E(g(Y)) = Si g(y:)p.. g(Y) could be Y" (ther"[ v, [ 0 [ 1
moment), or (Y-H)" (the ' moment about the mean). Now E((Y-H)?) = Si(y-W%p;i =[P | % | %
s2 (= qy-W2(y)dy), the variance, V(Y). Standard deviation = Q(variance). Properties: E(a+cY)
= at+cE(Y); V(atcY) = caV/(Y) (a and c are constants); E(SaYi) = SaE(Y;); and V(SaY;) =
Sa2V(Y)). E(Y) is the expected vaue of sample means, while V(Y ) is the variance of the
sample means. Y = (SY))/n. (a = /).

Normal Distribution

f(y) = —= expf- 152} (= N(u,s2)). Here, E(Y) = pand V(Y) = s2 For the standardised
normal, where Z = ¥/, we havef(z) = %e'%zz (=N(0,1) — mean O and s.d. 1).
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3 Methods of estimation: Moments, Least Squares, Maximum Likelihood. We want to
estimate the population mean. Obvious estimate: sample mean ((Syi)/n). Equate the sample mean
to E(Y), and equate (Sy?)/n to E(Y?). In adistribution with 1 parameter, we need 1 equation. 2
parameters — need 2 equations. E(Y) & E(Y?) are functions of parameters.




Maximum Likelihood

Take arandom sample from a distribution f(Y,q). 1st observation: f(Y1,q) ® f(y1,q). For
Y2, f(Y2,9) ® f(y2,q), and so on, until vy f(Yn,g) ® f(ynq). Here, f(y: y2..yn, Q) =
f(y1,9).f(y2,0)...f(yn,0). Define Likelihood as L(qg) = Oi1" f(y;, g). We wanté as a function of
y1...Yn; and want to minimise L(q).  is the value of ¢ that gives the highest possible probability
to the data obtained. If 4 is the maximum value of L(q), thend is the maximum value of log L(q)
= I(q). Standard calculus works for “nice” functions.d isthe root of "/¢, = 0, and ™/gis -ve.

Take yi,...,yn, @a random sample (r.s.) from N(i,s2). f(y, W, $2) = Ysepp>exp{-as:(y-1)?} .
L(q) = Oi=t"(Yscizm)exp{ as: Silyi-)3 . And 1(Q) = l0g(sezm)™Vos: Si=1"(Vi-W)? = -nlogs -"/2l0g2p.
Now /g, = Y Si(yi-1), and "/gs = -"s+Yss Si(yi-W)2 Further,i =y = (Sy;)/n. So62 =Y, Si(yifi )2.
Check the maximum using ™/q.. and ™/q..

Let Y, Y....Y, beiid (Independent and identically distributed), with distribution N(j,s?2).
Let Y; = p+1 . (1 is distributed as N(0,s2)). The least squares estimate (Ise) is S(yi-M)2.
(Minimise this).

Bias. We have an unbiased estimator if E@) = q — if the mean of the sampling
distribution is g. We would like E(w) to be s2. E(Y, S(Yi-ptHp-9)2) ... EC/(S(Yi-)2- SE -1)?))
.. 1.SE((y-Ww?) - Y.SEF-p)? = s2-/,s2.
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Central Limit Theorem

Let Y = (Si=1"yi)/n. This converges in probability to N(4, °7,) asn® ¥.n =5 may be all
right if symmetric & continuous; n ~ 30 if heavily skewed or otherwise. (Note: the Y; arei.i.d. as
N(k, s?), and the & are constants). Let T = SaYi, where T ~ N(uSa, s25a?). Contrasts in
Anova. Bias: unbiased if E(@) = . The Bias is E(@) g. Mean Square Error: E(9 -q)? is the
average squared distance of 6 from g. We want small MSE.

Cramer Rao L ower Bound. The variance of any unbiased estimator cannot be less than
12(q), where 12(q) = -Yeqame. If it attains its bounds, then it is fully efficient. Normal: /g, =
1/328(yi-|.1); ﬂ2|/<m12 = -1/52.51 = -n/sz; |2(Q) = 'llE(ﬂ2|/ﬂu2) = -l/(-n/SZ) = SZ/n. S(y|-y)2/n IS an estimator of s2.
Note: the n in the denominator is biased, whereas (n-1) is unbiased. Most packages use (n-1).

