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Introduction, Recall

A Basic problem in particle mechanicsis. Given aforce F = F(r, t, t), find the path of the
particle r = r(t). To do so, we must solve E = ¥4(mfp). If mis constant, E = m*/4, or E = n¥. (A
Differential equation of motion). In one-dimensional motion, the equation of motion is it =
F(x, x, t).

Special cases. (1) F = F(t), with equation of motion mx = F(t), or m™/4 = F(t). In this
case, integrate the equation twice w.r.t. time. Example: F = kt (k = constant; x = 0 andx = U
when t = 0). So mM*/g4e = kt; ®/4e = */int. Integrating, /g = YX/t2 + ¢; ...(1). And then x = Y/ t3
tat+c...(2). From (1), x =U at=0givesU = ¢;; and from (2),x =0att =0gives0 = C,. SO
the solution is x = ¥/¢/t3+Ut.

(2). F = F(X) or F = F(v). The differential equation to be solved is mx = F(v). Use X =
V¥4, and integrate w.r.t. x; or use X = %/, and integrate w.r.t. time. Example: F = -pv, where p
isaconstant; andv=U and x =0at t = 0. Using X = */4, we obtain the equation m*/4 = -pv. So
1™, = 1-Pladt; logv = -Plt + ¢ v = ePMier vy = @PMigh: v =

Ae® Att=0,v=U,soU=A andv = Ue®™ To obtain x , * Um/pﬁf 77777777777777777777777777777777
integrate w.r.t. time, i.e. ®/q = Ue®™" x = U(-"/,)e®™ + c,. Al

t =0, x is zero, so ¢, = U",,; and therefore x = U™/,(1-e®™"). This t t
gives the graphs as shown.
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(3) F = F(x). The equation to be solved is mx = F(x). Using m*/4 = F(x), we cannot go
further, so we use /g = V¥ (= YMau®/a) to get mv¥ g = F(X). Integrating gives mivdv =
|F(x)dx, to give ¥Yamv2 = W(x)+E, where W(x) = |F(x)dx is the work function — the work done
by the force during the displacement, and E is a constant of integration.

This may be written as the principle of conservation for mechanical energy: T+V(x) = E,
where T = ¥amv2 is the kinetic energy; V(x) = -W(x) = -f(x)dx is the potential energy; and E is
the total energy (a constant). We need to integrate again to obtain an expression for x. Consider
1/2I'T]V2'|'V(X) = E;, Yamv2 = E'V(X), V2 = 2/m(E'V(X)), V =y +vegrad., but f(x) = -grad., so -ve force

AEHm(E-V(X))). S0 ¥g = Q?w)(E-V(X)). In principle, this may be

integrated as |dt = & t+congtant. Therefore, t = | —2%— +
cd [ ) JHE V) j JEEVM)
; constant. The constant E is determined by the
CERY ; initial conditions, e.g. values for x andx at t = §
0.

- Potential Energy diagrams. Note that V(x) = -|f(x)dx so that f(x) =

V4. Also note that T = Yamv2 > 0; so E-V(X) > 0; V(x) £ E. Examples: (1)
If the particle is released at rest at position X, (with energy E), it will
oscillate back and forth between x, and Xg. The particle cannot escape from
the potential well.




(2) If the particle has total energy E;, it isin equilibrium and cannot move. If the particle
has total energy E, it will oscillate within a potential well. If the particle has energy > Es, it will
continue its motion. At C, /4 < 0P F>0.AtD,">0P F<O0.AtA, *x=0and ®/4<0

P F=0inunstable equilibrium. At B, /= 0 and ®/4.> 0P F =0 in stable equilibrium.
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Tutorial

Q: Calculate the potential V(x) for the force F = -kx, where k is a positive constant. Find
the position(s) of equilibrium, and show whether they are stable or unstable. Sketch the graph of
V(x). A: V(X) = -W(X) = -]-kx dx; V(X) = Ykx2+constant. Positions of equilibrium occur at
maxima or minima of V(x), when ®/4 = 0. An equilibrium point is stable if it is a minimum, that
is®™/4> 0. Inthiscase, V = Yokx2+c; M/ = kx. And 0 V/=0P kx =0, s0X =0. Now /4.
=k > 0, so we have a point of stable equilibrium. The sketch is any quadratic graph (positive).

Q: The equation of motion for a pendulum may be written asn# = -"9,sing. Calculate the
potential V(q), and sketch its graph. Determine the points of mg .
equilibrium. A: F = -™sing. V(X) = -]-™sinqdq = ™/sinqdq = /\ T /\'@
m9/,(-cosq)+constant. A Sketch is shown on the right. Now %/4, = ™9/sing,
0V =0aq=0,0p, 2p,..., with ¥/ = ™/cosg. At the specified “mg/
points, thisis1,-1,1, -1, ..., so stableat g = 0, 2p, 4p,...; and unstable at q = p, 3p, 5p,...
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Small Oscillations about Stable Equilibrium

Here, we linearise the equation of motion about a point of stable equilibrium. For
convenience, take the point of equilibrium to be at the origin, so x = 0. Therefore, f(0) = 0 or
V’(0) = 0. We now expand V(x) in the form of a Taylor series about the origin (A Maclaurin
series): V(x) = V(0)+V' (O)x+V"’ (0)/2+V’ "’ (0)/a+... Because x = e va
0 is a point of equilibrium, V’(0) = 0. Also, V(0) is a constant V@)I / o \T -
term, and constitutes an arbitrary additive of integration, which we ‘ -

take to be zer o for convenience.

X
V() =V(0)

So V(x) = V' (0)¥/2+0O(x3). If the distance from the origin is small, we ignore terms of
O(x3), so V(X) ~ V"' (0)¥/>. To obtain the linearised equation of mation, differentiate V(x) to give
F(x) = -%/s = -V (0)x. For small displacements, V(x) = *7,, and F(x) = -kx, where k = V'’ (0).
Remember that the point of equilibriumis stableif k =V'’(0) > 0, and unstableif k =V''(0) <
0.

The equation of motion for small displacementsis nk = -kx, or nk +kx = 0. For k > O, this
isthe linear oscillator equation, X+w2x = 0, where ¥/, = w2 > 0. This has solutions of the form x
= Asinwt+Bcosawt, where A & B are constants of integration. An alternative representation is x
= Asin(wt+d), where A is the amplitude; d is the phase angle; w is the angular frequency (in
radians per second); and f = "/, is the frequency (in revs per second). T = '/ is the period (the
time taken for a revolution) = #/,. In terms of potential energy, w = &/, = OO/, hence T =
ZpGn/V”(o).
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Plane Polar Co-ordinates

(Note: in the following, where | cannot underline a term in the notes, | will embolden it
instead, i.e. take & = &). An alternative to Cartesian co-ordinates (X,y) is to use polar
co-ordinates (r,q), where r is the radia co-ordinate and q is the transverse  /|\v
co-ordinate. Take unit vectors in the r and q directions, namely € and & |
(sometimes denoted by t and 0) Note that the position vector of a particle ; X
may be represented asr = re. The velocity vector is given by ¢ = dr/dt = | i
dr/dt(e)+r(de/dt). So ¢ = ietra.

e
o _7e

From the diagram, we note that & = cosgi+singj, and e, = -sinqi+cosg).
A e Differentiating the expression for e gives de/dt = -sing(dg/dt)i+cosq(dg/dt)p
q"r 99 (by the chain rule) = do/dt(-singi+cosqj). Therefore, we have de/dt = (dg/dt)e,
or & = Og,. Similarly, for the time derivation of g,, de/dt = -cosg(dg/dt)i -
V= sing(dg/dt)] = -dg/dt(cosqgi+sing]). Therefore,

i de/dt = (-dg/dt)e, or &, = -fe. Looking at the g
4 diagram on theright, ¥«(e) = im { (&-e)/dt} =
| lim {%4(e)}. So r = te+ra. The expression

for the velocity vector becomest = rg+r9§q.

To obtain the acceleration vector in plane polar components, differentiate the velocity
vector to give i = d/dt(r) = re+ra+ife+re+rfa. Using the exprons for & and &, gives the
following: i = rer+r03+rﬁa+r9eq+r9( Ha) Now gather terms: i = (i-r®e + (ro+2i)eq. Thisis
equivalent to i = (f-r62)e + Y,(d/dt)(r20)e,.

Example: Motion in acircle that has radius a The equation for the particle’s pathisr = a
(constant). The velocity vector isi = afe,. The acceleration vector is i = -agpe+abe,. Thisis

the radial component of acceleration (= an?, where w = 6).
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Newton's Second Law of Motion in Plane Polar Co-ordinates

Consider m¥ = F(r i ,t), and take components in the r and q directions, so thati = {-102)e
+1,974(r20)e,. Let F = Fe+Fqge,. r-component: m(i-ré?) = F(r,i,q,0.t). g-component: mY/; ¥«(r?)
= q(r,f,q,é,t).

Moments of Vectors in Plane Polar co-ordinates. The LN
moment of a force about a point O is defined as Mo = rxF. (r isthe * N
position vector of the point of application of the force F). If g is the %Wl d1 & WZV

angle between r and F, the magnitude of Mo is given
by [My| = |r||Flsing. From the diagram (on the left), D = |r|sing, so [Mo| = |F|D.

Eq_eqm =

. Now consider the components of F in plane
adion polar co-ordinates (F = Fe+Fqe,). F = |Flcos,
s ad Fy = [Fising. S0 [Mo| = [r|[Flsing = rF,




We may take the moment of any vector about a point. In particular, .r/f mE (= mv)
the angular momentum about a point O is defined as the moment about C os—

of the linear momentum: L = rxnt; L = rxmv. In plane polar co-ordinates, ;

¢t = tg+rfe,. So L = |L| = mr?d (= r(mrd) which follows from [Mo| = rFqg) © ™4
We denote the angular momentum per unit mass as h = Y, so h = r26.

r
a&q -
r N>ie

Geometry of Conic Sections

A Cartesan/Polar Co-ordinates. Circle x2+y2 = &. Ellipse:
| P o “le¥lz = 1. Parabola: y? = 4ax. Hyperbola: */x¥/» = 1. In polar
r< ) co-ordinates, we have '/, = 1+ecosq, where | and e are constants > 0. |
S ] is called the semi-latus rectum, and e is the

/S eccentricity. In the diagram, e is the ratic N TP 9
| directrix SP/ PQ- ﬁ rb ! r
a q
A'\\

Different values of e give different curves. €
= 0: circle. /=1 P r =1. For Ofe£l, we have an
ellipse. It may be proved that | = a(1-€?), and that r,

y = a e=1: parabola. '/, = 1+cosg = 1+2c0s*/,-1. Therefore, '/, = 2cos?s; r

(Parebold) = 1/,56c2%,, At q =0, 1 =" At g ="Pl2, Yeospay=2,50r=1.Asq® p (and -p

tOO), 1/(;052(p/2) ® 1/0, g) r ® ¥ . /
/ (Hyperbola)
e> 1. hyperbola. q=0b r="Yue ="l ¥h... P r=11=" e .

® ¥ when ecosg®-1. As e>1, cosg b -Y g P cos'(-Yy). As / \
g® cos'(-Y/e), I® ¥.
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Orbital Motion / Central Orbits

mi = E(r, t, t) or m-r0) = F(r, t, q, 0, 1); and m%Ya(r%0) = Fy(r, t, 0,0, t). We assume
that the force is directed towards or away from a fixed point, called the centre of force. In

addition, we assume that the magnitude of the force is a function of radial distancer only: F(r) =
F(re, wherer = |r|.

Example: F(r) = ¥/.e (the inverse square law). 1> O: repulsive force;
U < O: attraction force. Equation of motion: ni¥ = F(r)e ---(1). Reminder
From the picture, Lo = rxmi; |Lo| = [rjmf [sing = mr® .

