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Chapter 1: Introduction

Discuss, by using examples, the use of models as descriptions: (a) of everyday life, (b) in
maths, and (c) in statistics.

When you think of models in everyday life, you think of the model trains or houses
children play with, or the model aeroplanes people of all ages build. Seriously, models are
used by architects for town planning, by medical schools (models of the brain for teaching
neurology), and when testing aeroplanes in a wind tunnel. The models need only be as
accurate as necessary for the task in hand. For example, a child’'s car model need not be
vary detailed but amodel aeroplane in awind tunnel needs to be as accurate as is possible
in order to predict the behaviour of the real counterpart.

In a mathematical model, we focus on a particular aspect of a given system and attempt to
find an equation or set of equations that describes this aspect. Example: equations of
motion describing the motion of a projectile. The accuracy is again governed by the
purpose of the model (prediction vs. description) but is additionally constrained by how
the factors can be accommodated mathematically. Example: a pebble skimmed across a
lake — atmospheric conditions, level of tide, presence of rocks — can these be modelled
mathematically?

A centra feature of mathematical models concerns the handling of imposed constraints
and external influences. Such factors could be affected by chance fluctuations which could
be very important in some situations e.g. testing the efficiency of a new headache tablet —
people could vary in their tolerance, or the tablet could affect different severities of
headache differently. “Errors’ such as the fickleness of people’s responses in
questionnaires must be taken into account in any analysis of the resulting data.

Valid analysis of either observational or experimental data must be founded on techniques
that pay due regard to possible chance fluctuations. By incorporating chance into
equations, we turn mathematical models into statistical models. There are many statistical
models encountered in awide variety of practical situations.

Explain the difference between (a) populations and samples, (b) variables and factors,
and (c) observational and experimental data.

A population is the complete set of individuals that could be measured. Sometimes, this
can be finite e.g. the total number of maths students in Bangor in 2000, and so in principle,
every individual can be asked a question. But, the population is often infinite, or it is not
possible to examine every individual.

In nearly al practical investigations, the data will come from a subset of the population, or
a sample. Hopefully, the sample is representative of the whole population, and the
investigator can seek to draw inferences about the population from the sample.

It is essential to guard against bias in the choice of samples. Random sampling is usually
enough to ensure the later assumptions we make are reasonable ones. A random sampleis
one where every member of the population has an equal chance to be included.
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Commonly, severa variables are measured on each individual in an experiment. The
variables of primary interest to the investigator are caled response or dependent
variables, and other background or supplementary variables are called explanatory or
independent variables. For example, life style will be analysed when studying respiratory
problemsin agroup of individuals.

One of the main applications of statistical models is in the study of dependence between
response and explanatory variables. Mathematical equations describing relationships are
formed, sometimes using dummy variables, which are used when a variable is qualitative
e.g. occupation. In this example, suppose that there are only 3 occupations: xi, X, and Xs. If

a respondent has job x;, then the values x; = 1, X, = 0 and x; = O are assigned, etc.

Variables that have only two possible values are called binary or dichotomous.

The word “factor” is used in severa ways. Generally, “factor” can be used for any general
explanatory variable. In a narrower sense, the word “factor” is usually synonymous with
gualitative explanatory variables, whose states are then called “levels’ of the factor.

In statistics, a survey can be used to describe any occasion on which data has been
collected simply by observation. The defining characteristics are that (i) the data
collection takes placein “real” surroundings, and (ii) the researcher has no control over
prevailing conditions. This is the opposite of an experiment, where (i) the data collection
takes place in artificial surroundings, and (ii) the researcher has complete control over
prevailing conditions.

Example: in an experiment to determine whether temperature has any effect on plant
height, a researcher might randomly place plants in a garden (observational) or control
different temperatures in a greenhouse (experimental). One drawback of experimenta data
Is that the results might not be extrapolated into the “real world” where we want to use
them.

Explain the difference between linear and non-linear models.

The defining feature of a linear modd is that a unit change in any parameter leads to the
same change in the dependent variable — whatever the values of the parameters. Suppose
that we have a model p = at+bx;+cx,; and suppose that b changes to (b+1). Then the
change in pis [at+(b+1)x;+cx;] - [atbxi+cxs] = X4, and this will be the same whatever the
valuesof a, b and c.

Any non-linearity of variables in a model is irrelevant — it is in terms of the parameters
that the linearity property has to be tested.

Consider the modd 1 = aexp(bx;+cx,). When b changes to (b+1), the change in pu can be
smplified to a(e“*)exp(bx,+cxz), but no further. Thus the change in p will be different for
different values of a, b and c. Hence this model is non-linear. But, taking logarithms on
both sides of the model, we obtain logu = loga+bx;+cx,. This is a linear model. Some
non-linear models can be reparameterised like this, but others are intrinsically non-liner.



Chapter 2: Distributions and Inference

Q: What isarandom variable? Give examples.

Where it is impossible to predict in advance of observation what the actual vaue of a
variable will be for a specific individual, i.e. we have inherent unpredictability, we have a
random variable. A complete description of a random variable is given by specifying al the
conceivable values and quoting their associated probabilities in a probability distribution.
Examples. height, weight, age, .... of a person; score obtained by throwing 2 die; distance
travelled to University from home.

Q:  Explain the difference between discrete and continuous variables.

A discrete variable is one in which al possible values come from either a finite or a
countable finite set, so that these values can all be listed in a (possibly infinite) sequence. A
continuous variable, on the other hand, is one in which al values can be any real numbersin a
specified range. Such a set of values is uncountably infinite — it is not possible to list al values
In a sequence.

Q:  Show that E[(Y-M)?] = E[Y?]-p2 for random variables.

E[(Y-w? = E(Y22Yp+pd) = E(Y2)-EQ2YW+E(PR) = E(Y2)-HE(2Y )+HP.
As E(Y) =y, then we have E(Y?)-pu(2u)+12 = E(Y?3)-22+2 = E(Y?2)-12

Q:  Use the method of moments to estimate the parameters of a normal distribution when a
sample of n vauesys,...,y» has been collected.

The method of moments chooses the estimate of any general unknown parameter to be the
value which makes the population mean equal to the sample mean. In our example, the Y; come

from the p.d.f. f(y) = afz? exp{ - 2(££)2} (-¥ <y <¥). The normal distribution has mean p and

variance s?, i.e. we have 2 unknowns. Here, we set E(Y) equal to + 2L, Vi, and E(Y?) equal to
% 2 Y2, We then solve the pair of simultaneous equations for pand s.

So E(Y) =7 Xl 7 exp{- 3%, and E(Y) =7 2Ly (- = exp{ - 1(££)2})2. Notice
that the first equation gives the sample mean, and that the second equation minus the first
eguation squared gives the sample variance. After solving the equations, we would expect to get
back the “obvious’ answers, that is the parameters of a normal distribution when a sample of n

values has been collected arepiand s, i.e. Y ~ N(l, s2).



Q:  Usethe method of least squares in the above question.

1f Y1, Yo, ..., Ynaresuch that Y; = g(by,bs,...,0)+ i for i = 1,2,...,n, where g(by,b.,...,by) is
a constant function of k parameters b;, and the T ; are iid random variables each with zero mean
and a common variance s2, then the least squares estimators (Ise) of the parameters are the
values which minimise V = XL [Y; - g(f1, f2, ..., fx)]? . Standard calculus can be employed to
obtain these values. Note: Least squares estimators coincide with maximum likelihood ones if
the distribution of theT ; is normal, but not necessarily otherwise.