Consistency. 6 is consistent if the MSE® O asn ® ¥. The larger the sample, the
smaller thedistance of 6 fromq. V(Y) =%/,® Oasn® ¥.

Interval Estimate. Let Y ~ N(u, °7,); and let Z =

W’ 95%
standardising. (Z ~ N(0,1)). Now Pr(-1.96 £ Z £ 1.96) = 0.95.
95% confidence interval: (Y-1.96%/¢n), Y +1.96"/¢n). (Caution! J/X z
We do not know s). The sample statistic T = S,Yj% ' -196 O 19
s.d. T has the t-distribution, with df = (n-1). And (Y -th1, aX¥em), Y Hn1 aX%en) 1S @ 100(1-a)%

Confidence Interval (Cl) for L.




Hypothesis Testing. An investigator has a theory. Can it be substantiated using data?
Formulate a model, with theory © model parameters. We cannot obtain absolute evidence, only
evidence comparative to some “neutral” position, the null hypothesis, Ho. The theory is the
aternative hypothesis, H, (or H;). The NH is what we are prepared to believe unless there is
sufficient evidence for the AH. Specify the NH and the AH. Choose a test statistic T st. T

behaves differently under the NH and the AH. The sampling distribution is known for the NH.
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An Experiment to Analyse

24 patients with h.l.p (hypo lypo protenaemia) tend to have 1 o
high levels of hypo proteins. (h.l.p. is associated with heart disease). 5 125553 . o o
We measure the plasma level of the total cholesterol, inmg/ml. We 4 0012356

can plot stem & leaf plots (where the first value shown is 1.9) and el
dot plots of the data, as shown on the right. Guessing, the mean is ! 2 S 2
between 3 and 3.5; and we have an idea of the standard deviation: it is approximately 9/, » 0.9.
Actualy, Y = 3.354, £ = 0.6052, s= 0.778 and n = 24.

The 95% Confidence Interval for the population mean [ is (Y = tes 0.05%en); (3.354 +
2.069%(%/x24)); (3.354 £ 0.329). Suppose that the doctor wishes to predict the total

cholesterol level of the next patient admitted with h.l.p. Is the mean and the 95% ClI related to
“ predict next individual” ?

Let Y be the total cholesterol level, a random variable. It is unpredictable from one
person to the next. Assume the Normal Distribution — the stem & leaf plot looks roughly
normal. (We might want to look at literature to actually find that it is normal). So let Y ~ N(|,
s?); so that we get the yi,Ya,....y2s from N(y,s2). Let y; = p+l; (observation = mean +
departure), where T i ~ N(O, s?). (TheT ; are independent). S0 Yas = Pt 25, E(Yas) = E(U+T 25) =
E(W+E(T »5) = p+0. The estimate of pisg =Y = 3.354 mg/ml.

Accur acy of Prediction. Prediction is the estimate of [ + the estimate of T , and both are
subject to error. The variance of g is */, (from earlier). The variance of T is s2. So the
variance of the prediction is */,+s2 = s2("™/,)). The estimated variance of prediction isG2(*/24).
Now 62 = & (using n-1) = 0.6052(*/,,) = 0.6304. And the s.d. of prediction is (0.6304) =
0.794.

Totd

95% Prediction Interval: Y = tp1, 005XSOped; 3.354 £ 2.069x0.794 chol.

So values go from 1.711 to 4.997. BUT, does a person’s total cholesterol NN

level depend on something which could account for the variation betweer
people, e.g. age as shown? RS

Age(Yeaxrs)

Cholesterol depends on age and unexplained variability. data = model + residual; y; =
a+bx+ .. (i = 1,...,n). After taking account age, the large variability in cholesterol becomes
much smaller. Before, we had y; = p+1 ; (I ~ N(O, s?). Now, we have g = W; = a+bx.
Remember to maintain normality, independence and constant variance.



Simple linear regression mode: y; = a+bx+ ; (i = 1,...,n). T is a mutually independent
random variable, with mean O and constant variance s2. x; is an explanatory variable — fixed,
and measured without error. We do not require the normality of T ; to ge
estimates of a and b. Reparametrise: y; = botby(xi-x)+l i P b =b; and a = w:ﬁil

bo-bix. Get estimates of b, and b; using Least Squares. In the graph, a gooc i il
line has the differences shown as small as possible.