Theorem: under a central force, the angular momentum about the centre of force O is
conserved. Proof: Take the vector product of (1) with r, which gives rxmi = rxK(r)e.
Therefore, mrxi = 0 because r and g are collinear. Also, Ya(rxt) = rxi + ¢x¢ = rxi + 0. (Since
rxt = 0 (collinear vectors)). So the equation of motion becomes m¥y(rxr) = 0 ---(2). Hence
mrxi = Lo = mh is a constant vector. Hence the angular momentum is conserved. The constant
vector h is the angular momentum per unit mass, which is a constant vector for motion governed
by acentral force. Its magnitude is defined by h = |h|.




Corollary: Mation lies in a plane. The above theorem shows that motion i f
confined to the plane having h as normal vector, h =r%. b A
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Central Forces; Polar Components of the Equation of Motion

The vector equation of motion is n¥ = F(r)e. Resolving radially
and tangentially, the r-component is m(-r92) = F(r), while the
g-component is mY,Yx(r®) = 0. [Aside: Yu(rx*) = 0; rxt = h; |r|f | = sinq]
The g-component shows that % is a constant throughout the motion, s
that r2) = h, the angular moment per unit mass, is constant.

The r component may be written asi-r02 = P(r), where P = 7/, is the force per unit mass.
The equations may then be written as: r-component: -2 = P(r) ---(3); g-component: r9 = h
(constant) ---(4). The constant h is determined from the initial conditions.

Energy Equation

Substitute for § from (4) into (3) to giver-r(")2 = P;t ¥/ = P (5). [Aside: nx = F(x);
mv®/s = F(X); and integrate to get the energy equation. Now mxx = F(X)x; Yx(x?) isatrick we
use]. So multiply by i to give it-(i)"/s= P(N)i; Ya(M42) + Ya(M212) = P(r)*/4. (Question: work out
wher e that came from).

Integrate w.r.t. time to give *,i>+'/,"/. = |P(r)dt + constant. This may be written as
follows: Yx(i2+"/2) + V (r) = E, which is the energy equation per unit mass. Note that \V is the
potential energy per unit mass, while E is the total energy per unit mass. We may substitute
back from (4) for h = r¥) to give [Aside: /. = (r9)2r2 =182 = ()] Y¢ 2+(0 )?) +V (r) =E .

Notethat r = re+rfe,, so that |t]2 = v2 = i2+(rf)?, and the energy equation may be written
as Ya2+V (r) = E. Multiplying by m gives Yamv2+V(r) = E.
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Differential Equation of Orbit

To obtain the geometrical equation of the particle path, we need to express r in terms of
q, i.e. r = r(q). We have (5) and (4): i-"/-= P(r) ---(5) [wheret is Ya(*/u)]; 1% = . P
h ---(4) [where h is a constant and 1% is “/4]. Note that Y4 = “Y/4Yq, and tha ﬁ/ r(q)
“y = 6 =" (from (4)). S0 Y = g, and (5) becomes Y og("N"1aq) = o = O F
P(r) ----(6).

Expanding gives ®/ap - %(*1a)? - r = (r*/n?P(r). This is a nasty non-linear ordinary
differential equation for r(q). Its solution requires numerical procedures on a computer. But, the
equation becomes linear if it iswritten in terms of the reciprocal of r, i.e. u="1..



The co-ordinate pair (u,q) are known as reciproca polar co-ordinates. If u =1/, thenr =
Y,. Hence ¥y = -4 Substitute for r and %/ in (6) to give hu2¥/g(hu(-Y/:"/4q))-h2ud = P(u).
Thus -h2u2™/4. - h2ud = P(u), so that “/4e + U = -"YV/e ---(7). This is a differentia c
equation of orbit. It is a linear second order differential equation for u(qQ). /r/
Example: Inverse Square. Here, P(r) = -%/.. (an attraction force). The equation of 0
orbit is ®/ge + U = --"*/ipe. SO g + U = Py /gt = 0.

Definition

_ perpendicular. The corresponding radius vector is termed an apse line. The point of
nearest approach to the centre of force is called the perihelion; the furthest approach
Is called the aphelion. Notes: At an apse, r and 1 are perpendicular (see the diagram
on the left).

. An apse is a point where the radius vector and the tangent to the orbit are
CE

At an apse, ris stationary (I = Foa OF I = I'in). SO = 0, and %/gq = 0, and /g, ve
= 0. Given the speed v, at an gpse when r = ro, then h = rovo. (Note: vo = rof)). See O—

the diagrams on the right.
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Planetary Motion

Kepler's laws of planetary motion. Kepler produced three laws as the result of
observation (this predates Newton). Take S to be the sun, and P to be a planet. Then (i) P
describes an elipse with S at the focus; (ii) SP sweeps out equal areas in equal o
times; (iii) The period of revolution of P is proportiona to the (semi-major axis)*? @
Newton later unified these laws through his laws of motion together with his law: :
of universal gravitation.

Newton’s Law of Gravitation

Two particles attract each other with a force directed along the line joining the particles,
with magnitude proportiona to their masses, and inversely proportional to the square of their
distance apart. (An inverse square law). Thus for 2 particles having mass m; and m,, being a
distance of r apart, the force of attraction between them is given by Grym,/r2, where G (or c) is
the gravitational constant. (G is approximately 6.67x10** Nm2zkg).

Newton’'s law of gravitation, together with Newton's laws of motion, enable us to

m E e obtain Kepler's laws from first principles. Assumptions: (1) S and P are particles of
/ masses ms and mp respectively. (2) Sisfixed in an inertial frame of &
reference. (3) Neglect attraction between planets and effects of moons, etc. So e 5 e

the force is given by F(r) = -Gmsme/r2, where we have the -ve sign because the
forceisin the negative direction relative to polar co-ordinates centred at S.

It follows that the force on P per unit mass is P(r) = F(r)/mp = -Gmg/r2. This may be
written as P(r) = -w/r2, where 4 = Gmg is a constant. The potential energy per unit mass is given
by V(r) = -1P(r)dr = -|-*/..dr, i.e. V (r) = -H/..



The energy equation is ¥amv2 + mv (r) = nE (KE + PE = Total energy). So % 2+(0) )?) -
b, = E; Y(i2+"/.)) - ¥, = E (Notes: 2 istheradial KE; "/.isthe centrifugal
KE; -¥/; is the PE; and E is total energy). This can be represented by &
graph as shown. We can write the above as ¥42 + V4(r) = E, where V 4(r) =
Yd'l.-/.. Consider a pseudo potential energy diagram for V (r), asc
shown on the graph as a dotted line.

Consider three cases of the total energy for the graph with the dotted line. (i) E, > 0: (a)
Higher E; gives smaller minimum r; (b) the particle escapes to infinity with an unbounded
orbit. (i) E, < 0. (a) Potential well; bounded orbit. (iii) Es = ¥4/. (a) r = constant: motion in a
circle. (b) Es isthe minimum energy for a given h.
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Equation of Orbit

Using reciprocal polar co-ordinates: P = -*/.. = -pu?, the equation of orbit is /4 + u =
Pleie =" /rae. Therefore, ®/ge + U = /e Note: For P/gety = 0, we get y = Aws(x+a). For mx =
-k, we get mx+kx = 0; X+/.x = 0. This is a 2nd order linear ordinary differential equation,
whose solution comprises of two parts:

(i) The complimentary function, CF, which is the solution to the homogenous equation
*/e+u = 0. (ii) The particular integral, Pl. In this situation, the CF is Acos(g+a), while the Pl
IS ¥/, SO the general solution isu = Acos(g+a) + "/r.. There are two constants of integration: the
amplitude A, and the phase angle a. We measure g from an apse, i.e. when /4, = 0,
-Asin(g+a) =0,s0a =0.

Now the solution is u = ¥/, + Acosg. Now substitute in u = */;, and rearrange, to give
"/, = 1+A"/,cosq. The general equation of a conic is'/, = 1+ecosg. So the solution for an
inverse square orbit is a conic section with | = "/, and e = A"/, = Al (the eccentricity).
Therefore, we get eliptic, parabolic or hyperbolic paths, depending on the value of e = A"/,
where A is a constant of integration obtained from the initial conditions.

To investigate the physical meaning of A, substitute the solution into the energy equation.
After manipulation, we obtain E = %2“/ix(€2-1). So the amount of total energy governs the type of
orbit (linked to the E, seen before). e = 0 means E = -4/ (A Circle). 0<e<1 means -Y/2*/. < E
<0 (AnEllipse). e=1 meansE =0 (A Parabola). And e> 1 means E > 0 (A Hyperbola).

Time in Orbit

We start with the angular momentum per unit mass, h = r2). Here, r2%/4 = h; so hjdt =
Ir2dg. Therefore, |dt = Yy|r2dg. Substitute '/; = 1+ecosq for r in the q integral, so that r2 =
(V1+ecosg)? AN t = /0] Y 1+ecosge. TAKEQ=0att=0, sothetimetoq=q,ist ="/n]% ™ (1recomg. FOr
the ellipse, (e < 0), the time for a complete revolution is the periodic time giver
by T = "/11%0 “Y1sec0sq~ TO integrate, substitute z = tan"/, to give T = 2p(@p?d, |1
where a is the semi-major axis of the ellipse, which isrelated to | ="/, by | = S

>

a(l'ez)- a




Kepler's Laws. Verification. (1) An dliptic path follows if E < 0. (2) The equal area

sweep istrue for any central force. (3) T p a¥ hasjust been proved.
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Tutorial

Q: Write down the equation of orbit, the potential energy function, and the energy
equation for P(u) = -pu®. A: Let P(r) = -Ww/r®. The equation of orbit is ®/ge + U = -PV/iae. SO Py
+ U = -(-pu®)Mrew); ®lae + U = */r.. Now the potential energy function is V(r) = |-wr® dr =
Y. Therefore, the energy equation is ¥amv2+V(r) = E; Yamv2+(W4ar®) = E.

Q: If aparticle movesin an ellipse of eccentricity e, under a central force directed towards
afixed point O, with O being one of the foci of the ellipse, prove that the force is inverse square.
A: The general equation is '/, = 1+ecosq. Does the shape being an ellipse P P(r) = inverse
square?

Substitute for u into */ge+u = -?/iwe. From the general equation, we see that u =
Lrecosdf, - dufyy = -#hsing; ®ae = -¥cosq. Qubstituting for u and /g in the LHS gives -¢cosq +
Lecosfy = Pfyp; ecosHIrecostlf = P Plae = <Y P = =™ Therefore, because u = Y/, the force is

Inverse square.
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Systems of Particles

We have been considering the motion of single particles. We now use Newton's laws of
motion to investigate many particle systems. It is assumed that all vectors are measured in an
inertial frame of reference, so that Newton’s laws of motion hold. We label each particle with an
integer, i, say. Let the i particle have mass m;, and the position vector r;. The force acting on
particlei is made up of two contributions: (1) externally applied force F; (2) internal force due
to other particlesin the system, f;.

Consider any two particles in the system. They interact by exerting forces

on each other, e.g. gravitational forces, electrostatic forces, etc. Let us denote the /\Fi m
force exerted on particlei by particlej asf;;. Then, by Newton’sthird law, f; = -f; ¢ EJ

The total internal force on particle i exerted by all the other particles in the m

systemisf; = S f;.

The summation is taken over all particles of the system. (Take f;; = 0). The total force on
particle i is given by fi+F = Sf;+F. So Newton's second law of motion for particle i ismy; =
Sfi+E, or equivalently, Y«(mi:) = Sf;+F. We may sum this equation over all particles: S; my' ; =
SS; fj + SE. Theterm SSf;; is analogous to a matrix with f;; as the entries. In this matrix, all the
diagonal entries are zero, and, for example, f15= -fa.

By Newton's third law, f; = -f;;, so the double sum gives a zero vector. So S mi = S,
or equivalently, S; Y«(mi¢) = SE. Definitions: F = S F, the total external force. M = S; m, the
total mass. And P=S; p = S mit;, thetotal linear momentum.



Principle of Total Linear Momentum

The centre of mass of a system of particles moves as if it were a single particle of mass
equal to the total mass of the system and subject to a force equal to the mi ma
total external force. The centre of mass (C or G) of a system of particlesis )
defined by R = (S mi)/(Si my) [= (S mrt i)/M]. Thisisaposition vector.