In our example, we know that the Y; are iid norma (N(u, s?) variables. We can
equivalently write Y; = p+1 ; for i = 1,2,...,n, where the T ; are iid N(O, s?) variables. In this
formulation, we can think of theT ; as random variables which measure the departures of the Y;
from the population mean L.

Secondly, we can see that the log-likelihood has the form (this will be derived in the next
question) 1(u,0?) =-nloga - 5109(27) - 57 Sk (yi - #)2. If s2 is smply regarded as an
irrelevant constant, then maximising the log-likelihood with respect to p is the same as
minimising XL, (yi - u)? with respect to . In other words, the m.l.e. of u is the value which
minimises the sum of the squared departures between the sample values and the parameter. This
Is how we should proceed.

Q:  Show that the m.l.e. of the mean of anormal distribution is unbiased.

First, we shall derive the maximum likelihood estimate (m.l.e.) of some samples from a
normal distribution.

Theory: Let Y;,...,Y, be a random sample from any p.d.f. f(y; q) depending on an
unknown parameter g. The likelihood of the sample is the joint probability density f(y,...,yn; Q)
of the sample, treated as a function of g. Writing the likelihood as L(q), and because random
samples are independent, we have L(g) = IIY, f(y;; 6). The function 6 = g(y1,y2,....yn) that
maximises L(q) w.r.t. g is the maximum likelihood estimator of g, and its actual value for a
given sample is the maximum likelihood estimate (m.l.e.) of q for that sample. Note that ifd is
the maximum of L(Qq), thend is also the maximum of logL(q) = 1(g) (which we shall be working
with).

Calculation: Suppose that yi, Yz, ..., Ya IS arandom sample from a normal distribution with
mean [ and variance %, two parameters which we would like to estimate. Then we can say from
the above that L (4, s?) =TI, exp{ - 2(££)2}), so that I(W, &) = log L (i, &)

1
of2n

=10g(;7)" - 3,7 Zia(yi - )2 =-nloge - 310g(27) - 57 (Y - w)*.

n

Hence % =S 2L (yi- 1), and S = -5+ (yi - 1)2. Setting these equations to zero and
solving them for s and pyieldsthe m.l.e’sé and . Thus once we do set them to zero, we must
changethes and pto 6 and i respectively.



Setting the first equation to zero (and multiplying through by 6 2 which cannot be zero)
yields XL, (yi - 2) = O, which gives i = + Zy; =y. Setting the second equation to zero (and
multiplying through by 63) yields2 =1L, (yi - 4)? =& Z(yi - ¥)?. Thesearethe m.l.e’s of pand
S2 respectively. Note that the divisor is n in g2, as opposed to the divisor (n-1) in the usual
definition of sample variance.

We have shown above that the m.|.e. of the mean of a normal distribution is given by =
L3y, =y. An estimator is said to be unbiased is E(9) = g, i.e. if the mean of its sampling
distribution is g. Otherwise, it is said to be biased, with bias b(q) = E(@)-q. An unbiased
estimator is therefore one which gives the correct value “ on average” over repeated sampling,
which is an useful property.

For the normal distribution, E(2) =+ X, E(yi) = #(u +u + ... + 1) = 5(N)u = 1. Therefore,
the m.l.e. of pin arandom sample of size n from an N(u, s?) distribution is unbiased.

Q:  Show that the m.l.e. of the variance in the normal distribution is biased.

We have shown in the previous question that the m.l.e. of the variance in the normal
distribution is & X(yi - y)2. To test whether this is biased, we find the expectation of the

expression and seeif it comes out as s2. Now E(& 2(yi - Y)2) = EG Z(yi - u+u- y)?) =
EGEYi - )7 - Z(- 1)) =5 ZE(y- #)?) - *ZEY- #)?=0?- f0>.

Therefore, the m.l.e. is biased, as we do not get s2 coming out of our calculations. Notice
that if we were to use the usual sample variance s = =5 XL (y; - ¥)2, then this would be an
unbiased estimator for s2. This explains the preference for the latter estimator in practical
applications.

Q: State the advantages and disadvantages of the three methods of estimation.

Broadly speaking, the method of moments is the ssmplest of the three methods, works well
in straightforward cases, but doesn’t always produce estimators with good properties. Maximum
likelihood is a good genera-purpose method which produces estimators that have excellent
large-sample properties — but sometimes poor small-sample properties. Least squares is the
best in the context of linear models, and is equivalent to maximum likelihood when the data
comes from the normal distribution.

Q:  State and define three properties of estimators, and show that they hold for the estimate of
K inanormal distribution.

We shall look at Bias, Mean Square Error and Consistency.

(1) As stated above, an estimator is said to be unbiased is E(@) = q, i.e. if the mean of its
sampling distribution is g; otherwise it is biased with bias b(q) = E@)-q. Also shown
above isthat if we have an estimate for L in a normal distribution, e.g. the m.l.e,, then the
estimate 7 = + X y; =y is unbiased.
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An unbiased estimator merely ensures that the average of a (large) series of repeated
estimates is correct, but says nothing about individual elements. Asin practice we usualy
take only one sample, it would be nice if this particular estimate was close to g. A good
estimator is one with small MSE. If we have a choice of several estimators, the best one
will be the one with the smallest MSE.

It can be shown that the MSE is identically equal to squared bias plus variance. Hence
the MSE of an unbiased estimator is equal to its variance, so that the usud
characterisation of a “good”’ estimator is an unbiased estimator with small variance.
However, there is a result (The Cramer-Rao L ower Bound Theorem) which establishes
that the variance of any unbiased estimator of a parameter g cannot be less that 12(q),
where

12(q) = ﬁ (I denotes the log-likelihood of the sample providing the estimator).
"Gz
Therefore, no unbiased estimator can do “better” than one whose variance is equal to
12(g), and hence such an estimator is said to be fully efficient. For the normal distribution,
we aready know that Y is an unbiased estimator of . We aso know from a previous

question that £; = 2 ZiLy(yi - 4), so that 572'2 =- %2 (1) =- 5. Since this expression
just involves the constants n and s?2, then

12(0) = - » ia) =" inz = 2. ThusY isafully efficient estimator of .

(Z‘l’ﬁ a
The preceding properties al involve the sampling distribution of an esti mator § obtained
from a sample of size n. To check that we have a sensible estimator, we need to check that
0 is increasingly likely to yield the right answer g as the sample size gets bigger, and, in
the limiting case, is certain to yield q if the whole population is sampled.

The latter condition is satisfied if the MSE is zero, so that 6 is a consistent estimator of q
iSitsMSE® Oasn® ¥. If isunbiased, then it is also consistent if its variance ® 0 as
n® ¥. For our normal example, the previous question says that it is evident that var(Y )
=s2/n® O0asn® ¥, sothatY isaconsistent estimator of LL



Q: For the following sample of heights in cm of sitka spruce springs one month after
plantation, calculate a confidence interval for the population mean. Sample: 9, 6, 12, 15,
13, 14,11, 13, 12, 9, 8, 14.

It can be shown that (Y- tn- 1075, Y+tn-1.75) isa100(1-a)% confidence interval for p.
Consider that in our example, we want a 95% confidence interva for the population mean. To
plug in values into the above expression, we want to find the sample mean, Y; the number of

samples, n, which is 12; and the standard deviation, s. (s = J/variance ). Calculations:

Y = (HY12)(9+6+12+15+13+14+11+13+12+9+8+14) = (¥1,)(136) = 11Ys.
E(Y?) = (M12)(92+62+122+...+142) = (*/1,)(1626) = 135'/,.