—

Predicted: §; = bo+bi(x-%), and ST ; = S(yiy1) = S(yi-bo-ba(xi%)). Choose b, and b; so
that we minimise SI 2 = S(yi-be-b1(xi%))2 = S. Take 19/1b, and ﬂS/ﬂb1 and equate to zero. Now
let S« = Si(xi-X)% Sy = Si(y-y)% and Sy = Si (%-X)(yi-y). Now /30 =y, and /31 = Sy/S«. Also,

29/9be2 and 12S/qb,2 are +ve, so that estimates give aminimum of Si 2
14th February 2000

Assessing the Model

Sl 2 should be a measure of how good the regression is. (No predictor — no ‘X’ — no
age). Let yi = u+l ;, with 2 = y. Now SI 2 = S(y-y)2 = S,y (= Eo). Let us define a regression
model asfollows: x = age; yi = bo+bi(Xi-X)+ i §i =¥ + (So/Se) (Xi-X); & = Vi-¥i = Yi-§-(Se/Se) (X
- X); and Se? = S(Yi-y-(Sy/Sw) (Xi-X))2. Square and simplify to get Se? = S,,-(S¢#/Sx) (= Ey).

E. isnever larger than Eq: S,? is +ve, and S isasum of
squares. This suggests that including any x-variable will be

y
good for prediction, as E; £ Eo. But will x give us an usefu . O@
prediction? ] E—-))
Eof ¥ 0

We can show that Eo-E; = Si(yi+y)?, where E; is the tota gl 00
sum of squares (SS) of y; about y, and E; is the unexplained
variation around the line. The residual SS (Error SS, S§iy)3?) i<
the variation accounted for by theline. So E, = E;+Si(§iy)% Total SS = Residual (Error) SS +
Line (Regression SS).

Total SS: n deviations about y, with df = (n-1). Variance: S(yiy)#(n-1) = /4. Residua
SS: n deviations around §i, the line, which has 2 parameters: /30 and ., with df = (n-2).
Regression SS:. the effect of the line (the 2 parameters), with df = 2-1 = 1. Mean Square (MS):
MS = %5/4. Residual M S: the average variation of the observation around the line, estimating 52.

Let y = betbix+l . (I has mean 0 and variance s?). If there is no linear relationship
between Y and X, then the Regression M S also estimates s2. If thereis alinear relationship, then
the Regresson MS contains a systematic component as well as random variation, and so
Regron MS >> Residual MS. So F = Regression MS/Regdud MS ~ F(regron of, residual df)- (n-2, Anova
table). Null Hypothesis: there is no linear relationship between Y and X. Alter nate Hypothesis:
there is arelationship between Y and X.

Assessing the Line

Goodness of fit; ReyresonSS/_ . « = R2, the coefficient of determination.



15th February 2000

Inferences

S1 = Sxv/Sxx = S(X)(Yiy)/S(Xi%)? = S(xi% )yi/S(xi% )2 - S(xix ¥ /S(xix )2 Let us define |;
= (x-X)/IS(xi%)?, s0 we have f; = Sliyi-0. Now E(8,) = E(Sly:) = SIiE(y;) = (by the property of
estimators) = Sli(bo+b1(Xi-X)) = boSli+b:1Sli(Xi%X) = boS(XiX )/S(Xi% )? + b1S(XiX )(XiX )/S(Xix )? =
0+b1.1 = by. And V(£1) = V(Sliyi) = $%/S.. (S2 estimated by the residual MS). A 95% Cl for b,
iSﬁnl * {residual df)XCIresiduaI MS/S.).

Prediction

(1) Mean response (i) for Xo. (2) Individual response for Xo: i = fo+f1(XeX). Now V(7)) =
V (Botfr(%oX)) = V(Bo)+(XeX)V (B1) = STt (XeX )2(S¥Ss). Individual response: we have V(i) =
V(Botfr(xeX)H 1) = V(Bo)+(XoX)V(B)+V( ) = (Where V(1 1) = s2) = s2(1+Y+[(XeX )2/Sk]).
(Thelis“extra’).
16th February 2000
There is data in o:/statdata/G2M 81. Trimmed Mean: Ignore 5% of the data at each
end. Regression: be sure to do a normal plot of the residuals (look for a straight line), and
residuals versus fits (check for curves) graphs.