Proof: From the definition of the centre of mass, R = (S; m¢i)/M, i.e. MR = S, my; (the
total linear momentum P). Differentiating again gives MR = S; ¥ ;. From the above, S nf; ; =

Sf; = E. Therefore, MR = F, or equivalently, %/«(P) = F.
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Exercises

Consider 4 particles of equal mass m, attached by straight massless rods positioned at the
corners of a vertical square of side length 2a, with the lower left particle (3a.30)
positioned at (a,a), and the upper right at (3a,3a). The only external force
Is that due to gravitational acceleration g, acting vertically downwards. 2a
Find (@) the total mass M; (b) the total externa force F; (c) the position R %
of thecentreof mass. (Cor G). (@ M =S m; = m+m+m+m =4m. (b) F = (29)
S-i' B = 4mg. (0) R = (St mp)/(Sei* my) = medmadmesmGasdy, = &
@83/, = (2a,2a). You can introducei and j unit vectors into the above.

Q: Consider a system consisting of two particles of mass m; and m,. Show that the
position of the centre of mass lies on the straight line joining the two particles. A: R = Si54?
" mir/my = (Mar+mer)/(mg+my). A point on the line joining the two

e "'_ particles is given by the relation r = i+l (r>-r1). Transforming, R =
BT (myrtmgrp) (Metmy) = (Myra+mals-mar+mel)/ (Mg +my) =
___#_ _'.‘rn: [(m1+m2)£1+m2(£2'£1)]/[m1+m2] = £1+m2/m1+m2(£2'£1)! i.e. B = £1+| (&il)’

wherel ="/ im.
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Principle of Total Linear Momentum (Continued)

Corollary: If a system is isolated so that there are no external forces, (F = 0), then the
centre of mass moves with uniform velocity. It can therefore be used as the origin of a new
inertial frame of reference. The previous sections show that it is always possible to predict the
motion of the centre of mass. But what about the motion of the system relative to this point?
Progressis possible by using moments of force and momentum.

Definition (Total Angular Momentum): The total angular momentum of .
system of particles about a point O is defined as the sum of the angular moments of
the individual particles. So let Lo = S; rixmy i = S ;xmyv;, where r; is the positior
vector of particlei relative to O, and ¢, isits velocity relative to O.




Definition (Total moment of external forces): This is the sum of the
moments of the externa forces about O. So let No = S; rixF, where 1; is the
position vector of the particle i relative to O, and F is the external force acting
on particlei.

The Principle of Total Angular Momentum

Consider a system of particles where the internal forces between any two particles acts
along the line joining them. The rate of change of angular momentum about a point O (fixed in an
inertial frame) is equal to the total moment of external forces about O, i.e. dLo/dt = No. Or,
equivalently, (in the linear case), dP/dt = F, where P= MV = MR. The proof will be done later.

Corollary: The conservation of total angular momentum: If No= 0, then L, is a constant
vector. Corollary: The principle of total angular momentum about an axis. The rate of change
of angular momentum about any axis through a point O (fixed in an inertial frame) is equal to the
total moment of external forces about the axis.

Proof: Let & be the unit vector directed along the axis. Take the scalar product of the
principal of angular momentum with &, to give &%«Lo = & No.
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Definition: The total angular momentum about the centre of mass is Lg = S; r'ixmy j,
wherer’; = ri-R is the position vector of particlei relative to the centre of mass, G. Proposition:
Velocities may be taken relative to G when calculating Lg, i.e. Lg = S r'ixmit’;.

Proof: From the definition of Lg, Lc = Si r'ixm¢ ; = Sr'ixmiR # ') = Si 'ixmR + S, r'ixm,
Pi=(Simri)xR + S rixmit’i. Hence S m; r’; = 0. By the definition of the centre of mass, S,
mir'i=0. HenceLc = S r'ixmy ;.

(Asides: I'i = 1-R, so 1 = R+r';; #i = R+ 'i. Also, Smr’; = Smr; - S mR. From the
definition of R, R = Smiri/Sm;, so SmR = Smir).

Definition: The total moment of externa forces about the centre of mass: Ng = S; ' xF.
(r'; is the position vector relative to G). Proposition: Lo = Le+ RXMR. This states that Lo is
equal to L¢ plus the angular momentum about O of a mass M moving with velocity R . (Proof
Omitted).

Proposition: The principle of total angular momentum about the centre of mass. YulLc =
Ng. (Proof omitted).

Coroallary: if Nc = 0, then L¢ is a constant vector. Coroallary: Principle of total angular
momentum about an axis through G: (Energy): The total kinetic energy of a system of particles
isgivenby T =S Y22 (=S Yami ti1) (= S ¥amivi?). Proposition: T = ¥2MR 2 + S; ¥amir’2 (T is
the K.E. of the total mass concentrated at G + the K.E. due to the motion relative to G).




Rigid Bodies

We now consider the motion of rigid bodies. We assume that the distance between any
two points on the body remains a constant. We ignore any consideration of the body’s elasticity.
We also assume that the body is a continuum, so that we may ignore the true molecular structure
of matter, and work with entities like density at a point, i.e. we may take a mathematical limit at
individual points.

» 5th November 1999

Consider apoint P within arigid body, surrounded by a small volume dV of massdm. The
density isgiven by r ="y e 0 ™. So we have dm =rdV (Aside: {dm = |r dV). All the concepts
in the section on systems of particles may be adapted for rigid bodies by replacing the
summation signs S; by integrals |v.

Examples: (1) Total mass of body: M = |dm =]y rdV. (2) Centre of mass. R = |rdm/|dm
= v rrdV/jyradv = jyrdvV/M. (3) Total linear momentum: P = ¢ dm = |y t rdV. (4) Angular
momentum about an origin O: Lo = rxrdm =y rx¢ rdVv.

Kinematics (Motion) of Rigid Bodies

Definition of Degrees of freedom: This is the number of independent scalar co-ordinates
required to describe the state of a mechanical system precisely at a given instant. Examples: A
single particle in general motion has 3 d.o.f. A single particle constrained to move on a plane of
a surface has 2 d.o.f. A single particle constrained to move on aline or acurve has 1 d.o.f. A
system of particles containing N particles, all in unconstrained motion, has 3N d.o.f.

Proposition: In general, unconstrained motion a solid body has 6 d.o.f. Proof (outline): 3
d.o.f. are required to fix one point, e.g. the centre of mass G. And a further 3 d.o.f. are required
to specify the orientation of the body about G.

Proposition: In any motion of arigid body, there exists an angular velocity w such that if
A & B are any two points fixed in the body, then their velocities va and vs are linked by vg = va
+ WXrag, Where rag = ra-rs. The angular velocity w is
independent of the points chosen. (Proof omitted).
Corollary: In particular, the velocity of any point F
of the body can be determined if we know (i) the
velocity of the centre of mass: V = R; and (ii) the
angular velocity w (Calculate by using ve = V +
WX’ p).

» 9th November 1999

Rigid Bodies (Continued)

Summary: Linear: ¥4P = F (motion of G). Angular: ¥« Lo = No (motion about G).



Linear momentum: P = MV = MR, and MR = E. The principle of linear momentum
gives a (vector) differential equation for the centre of mass G. In theory, we can solve for the
motion of G. What remains is to determine the motion of the body about G. We need to
determine the angular velocity w of the body. But the principle of angular momentum relates L,
to No with no mention of w.

We now develop the relationship between L, and w. This may then .
be used to obtain a differential equation for w. Before looking at the §q=w
genera case, consider the angular momentum of a single particle under ¢ /
central force | = mh = mr? = mr2w. This is the relationship between | anc q
w in this smple case. The result is generalised in the following
proposition:

Proposition: If a set of Cartesian axes is fixed in arigid body, and Lc and w are written
as column vectors with respect to these axes, then there exists a symmetric matrix |- such that
Lc = l-ow (Notes: Lg is the angular momentum; w is the angular velocity; and in |, the tilde (~)
IS supposed to be UNDER the I, i.e. read |- as ). Compare this with the case for linear
momentum and linear velocity: P=MV.

Proof: Select the origin of the axes a G, giving the co-ordinate system Gxj,X»,Xs, and
measure position and velocity relative to G. So L = Si rixmiti = S rixmi(wxr;) = -5 mirix(rixw).
To clarify this expression, note that we may write the vector product axb (where a = (*=as) and
b=("p1))) @s axb = (Pa-e *0a *au0)("ets).

&) gx(gxb) = (oas-az -aSOa]_ aQ'al())(OaS-az -a3Oa]_ az'alo)(blb2b3) = (033-& -a3Oa]_ az'al())z(blebg). Applyl ng thIS
formula to the expression for Lg gives L = -Si Mi (%axe 05 *-x10)%(Vwans), Where r; and w have
been written as column vectors: r;i = (Mxzxs)i and w = (“ways). SO Lg =

X3+X3 -X1X2 - X1X3 W1 imi(x3+x3)i - Zimi(-X1X2)i - Zimi(-X1Xa)i || Wi
S M| -XX1 X3+XZ -XoX3 Wo = - Zimi(-XoX1)i Zimi(X3 +X3)i - i mi(- X2X3)i Wo
-XaX1 - X3X2 XZ+X3 L ws Timi(-XaX1)i - Zimi(-XaX2)i X mi(X3 +x3); L ws

Therefore, Ls = 1-cW, asrequired.

Definition: Inertia tensor — moments and products of inertia. The inertia tensor at G
with respect to the axes GxiXoXs, iS |- = (Maus 2225 Si295), Where the components are given by:
Moments of inertia: lu, I, lss; (0. ln = S mi(X2+x32)); Products of inertia: lo, 121, l2s, ls2,
|31, |13. (eg |21 = |12 = -Si m (X1X2)i).

Note that for continuous solid bodies, the components of | are found by multiple
integrals, e.g. li1 = G r (X2+xz2)dV, or ly = Q r (y2+z2)dV. Sometimes, we Write l-g = (“lyan ®lyis
belya,), 1.8, X1® X, X.® y, and Xs® z.



Assignment 1

Q: A particle of mass m moves on Ox under the action of a force whose potential is given
by V(X) = ®/2se, Wherea > 0 and ¢ > 0. Find the position of stable equilibrium and the period of
the small oscillations about it. The particle is projected from this point with velocity vo. Find the
range of v for which the particle (i) oscillates, (ii) escapesto -infinity, (iii) escapes to infinity.

A: For stable equilibrium at x = Xo, we require V/q(Xo) = 0 and *V/4:(Xo) > 0. If such a
point exists, then the period of the small oscillations about the point is given by T = 2pQ™+(xy)-
Now V/g = @] oo = CE 0. FOr equilibrium, V'’ (x) = 0, hence a&-x2 = 0. Therefore, x
= xaare points of equilibrium.

dav /dx2 — (88+x3)c(-2x)-c(a2-x?)2(a2+x?)(2x) /(a2+x2)"4 - ZCX/(a2+X2)3(X2-332). At X = a, \VAK (a) — 'C/2a3 < 0 At X = -a,
V'’ (-a) = % > 0. Hence x = ais apoint of unstable equilibrium, and x = -ais a point of stable
equilibrium. The period of the small amplitude oscillations about x = -a is given by T =
2pQ™(a). Therefore, T = 2pQM?Y,).

=

A sketch of the potential energy diagram is shown. Note that V(a s
= 9Ype = %2 and V(-a) = “re = /2. A particle is projected from x = -¢
with velocity vo (which could be +ve or -ve). Note that V(-a) = -%2. (i)
For oscillations, E < 0, therefore Yamve?-2, < 0. It follows that Ve? < Yma,

OI' 'qclma) < VO < qclma)

a

-c/2a

(i) To escape to -infinity, we have two possihilities: (a) vo< 0 and E > 0, so Yamv?-%24 >
0. Therefore, Vo2 > e Vo > -Qma). (b) Vo> 0 and 0 £ E < ... (It must not have enough energy
to escape to +infinity). Therefore, 0 £ Yamve2-2a <%oa, S0 Vimaf V2 < 2l ey ¥ ma) £ Vo < QP ).
(iii) To escape to infinity, E > % and vo > 0. (Otherwise it escapes to -infinity). Therefore,
YamV2-52a > %5, SO Vo2 > g Vo> +Q(* na).