So Variance = E(Y?)-[E(Y)]2 = 135%, - (11%5)2 = 135%, - 128%5 = T'/ss.
Therefore, the Standard Deviationis s = j% :

7-L
So our 95% confidence interval is(115 + tamoa%). Knowing t-distribution values, we

could ssimply the expression further.

Q: State the assumptions you are making in the calculations you performed in the above
question.

The assumption made is that the data comes from a normal distribution which has mean p
and variance s?, i.e. N ~ (I, s?), arandom variable. To verify this, we would plot the data, and
see if the shape of the distribution followed the shape of a normal distribution.

Q:  Test whether the population mean height grown is 10cm for the above sample of data.

To answer this question, we shall calculate a 95% Prediction Interval for the mean, and
check to see whether 10 lies within it. If it does, then the null hypothesis that the mean height
grown is 10cm holds; but if 10 lies outside the prediction interval, then we accept the aternate
hypothesis that the mean height grown is not 10cm.

The 95% prediction interva is given by Y * t(.10.05*SOhredicion. WWE Need to calculate the
prediction standard deviation. To do this, consider that Prediction = estimate of p + estimate of
1, both of which are subject to error. From earlier questions, recall that the variance of /i is

s2/n, and that the variance of T is s2. Therefore, the estimated variance of prediction is given
by 62("y).

Using (n-1), so that 62 = &, we have estimated variance of prediction (™), which in this
instance is 7%1s(*3/12) = **x6. So our 95% prediction interval is 115 + tu1, 005%%26. Again,
knowing the t-value for tu1, 005, We could go on to answer the question concerned, and state
whether the null or the alter nate hypothesis is the one that holds.



Chapter 3: Normal Response and
Quantitative Explanatory Variables: Regression

Q: For asimplelinear regression model y; = bo+bix(x-%X)+ ;, find the least squares estimates
of bo and b;.

We look for estimates of the two parameters that minimise the sum of the squared
departures, S= 3, €? = XL (yi - fo- fa[xi - X])2 Differentiating, we obtain

19bo = S 2(yi-bo-b1[xi%])(-1), and 1S/b1 = S 2(yi-bo-b1[XiX ])(-[xX ]).

Setting these partial derivatives to zero (for the minimum), and noting that Si[xix ] = 0O,
we yield the normal equations for the minimising values:

n,éo =2Vi, and 2(X; - X)ZﬁAl =2(Xi - X)y;. But Si(xiX)y:i = Si(xi-X)(yi—y) _(&CGYS‘X.')_() =
0), so that if we adopt the standard notation S« = S(XiX)?, S,y = S(yi-y)?, and Sy = S(XiX)(Yiy),
then the normal equations can be written as nﬁo =ny and Sxxﬁl =Sy, and the parameter
estimates follow directly from these equations as f, =y and 1 = Sy/S«. Differentiating S a
second time with respect to each parameter shows that the estimates do indeed provide
minimums,

Q:  Show that the estimate of b, is unbiased, and derive an expression for the variance of the
estimate.

1 can be written as (S[x; - X]y:)/(S[x; - X]2) from the direct solution of the above normal
equations. Thisis of the form Sly;, where |, = [x; - x1/(Sk; - X]2). Thusp, isalinear combination
of independent normal variables (the y;), so that we deduce that its sampling distribution is aso
normal, with mean SIiE(y;) and variance s2(Sli?). Therefore, we have E(y)) = bot+biki - X), so

[xi- X [Bo+f1(xi- X)] [xi-X] [xi- X]2
that SIE(y) = £ LA | - g K, S g

(The first term in the second expression disappears because the sum in the numerator is
always zero, and the second fraction in this line cancels to 1). Further, we have the following:
Sl2 = S{[x - x]/(S[xi - X]9}2 = (S - X])/(Sk; - x]9)? = 1(Sk; - x]?). Thus the sampling
distribution of 41 is normal, with mean b; (so that 3, is an unbiased estimator of by), and
variance s4/S.. Remembering that s2 is estimated by the residual mean square in the analysis of
variance table, and denoting this estimate by <, it follows that the estimated standard error of Bl

iss/ /Sy .

Q:  Show that the estimate of bo is unbiased, and derive an expression for the variance of the
estimate.

Since 5, =y, inferences about the estimate of b, is conducted by the usual methods ony.
Standard results show that y has a normal distribution with mean b, and variance s2/n. From the
guestions on chapter 2, we therefore know that the estimate of b, is unbiased.



Q:  Show that for the smple linear regression model with residual g, we have the following
result: E; = Se2 =S~ sxx

In the absence of any information on X, the implicit model for the dataisy; = p+i ; (for i =
1,...,n), in which case the estimate of p isthe sample meany. Hencey; =y for al i, so that g = y;-
y, and the sum of the squared residualsis Eo = XL, (Yi - )? = S,.

If we fit the simple regression model, then y; is “predicted” by the point on the regression
line corresponding to X = x;, SO that yi = /30 +[31 (Xi%) =y +(Sy/Sw)(Xi%) on substituting for the
parameter estimates. Thus e = Y-y = (Vi-y-(Sq/Sw)[Xi-X]), so that the sum of squared residuals

iIsE:=ZL([yi- Y- Sxx[xl x])?.

On squaring out the bracket and summing, we find that E; = Sy + (S4%S«®*S« -
2% Sy X (Sy/S), Which reducesto E; = S,-(S4%/S«). QED.

Q:  Show that Eo-E; = S(§i-y)?, where Eo, = S(yiy )3, and E; is as defined above.

We know that E; = S, (yi - ¥)2 = Sy, and that E; = S,-(S4¥S). Therefore, E-E; =
(S¢?/S«). Now in the above question, we had y; = /30 +/31(X. X) = y+(S¢/S«)(Xi-X). Rearranging
the terms, we can obtain (Sy/Sw)(Xi-X) = ﬁo +ﬁ1(x.-x)-y yi-y. Thus, squaring and summing

over i gives us = 1L (xi - 02 =S (Bo + falxi - X - )2 = Z(9i - ¥)2. But, we know that S
=YL (X - X)?, soit follows that Eq-E; —Zi“:l(ﬂo +/31[xi - X - Y2 =2L(Vi- V)?. QED.

Q: Explaininwordswhat Eo, E; and S iy )> mean.

S(¥i-y)? is a quantity that represents the variation accounted for by the relationsnip
between Y and X; it is termed the regression sum of squares, and can be expressed as Eq-E;. E;
represents the residual variation about the regression line — so is termed the residual sum of
squares. E is clearly the total sum of squares about the sample mean. The fundamental analysis
of variance identity thus states that the total sum of squares equals the regression sum of
squares plus the residual sum of squares.

Q: Peform afull linear regression analysis on the datain BARLEY.MTW. This is the data
from an experiment at College Farm to study the effect of nitrogen fertiliser on barley
yield. The first column represents the amount of fertiliser (in kg/ha), and the second
column gives the yield of barley (in tons/ha).