21st February 2000

Suppose you wanted to prove that two variables had a
relationship. Questions: Does it follow a straight line
relationship, and is there roughly equal variability along
the line? Can we explain the unexplained variability
(residuals) by athird variable?

eg. ean

Suppose that y = at+bx. Are the residuals y-y related to the z? Only now look at the
relationship between x and the residuals — we want the “ extra effect” over x. Do aregression
of zon x. Look at the residuals z-2. Then do aregression of yi-y on z-2. You might get e.qg. §i =
13-0.04x;; zi = 22-0.8x;; and yii = 0.2(z-z;). From these, we can deduce a new equation: y; =
9-0.8x;+0.8z (3 parameters, so 2 d.o.f.).

We might aso get R%., = 0.849 and R% = 0.714, which means that 0.135 is explained.
Doing an Anova, we might get under Sequential SS. X: 45.592, Z: 8.595. The X valueisthe SS
from Y on X, or the effect of X ignoring Z. The Z value is the extra SS due to adding Z into a
model containing X.

Unusual Observations: large residuals. Standardised residua = %4/, saa (I00K oUL
for values > +2 or < -2). Approximately 95% of the standardised residuals lie within £2 standard
deviations, and 5% outside the £2. Put observations with large influence on the fitted equation.




22nd February 2000

Multiple Regression

Let yi = botbixi+boxi+...+bpxiH 1. (i = 1,...,n, and be = bo.Xi, because xi, = 1 for all i). We

have vectors y (nx1) = (yi,...yn)'", and b (nx1) = (bo,bs,...,by)". We 1 X11 X12... X1p
also have the matrix X as shown in yellow, and the vector | (nx1) = 1
(1 175...1 ). Sousingy = Xb+l , each element T 0f T hasmean( *~|
and variance s2, and is also independent of all the other T (i 2 j). 1 Xn1 Xnze.. Xop

Define f(y1, y2) = Pr(Y1=y: and Y ,=y,), the joint p.d.f. Pr(Y.=y:1) = S, Pr(Y=y: + Yo=y0);
fvi(y1) = Sy f(y1, y2). Smilarly for Y, Independence: if f(yi, Yy2) = fvi(yi).fvo(y2) leads to
E(Y1,Y2) = S,.S,. va.y2 f(y1, Y2), define the covariance of Y, and Y, ascov(Yq, Y2) = E(Y4, Yo) -
E(Y1).E(Y2). Correlation of Y; and Y2: corr(Ys, Y2) = cov(Ys, Y2)/QV(Y).V(Y2)). Thisisin
therange-1to 1. Independence P uncorrelated, but uncorrelated = independence.

The vector of departuresresiduas isT = (I 1,...,1 »)7. This is a random vector with
multivariable distribution. The mean of the random vector is the vector of the means, E(1 ) =
(0,...,0)7, an nx1 vector. cov(l ) is a covariance matrix (or a variance-covariance matrix). The
variances of T ; sit along the main diagonal, while covariances of T and T ; are in the (ij)"
position. But the T ; are independent,\ E(I 1 ;) =E( )E® );\ cov( ) =0.

The cov(l ) as shown on the left is s2, an nxn matrix.
Properties of Z: (A random vector): cov(Z) = E(ZZ")-E(Z)E(Z");
cov(e) = d E(AZ+b) = Ap+b; cov(AZ+b) = ASAT, where E(Z) = p (a vector),

cov(Z) = S (not sum), A = constant matrix, and b = constant vector.
Regression: Y = Xb+l , with E(I ) =0, and cov(i ) =s2.

Here, E(Y) = E(Xb+l ) = E(Xb)+E(1 ) = E(Xb); and cov(Y) = cov(Xb+1 ) = s2.
Estimation of b: least squares. SiT 2= S(b) =1 = (y-Xb)"(y-Xb) = y'y-2b™XTy+b"™X"Xb.
We can differentiate, but it iseasier if bgiss.t. X"™Xbo = Xy.