Q: Write down the equation of orbit, the potential energy function, and the energy
equation for the following central force: P = -p/r®. A: The differential equation of orbit is given
by ®/se+u = -P¥/e. The potential energy function is given by V(r) = -|P(r)dr. And the energy
equation is given by ¥2mv2+V(r) = E.

So using P = -p/r® P(u) = -pu®, so the equation of orbit is ®/ge+u = -(-pu®)(Mree); ee+u
= pud/h2, The potential energy function is given by V(r) = -]-(W/r°)dr = -]-pr>dr = -Y/,ur* = -p/4r?,
Therefore, the energy equation is Yamv2-p/4r? = E.

Q: Show that the velocity components in polar co-ordinates for a particle under a central
force are given by i = -h™/4q and rd = ",; and that the energy equation may be written as
(Y gq)2H+u2 = 2BV e, A (SEE OVeEr).



Let F be the central force acting on a particle situated at a point P.
The particle moves in a central orbit at a distance r from an origin O. Note
that the vector r is the magnitude of r multiplied by the unit vector in the
direction of r, €. Sor = re. To get the velocity, we differentiate r with.
respect to time.

Sov =1 = Yu(r) = Yu(re) = te+réa (---(1)). It can be shown by considering Cartesian
components that de/dq = &, Hence, us ng the chain rule, & = (de/dq)x(dg/dt) = Heq So D
becomes Yu(re) = re + roe, i.e. v = ie + rée, (——-(2)). We now must show
that the velocity components may be written ast = -h™/g, and r) ="/,. Note
that h isa constant, so that h = 12 (---(3)); 0 = h; 1 ="/,.

We now must show that i = -h™/. Consider reciprocal polar co-ordinates. If u =1/, it
follows that “/4q = -%:*14q (--(4)). So the RHS of (4) becomes -h™/yq = -h(-Y-%4q) = ... = ¥/q. SO
-h*/4, = . Now consider the energy equation samv2+V = E, giving v2 = 28V, So equation (2)
may be rewritten asv = -h™/y.e + €.

Therefore, the magnitude of v, |v| = v, is given by v = |-h*/ye + "g|. Using pythagoras
rule, v2 = (-h®g4)2 + ()2 = h3(Y4q)2+"1.. Therefore, (Y gg)2+" . = 2EV 5 (Mag)2+ e = 2EV )
(Y gq)2+u2 = 2EV)/mh2, QED.

Q: In 1986, Halley's comet returned for the 7" time since 1456. At its previous perihelion
in 1910, its distance from the Sun was 0.6AU. Show that the comet’s greatest distance from the
Sun is approximately 35AU. A: It has a period of >*/; years. Perihelion = 0.6AU, Aphelion = ?
To help us find the aphelion, we use the equation T = 2p(a®?/u¥?), or T/a¥? = 2p/uY2. The RHSis
a constant, which we can find.

We find the constant by applying the equation to the revolution of
the Earth around the Sun. Here, we have a period of 1 year, and mear
distance 1AU. So T/a¥* = 2p/uY? becomes 1/1%% = 2p/pY?, i.e. 2p/u¥?= 1. o~y e
Now we know the constant, so we have T = a2, For Halley’s comet, T =
5%/, Therefore, a= T?? = (530/7)%® » 17.89 AU. We can find the aphelior
from the diagram: aphelion = (2xa) - 0.6 » 35.19 » 35AU. QED.

a a
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Calculation of the Inertia Tensor

Caculating the moments and products of inertia for a specific set of axes involves the
geometry, density and mass distribution of the body, together with multiple integrals. Example: A
lamina (a surface with infinitessmal thickness) is in the shape of a thin circular disc of radius a,
with constant surface density of s per unit area. Calculate the inertia tensor relative to
co-ordinates fixed at the disc centre.

(Note: 3-D mass per unit volume: (r, kgm®). 2-D mass per unit area: (s, kgm?)).



sdA = sdxdy. Because of the geometry of the disk, it ismuch| Iy Iy Iy

’ >~ easier to use polar co-ordinates, (r,q). But we must remember | ix ly iz
V’ that dA = (dr)(rdg) = rdrdg. SO I = Jrcfle=o®
s(x+y?rdrdg. But x2+y2 = 12, 0 I, = %%
sredrdg = s]%ridr]e®dg = s[rY4]%[g]* =
s(a'4)2p = Yospad)a = oM a2, where M is the "
total mass of the lamina, sp&a2.

/ By definition, 1, = Sm(x2+y2) = |4 (X2+y2)dm. But dm = [ Lo Ly ixe J

rdq dA =rdrdq

L« = SM(y2+2z2) = Smy2 (z = 0 for lamina) = |]a SY2dA = s1%]®(rsing)2rdrdq = s1% r3dr
1% sinfqdg. By symmetry, Iy = lyy. But I, = Lty = YaM @, S0 I = YaM &g, |y, = VaM &g, |y, = 1y
=-Smyz=0(z=0); Ix=Ilx,=-Smxz=0(z=0).

Now |y, = lyx = -Smxy = -]]a SXydA = -1%]%* srcosgrsingrdrdq =

1
-s1%r3dr]e®singecosadq = -s[rY/4]%]% ¥sin2qdq = -s (at/4)Y.[-cos2q)*o = aMa’ 1 ,\Sl)az 8
-s (&/4)(-*/4)(cosAp-cosq) = -s(a/4)(-*/4)[1-1] = 0. By symmetry, if (X,y) 4 0 iMa?

2

lies in the disc, then so do (X, ty), hence the integrals cancel over four

quadrants. Therefore, |- is the matrix shown on the right.
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Tutorial

Q: A rectangular plate lies in the x-y plane of the body-fixec ,y
co-ordinate system. Its mass is 4kg and it has constant density s. (a)
Determine the plate's moments and products of inertia relative to the Oxy
co-ordinate system. (b) If the plate is rotating about the fixed point O, witr 0.6m
angular velocity w = 4i-2j rads?', what is the plate€'s angular momenturr
about O? (Use Lo= l~oﬂ).

s

0.3m

A: We caculate the matrix | first. I = |a S(y2+29)dA = |s(y#+z3)dxdy = ||sy2dxdy
(because z = 0) = *3dxx|*®sy2dy = s[0.3][*®/3] = 0.48. (Where s = density = "™/ yea = Y018 IS
used). Smilarly, I,y = s.(°%¥/5)(0.6) = 0.12. Now we can use I, = l+ly,, = 0.48+0.12 = 0.6, or
use |1s (x2+y?)dxdy, which is more complicated to compute.

Now |y, = Ix = l,, = 1, = 0, because z = 0. But Iy = lyx = -]a SXydA = -51%3xdx]%%ydy =
-s[%¥/,][*¢7,] = -0.18. So we have the matrix 1o = (**®-0.18, **0.12y %ye). Finaly, use L =
1-0(*-20) to get (°*-0.180 °*80.12 %00,6)(*-20) = (>?%-0.960).
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Proposition: If the body is rotating about one fixed point Q, which is fixed in an inertia
frame, then Lo = l-.ow. Moment of inertia about a general axis. | = S miri2. (I = Smi(yi2+z?2),
where y2+z2 = r?).

Radius of Gyration. Let | be the moment of inertia about an axis. The radius of gyration,
K, about the axis, is defined by the formulal = MK2 So | = S; miri2 = MK2 (=1]]v rzdm).



Lamina Theorem. Consider alaminalying in the x-y plane. Then |, = l+lyy. Proof: 1« =
S mi(yi2+zi2) =S miyiz. (Z = O) |yy =S5 mi(Zi2+Xi2) =S mx2. (Z = O) Therefore, 1,,= S mi(Xi2+yi2)
=S mx2 + S my2. It followsthat 1, = LiH,y.

Parallel axis theorem. The moment of inertia about an axis through a poin

P, I, is related to the moment of inertia about a paralel axis through the centre of
mass G, lg, by Ip = Ic + Md?, where M is the total mass, and d is the distance @
|

between the two axes. Proof omitted.
le

Energy

Potential Energy: The treastment of potential energy depends only on the
external forces, and follows the same argument as for a particle. The gravitational ™
potential energy of a body is the same as that of the total mass concentrated at the
centre of mass, so that P.E. = MgH.

Kinetic Energy: If abody isin genera motion, its kinetic energy can be expressed as T =
YaMV? + YVaw.Lg, where V is the velocity of the centre of mass; w is the angular velocity of the
body; and L¢ is the angular momentum about the centre of mass. Note that T consists of 2 parts:
one is the linear kinetic energy of a single particle of mass M positioned at G; and the second is
the rotational kinetic energy about G. Proof omitted.

Proposition: If a body is rotating about a fixed point Q, then T = Yaw.Lo. Note that both
linear and rotational kinetic energies are quadratic forms; T = \V/'MV, and To@o™ =
1/2V_thGW. (Note: Tlinear = 1/2(V1 V2 V3)M(V1V2v3); Trorationai = 1/2(W1 W2 W3)(|11|21|31 I12|22|32 I13|23|33)(WlW2\,\,3),
Where(llll 2pm Py B 23|33)(W1W2W3) iISLg = l~GV_V).
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Transformation of Axes

It may be necessary to calculate the inertia tensor with respect to different axes fixed
within the body. Consider an arbitrary set of rectangular Cartesian axes at a fixed point P of a
rigid body. Now choose a new set of axes a P by rotating the original axes about some axes.

If b isany column vector as specified in the original co-ordinates, it becomesb’ = U-b in
the new co-ordinates, where U- is the orthogonal rotation matrix so that U-U.' = 1. (the identity
matrix). So U- = (“singy S™cosqo %01), and U-t = (“Csingo “™cosgo %;). Therefore, U-U-! = the
identity matrix = 1-.

Proposition: Suppose that the inertia tensor at P is |-» relative to the original axes, and |-
relative to the new axes. Then 1p = U-l.UL. Proof: from matrix algebra. Proposition: With
respect to any point P of a body, there exists a set of axes with origin at P, such that the inertia
tensor is diagonal. Proof: from matrix algebra. (The orthogonal diagonalisation of a real
symmetric matrix).



Definition: The principal axes of inertia at P are the axes at P with respect to which the
inertia tensor is diagondl, i.e. the products of inertia are zero. Definition: The principal moments
of inertia are those associated with the principal axes of inertia. Note: For principal axes, L =
(L1L2|_3) = ('1100 o| 220 00|33)(me) = (|11W1 22We I33w2)-

In general, L will not be in the same direction as w. However, L will be in the same
direction asw if (@) the principal moments of inertia are equal: (total symmetry): 111 = 15, = I33;
(b) wisalong aprincipal axis, e.g. if w = ("), then L = ("*"o).

Example: A rectangular lamina of sides (2a, 2b); uniform density r; and mass M rotates
about one corner. (a) Calculate the components of the inertiatensor referredtc |y
axes Oxyz fixed in the laming, with Ox and Oy aong the sides of the 4
rectangle. (b) Find the product of inertia Iy, referred to new axes obtained 20
from the original axes by rotation through an angle g about Oz. Show that I'y, O. 253 -
= 0, when tan2q = 3/,e.1y.

A: (@) L« = Sm(y?+z?) = Smy? = 1% y2r dydx = r]%% y2dy 1% dx = r[*/3]*[x]*% =

r8/32a =10y = M5 |, = SM(X2+22) = SMx2 = %)% r x2dxdy = ... = r %/32b = *M¥/; And |, =
Loty (Dy the lamina theorem) = ™M/3(a2+b?). Now Iy, = Ix = Iy = I, = 0. And |y, = -Smxy =
_12a012b0 rxydxdy =..=-Mah. S0 o= (4Mb2/3 -Mab o M az2/3 0 00(4M/3)(a2+b2) )

Therefore, o= U~|0~U~t = (cosq_si ngo sinqcosqo 001)(4'\/“)2/3 -Mab o Mab ave2i3 0 OO(4|\/|/3)(a2+b2) )(cosqsinqo
M50 %01). NOW concentrate on 'y, only. Multiplying the above gives Iy, = (lyy-lw)/2SiN2q +
l,,c0S2(. So for I'y, = 0, tan2q = -2ly/ly-lx, i.€. tan2g = M®/ yymer) = *F/erm. If a= b, then
tan2q® ¥, so that 29 ="/,, i.e. q ="/,.