After importing the data into Minitab, the following output was obtained (see the next
page):



Regression Analysis

The regression equation is
Yield = 4.47 + 0.0158 Fert

Predi ct or Coef St Dev T P
Const ant 4. 4675 0.1769 25. 25 0. 000
Fert 0. 015841 0. 001461 10. 85 0. 000
S = 0.5465 R-Sq = 80.8% R-Sqg(adj) = 80. 1%
Anal ysi s of Variance
Sour ce DF SS VS F P
Regr essi on 1 35. 132 35. 132 117. 62 0. 000
Resi dual Error 28 8. 364 0. 299
Tot al 29 43. 496
Unusual Qobservati ons
bs Fert Yield Fit StDev Fit Resi dual St Resid
17 120 7.4950 6. 3685 0. 1040 1.1265 2. 10R
R denotes an observation with a | arge standardi zed resi dua
MIB >
Graphs Regression Plot
Y =4.46750 + 1.58E-02X
Data Plot R-Sq = 80.8 %
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The first thing we do is to plot the data, and from the graph shown, we conclude that there
could be a straight line relationship between Fertiliser and Yield, although the graph suggests a
curved relationship for higher values of fertiliser. The next thing we do is to ask for aregression
analysis, complete with a normal probability plot of the resduals, and aresiduals vs. fits plot.

From the regression output provided by Minitab, we see that the regression equation is
Yield = 4.47 + 0.0158 Fert. The p-valuesin the next section tells us that there is a very small
probability (not zero as shown) that the null hypothesis holds, i.e. that there is no relationship
between fertiliser and yield.

By applying a straight line relationship, Minitab tells us that 80% of the variability is
accounted for by the straight line relationship. However, there is still 20% of variability to be
accounted for, and this could be reduced by looking for further (e.g. quadratic or cubic)
relationships between fertiliser and yield. This is seemingly confirmed by the residuals vs. fits
plot, which seems to have an “n” shape to the values, and the regression plot. (Both graphs are
shown on the previous page).

On the plus side, the normal probability plot of the residuals looks like a straight line, so
we can say that the samples were probably taken from anormal distribution.

Let us now look for another relationship to model the data. Using the fitted line plot
command in Minitab, and selecting the quadratic option, we get the following output and graph:

Polynomial Regression

Y = 3.94971 + 3.53E-02X - 9.71E- O5X**2
RSq=091.1%

Anal ysi s of Variance

SOURCE DF SS VS F P
Regr essi on 2 39. 6368 19. 8184 138. 648 6.22E-15

Error 27 3. 8594 0. 1429

Tot al 29  43.4962

SOURCE DF Seq SS F P Regression Plot

Li near 1 35.1325 117.616 1.56E-11 _ + 3 S3E00X..
Quadratic 1  4.5043 31.5118 5.89E- 06 T e
MIB > 8

Asyou can see, there is a marked increase
in the variability accounted for by the line, the _
increase being from 80% to 91%. Conclusion: ¢ 2 °
quadratic model is best for this data. (A cubic
model, when applied, only produces marginal
increasesin the R- Sq value).




Q:  Use the matrix approach to find the least squares estimates for a multiple regression
model. (y = Xb+ ).

Asin the case of smple linear regression, we estimate the parameters b; (j = 0,1,...,p) by
the method of least squares. Our aim isto find the vector b that minimises S(b) =21, e? =11
= (y-Xb)' (y-Xb) = y'y-2b’ X'y+b’ X’ Xb. The usual way of proceeding is by differentiating S
with respect to each of the b;; setting the resulting expressions to zero; and solving the ensuing
system of simultaneous equations.

An alternative route, not involving calculus, is to note that if by is any value of b
satisfying X'Xbo = X'y, then S(bo) £ S(b) for al b. This result can be established in the
following steps. First, from the definition of S above, we have S(b) - Sbo) =
b’ X’ Xb-2b’ X'y+2by X'y-bo' X’ Xbo.

Next, substituting for X'y from the above, we obtan Sb) - S(by) =
b’ X’ Xb-2b’ X’ Xbet+bo X’ Xbo. Findly, collecting terms together and tidying up, we see that
S(b)-S(bo) = [X(b-bo)] [X(b-bo)], which is a sum of squares — which must be greater than or
equal to zero. This establishes the result.

If two digtinct vectors bo™ and bo® satisfy X'Xb, = X'y, then by subtraction,
X' X(bo™-bo®) = 0. Elementary linear algebra tells us that this can only be the case if the
determinant of X’ X is zero. Thusif det(X’X) 1 0, then X’ X is non-singular, and[? = (X’X)X'y
is the (unique) least squares estimator of b.

Q:  Show that for the case of a simple linear regression, the matrix approach leads to the
same estimates for b and b, in terms of Sy, S, N, Sy;, etc.

The simple linear regression model is a case of the genera linear model with p = 1. We have
1 x;-X
1 X2 -

X

y= (y1,y2,---,Yn)’; X = , b= (bo,bl)’; andT = (T 1,T 2,...,T n)’-
1 Xn' )_(

Sraightforward  matrix  transposition and multiplication yields X'X =

n 0 _|'n O . , : : vt | N0
(O S (- %)? ] = [ 0S, J from which we immediately obtain (X’ X) —( 0 VS, ] Hence
2
N oryiwn1_| 0N 0
cov(f) =a=(X'X) *+ = 0 o2S, ]

Therefore, we see that Bo and /?1 are uncorrelated, and Ehe regressors (in this case,
trivialy, Xo and X,) are orthogonal. Moreover, the variances of o and f; from the diagonal
elements of s2(X’X)*, and these agree with the expressions derived previoudy. Finaly,

o[ Zyp )2y 5 iy | TEY
Xy—(z(xj_x)yj]—[S(y],sothatﬂ—(XX) X'y [S«/S«]

Again these expressions agr ee with what was obtained in previous questions.



Chapter 3: Further Questions

Q: Using the matrix approach to regression, state what problems may occur when fitting a
polynomia model.

In multiple regression, the matrix (X’X)* plays an important part in the calculations,
which break down if X’ X is singular — the inverse does not exist in this case. However, severd
problems can be encountered if X' X can be inverted but is nearly singular, which will happen if
there is an approximate linear relationship among some or all of the regressor variables. In this
case, we say that there is multicollinearity among the regressor variables. The main problems
caused by multicollinearity are as follows:

» Some or al of the regression coefficients will have large standard errors, so are unreliable as
estimators of the model parameters.

* Thereisingability in the fitted model, meaning that a small perturbation to an observation, or
the deletion of an observation from the data set, will produce a very different fitted model.

» Difficulties arise in variable selection.

It is important to recognise multicollinearity if it is present, so that remedial action can be
taken. For example, in polynomial models, such as y; = be+bixi+b.x2+ i, powering rapidly
increases the magnitudes of values. As the order of the model increases, so will the danger of

XX becoming ill-conditioned, and we are increasingly likely to encounter multicollinearity
problems.

Mean-centering is a useful device in such circumstances — use z = (xi%) instead of X;,
and fit a polynomial model in terms of the zz— and deduce the parameters for the polynomial in
x; from this fitted model. For example, if we wish to fit y; = be+bixi+box2+ ;, we fit instead y; =
G+az+gz2H i, where z = xiX.

The latter model isjust yi = g+au(Xi%X)+g(xi% )2+ ; so on expanding the squared term and
collecting terms together, we see that by = g-gix+@X%; b1 = gi-2@:X; and b, = . Thus estimates /?i
are readily deduced from the 7, and the latter were obtained with greater numerical stability
because many of the correlations between the regressors are greatly reduced by mean-centering.

Q:  Peform apolynomia regression on the barley data.

This was done in the previous section inadvertently — a quadratic model was fitted to the
model, which was found to represent 11% more of the variability than when applying a linear
model only. (The increase in the R2 value was from 80% to 91%).

Formally, we should (in Minitab) produce a new column containing the squared x-values,
and then perform the linear regression, alowing the x and x2 columns to be treated as
“explanatory” variables. In this way, we would get the same equation as if we would just ask
Minitab to apply a quadratic model with its fitted line plot command.