So S(b)-S(bg) = b™X™Xb-2b"™XTy+2boXTy-bo"™X"™Xb,. But Xy = X"™Xbo, s0 S(b)-S(bo) =
b™X™Xb-2b"™X"Xbo+2bo"X"Xbo = [X(b-bo)]'[X(b-be)] = a sum of squares, so > 0. Therefore,
S(bo) is @ minimum, and we can also show that it is unique. Note§ = (X™X)Xy if XX is not
singular. Show that § is unbiased: E(8) = E((X™X)XTy) = (X™X)*XXT.E(y) = b (because E(Y)
= Xb). Now cov(f) = cov((X"™X)™XTy). Using cov(Ay) = A.cov(y).AT, we have
(XTX)IXT.cov(y)X(XTX)t =ra(X"™X)™. So X"X isnot singular.

28th February 2000

Assessing the Reqgression

Fitted values: ¥ = X = X(X™X)™X"y = Hy. (Puts a hat on the y’s; the hat matrix H).
Residual: e =y-§y = y-Hy = (I -1—I)y. Now S(yi9)2 = Sy = corrected SS. The vector y'y-ny? is
Sy, sothat Sy = y'y-ny? = [y'y-fXTy]+B"XTy-ny2.



) But§ = XB; so0g'y = BXTXB. And § = (XTX) Xy, therefore §'9 = = FIXTX(XTX) X Ty =
pXTy. The[..] Py yﬂTXTy Y'y9Y = S(yi§i)? (residual SS). SOﬁTXT -2 = regression SS.

Source SS df | MS=| Minitab
} S/ egn. y = X+Z Anova Table XTX L
Regression ﬂTxTy_ ny2 p (E:)Oeff se. tp o SSMSF p )
Residual Ty- BTXTy| n-p-1 0 regr ? 5
yy- g Xymp by ol ( )
Total yly- ny? | nl b2 total

In the Anova table, if ‘? < 0.05, then there is a significant relationship at the 5%
significance level. The Null Hypothesisis that b, = b, = ... = b, = 0, i.e. none of the Xi's are
related to y. The Alternative Hypothesis is that at least one b; is non zero. Earlier, we saw that
E(8) = b and Var(8) = s2X™X)™. In particular, E(;) = b;, and Var(3;) = r2.C;.

ﬁ’,--j is valid for the range O..p. Look at the boxed matrix above. Assume that the
departures 1; are normally distributed, then y; is normal, with /?,- normal: ~ N(b;, s2Cy).
Therefore, §-bj/((s2C;) ~ N(0,1), and j;-b/({S2C;) ~ tnps. Null Hypothesis: b; = 0. Alternative
Hypothesis: b;* 0. This is a test of the significance of the x; in the presence of al other the
variables. If the B,- Is not significant, then x; does not contribute significantly to the variation in Y
after al the other X’s have been taken into account. X; may have become significant if some of
the other X’ s had been dropped from the mode.

B, V(B), V(1) and V() al need (X"X)™. This is singular if there is linear dependence
among the X's. Estimate enough X’s to get non-singularity. We have problems if it is “nearly
singular”, i.e. if there is approximate linear dependence among the x’s. This is known as the
causes of multi collinearity.

Some or al of the b’swill have alarge S.E.. Instability: asmall changeto an X vaueb a
large change in the fitted model. How do we assess |linear dependence among the X’s? R? is the
amount of variation in X; explained by all the other X’s. The VIF (the variance inflation factor)

Is 1/1-R?3 (R3 = 0.97). Rule of Thumb: Look for the VIF to be < 10. (Others prefer <5).
1st March 2000

Polynomial Models

For Y = bgtbix+box2+..., let Z = x-x so that Y = co+C1z+C,72+C525.