An dternative (better?) method, which is used to find the eigenvalues, is to solve the
characteristic equation, etc.: find eigenvalues| i, | ,, | 3; and eigenvectors vi,V»,Vs, such that |.v =
| v,i.e. (I-l 1)v=0. Thisistrue only if ||-I 1-| =0, which gives the characteristic equation.

If |- is a 3x3 tensor, then the characteristic equation is a cubic in | . This gives three
eigenvalues (the principal moments of inertia), and the elgenvectors are the orientation of the
new axes. In detail, we solve [“IM*.may  MPuzMarlo  Owsm@sea |, O
(*/sM (8+b?)-1 [ (*/sMb2-1 )(“/sMa2-1 )-M2a2h?].
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Example: A skater of mass 70kg is rotating about a vertical axis with arms outstretched
horizontally at 100 revolutions per minute on smooth ice. He then folds his arms, which are each
of mass 2.5kg. If the radius of gyration k of his arms is 0.5m when extended, and 0.1m when
folded, and if the remainder of his body has a radius of gyration of 0.1m, calculate his new rate
of rotation.

A: Since there are no externa moments of forces about the vertical axis, the angular
momentum is conserved. The skater’s origina moment of inertia about the vertical axis (I = Mk?)
IS (mass of body)x(0.1)?+(mass of arms)x(0.5)2 = 65x%0.01 + 5x0.25 = 1.9kgm? = lo.p.



Also, Wop = *®/gx2p rads® = 10.5 rads®. So the original angular momentum is Lop =
loLoXWoLp = 1.9%10.5 =19.95. The moment of inertia is Inew = 65%0.12 + 5x0.12 = 0.7 kgm?,
AISO, Lnew = O?WNEW But Lyew = LOLD, $0) O?WNEW = 1995, Whew = 28.5 rads?. So the rate of

rotation is #°/,x60 = 272 revolutions per minute.
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Analytical Mechanics (Lagrangian)

Analytical mechanics extends the ideas of Newtonian mechanics by placing the theory
into a more abstract setting. Newton’s laws (in vector form) can be tedious to apply. Analytical
mechanics gives a method to formulate the equations of motion in a scalar manner. The concepts
introduced are prerequisites for quantum mechanics and relativistic mechanics.

Generalised co-ordinates. Definition: Degrees of freedom: The number of d.o.f. of a
mechanical system is the number of independent scalar co-ordinates required to describe its
position precisely at agiven instant in an inertial frame of reference. Denote this number by f.

Examples: (i) A single particle moving freely in 3-D hasf = 3. [Xx,y,z; or r,q,f, etc]. (i) A
single particle restricted to move on a surface z = z(x,y) has f = 2. The constraint reduces the
d.o.f. by one. (iii) A single particle constrained to move on a curve hasf = 1. Now consider a
system with N particles having position vectorsr; for i = 1,2,...,N. Note that f £ 3N.

Definition: Generalised co-ordinates. Consider a system of N particles with d.o.f. £ 3N.
The configuration of the system may be specified by f independent co-ordinates q,,0z,...,0r. The
set ¢., for a = 1,...,f, are called generalised co-ordinates. The choice of generalised co-ordinates
Isnot unique (indeed, there is an infinite choice).

It is always possible to expr ess the particle position r; uniquely in terms of the g., where a
=1,...,f. Therefore, r; = ri(0h,02,...,0) for i = 1,...,N. (Here, if r, = (Xi,yi,2), then xi = Xi(Q,...,0), Vi
= Vi(th,---,0), and z = z(,...,0).

Definition: Constraints. If a system is described by a set of scalar co-ordinates
O1,02,.--,0k, then afixed holonomic constraint is f (qu,0g,...,0k) = O for some function f .

Definition: Generalised velocities: The time derivatives of the generalised co-ordinates
are called generalised velocities. These are denoted by ¢, ¢, ..., ¢ Note that the real velocities
are functions of both the g. and the ¢ga, i.e. ti = ri(dy,....0r qu,...Qr). TO see this, consider

f f

fi=3t=3 %% =2 %q where the chain rule has been used.
a=1 a=1

Definition: Virtual Displacement: A virtua displacement is a small displacement

compatible with the constraints. It is denoted by dqi, dg, ..., dg. Example: Simple pendulum.
Note that a virtual displacement is arbitrary, in that it need not correspond to any § aq

“real” displacement of the system under the applied forces. It is a mathematical trick.
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Definition: Virtual Work: Let drq, dr, ..., dry be the displacement:
of the particles that correspond to the virtual displacements dq,, dap, ..., dg:.
Let F be the total force acting on the i™" particle. (i = 1,...,N). The virtual
work done by the forces during the virtua displacements is given by dw =
=1 E.dri (---(2)).

Definition: Generalised forces. The generalised forces Q. (a = 1,...,f) are defined under
virtua displacements dgs,ddp,...,dgr by dW = S'-; Qadd. (---(2)). So the generalised force Q. is
found by calculating the virtual work done in a virtual displacement dg.. By equating (1) and
(2), we get S'az1 Qa 0a = SMizy F.di (--(3)).

Now r; = r;(C,0,...,0), SO by the chain rule for the total derivative, dri = S'a=1 (Tri/10.)d0a
(---(4)). Qubstituting (4) into (3) gives S'a=1 Q. dga = SMi=1 E. And SFa=1 (T1/90.)dga = STa=1(SMN=1
E.(1In/10.)dg.. Since the g, are independent, then Q. = SN E .(T1/10a) (---(5)).

Assignment 2

Q: Consider a cube of side a uniform density r; and total mass M. Calculate the
components of the inertia tensor at a vertex O w.r.t axes fixed in the cube such that Oxyz are
coincident with the edges of the cube. Calculate the angular momentum and kinetic energy of the
cube when rotating with angular speed W about (a) The Ox axis; (b) the diagonal line joining O
to the vertex (a,a,9).

Al I = Smy?+z2) = 1%|%|% r(y>+z9)dxdydz = ]]|ry2dxdydz + 1]]|rz2dxdydz =
r &/zatr a&fsa = ?/sr &@. Therefore, |y = 2sMa2. By symmetry, |y, = 1,, = 2sMa&. Now |y, = -Smxy
= -1%]%]|% rxydxdydz = -r%/*,a = -ra/4. By symmetry, |, = Ix = I,y = -'//M& S0 |, =
Maz(%-m-m _ﬂ42/3-1/4 _1/4-1/42/3). (a) W= (WOO) = V\/(lOo). L = l~o.W =Mat 2/3-1/4-114). AndT = 1/2V_VL =
YoM a@WA(1 0 0)(23-v/4.4) = YsMaWL. (b) W = Ves(*11). L = 10.w = M@V es(Yeu616) = M@ ees(*11).
And T = Vaw.L = ¥2Ye.Ma2ses(1 1 1)(11) = Y.ML,

Q: Consider a square lamina of side a; uniform density r; and total mass M. Let O be the
bottom left hand corner. Calculate the components of the inertia tensor at O with respect to axes
Oxyz fixed in the lamina, with Ox and Oy aong the sides of the sguare. By using the
transformation law for tensors, obtain the components of the inertia tensor referred to axes
Ox'y’Z obtained from Oxyz by a rotation about Oz so that Oz’ lies aong the diagona of the
square.

y =7 A: Lamina: z=0; M =rafor aconstant r. ly = Sm(y3+z%) = Smy? =

N o 1%ol% ry2dxdy = r[x]%[/5]% = r &3 = /sMe2. By symmetry, I,y = Smx2 =
yoa Lo =YsM@2. NOW 1,z = SM(X2+y?) = Loty =2/sMa2. And 1y, = -Smxy =
X %% rdxdy = -r[¥L)%[Yh]% = -ral4d = -Y,M& Therefore, 1, =

0 a M 8.2(1/3-1/40 _1/41/30 002/3).



Transformation law for tensors. I' = UIU'. For a rotation q about Oz, U = (“*.singo
Sir]qCOSJqo 001). For q = Pla, U = 1/(':'2(1-10 Yo 00('2). Therefore, I’ = Mazlz(l-lo Y10 00('2)(1/3-1/40 49130 OOzg)(l-lo
116 0cp) = YoM @(V12-71120 V271120 C0oepi3) (10 110 P0cp). Therefore, I' = /.M a2(*oo %70 ©0g).

Q: A sguare lamina of side 2a has variable density given by r =rot+r1(*/+), wherer, and
r, are constants, and x and y are measured from the centre of the square along axes paralle to
the edge. Calculate the inertia tensor of the lamina at its centre, w.r.t. the given axes. Find the
principal axes of inertia, and specify the principle moments.

A:r =rotr Ve M =Sm = 1242.0m = 2,42, r dxdy. Therefore, M = 12,)2.

rodXxdy + 12424 7¥20xdy = ro2a2atr 10 = 4ar o. NOwW Iy = Smy? = ||r y2dxdy = a
11(r o#r 1(¥2))y2dxdy = (]r oy2dxdy + |r /¥7z0xdy = 2a®/sro + 0 = (4a/3)ro = -a o
YsMa2. By symmetry, ly, = Smx2 = l,. NOW |, = Lty = 2sMa2. And |, =

-Smxy = -||r xydxdy = -]|r oxydxdy -|]r :x2y2dxdy = -*/sar 1. Findly, Iy, = 1, = C
iMa? -2a4 0
3 9d 1
because z = 0. Therefore, 1o =| -ga%1 sMa2 0
0 0 2ma?

To find the principal axes and principal moments, we could use I’ = AIAY, and calculate q
such that I',, = 0. Alternatively, find the eigenvalues & eigenvectors by solving the characteristic
equation given by |l-o-l 1-| = 0, i.e. the yellow bit on the left | Ma? -ga*p: O
Expanding the determinant by minors of the third row, we ge | - sa%1 3Ma?2 0
(¥;Ma-1 )[(YsMae-1 )2-(Yoer 1)3] = 0. 0 0 iMm&

=0

So (4sMaz-l )[(MsMae-l )+ et 1][(MsMae-l )-*ocr )] = 0. Therefore, the three eigenvalues
are. | 1 =?%3Ma2, | , = YsMa+*oa'r 1, and | 5 = Y/sMae-*/sar 1. The eigenvector x;, for | 1 is given
iMa? -gaps O by (Il )x = 0, i.e. what is shown in blue on the left.
-sa%p1 sMa?2 0 =0 Therefore, x. = (%y). Similarly, eigenvector i, is (*10), and

X
y

0 0 2Ma? | z eigenvector Xi. is (10). [ 1Ma2- 4a%p, 0 0
So 1276 = (*0p %2 %;) = what is shown in green of the 0 sMa?+3a‘p; 0
right. It has principal axes such that Ox’ is aong the 0 0 £Ma?

diagona of the lamina, i.e. rotated from the original axes
by P/, about Oz.

Q: Use multiple integrals to calculate the inertia tensor at the centre of mass of a solid
sphere of radius aand mass M. A: M = 4/3pa®r . By symmetry, the centre of massis at the centre
of the sphere. Using spherical polar co-ordinates, (r,q,f), where dV = r2sinqdrdqdf ; x2+y2 =
r’sin?g; x = rsinqcosf ; and y = rsinqsinf, we get:

l, = Sm(x+y?) = 1®P%% r(rasineg)rasingdrdadf = r]%00%0%
r‘'simdqdrdadf = r [f]?®o[r%/5]%]Pesin®gdq = r 2p(a®/5)]Psin®qdg. Now (Pesindgdq =
1Posin?gsingdq = 1Po(1-cosq)sinqdg. Put x = cosq, so that dx = -sinqdg. g =
impliesx = 1, and q = p implies x = -1. Therefore, |Psin®gdg = -|*.1(1-x?)dx =
1M1(1-x?)dx = [x-X15] 1 = 5. SO |y = 1 2p(0/4).%5 = 2[sM&2. By symmetry, Iy = x
ly = |z. And by symmetry, all products of inertia are zero.