Q:  State why standardised residuals (rather than residuals) are used to assess the regression
model assumptions.

Let us look at the basic regression model, y = Xb+l , where T has mean vector 0 and
covariance matrix s2. The vector of fitted values is § = (§1,...§)’ = X8, and the vector of
resduals is e = (e,...,e))’ = Yy-y. We aso know that § = Hy, and that e = (I-H)y, where H =
X(X'X)*X’, the “hat” matrix. It can be shown that E(e) = 0, and cov(e) = s2(I-H). If we write
the (i, j)™ element of H as hy, it follows that var(e) = (1-h;)s2, and cov(e, ) = -h;s2.

Intuitively, looking at the residuals should give us an indication of the quality of fit of the
regression. If al the residuals are “small”, then the fit is good; but if some or al are “large’, then
the fit is suspect. Unfortunately, the raw residuals cannot be easily interpreted directly, as their
scale of values will depend on the range and scales of the response and regressor variables.

An “average’ variance of the residuals is given by the residua mean sgquare, s?, which
estimates the unknown departure variance s?2. It follows that a smple scaling of the residualsis
to divide each by the average standard deviation, s. However, var(e) = (1-h;)s2 shows that the
residuals do not have constant variance. Therefore, it is preferable to work with the
standar dised residuals, defined by € = ﬁ

Furthermore, cov(e, g) = -h;s2 shows that the residuals are not independent. However, the
covariance between any two of them will usualy be low, particularly if the sample size n from
which the model has been fitted is large. Finaly, if we assume the normality of the T ;iny =
Xb+ , then the fact that the residuals are linear functions of the y; implies the normality of the
e aswell.

Thus, if al the assumptions underlying the regression model are correct, we can view the
€ asiid N(0,1) random variables. The graphical inspection of the € will quickly show up any
violation of the model assumptions, or any model inadequacy, as such situations will induce
deviation from iid N(0,1) behaviour on the part of the standar dised residuals.

Q: Define an influential observation, an outlier, and the leverage of an observation.

An influential observation is defined to be one which, for whatever reasons, causes a large
change in some or al of the estimated regression parameters when it is omitted from the data set.
Sometimes, an outlier isan influential observation.

Outliers are observations that are not well fitted by the assumed model, and have large
residuals. A “rule of thumb” isthat an observation with a standardised residual greater that 2.5 in
absolute value indicates a possible outlier, and then the source of the data should be investigated.
The observation should be omitted if there is a doubt about the accuracy of the observation.

If alarge difference in the model parameter estimates is consequently obtained, then the
observation is said to be influential. Influential outliers are more important than ones which do
not cause much perturbation in model parameters on omission, because they raise the possibility
of model instability.



Observations well separated from the othersin terms of their regressor variable values will
have large values of h;, with h; coming from the “hat” matrix, H. We call h; the leverage on the
i"™ observation. As a rough guide, observations with h; > 3(p+1)/n are influential, where p is the
number of regressor variablesin the model, and n is the number of observations.

However, the drawback with leverage as a measure of influence is that it only takes into
account the data configuration regarding the regressor variables, so that it may miss those
observations whose influence arises partly or wholly through their response variable values.
Various other measures of influence have therefore been proposed, such as Cook’ s distance.

Q: Perform a multiple regresson of aeria biomass on the 5 variables salinity, acidity,
potassium, sodium and zinc levels, using the data in
O:\STATDATA\DATA\CAPEFEAR.MTW. Perform the regression as described below.

ONSTATDATA\DATA\CAPEFEAR. TXT

The data in ON\STATDATA\DATA\CAPEFEAR.MTW comes from Applied
Regression Analysis, a research tool by J.O. Rawlings 1988, and is in
the Science Library QA278.2.R38.

The data describes a piece of research to identify the important soil
characteristics influencing aerial biomass production of the marsh
grass Spartina alterniflora in the Cape Fear estuary of North Carolina.

Factors
type revegetated dead areas, short Spartina areas and tall Spartina areas
location 3 places Oak Island, Smith Island and Snows Marsh

5 samples from each of the type by location sites were taken.

Measurements taken

salinity - 0/00

pH - acidity as measured in water

Kk - potassium in ppm (the name K causes Minitab problems!)
Na - sodium in ppm

Zn - zinc in ppm

The dependent variable is aerial biomass in /gm2

The objective is to identify which measurements both singly and
together are related to biomass.

To start with, | looked to see if the variable 2w .
“salinity” affected our dependent variable “biomass’. e ’ :
Looking at the data in the plot shown on the right, i . o . .

1500

seems that there is no significant relationship between the
two variables, and this is confirmed by the Regressior £ 1o
output on the following page, where only 1.1% of the

biomass
@
L ]

variability in the data is explained by the relationship | "t eet. Tt
between salinity and biomass. (A low F-value and a higr ° N N N N
p-value). | therefore conclude that salinity does not affect salinity

the aerial biomass of the marsh grass.



Regression Analysis

The regression equation is
bi omass = 1555 - 18.3 salinity

Predi ct or Coef St Dev T P
Const ant 1554.9 820.7 1.89 0. 065
salinity -18. 31 26. 92 -0.68 0. 500
S = 664.1 R-Sqg = 1. 1% R-Sg(adj) = 0.0%

Anal ysi s of Variance

Sour ce DF SS MS F P

Regr essi on 1 204048 204048 0. 46 0. 500

Resi dual Error 43 18966915 441091

Tot al 44 19170963

Unusual Observations

Qos salinity bi omass Fit StDev Fit Resi dual St Resid
26 29.0 2436.0 1024.0 104.7 1412.0 2.15R
27 35.0 2216.0 914.1 161. 4 1301.9 2. 02R

R denotes an observation with a | arge standardi zed residua

Next, | looked to see whether Type or L ocation affected the biomass, either together or singly.
The following is the regression output obtained.

Regression Analysis (Type & Location)

The regression equation is

bi omass = - 35 + 367 type + 151 | ocation

Predi ct or Coef St Dev T P
Const ant -35.2 315.3 -0.11 0.912
type 366.7 107.1 3.42 0. 001
| ocation 151.3 107. 1 1.41 0. 165
S = 586.6 R-Sq = 24.6% R-Sg(adj) = 21.0%

Anal ysi s of Variance

Sour ce DF SS %S F P

Regr essi on 2 4720387 2360193 6. 86 0. 003

Resi dual Error 42 14450577 344061

Tot al 44 19170963

Sour ce DF Seq SS

type 1 4033333

| ocation 1 687053

Unusual Observations

os type bi onass Fit StDev Fit Resi dual St Resid
33 1.00 1960. 0 785.5 174.9 1174.5 2.10R
34 1.00 2080.0 785.5 174.9 1294.5 2.31R

R denotes an observation with a | arge standardi zed resi dua

Regression Analysis (Type)

The regression equation is
bi omass = 267 + 367 type

Predi ct or Coef St Dev T P
Const ant 267.5 234.0 1.14 0. 259
type 366. 7 108. 3 3.38 0. 002
S = 593.3 R-Sq = 21. 0% R-Sq(adj) = 19.2%

Anal ysi s of Variance

Sour ce DF SS %S F P

Regr essi on 1 4033333 4033333 11. 46 0. 002

Resi dual Error 43 15137630 352038

Tot al 44 19170963

Unusual Observations

Qos type bi omass Fit StDev Fit Resi dual St Resid
33 1.00 1960. 0 634.1 139.8 1325.9 2.30R
34 1.00 2080.0 634.1 139.8 1445.9 2.51R

R denotes an observation with a | arge standardi zed resi dua



Regression Analysis (Location)

The regression equation is
bi omass = 698 + 151 | ocation

Predi ct or Coef St Dev T P
Const ant 698.1 258. 6 2.70 0. 010
| ocation 151. 3 119.7 1. 26 0.213
S = 655.6 R-Sq = 3.6% R-Sg(adj) = 1.3%

Anal ysi s of Variance

Sour ce DF SS %S F P

Regr essi on 1 687053 687053 1.60 0.213

Resi dual Error 43 18483910 429858

Tot al 44 19170963

Unusual Observations

os | ocation bi onass Fit StDev Fit Resi dual St Resid
26 2.00 2436.0 1000. 8 97.7 1435. 2 2.21R

R denotes an observation with a | arge standardi zed residual

25% of the variability is accounted for by both variables together; 21% of the variability is
accounted for by the Type-Biomass relationship; and only 3.6% of the variability is accounted
for by the Location-Biomass relationship. It therefore looks like Location only has a negligible
effect on the Biomass obtained, and this variable will be henceforth disregarded.