Re
Forward Stepwise Method T ) "
Forward Stepwise Method: Teke the best single variable, then i * ° o
the variable which is next best in conjunction with the first; then th x x
one which is next best in conjunction with the second; etc. R? is the x l oot
coefficient of determination. We want the first graph on the right tc 1 2 3 4 Vas
be non-decreasing. Note that R2 = RevesSonSS/ o = 1-RSMA S s 87
Now adj R2, = 1-edd S/ sqnyy. (Note that the p subscript in adj . )
R?, comes from (p-1) regressors plus 1 for bg). The third grapt € \N/o.lof
3 4 as.

concerns the Residual Mean Square, 2. Note: Minitab givess. 12



Mallow’s C,

(n-p)s2. (2 isthe Residual MSfrom the full model). So E(Rsy/s?) = ™P%7

= n-p. And C, = (Residua SS/9?) + 2p - n; E(C,) = n-pt2p-n = p

Choose amodel with C, » p. | P
6th March 2000

If we have p-1 regressors (+1 for bg), then E(Residua SS) = CT G=p

Models that Incorporate Factors

Plot data by group, overlaying the Graphs. Is there a suggestion of parallel lines?
Example: We have cutter makes A and B (denoted by 1 and 2), represented by (0, 1) and (-1, 1).
Regress lifetime (y) on speed (X) to get Life = 37-0.026x+15%(0, 1). So for cutter A, we havey
= 37-0.026x; and for cutter B, we havey = (37+15)-0.026x.

Minitab: [CALC - MAKE INDICATOR VARIABLES]. Normal regression assumes parallel
lines — we only get different inter cepts. To get around this, let (empty column) = (x column) x
(eg. “medium” column). Regress on these a wdl, and get eg. y =
158+42.5x-174mi-63hi+38mi_x-22hi x. So for Lo, y = 158+452x; for Mi, y =
(158-174)+(42.5+3.8)x; and for Hi, y = (158-63)+(42.5-22.6)x. Are these parallel lines — look
at the sequential SS. Use Minitab to look up the F-values.

7th March 2000

We will ignore section 3.7, non-linear models. Consider the model y = Xb+ . We have
residuals e = y-y (wherey = Xﬁ) = (I-H)y. (where H = X(X’X)*X’, and § = Hy). Now E(e) =
E[(1-H)y] = (I-H)E(y) = (I-H)b = Xb-X(X"X)*X’Xb = Xb-Xb = 0. And cov(e) = cov[(I-H)y]
= (I-H)cov(y)(I-H)' = (I-H)sa (I'-H’) =s?(I-H)(I’-H’).

Here, I' =1, and H' = (X(X'X)*X")" = (X(X'X)*X") = H. So cov(e) = s(I-H)(I-H) =
s2(l-H-H+H.H). AsH.H = X (X’ X)*(X’ X)(X'X)*X" = X(X'X)*X" = H, then cov(e) = s(I-H).
The diagonal entries are s2(1-h;), while the off-diagonal entry is s2h;. T : zero mean; constant
variance s2; and independent. e: zero mean; non-constant variance s2(1-h;); not independent.

It follows that var(e) = (1-hs), and that cov(eg) = -h;.s2 The dependence is small,
especidly if nislarge, “ignorable’. The standardised residuals (studentised) are €, where € =

—SJ(leT) , and sis our estimate of s from the Residual M S. (¢; ~ N(0,1)).

For a residual plot, Minitab asks you whether you want regular/standardised/deleted
residuals. The default is regular — use standardised instead! (They have constant variance).
Minitab calls a point an “outlier” if its standardised residual is> 2 or < -2. (Note: the book uses
2.5 instead). Roughly 99% of the standardised residuals will be within + 2.5 .
s.d.’s from the mean. Leverage: based on h;. (hi > 3"/, where p is the . \
number of regressor variables, and n is the sample size). For simple linear | :+*

e _ (xi- %2
regression, hy =y + 505 |




Cook’s Distance

Cook’s Digtance is Dy = mZ{Ll(yi(k) - Vi)2, where i is the fitted value, and iy is the
fitted value when observation k is omitted. Now Dy = (€ «)2(hu) % 1-p) -y, Where (€'¢)2 comes
from the standar dised residuals; (h) is the leverage; and /(1.5 a-n iS Standardised. Now Dy ~

F(0.5, p, n-p). If D¢ islarger than this, then we have a potential problem.
13th March 2000

Some Tips on Anova (The Tyre Example)

Descriptive stats — wear by position. Rule of thumb — it isal right if the largest s.d. is
not more than 2 x (the smallest s.d.). One-way / One-way unstacked: depends on how you enter
the data: (unstacked) in different columns rather than on top of each other. Tip: use the stacked
method. Position MS = n x (variance of the means). (n = 9). Error MS = mean of the 4 position
variances.