Derivation of Lagrange’s Equations

Theorem: Suppose that a mechanical system with fixed holonomic constraints is
described by f independent generalised co-ordinates @,...,0r, With associated generalised
velocities ¢,...,¢. Let T = T(q1,02,---,0r, Ch,Cps--.,¢p) be the K.E. Then the equations of motion of
the system can be written as Ya(TT/M0)-1T/10. = Q., (@ = 1,...,f), where the Q, are the
generalised forces. Proof omitted. (It starts from Newton's law of motion for the i particle: nt';
= FI)

Notes: (i) Lagrange's equation is made up of f equations. (ii) T is aquadratic function of
the ¢}, therefore 1T/¢. is a linear function of the ¢, so that ¥«(T/9¢.) is a linear function of
the ¢s.

Rules for writing down Lagrange's equation: (1) Decide how many degr ees of freedom
there are, f. (2) Choose a set of generalised co-ordinates @,...,0 (This is not a unique choice).
(3) Find the K.E. T in terms of thed, and the g.. (4) Hence find 1T/9q. and Y«(TT/%) =) for a =
1,...,f. (5) Find the Q, by using dW = Sf,-; Q, dd.. (6) Substitute into Lagrange's equations of
motion. (7) Solveif possible.
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Example: A smple pendulum. Thisis a particle on alight inextensible string. Assume that
motion remains in a plane. The particle is constrained to move in a circular arc, hence f = 1.
Take au = q. (3) The speed of the particleisv = af, so T = ¥sm(ah)? = ¥ama?62. (4)
Lagrange’s equation for this system (f = 1, so there is 1 equation) is the following
equation: Yu(TT/90)-"/yq = Q. Extra: ™gq = 0, and Yu(TT/P) = Yu(/-meed)) =
mazd/dté = ma20

(5) To find the gener alised force Q,, there are 2 forces acting on the particle:
the force due to gravity, mg, and the tension in the string, S. Note that S does no

N work in avirtua displacement dg. The work done by gravity ir { y=0

m

avirtua displacement dq is dW = -mgdy, where dy is the virtual

q
M displacement in the vertical direction (corresponding to dg). Y

Now y = -acosq, and dy = ¥/4dg, so dy = asinqdg. Therefore, dW = -mgasingdq. The
generalised force Q, is defined by dW = Q,dg. Comparing the two expressions for dW, we get
Q, = -mgasing. (6) Substitute into Lagrange’s equation, giving map -0 = -mgasing, or & +
9.sing = 0 (a non-linear oscillator) as the equation of motion.

(Linearising, ad+9.q = O (assume small q). This is a linear oscillator, with w = (¥,)).
Thisis the usual equation for the motion of a single pendulum. Note thatd is not a true velocity
(the true velocity is af). Also note that Q, is not a true force: it is amoment of aforce: (atorque):
Qq = -mgasing, where -mg is a force, and asing is a distance. But the product Q.dqg has the
dimension of true work, dW = Q,da.
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Lagrange's Equations for Conservative Systems

Recall that a conservative mechanical system is one in which the forces that \y
do work can be derived from a scalar potential, and that V, the potential energy of 'ﬂ\
the system, is the sum of these potentials. (V = mgy and F=-NV b F =-mgj).

Proposition: For a conservative system with holonomic constraints, the generalised forces
Q. are defined as Q, = -TV/1g.. Proof omitted. For conservative systems, Lagrange's equation
becomes Y (TT/¢) - 1T/ = -TV/1g.. We can simplify this equation by defining a function L
asfollows. L =T-V.

Definition: The Lagrangian is defined as L = T-V. Note that L is a function of the qu,...,0
and the ¢,...,gr. Also note that L/9. = 1T/9g. because V is not a function of the g.. So
Lagrange's equation may be written as ¥u(TL/10.) - TL/Mg. =0, fora = 1,....f.

Rules for writing down Lagrange's equation for a conservative system: (1) Decide how
many d.o.f. there are, f. (2) Choose a set of generalised co-ordinates q;,...,¢:. (3) Find the K.E.,
T, in terms of the §. and the g.. (4) Find the P.E., V, in terms of the g.. (5) Form L = T-V, and
hence find %/«(L/1g.) and TL/1ga. (6) Substitute into Lagrange's equations. (7) Solve, but only if
asked to do so.

Example: A bead of mass m is constrained to move along a smooth wire having the shape
of a hyperbola, xy = ¢, where c is a positive constant. (a) Show that the kinetic energy may be
represented as T = Y/, mx3(a+(c¥x*)). (b) Obtain the generalised force corresponding to x, (Qx =
mgy), and write down Lagrange’'s equation. (¢) Derive Lagrange’'s equation by using the
potential energy, V.

A: The particleis constrained to move on the curve xy = ¢, so f = 1. Choose

’ generalised co-ordinate g; = x. Find an expression for T: T = Y/,mv2 = Y/,m(x 24y 2).
Buty =, S0y = -%eX; V2 = (C¥x)%2. S0 T = om(x2+x3(c3/x?) = mx%2(1+(c¥/x*)).
~ Next, we find Q..

y
The work done during a virtual displacement dx with corresponding virtua

displacement dy is dW = -mgdy. But y = %, so dy = -%.dx. Hence dW = &_ X
-mg(-%xc)dx = mg(%,)dx. But Qy is defined by dW = Q.dx, therefore Q. = mg“..

dx

To obtain Lagrange's equation for this system, we use Yu(TT/T%) - /¢ = Q.. First, we
obtain Y«(TT/M%) like this: Ya(TT/T%) = Ya(*2m2x (1+(cx*)) = Ya(mx (1+c2/x*)) = nk (1+(c3/x?)) +
mX ((-4c2/x%)x) = Mk (1+(c3/x%) - 4mx 2(c3/x%). Secondly, /g = Yok 2(-4¢2/x%) = -2(mc3/x% 2. So
Lagrange's equation is mx (1+(c?/x?))-2(mca/x°)x 2 = "%,

Find the potential, and hence write down Lagrange' s equation for the system. V = mgy =
mg/x. Also, Ya(TT/X)-"g = -Vl S0 Ya(TL/K)-"/5x = O, where L = T-V. Here, we have L =
Ymx2(1+(c3/x*)-mgx. So Lagrange's equation for the system is Yu(L/%K )-™/¢ = O. This
implies the same equation of motion as obtained using the generalised force, Q.
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Notes on the Determination of T and V for Particular Systems

(1) The P.E. due to gravity is given by Sq mwghy, where hy is the height of the k™ particle
above some reference point. (2) The P.E. of arigid body is MgH, where M is the total mass,
and H is the height of the centre of mass above some reference point. (3) The K.E. of arigid
body is given by Y,Mv2+1/,162, where M is the total mass; v is the speed of the centre of mass;
and | isthe moment of inertia about its axis of rotation.

(4) P.E. due to the extension of a spring. Denote the unextendec
natural length of the spring by I. Let k be the spring stiffness, and let | be
the spring modulus, where k ='/,. Let the displacement of the string from it
natural position be e. Then V = Y.ke?, or V = Y, /e2.
Therefore, V = -|Fdv = |ke de = Y/.ke?. So if the spring is extended to length

~ 1, thenV = Yk(I,-1)2
F=-ke

Small Oscillations and Normal Modes

Proposition: The solution of Lagrange's equation for small oscillations is given by g. =
a.coswt+e) (for a = 1,..,f), or g = acos(wt+€) (where g = (y,...,o0)" and a = (a,...,&)"). Here,
S%=1 (Var-W2Tap)a = 0 (for a = 1,..,f), or (V--w2T.)a=0.

Proof: (outline): substitute a trial solution g, = &€ into Langrange’s equation, where a,
& | are constants. But as the equilibrium position is stationary, | must be imaginary, so the
trial solution must be of the form g, = a,cos(wt+e).

Note: Thisis a generalised eigenvalue problem. The natural frequencies of the system are
the eigenvalues, and the norma modes are the eigenvectors. The natural frequencies satisfy the
characteristic equation det(V--w?T-) = 0. There are as many nor mal modes as there are degr ees
of freedom.

The natural frequencies are wy,...,w:. In a single norma mode, all the particles oscillate
with the same frequency. The radius of the amplitude of different particlesis given by the normal

mode shape. The general motion of the system is a super position of all the normal modes.
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Example

Q: 2 particles of equal mass m are attached at the point of trisection of an elastic spring of
stiffness k and natural length 3l, which is attached to two points 3¢

a a a
apart. The masses are constrained to move longitudinally on & AP Afwwlr%\%
(1 @ @
3a

smooth surface. By a Lagrangian method, calculate the natura
frequencies of the system, and find the norma modes. Describe the
amplitude and phase of the particle’ s displacements in each mode.




longitudally A: There are two degrees of freedom, so f = 2. Choose generalised
| co-ordinates x & y, which are the displacements of the particles from their
equilibrium positions. Lagrange's equations for the system can be written down as

Wensrersaty | TOllows: Ya(fIL/X)-"/5x= O; Ya(TL/Ty)-"/gy= O, where T = L-V.

For this system, T = /,mx2+'/;my2. To find the potential
energy of the system, we must calculate the extensions in each [ SPring | extension P.E.
of the springs. (see the table). So V = Yok((al)? + 2(al)x+x2 + L al+x 11/2k(&'+x)22
@) + 2alyx+yx? + (@2 + 2Aal) () V = 2 ey
Yok (3(arl)2+x2+y2-2xy+x2+y2). Discarding the additive constant canl K(aly)
term givesV = k(x2-xy+y?).

Hence L = Yomx2 + Yomy2 - k(x2-xy+y?). Now Ya(TL/%K) = Ya(2mZX ) = nk; ™y =
-k(2x-y); Ya(TLIY) = Ya(fom2y) = my; and ™/gy = -k(-x+2y). So Lagrange's equatlons are as
follows: mx+k(2x-y) = 0, and my +k(2y-x) = 0. To find the modes of oscillation, substitute a trial
solution: x = Acos(wt+e); y = Bcos(wt+e).

These expressions give x = -Awsin(wt+e), and X = -Aw?cos(wt+e). Similarly, y =
-Bw2cos(wt+€e). So -Awzcos(wt+e)+/(2Acos(wt+€)-Bcos(wt+e)) = 0; -Awz+/(2A-B) =
(*/m-W2)A-/.B = 0. Further, -Bw2cos(wt+e)+*/,(2Bcos(wt+€)-Acos(wt+e)) = 0; -Bw2+4/,(2B-A)
= 0; “/mA+(*/mrwWR)B = 0.

This can be placed in a matrix as shown. For non-trivial , , )
solutions, the determinant of the first matrix must be zero, i.e.{ 2m- " - ) J[ A ] :[ 0}
@ )2 = 0 AM)A e WR-()2 = o\ Tm Zm-o
(W)2-A41 2+ 3( )2 = O; (W2, (W2-*/) = O.

So the natural frequencies (the eigenvalues) of the system are w? I
M

=¥n — sow = Q"y); and w2 = */,, — so w = Q*/,)). To obtain the AP A
natural modes (the eigenvectors), substitute back into the matrix ="***

H H — ky - k k k — N k k — <
equation for w2. Firstly, for w2 = */; (2m-"/m)A-“IB = 0; “/nA-/,B = 0. VYN W

Therefore, A = B. Secondly, for w2 = 30 (2:0-3m)A-XmB = 0; Mo
“IA-B = 0. Therefore, A = -B.

In mode 1, w = O/,), and the two particles are oscillating with equal amplitude exactly in
phase. In mode 2, w = Q(*/,), and the two particles are oscillating with equal amplitude exactly
out of phase. What about if we have different masses or more particles — in transverse
oscillation, different masses would mean different peaks for each mass oscillation, while
increasing the amount of particles to infinity would then model a string.