As an aside, hereisthe Anova output related to the above:

One-way Analysis of Variance (Location)

Anal ysis of Variance for bionass

Sour ce DF SS M5 F P
| ocation 2 817013 408507 0.93 0.401
Error 42 18353950 436999

Tot al 44 19170963

I ndi vi dual 95% Cls For Mean
Based on Pool ed St Dev

Level N Mean StDev  --4--------- Fomem- - Fomem- - +----

1 15 887.5 374.5 (----------- oo - )

2 15 924.8 901.8 (----------- oo - )

3 15 1190.1 597.9 (----------- oo - )
B [ TS [ TS +----

Pool ed StDev = 661. 1 600 900 1200 1500

One-way Analysis of Variance (Type)

Anal ysis of Variance for biomass

Sour ce DF SS MS F P
type 2 10875932 5437966 27.53 0. 000
Error 42 8295031 197501

Tot al 44 19170963

I ndi vi dual 95% Cl's For Mean
Based on Pool ed St Dev

Level N Mean StDev ------ R R R +

1 15 909. 9 607. 6 (---*----)

2 15 449. 3 140.2 (----*----)

3 15 1643. 2 451. 3 (----%---)
------ T S

Pool ed StDev = 444. 4 500 1000 1500 2000



Let us now study whether any of the “chemicals’ affect the dependent variable. To start

with, let us ook at the plots where we plot biomass against a“chemical”:
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| used the best subsets command to regress the four above variables on biomass, as this
selects automatically the best single “chemical”-biomass relationship; the best
“two-chemicals’ /biomass relationship; and so on. Here is the output obtained:

Best Subsets Regression

Response i s bi omass

Adj . p KNZ

Var s R- Sq R- Sq Cp s Hk an

1 59.9 59.0 6.7 422.63 X

1 39.0 37.6 31.7 521.55 X

2 65.8 64.2 1.7 394.85 X X

2 64.8 63.1 3.0 401.07 X X

3 66.2 63.8 3.2 397.28 X X X

3 66.0 63.6 3.5 398.51 X X X

4 66.4 63.1 5.0 401.19 X X X X

Looking at the R2-values in the output, we see that 66% of the variability is accounted for
by a model that takes into account all four variables — but note that we can account for 64% of
the variability by using amodel that takes into account two chemicals only. (The third row in the
output). This small decrease is acceptable given the relative smplicity of the two-variable model
as compared to the four-variable model.



In summary, the variables “location” and “salinity” do not affect the biomass, our
dependent variable. Type does affect the biomass to some degree, but combining it with the two
variable model obtained on the previous page produces negligible increases in R2. Therefore, our
model for prediction of biomass levels consists of an equation relating the biomass to the acidity
and the sodium,

Bi omass = 476 + 405xAcidity - 0.0233xSodi um

Regression Analysis

The regression equation is

bi omass = - 476 + 405 pH - 0.0233 Na

Pr edi ct or Coef St Dev T P
Const ant -475.7 273.5 -1.74 0. 089
pH 404. 95 47.77 8.48 0. 000
Na -0. 023326 0. 008655 -2.70 0. 010
S = 394.9 R-Sq = 65.8% R-Sq(adj) = 64.2%

Anal ysi s of Variance

Sour ce DF SS MS F P

Regr essi on 2 12622789 6311394 40. 48 0. 000

Resi dual Error 42 6548175 155909

Tot al 44 19170963

Sour ce DF Seq SS

pH 1 11490388

Na 1 1132401

Unusual Observations

bs pH bi omass Fit StDev Fit Resi dual St Resid
12 3. 45 1400. 0 580.9 82.9 819.1 2.12R
14 4.10 1736. 0 905. 2 75.6 830. 8 2. 14R
34 4. 75 2080. 0 911.6 81.3 1168. 4 3. 02R

R denotes an observation with a | arge standardi zed resi dua

Here are the usual two graphs asked for with a regression analysis. a normal probability
plot of the residuals, together with aresiduals vs. fits plot:

Normal Probability Plot of the Residuals

Residuals Versus the Fitted Values }
(response is biomass)

(regponss is biomass)
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Q: Perform a forward selection, a backward elimination, and a stepwise regression on the
above data.

All of the above regression methods can be performed using the Stepwise command from
the Regression section of the Stat menu. There is a useful page in the Minitab Help File
clarifying how we should use the Stepwise command to perform the above methods of
regression:

Stat > Regression > Stepwise

Stepwise regression removes and adds variables, for the purpose of identifying a useful subset of the predictors. Three commonly
used procedures are provided: standard stepwise regression (adds and removes variables), forward selection (adds variables), and
backwards elimination (removes variables).

1. Stepwise: In step one, an F-statistic for each predictor already in the model is calculated. If the F-statistic for any predictor
is less than the value specified in the "F to remove" text box under <Options>, Minitab removes the predictor with the
lowest F-statistic and prints output from the resulting model. In step two, Minitab calculates an F-statistic for each
predictor not in the current model. If any value is greater than the value specified in the F to enter text box in the
<Options> for any predictor, Minitab enters the predictor with the highest F-statistic and prints the output from the
resulting model. These steps are repeated until no variables meet the criteria for addition or removal. Stepwise selection is
the default. See Method Used by Stepwise for more information.

2 Forward selection: Adds predictors to the model as in Stepwise, but once added, a variable is never removed. The forward
selection procedure ends when no additional variables have an F-value greater than F to enter. To do forward selection:
Click the Options button and set "F to remove" to O.

3 Backwards elimination: Begins with a model containing all possible predictors and removes them one at a time without
re-entering any. Ends when no variable in the model has an F-value less than F to remove. To do backwards elimination:
List all predictors in the Enter text box, click the Options button, and set "'F to enter" to 10000 (a value virtually
impossible to obtain).

In this question, consider that we want to find out if any of the four “chemical” variables
are related to the biomassin any way. We can do this by using the three methods of regression.