Now perform the Anova, starting by checking the assumptions. Equal
T} variability: residuals vs. fits. Look out here for the “megaphone effect” as shown.
'l ;;;;;;;; | Normal Probability plot: make sure there is a straight line. Dotplots: similar to

~ residuals vs. fits. Test: Homogeneity of variance — are variances the same? Use
Bartlett’s for the normal distribution, and Levene's for other distributions. If p > 0.05, then
accept the NH (equal variances).

Put the residuals in a column, then use the descriptive statistics (a graphical summary) to

test normality. Comparisons: which position is different from another? (This is a crude method).
14th March 2000

Anova

If we want, we can use regression commands with indicator (0-1) variables to get the
Anovatables. In the General Linear Model, Anova and Regression are branches. Now (yj-y..) =
(Yii-yi.)*+(yi-y..). We can show that SiS; (yi-y..)? = SIS (vi-Y..)? + nSi (Vi.-y..)% Residual MS =
mean of variances. Treatment MS = nx(variance of the means).

15th March 2000

(Tyre Example) Error MS = 29 for One Way Anova. Two Way: the Error M S reduces to
25.7. Ask for means, and fit the additive model at first. Use cross tabulation for analysis.
I nteractions Plot: Data Means for Wear. Look for differences. Do not use the additive model in
this example. The Error MSis now 1.09. Use Interaction (car by position). Shorthand Notation
in Minitab: car + position + car* position is written as car ! position (use in Balanced Anova).

Note: Ignore sections 4.4 and 4.6 of the book.
20th March 2000

Contrasts

Tyre Wear example: 4 positions. 1 way Anova: does wear depend on position? Question:
are (AH) / are there not (NH) differences in the mean wear in the 4 positions? We usually want
to go further than this, and ask new questions.



F R C, compares Front and Rear. C,|Pos. | FFR|N/O| Y. C. | C
O|1 -1]1 compares Off and Near. We have| 1 F | O |19459| 1 1
N[-1 1|-1 orthogonality if Sci.c, = O. Thereisonly| 2 | F | N 15766 1 | -1

1 -1 one other orthogonal contrast: Cy |5 | R 1 O | 2932 | -1 | 1

1-1-11 4 | R | N [24043] -1 | 1
I 894.89

Letl; ® 1,-1. So Zqr = Slixy;; Der = n(SIi?); and “/p = SS due to Front vs. Rear. The SS
due to position can be partitioned into the SS due to Front vs. Rear; the SS due to Off vs. Near;
and the SS due to interaction.

Paired Comparisons

In the table, the first column denotes position; the second column [ 1 1] o 1
compares position 1 to position 2; the third column comparesposition3 | 2 | -1 | 0 | 1
Treatment | Lin. | Quad. | Cub. | 1o position 4; and the fourth columnis | 3 | 0 | 1 | -1
1 3 1 -1 | orthogonal to the previous congtraints. | 4 [ O | -1 | -1
2 -1 -1 3 | Another example: Suppose we have fertiliser levels O, 40, 80
3 1 -1 -3 [ and 120. (A quantitative factor). Is there a linear or quadratic
4 3 1 1 | or cubic relationship between the response and a factor?

Reqgression vigq ~ BalesDaa

Is the regresson cubic? In this model, we have linear,
quadratic, cubic and residual terms. The residual term can be split |, / .

up into a pure error term and a lack of fit term (which comes fron | Fertiliser
replication). We “want” the lack of fit term to be non-significant. 0 40 8 120 160 200

Fixed and Random Effects (1-Way Anova)

In the tyre wear example, we have 4 positions. Also, yy = i+ 1 (i = 1,2,3,4), and T j; ~
N(O, s2). It is common to rewrite thisasy; = u+ a; + | ;. (a is the effect of position i). For
balanced problems (where we have an equal number of replicates), Sa; = 0. The expected mean
squares are: Residual: s Treatment: s2+nSa;2.

“ A survey of children’s behaviour” : a teacher fills out a questionnaire on each child. For
each teacher, we have a number of children. How different is the variation for each child? What
is the mean rating over all teachers? Remember that we only have a sample, with Y = prti+ ;
T i~ N(O, SZ); andt; ~ N(O, Szt).