EXAM: In Section 1, expect 1 question on Orbits and another on Solid Body
Mechanics. In Section 2, expect questions on Orbits;, Solid Body Mechanics, Oscillations
(Lagrange) and Relativity.
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The Theory of Special Relativity

Newtonian (classical) mechanics fails in two main situations: (1) At a small scale, when
typical length x momentum is £ h (6.6x103*). Example: an electron in orbit about a nucleus has
angular momentum approximately h. We need quantum mechanics. (2) Where velocities relative
to the observer are high (approximately c, the velocity of light, 3x10°ms?). We need relativity
theory. If both (1) & (2) occur together, we require relativistic quantum mechanics.

Special Reéativity: Einstein, 1905. This applies when gravitational forces are
unimportant and the frames of references are inertial. General Relativity: Einstein, 1916. This
isthe relativistic theory of gravitation, and deals with non-inertial frames.

Standard Configuration. Consider two inertial frames S & S
moving with relative velocity V. It is adways possible to align the
co-ordinate axes so that the relative velocity is aong the Ox and O'X’
axes. Thisis known as the standard configuration.

Let an event occur at atime and aplacein frame S. It is specified by x, y, zand t in frame
S,and X', Yy, Z and t' in frame S. The Gdlileon transformation (which is used in classical
mechanics) isx’ =Xx-Vt;y' =y; Z =z, andt’ =t. Theimplicit assumptions are: (1) the existence
of a universal time; (2) the distance between two particles is independent of the observer:
JOG - X0)2+ (Y1 - Yo) 2+ (21 - 25)2 = [(Xe - X2)2+ (Y1 - ¥2)2 +(2a - 22)%, Where (Xo,y1,21) and (X2,Y2,22)
are the positions of the first and second particlesin frame S; and (x:’,y:',2'1) and (X2',y2 ,z.') are
the positions of the first and second particlesin frame S'.

The Michelson Morley Experiment (1887)

The experiment tried to measure the speed of the Earth relative to something called
“ether”. The experiment could not find a“ preferred direction” , which isimplicit in the Galilean
transformation when applied to e ectromagnetics. Postulates of Special Relativity: (1) The laws
of nature take the same form in all inertia frames; (2) In any inertial frame, the velocity of light

iIsthe samein all directions, independently of the velocity of the light source.
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The Relative Nature of Simultaneity

Two events at different places in an inertial frame are smultaneousif , -~
light signals announcing these events reach the mid point at the same time, a
ST STA' .V shown on the right. Now consider a rod A’B’ ir. | |

B' frameS (at rest inframe S'). Suppose at a certain instant, the rod is AB
%B in frame S, as shown on the | eft.

A



At this instant, light flashes are emitted from the two ends, whicl
appear simultaneoudly according to S (i.e. the two light signals reach the St STa o
midpoint of AB at the same time — denote this position as C). Let uc N
denote the mid point of therod inframe S as C'. To the observer in S, the B
light flashes have just reached C. This means that the light flash from B has passed C', and the
light from A has not reached C'.

So the two light flashes do not reach C' simultaneoudly. An observer in S would say that
the two events did not occur simultaneously.

Lorentz Transformation

We want a transfor mation between X, y, z and t (which describes an event according to
theframe S) and x’, y’, Z and t' (which describes the same event in frame S'). The derivation of
the transformation assumes the following: (1) the transformation is linear; (2) we are in standard
configuration, i.e. Yy’ =Yy, Z' = z; (3) we suppose that alight flash is emitted from the origin of S
just as it coincides with the origin of S'. This eventually gives us the relationship x’2-c&’'2 =
X?-c2t2,

Lorentz Transformation: X' =*YWewaey, Y =Y, Z =z, and t' = CV¥fq; o). Inverse
Lorentz Transformation: X = * " /eu.vaey), Y =Y, 2= 2", and t = "5 varey). NOte: ASC® ¥,
the Lorentz transformation becomes the same as the Galilean transformation. Thus, unless 'V is
near to the speed of light, the Lorentz transformation is very close to the Galilean transformation.

| mmediate consequences of the L orentz transformation: (1) Smultaneity. Consider the
two events E; and E;, with co-ordinates z;,y1,z1,t: and X,,¥2,22,t; in frame S; and co-ordinates
X',y 1,Z .t and X',y 2,2 5,2 in frame S'. According to the Lorentz transformation, (event 1) t;
=t/ +(Vxy'/c®) /d1-(v2/c2)), and1 (e'\/ent 2), t2 — tzy+(VX2Y/C2)/C(1—(V2/CZ))-

Let us denote the time interval between the two events as Dt = to-t; in frame S, and Dt' =
t,;-t," in frame S. Subtracting the above two equations gives t-t; = % Note: consider

two simultaneous eventsin frame S, i.e. Dt' =0. Then Dt O unlessDx’ = 0.

rest on the x-axis in the S’ frame. An observer measures its
ends as being a x;" and at x,’. The length of the rod ac
measured by an observer in S is |y = x,'-x;’ (the proper Xt X2
length of the rod).

(2) Lorentz-Fitzgerald contraction. Consider arod a TS TS —

x/X'

Suppose an observer in S finds the ends of the rod to be at positions x; and x; at time't,
and hence measures its length to be | = X,-x;. The Lorentz transformation gives Xi' = *VYgu.vaey)
and Xy = Xl_Vt/ql-(vz/CZ)). Subtracti ng glveS X5 =X, = Xz-xllql-(vz/cz)). So |o = I/c"11-(V2/c2)); Io = I/dl-(vz/CZ)), orl =
10Q(1-(¥*/2)). Thus the length measured in Sis smaller than the length measured in S'. The length
as measured in the frame in which therod is at rest is called its proper length.



(3) Time Dilation. Consider aclock fixed in S. Suppose that two readings of the clock are
t; and t,. These two events occur at the same position in frame S, i.e. X; = Xo. Suppose the times

assigned by S aret;’ and t,’. The Lorentz transformation givest), = 311(2’57;/’0‘32 't = }21(:’575/’52 . Let Dt’

=t,-t;’, and let Dt = t,-t;, — then Dt' = Dt/Q(1-(V"/)). Thus Dt = Dt' (1-(¥’/)), and therefore a
clock fixed in S goes dow compared to theonein S'.

Question: Muons enter the Earth’'s atmosphere at a height of L NV L cosmicrays
16km, and have a lifetime of 2.2x10°s. Explain why many muons reacl muons produced here
the Earth’ s surface, having velocities of about 0.999c. A: Using classical 16km
theory, S = ut = (0.99¢)(2.2x10°) = (3x10°)(2.2x10°) » 660m. We may
explain the observation in two ways. EARTH

(1) Time dilation: According to an observer on Earth, the muon clock goes dow, and the
lifetime of a moving muon is 2.2x10%Q(1-V/z) = 4.92x10%s. As it is travelling at 0.999c, it
travels 0.999¢cx4.92x10°m = 14745m. Thus to an observer on Earth, this allows enough time for
the muons to reach the Earth. (2) Lorentz-Fitzgerald contraction: In the muon frame, the lifetime
is 2.2x10°%s, and the Earth is approaching at 0.99c. The distance to Earth, as measured by a

muon, is 16Q(1-""/) » 0.66km.
» 14th December 1999

Transformation of Velocities

Consider a particle with co-ordinates x,y,z,t in S, and X'y’ ,Z' ,t' inS. Thevelocity in Sis
(Uv,W) = (¥, Y, %a). INS, itis (U V' W) = (¥/ae,Y e, % /4). From the Lorentz transformation,
dX = FHVE fos vy, dy = dy’; dz = dz’; and dt = ® VXD gy ey NOW U= g = XV g yaers =
@MYV ey, Therefore, u = “Viyee. Further, v o= ¥y = YOV hm =
v’(.jl_(vzlcz))/1+(vu’/c2). Andw = dz/dt =...= W’ol'(vzlcz)/y(Vu’/cz).

Relative Velocity

S S
The velocity of B relative to A is the velocity of B in the frame of = W00
referencein which A isat rest. Supposethat in S, A has velocity (u;,0,0) anc
B has velocity (Ux,v2W). Choose S such that A is at rest in it. Then the (teve)
S

velocity of S reativeto S is (u;,0,0). So the velocity of S’ relative to S is L~
(-Ul,0,0). A

The velocity of B relative to S is given by the transformation laws for
velocity (derived above), with V = -u;. Special Case: suppose that the velocity <u
of Bin S is(u,0,0). Then, the velocity of B relativeto A is (“**“Y1-@iuwere, 0, 0).

Minkowski Space Time

Let us define t = ict, then under the Lorentz transformation, x2+y2+z2+t2 =
X'2+y’2+7'2+t’2, |t may be seen that the Lorentz transformation is a rotation in the four
dimensional space time continuum.



Exercises 4: Analytical Mechanics

Q: A bead of mass m is free to dide on a smooth parabolic wire of shape y = ax?, set up
in a vertical plane so that the force of gravity acts in the negative y-direction. Determine the
Lagrangian, and hence derive Lagrange's equations for the system. A: f = 1, and take the
generalised co-ordinate to be x. The K.E. T is'.m(x2+y?). Buty = bx?, soy = 2bxx.

Therefore, T = Y/om(x2+(2bxx)?) = Y/.mk 2(1+4b2x?). The P.E. isV = y
mgh = mgy = mgbx2 The Lagrangian is L = T-V = Ynx 2(1+4b2x?) y=bx?
mgbx2. Lagrange's Equation is Yu(TL/Tk )-"/sx = 0. Now we have YL/
= m(1+4b2x2)+8mh2xx 2, and /g = Ymx 2(8b2x)-2mghbx = 4mb2x 2 - 2mgh» mg
So Lagrange's equation is mx (1+4b2x?) + 8mb?xx 2 - 4mb2% 2 + 2mgbx = C X

Therefore, mx (1+402x2)+4ml2xx 2+2mgbx = 0.

Q: A bead of mass m is free to side on a smooth parabolic wire of shapey = x3, set up in
a vertical plane so that the force of gravity acts in the negative y-direction. Determine the
generalised force corresponding to X, and derive the corresponding Lagrangian equation of
motion. Determine the Lagrangian, and hence derive Lagrange’s equation of motion for the
system.

A: f =1, and take g, to be x. Lagrange's equation is Yu(TT/9%)-""/gx = oYX
Q«. The forces acting on the mass are its weight, acting downwards in the g
negative y-direction; and the normal reaction from the wire, which does nc X
work. So in avirtual displacement dx, with corresponding dy, dW = -mgdy.

Now y = X3, so dy = ¥/qdx = 3x2dx. Therefore, dW = -3mgx2dx. By the definition of the
generalised force, dW = Q.dx. Therefore, Qx = -3mgx2. Now T = /,mv2 = 1/,m 2#y2). But y =
X3, 50y = 3x2. S0 T = Yomx(1+9%%). Now Ya(TT/MK) = Ya(mx (1+9x%)) = mk (1+9x*)+36nk 2x3,
And /g = ,mx2(36x3) = 18mx2x3. So Lagrange's equation becomes nk (1+9x*) + 36nx 2x3 -
18mx2x3 = -3mgx. Therefore, X (1+9x*)+18 2x3+3gx2 = 0.

The Lagrangian isL = T-V. For the mass, V = mgh = mgy = mgx3. Therefore, we have L
= Y,mx2(1+9x*)-mgx3. Lagrange's equation for a conservative system is Y4(L/% ) - ™/ = O.
Here, Ya(TL/MX) = Ya(mx(1+9x%) = mk (1+9x*)+36mk 2x3. Further, ™/g = Y/mk 2(36x3)-3mgx2 =
18mx2x3-3mgx2. So Lagrange's equation becomes nik (1+9x*)+36nmx 2x3-18nx 2x3+3mgx2 = 0.
Therefore, X(1+9x*)+18x2x3+3gx2 = 0, as before.

Q: A rigid rod pendulum is suspended by one of its ends from a fixed point O, and swings
in a vertical plane subject to the force due to gravity, g. Derive the Lagrangian equation for the
rod, in terms of its total mass, M, and its moment of inertia about its end, |. Calculate M & | for
the rod, in terms of its length a and its density r (mass per unit length). Substitute the derived
expressions into the equation of motion.