(1) Forward Selection. As suggested by the help file, we perform forward selection by setting

the “F-to-remove’ to zero in the options sub-screen. After doing this, we select the
variablesinvolved and click OK.

fitepwice Fiegecsion Smpwice - Ot
[} location Besponse!  |biowass F o grnder? fTin 0]
-2 L
c3 :bg ::f:-;—.-
el salinity Predictors:  |pE-2x = F i pemave? L
o =]
b ¥l
i Ha
i = | ghow the best | allernale prediciors
Enter: =
Take | stops Delwaen pausges
Ei
Farea: =l ¥ Fit imtereapt
| el I =l
Help | Optinns,.. O, | Cancel | Help | O i Cancel




Stepwise Regression (Forward Selection)

F-to-Enter: 4. 00 F-t o- Renove: 0. 00

Response is biomass on 4 predictors, with N= 45
St ep 1 2

Const ant -885. 2 -475. 7

pH 410 405

T- Val ue 8.02 8. 48

Na - 0. 0233

T- Val ue -2.70

S 423 395

R- Sq 59. 94 65. 84

Using Forward Selection, the first iteration of the algorithm suggests an association with
acidity. After the second iteration, the algorithm suggests an association with both acidity and
sodium. The algorithm then terminates. Note that these were the variables used at the end of the
previous question.

(2) Backward Elimination.

Stepwise Regression (Backward Elimination)
F-to-Enter: 1000. 00 F-t o- Renove: 4.00
Response is biomass on 4 predictors, with N= 45

No vari ables entered or renoved

Using Backward Elimination, we start effectively with an equation linking the four
“chemica” variables specified. Because the algorithm cannot find a relationship using three
variables that has a better “fit” than the four-variable version, the agorithm terminates at the first

step.

(3) Stepwise Regression (Normal).

Stepwise Regression

F-to-Enter: 4. 00 F-t o- Renove: 4. 00
Response is biomass on 4 predictors, with N= 45
Step 1 2
Const ant -885. 2 -475. 7
pH 410 405
T- Val ue 8.02 8.48
#‘a\/al e - 0. 2238 Using Stepwise Regression, we arrive at
' the same relationship as what we arrived at at the
S 423 395 i i i i i
. 5o 01 65 84 end of the previous question, i.e. a relationship

linking Biomass to Acidity and Sodium.



Q: Using Mdlow’s C, criterion, and the minimum residual mean square criterion, which
model would you choose to predict aerial biomass for the above data?

To see what we would choose, let us reprint the Best Subsets output obtained when
performing analysis two questions ago:

Best Subsets Regression

Response i s bionass

Adj . p KNZ

Var s R- Sq R- Sq Cp S Hk an

1 59.9 59.0 6.7 422.63 X

1 39.0 37.6 31.7 521.55 X

2 65.8 64.2 1.7 394.85 X X

2 64.8 631 3.0 401.07 X X

3 66.2 63.8 3.2 397.28 X X X

3 66.0 63.6 3.5 398.51 X X X

4 66.4 63.1 5.0 401.19 X X X X

Using Mallow' s C,, criterion, we would choose the third option, as this has the lowest C-p
value. Using the minimum residual mean square criterion, we would also choose the third
option, as this has the lowest ‘s value in the table. These results agree with what we obtained
previoudly.

Q: Perffoom a comparison of regresson lines anaysis on the daa in
O:\STATDATA\DATA\DADSON.MTW, where the first column gives the height in inches of
20 first year students at UWB in two different years as given in the third column; and the
second column gives the height of each student’ s father.

After creating another column from the “year” column, changing 1969 to “0” and 1979 to
“1", | regressed the heights on each other, including the adjusted year column as another
predictor. This is the regression output, together with a plot of “dad’s height” against “son’s
height” by year.

Regression Analysis

The regression equation is
son_ht = 34.2 + 0.516 dad_ht - 0.219 year_ad]

Predi ct or Coef St Dev T P
Const ant 34.190 8.412 4.06 0. 000 75 E o0
dad_ht 0.5160 0.1208 4.27 0. 000 ° 1
year _adj -0.2194 0.7277 -0.30 0. 765 + 0 Co+ g
| C |
S = 2.297 R-Sq = 33.4% R-Sq(adj) = 29.8% o
Anal ysi s of Variance £ 7
b oW &
Sour ce DF SS 7S] F P o _ &
Regr essi on 2 97. 855 48. 927 9. 27 0. 001
Resi dual Error 37 195. 245 5. 277
Tot al 39 293. 100
65 +
Sour ce DF Seq SS - o+
dad_ht 1 97. 375
year _adj 1 0. 480 65 70 s
Unusual Observations dad_ht
bs dad_ht son_ht Fit StDev Fit Resi dual St Resid
8 67.0 64. 000 68. 760 0. 596 -4.760 -2.15R
Conclusion: For 1969, we have the relationship Son's Height = 34.2 +

(0.516) xDad’s Height. For 1979, we have the reationship Son’s Height =
(34.2+0.219) + (0.516)xDad’ s Hei ght. This seems to suggest that on average, heights
grew by 0.219 inchesin 10 years.



Chapter 4: Analysis Of Variance

Q:  Show that the following equation holds: SS(yi-y..)? = Sni(yi.-y..)2+SS(Yi-Vi.)?.

The left hand side is the total sum of the responses XK, 3%, (yi-y..)2 and is used to derive
a test for differences among groups. Adding and subtracting y;. within the square, and suitably
bracketing the terms, the sum of squares can be written as> <, X% [(yi-yi)+(Yi-y..)]2 Expanding
the square in terms of the quantities in the round brackets, we obtain
S [y H Yoy 2= ZG B (i Ye)? + 285 Zi (i) (Y- + 2k Zk (iey-)?
= G IR YY)+ 228 T (0)(Yiy-) + i n(yiy..)?
i T (Y2 + i niyiy.)2

Explanation: The middle term disappears because T, (yi-yi.) = 0, and because the final
term does not depend on j, we will have n, copies of X, (yi.-y..)? added together.

Q:  Describein words the meaning of each of the ter ms in the above question.

The term on the left-hand side is the familiar total sum of sguares of the responses,
denoted by S,. The first term on the right-hand side expresses the (weighted) sguared
differences among the group means, so is usually termed the between-group sum of squares,
denoted by SSr (in recognition of the fact that the groups are often “treatment groups’). The
second term on the right-hand side can be recognised as the sum of sgquares pooled within the
groups, o is called the within-group sum of squares, denoted by SS: (in recognition of the fact
that it is a measure of the experimental error). Thus the fundamental identity in one-way
analysis of varianceis Sy = SSr + SS:.

Q:  Perform aoneway Anovaon the barley data used in the regression examples above.

One-way Analysis of Variance

Anal ysi s of Variance for C2

Sour ce DF SS M5 F P
Cl 5 40. 657 8.131 68. 72 0. 000
Error 24 2. 840 0.118

Tot al 29 43, 496

I ndi vi dual 95% Cl's For Mean
Based on Pool ed St Dev

Level N Mean StDev  ---------- S - Fomm e e Fommme
0 5 4.0150 0. 2967 (-*--)
40 5 5.2284 0.5140 (--*-)
80 5 5.8146 0. 3097 (-*--)
120 5 6. 9910 0. 3837 (-*--)
160 5 7.2712 0.2714 (--*-)
200 5 6. 9896 0. 2020 (-*--)
---------- S
Pool ed StDev = 0. 3440 4.8 6.0 7.2

From the above, we see that there is significant evidence that the fertiliser levels in
column 1 affect the yield levels in column 2: a high F-value; alow probability level (< 0.001);
and asmall error SSisthe catalyst behind this suggestion.



To test whether the data is normally distributed, here are the graphs asked for with the
Anova output: a normal probability plot, and a residuals vs. fits plot. As you can see, the
normal plot is relatively straight, so it passes the “test”; and the residuals are evenly distributed
about the middle, so this“test” is also passed.

Normal Probability Plot of the Residuals Residuals Versus the Fitted Values
(regpanss is Ragponsa) (responss is Respanga)
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Q: Decide whether a linear, guadratic, cubic or other model is the most appropriate for the
barley data.