Expected Mean Sguares. Teachers: s2+n.s%; Residual: s2. (A Variance Component
Model). Fixed: There's a small number of values you're interested in. Random: There is
potentialy alarge number. We are “not particularly interested” in the actual ones you’ve got.

22nd March 2000

Balanced Anova will not work with unbalanced data. (Where we have unequal sample
sizes). In this situation, use the Genera Linear Model instead, remembering to use ! to get the
interactions.




Sequential SS Adjusted SS

car ignoring al others car accounting for all others
fr accounting for car fr accounting for all others
on accounting for car and fr on accounting for all others

If we have 2 columns of data, X and Y, then if the response is Y, the
model X, and the covariant X, we have a simple linear regression. If we add ¢
third column G (some group variable), then the response may be Y, the model

X 1 G, and the covariant X. If X*G is significant, then this implies that we
don’t have parald lines.



Exam Paper: May 2000

Answer 3 questions out of 4 (Questions Done: 1, 2, 3)

D

(2)

3)

Y ou have taken arandom sample of n observationsys, Yo, ..., Y» from anormal distribution
with mean p and variance s?2.

(@  Find the maximum likelihood estimators of L and s2. [12 marks]
(b) State the expected value of the m.l.e. of s2. [3 marks]
(c) Statethe effect this has in common statistical usage. [5 marks]

The multiple linear regression model can be expressed asy = Xb+e wherey is a vector of
response measurements y;, X is amatrix of row vectors of explanatory variables|, Xii, Xiz,
<.ty Xipy Do....0Dp iS@Vvector of parameters and e is a vector of random departures.

(8)  Show that the least squares estimates of b are § = (X'X)Xly. [12 marks]

(b)  Show that 3 is unbiased and that the covariance matrix of 3 is s2(X'X).
[8 marks]

For a one factor Anova model where n observations have been randomly sampled from
each of k groups, show that the total SS = XK, i1 (vi-y.)? can be partitioned into two
parts Ti&y n(yi-y.)2 and i iy (Vi) [8 marks]

Describe in words the meaning of each of the two parts. [4 marks]

In an experiment at College farm 30 plots of land were used to study the effect of nitrogen
fertiliser on barley yield. Six fertiliser levels were used (0, 40, 80, 120, 160, 200 kg/ha)
and the yield of barley measured in tong/ha. The table below shows the mean and variance
of the yield of barley for each fertiliser level. These were 5 replicates for each fertiliser
level. The total SSis 43.50.

0 40 80 120 160 200
Mean 4.02 5.23 5.81 6.99 1.27 6.99
Variance 0.088 0.264 0.096 0.147 0.074 0.041

Using the above information write out the analysis of variance table, state any further
appropriate analyses you would perform and summarise your conclusions about the
relationship between fertiliser level and barley yield. [8 marks]



(4)

Y ou have performed an experiment to examine the relationship between areal biomass and
five chemical measurements of the soil. Show below is a table containing the regression
SS for each model. Using the information that the total SS is 19 170 963 and that 45
observations were made,

(@  Write out the forward regression Anovatable; [8 marks]

(b)  Which model would you choose from the Anovatable in (a) using:

(i) The residua mean square criterion. [4 marks]
(i)  Mallows C, statitic. [4 marks]
(c)  Which model would you recommend using from your answersto (a) and (b).
[4 marks]
In the table below the following abbreviations have been used:
Sainity = S, pH = P, Potassium = K, Sodium = N and Zinc = Z.
1 Predictor 3 Predictors
S 204 048 SPK 12 503 299
P 11 490 388 SPN 12 634 567
K 806 574 SPz 12 205 083
N 1419 069 SKN 1487 757
z 7 474 474 SKZ 11 052 633
SNZ 10 820 655
2 Predictors PKN 12 659 874
PK Z 12 501 663
SP 11567 715 PNZ 12 699 814
SK 1027 686 KNZ 8244 127
SN 1487 655
SZ 10594 197 4 Predictors
PK 12 415 118
PN 12 622 789 SPKN 12 685 656
Pz 11 661 321 SPKZ 12 937 009
K N 1424 635 SPNZ 12 878 489
KZ 7 961 377 SKNZ 11 068 315
NZ 12 205 083 PKNZ 12 732 925
5 Predictors

SPKNZ 12 984 915