A: f =1, and take generalised co-ordinate g (the angle of the rod from the vertical). The
K.E.isT = ,162, where | is the moment of inertia about O. The P.E. isV =

O
Mgh = -Mg'/,acosq = -'/;Mgacosq. Therefore, we have the following: L = oot
T-V :__1/2|92+l/2l\/|gacosq. Lagrange’s equation iS d/dt(ﬂl—/ﬂe)'m_/ﬂq, WhiCI‘ a
gives 10+/,Mgasing = 0. Now | = Smr2 = |%r r2dr = r [/3]% = r */. Also, M

=ra Therefore, | = /sMa2. Substituting for |, Lagrange’ s equation becomes
0+3,9sing = 0.

Q: Consider the rod in the preceding question. Show that the period of small oscillations
about the vertical through O is given by 2pQ(2a/3g). A: From the above, the equation of motion
is 6+3/,g/.sing = 0. For small g, sing » g, so the equation becomes 6+3,9,q = 0. This is the
equation for SHM with angular frequency w = Q(%%,,). The period is %/, = 20Q%4,).

Q: 3 particles of equal mass m are attached at equal intervals along a string of stiffness k
and natural length 41, which has been extended and attached to two points 4a apart. The masses
are constrained to move transver sely on a smooth surface. Calculate the natural frequencies of
the system, and find the normal modes. Describe the amplitude and phase of the particle's
displacements in each mode.

A: f = 3. (Take generalised co-ordinates x, y and z). The N
K.E.isT = Yomx2+,my2+',mz2. P.E.: Take the P.E. correct ug m 2 m
to second order (as in exercise 2 in lecture notes). The PE.of @] v | @
one section of string is given by /,Kx2, where K = @V)/: k is the
Section | Displacement PE spring stiffness; and x i< 3
1 X 1K x2 the transvefrse
2 -yl 7K(xy)?  displacement difference. Therefore, V =
3 |y'Z| 1/2K(y-Z)2 l/ K 24 (¥ -\ \2+(\-7)2+72 - X
4 7 1K 72 KOEH(X-y)*+(y-2)*+2%
K(x2-xy+y?-yz+z?).

For eigenvalue analysis, rewrite T & V in matrix form: T = *,m& v z)(*oo %10 %01)¢y , ), SO
To= (mOo 0mo OOm). AndV = 1/2K(X Yy Z)(Z-lo _12-1 0-12)(Xyz), 0V, = (Zk-ko -k2k-k O—kzk). Solvi ng ageneral
eigenvalue problem, we obtain eigenvalues w2 = 4/,(2-C2); w2 = /., and W2 = ¥/,(2+CR).

Substitute back to obtain the normal
modes: Mode 1: A:B:C = 1:(2:1, meaning thal
al particles are in phase. Mode 2: A:B:C = noge1 mode 2 mode 3
1:0:-1, meaning that the middle man i
stationary, but other masses oscillate with equal amplitude, out of phase. Mode 3: A:B:C =
1:-CP:1, meaning that the outer masses have equal amplitude and are in phase; and that the
middle mass has opposite phase and larger amplitude.

Q: 2 particles of masses m; and m, are attached to 2 identical springs, such that one spring
connects m; to a fixed point, and the other connects mass m; to mass m,. The masses are
constrained to move longitudinally on a smooth surface. Calculate the natural frequencies of the
system; and find the normal modes and interpret them.



A: d.of. f = 2, and take generalised co-ordinates x & y from the unextended equilibrium
position. Denote the spring constant as k. The K.E. is T = Yxmxz+Y/,my2. The P.E. isV =

Yk(x2+(x-y)d) = *Yk(2x=-2xy+y?). For normal mode
analysis, write T = Y5(X y)(™o %m)(*y), SO that To = (™o ). 0 o o =
Further, V = Yk(x y)(%1 11)(%), so that Vo = (*« ). Sothe —— /I~ J\\ [ —e
generalised eigenproblem is (2™ X)) (®s) = (%), Where " "
A and B are the amplitudes of vibration of x and y.

For non trivial solution, ™", * e = 0. Therefore, wvoe:
(2k-mw2)(k-mw2)-k2 = 0; ..., W2 = onm[(mMu+2m,) 4 - -
Qm2+4m,2)]. Substitute for w2 to obtain the normal modes WUV
Mode 1: B/ = 1-™om + Q(™om)?+1). Mode 2: B/ = = -
1o O((™ome)?+1). The relative amplitude of m, and m: WUVUTe T e
depends on the magnitude of the masses. Mode2

For mode 1, since ™/om, < Q((™/2m)2+1), then B/, > 0, so masses oscillate in phase. For
mode 2, since Q((™/2m)?+1) > 1, then B/4 < 0, S0 the masses oscillate out of phase. Examples: (a)
m=m =m, say. Then w2 = k/2m(3i@); B/A = 1/2(1iC6) (b) m; = 2my. W2 = 2k/m1(2$@); B/A =
+CP. (c) For mode 2 (the higher frequency mode), my < 3m, P [B| < |A]; My =3m, P |B| = |A|;
and m; > 3/2m2 p |B| > |A|

» 16th December 1999

Tutorial

Q: Two particles approach each other with speeds 0.9¢c in some inertial frame. What is
their relative speed? A: Relative case: (“““/(1-wwe). (The relative speed of 2 particles moving
towards each other dong the x-axis). So the relative speed is ®(%9/ 1 0a0 000/ = ** 14081 =
1'8C/1,81 = 0.9945c.

Q: A particle is created in the laboratory, and has a mean life of 10°sin aframe in which
it is at rest. If it has speed 2.7x10°ms* relative to the laboratory, (a) what is the life time
measured by an observer in the laboratory; (b) what distance does it travel, on average, before
disintegrating; and (c) what would be the distance calculated if relativistic effects were ignored?

A: (a) Using the formula for time dilation, Dt' = e ey = 1x10°5/Q(1-(2.7x10%)2/c2) = ...
= 2.294x10°s. This is the mean life time in the laboratory. (b) In the laboratory frame, u =
2.7x10°ms?* and t = 2.294x10°s, so0 the distance travelled is 2.7x2.294x10°*m = 6193.8m. (c)
Ignoring the time dilation, u = 2.7x108ms® and t = 10°s, so the distance travelled is
2.7x10°x10° = 2700m.

Assignment 4

Q: Calculate the speed with which a car must move so that its length may be shortened to
half its proper length. A: Let the proper length of the car be |. According to the
Lorentz-Fitzgerald contraction, the stationary observer would measure the length to be I, where
I = 18(1-(")). We want (1-(“/s)) to be ahalf, s0 1-¥/e = Ya; Ve = ¥ v2 = ¥, v = “%/, ms™,



Q: A car moves with a speed of 108 km per hour. If the length of the car is 2.4m, calculate
the decrease in its length as noted by a stationary observer. A: The car is travelling at 30ms™.
We can calculate the length of the car as measured by the observer in S using I’ = 1,Q(1-(V/)),
0 I' = 2.401-(30%/(3x10g)2); I' = 2.4Q1-(1x10%)). The observed decrease in length is the
proper length - the observed length = 2.4-2.4Q0(1-(1x10%)) = 2.4(1-Q(1-(1x10*)). Thisis avery
small length, not noticeable at all.

Q: 2 events occur simultaneoudly at points (21,2,1) and (1,0,0) of a frame S. Determine
the time interval between them in aframe S moving with a speed 0.6¢ relative to S, and along
the positive direction of their common x-axis. A TZ
Let the event at (21,2,1) be E;, with co-ordinates S
(X1,y1,Z1,t) = (21,2,1,t1) in S; and (X1',y1',Z' 1,t'1) = 25
(x.,2,1,t) in S. Let the event a (1,0,0) be E;,
with co-ordinates (x.,y2,22,t2) = (1,0,0,t;) in S; anc
(Xz’ ,yz’ ,Zz’ ,tz’) = (Xz’ ,0,0,tz’) inS'.

(1,0,0)

(212,

According to the Lorentz transformation, t;' = "9y (uey, and ty' = TN g o).
Subtracting the above two equations gives the time interval between the two eventsin frame S,
which is exactly what we want. So t,'-t;’ = t2_t1+(V/Cz)(XZ_Xl)/C'Il-(\/Z/CZ)); t) -t = bt (O'GC/CZ)(21_2)/("11_((0_6(;)2/02)).
But we know that t, = t;, (they are smultaneous events in frame S), so we have the following:

06

fty = 2D PR 1% _ 12 _ 12 _15_ 15 _g 58

o \/ 1. 0892 J 1. 036c2 /1-036 cy064 08c = € 7 308 .
.T C2




Exam Paper: January 2000

SECTION 1 (Compulsory)

(1)

(@

(b)

(i) A particle moves under the influence of a central force. Write down the
vector equation of motion. Hence write down the value of r x i and deduce
that the motion lies in a plane and that the angular momentum per unit mass h
IS a constant. [5 marks]

(i)  Derive the radia and transverse components of velocity r and acceleration ¢
in plane polar coordinates (r, q). [4 marks]

A sguare lamina of side length a has uniform density s per unit area and total mass
M. Calculate the components of the inertia tensor relative to a set of axes Oxyz
fixed in the lamina such that O is at the bottom left corner and Ox and Oy are along
two sides of the square. Use the parallel axis theorem to obtain the moment of
inertia about the z-axis relative to a set of axes with origin at the centre of the
square. [8 marks]

SECTION 2 (Answer 2 out of 4 guestions)

(2)

(@

(b)

(©)

(d)

A particle moves under the influence of a central force. By referring to the equation
of motion in plane polar coordinates (r, g) as derived in Question 1 and introducing
reciprocal place polar coordinates (u, ), derive expressions for r and i in terms of
h, u, /4 and */4. Hence derive the equation of orbit. [6 marks]

Consider an inverse square law with force per unit mass given by P = -¥/.., where
Is a positive constant. Write down the equation of orbit for thisforce. [1 mark]

Find the angular momentum per unit mass and the constant speed v for which the
particle can describe thecircler = a [3 marks]

By obtaining a general solution to the equation of orbit for the inverse square law of
force, deduce that the orbit is a conic section with focus at the centre of force.
[5 marks]



(3 A lamina is in the shape of a semi-circular disc of radius a and has constant surface
density s per unit area.

y

(@

(b)

Using place polar coordinates, calculate the components of the inertia tensor
relative to a set of axes Oxyz aligned as shown in the above diagram. [7 marks]

Cdlculate the angular momentum and kinetic energy of the lamina if it rotates with
angular speed W about (i) the x-axis, (ii) the z-axis, (iii) the line in the xy-plane
through the origin at an angle "/, to Ox, (iv) the line perpendicular to the lamina
through its centre of mass G. [8 marks]

(4) Two particles of equal mass m are attached at the points of trisection of an elastic spring
of stiffness k and natural length 3| which is attached to two points 3a apart. The masses
are constrained to move longitudally on a smooth surface. By a Lagrangian method,
calculate the natural frequencies of the system and find the norm modes. Describe the
amplitude and phase of the particles’ displacements in each mode. [15 marks]

® @

(b)

(d)

(€)

State the two basic postulates for Einstein’s Special Theory of Relativity.
[1 mark]

Consider two inertial frames S and S which are in standard configuration with
relative velocity V aong the x-axis. State the Galilean and Lorentz transformations
relating the description of an event at X, y, z, t in frame S with its description X', y’,
Z,t inframe S. Discuss and compare the two transformations. [4 marks]

Derive an expression for the Lorentz-Fitzgerald contraction and an expression for
time dilation. [6 marks]

A car moves with a speed of 108 km per hour. If the length of the car is 3.4m,
calculate the relative decrease in its length as noted by a stationary observer. (Take

the speed of light to be 3x10°ms?). [2 marksg]
Cdculate the speed with which the car must move in order that its length be
shortened to half its proper length. [2 marks]

(Questions done: 1, 3, 4)