This has aready been done in previous questions, and it was found that the quadratic
model was the best one for the data. To recap, we used the fitted line plot command off the
Regression menu. Specifying a linear model, the R? value obtained was 80.1%, which meant that
80.1% of the variability in the data was accounted for by the linear model.

Specifying a quadratic model, an R? value of 91.1% was obtained. Specifying a cubic
model, an R? value of 92.2% was obtained. Due to the relatively large jump in the R? value
between the linear and quadratic models, and the relatively small jump in the R? value between
the quadratic and cubic models, | decided that the most appropriate model for the barley data
was the quadratic model. The gain in ssimplicity of the model was worth it given the small jump
In R2 between the quadratic and cubic models.

Thisisthe final model for the barley data: (Y = Yield, X = Fertiliser Level)

Polynomial Regression

Y = 3.94971 + 3.53E-02X - 9. 71E- 05X**2
RSq =91.1 %

Q: The following table alows linear, quadratic, [Tinear
cubic, quartic and quintic orthogonal contrasts to | quadratic
be calculated for a factor with 6 levels. Confirm | cubic
the findings for, say, the linear and quadratic| quartic
effects from the Minitab output for the barley Quintic
data.

Mo NumRw
= = 01 0101

(SN N S S 6)
SRS

1

1 1
o"‘l\)-h_h}_\
oo AL




Quadratic Model for the Barley Data

Polynomial Regression

Y = 3.94971 + 3.53E-02X - 9. 71E- 05X**2
RSq =91.1 %

Anal ysis of Variance

SOURCE DF SS M5 F P
Regr essi on 2 39. 6368 19. 8184 138. 648 6. 22E-15
Error 27 3. 8594 0. 1429

Tot al 29 43. 4962

SOURCE DF Seq SS F P

Li near 1 35. 1325 117.616 1.56E-11

Quadratic 1 4.5043 31.5118 5.89E-06

Any linear combination of group totals z, = lw.Y1. + Y2 + ... + LY« iscaled alinear
comparison or linear contrast (among the group totals) if the coefficients satisfy the condition
Si=i“ nilw = 0. Two contrasts z, and z, are said to be orthogona if Si=;* nil4l, = 0.

Thus, for example, if there are three groups with equal sample sizesn; = n, = N3 = m, say,
such that group 1 is a “control”, while groups 2 and 3 correspond to two new experimental
regimes A and B, then z; = Y1.-%2(Y..+Y3.) isacontrast between the control group and the two
experimental regimes; z, = Y,.-Y3. is a contrast between the two experimental regimes; and
these two contrasts are orthogonal. We can partition the between-group sum of squares SSr
using the following results:

1. If z, = Si lwYi. isany contrast among the Y., and Dy, = nyl3,.+n2l3,, + ... + N3, then the
guantity z2,/D,, is acomponent of SSr representing one degree of freedom.

2. If z, and z; are orthogonal, then z,%/D, is similarly a one-degree-of-freedom component of
SSr - (:2/Dy).

3. If SSr has k-1 degrees of Ireedom and if z;, z, ..., z«1 ae (any) mutualy orthogona
contrasts, then SS; = é—zz +..+ ékkll :

In the barley example, we have SSr = 35.1325 + 4.5043 as shown above. What we want
to show is that by using the coefficients given, and the above formulae, we can calculate the
above two numbers. In the absence of knowing the actual data, we will estimate Y. by nfy),
wherey is the group mean as given by the Anova output.

S0 z; = 5(4.0150)(-5) + 5(5.2284)(-3) + (5)(5.8146)(-1) + (5)(6.9910)(1) + (5)(7.2712)(3)
+ (5)(6.9896)(5) = 110.889; z;2 = 110.8892 = 12296. So D; = 5[(-5)2+(-3)3+(-1)2+12+32+57] =
5(70) = 350; and the Linear Component of SSr is therefore %#%/35, = 35.132, which within
rounding errors and estimation is very good.

Now 2, = 5[(4.0150)(5) + (5.2284)(-1) + ...] = -43.495; 7,2 = (-43.495)2 = 1891.815. And
= 5(52+(-1)2+(-4)2+(-4)2+(-1)2+57] = 84x5 = 420; s0 SS; (Quadratic) = #1815/, = 4.50,
which is again a good estimate.



Q:  Perform aTwo Factor Anovaon the datain O\STATDATA\DATA\CEREAL.MTW.

Thisisthe output obtained:

Two-way Analysis of Variance

Anal ysis of Variance for height

Sour ce DF SS M F P
cer eal 3 19558. 8 6519. 6 205. 54 0. 000
depth 2 13. 7 6.9 0.22 0. 806
I nteraction 6 120. 2 20.0 0.63 0.704
Error 36 1141.9 31.7
Tot al 47 20834. 7
Normal Probaretjli:i:igl:fhthe Residuals Residuals Versus the Fitted Values
(rosp 9 (r@spanse is haighl)
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From the above, it seems that cereal does have an effect on the response variable “height”.
However, neither the explanatory variable “depth” nor the interaction between cereal and depth
has an effect on “height”. Further, large p-values suggest that the NH holds, so that there are no
effects (p « 0.05). Therefore, | decided to perform a one-way analysis of variance using just the
cereal. Thisiswhat | obtained:

One-way Analysis of Variance

Anal ysi s of Variance for height

Sour ce DF SS M5 F P
cereal 3 19558. 8 6519. 6 224.84 0. 000
Error 44 1275.9 29.0
Tot al 47 20834. 7
I ndi vi dual 95% Cls For Mean
Based on Pool ed St Dev
Level N Mean StDev  ---------- S - S Fommme
1 12 51.82 3.23 (-*-
2 12 101. 76 8.27 (-*-)
3 12 58. 05 4.14 (-*-
4 12 56. 46 4. 47 (-*-
---------- S
Pool ed StDev = 5.38 64 80 96

Here, we have a larger F-value for cereal, and only a marginal increase in the Error SS,
which is reduced anyway if we add in another explanatory variable. Therefore, 1 conclude that
only cereal affects this data. The inclusion of depth in the model does nothing to help us predict
future values.



Q: Explain the difference between fixed effect and random effect factors.

The process of subsampling removes the connections between the experimental units that
exist in a cross-classification. For example, “ward 1" in the first hospital chosen in an
experiment has nothing in common with “ward 1” in the second hospital chosen; “leaf 1” in the
first tree chosen in an experiment has nothing to do with “leaf 1” in each of the subsequent trees
chosen.

Since they are al chosen purely randomly, and no interest attaches itself to the particular
ones actually selected, they are said to exhibit random effects. By contrast, al the levels of
factors, or blocks, in a cross-classification, are common across all experimental units. Moreover,
the actual levels used in the experiment are generally of interest in their own right, so are treated
as having fixed effects.

Q: Explain why, before the advent of computers, the advice of statisticians was to collect
balanced data.

Before the advent of electronic computers, the caculations for a multiple regression
analysis were very onerous. Consequently, whenever possible, adternative (simple)
computational methods were developed, such as Anova. Such methods almost aways involved
some constraints on the alowable forms of data.

We will be looking at Anovas requiring balanced arrangements, in which the same
number of observations appear in each block, each factor, and so on. When this is so, the
corresponding regresson models are at least partially orthogona, which smplifies matters
considerably. Manual calculations are therefore much easier to do than if the Anova was not
balanced, and we can at least get some sensible answers and results without having to use a

computer.

Q:  Write out the oneway Anova model for the barley data in a multiple regression format —
I.e. what isthe design matrix X?



