» 27th September 1999

Solving Matrix Equations

Q: Solve x+2y+3z = 5, 2x-3y-z = 3,

and 4x+y+2z = 8. A: Put in the matrix forn 123 |x 5 12 3 1
Ax = b as shown in yellow. Perform rov 2-1-11y 3. 0-7-7]|.. 21
eratio ' 41 2 | z 8 00 -3 411

operationson A: R = R - kR (with i > ).
Do these operations to get the matrix with the zer os in the bottom left. Then perform R,-2R; and
Rs-4R;, and so on, to get the final matrix. We shall call this matrix U. We aim to factorise A in
theform A = LU. Infact, L isthe final matrix, where the lower triangular entries are the k;.

The elementary operation R .= R - k;R, may R,
be performed on A by left multiplying by th R2
elementary matrix E;, where E; is an identity matri: (U, .. Un)
with a-k;; in row i and column j. Think of the produc Rn
shown in green, which is a 1xn matrix multiplied by an nxm matrix to give a 1xm matrix. We
have performed EzEasExA = U. Hence A = Ex 'Ea'Ex U, where By 'Ea "B = LU, and L =
Ex'Es'Esr 'l Note that E;* is the same elementary matrix as before, but with a sign change in
the k;; position. Thisis because R := R+k;R; istheinverse of R .= R--k;R..

=(u;Ry + UzR, +... +URR,)

So we [ 1 1 1 1
caculate L asl= 1 ~ 1 ~ 1 ~ 21 Rz + 2Ry
shown. Now Ax=b | 1]l 11]JRs+R; [ 41 1 ]Rs+4R; [4 11
and A = LU imply that LUx = b and Lc = b, so that Ux = c. We now have 2 triangular systems
1 5 5] [12 3] 3 of equations. First solve Lc = b (1st) and
21 -7 =] 3 |... 7-71-%|= then Ux = ¢ (2nd). So the solution is x = /s,
411]-5 8 -3 2 y =-*3and z =%,
> 5th October 1999
Pivoting

large, then round-off errors become significant. The aim is tc
get -1 £ ki £ 1. How: move the largest entry in the column ol
or below the diagonal to the diagonal position. This is callec Pvor {

The operations used are R := R - k;R;. If the k;; arr s
A 2 -3
{ 4 1

N
N

the “pivot” element. Note: “largest” means “has maximun 3%
modulus’. Looking at the diagram, we have EzxPEzExPisA

-712 -2 | R2-VR1
7/4 5/2| R3-YiR1

= U. (Note: P,, iSjUSt |) And so A = P13-1E21_1E31_1P22_1E32-1|U. Lo J/- 2
Theright hand sideis L. Note that P; = P;* we — just have a { } 0723,22 Rs+ UR»
identity matrix with 0's along diagonal where our | and j ar i U

and 1'son the offset — like the diagram in blue.

What we get in the red on the next page is a row permutation of a lower triangular
matrix. Next step: solve Ax = b using Lc = b and Ux = c. Thisis shown in blue on the next page.
Amazingly, it is still possible to place the ki’s in L as they are calculated. Method: Use an extra
vector, Order.



Whenever we interchange a

1=[1 M1 Le=b [ ¥4 -12 1['8 5] row, R « R, we apply the row
1 1 Ro+¥R1 12 1 -1 = 3
L 1] Rs-¥R, | -12 1 RsvR: |1 52| | 8. change to order as well.

momess  Therefore, ki is placed in L in
s ?2,33 {?1 column j, row Order[i]. The 1 is
32|53 | 52) placedin columnj, row Order[j].

In our example, the Order is [*24]

initialy, and then becomes [*2;] (by Ri<~ Rs). So in column 1, the 1 goes in row order[1] = 3.
The %2 = kx goesin row order [2] = 2. And the ¥4 = ks, goesin row order [3] = 1. In column 2,
the 1 goes in row Order[2] = 2; the -'/, = ks, goes in row Order [3] = 1; and in column 3, the 1

goesin row Order[3] = 1. Note: If we had |Az| < |Asy|, do row swap Ps.

1 (14 -1u2 1 _
121 12 1 |=L Ux=c |4
| V4-12 YRs-¥R, L1

> 11th October 1999

Useful UNIX Commands

>pwd print working directory. >Is short list. >Is -l long list. >cat <file> puts the file on
the screen. >rm <file> remove/deete. >mv <file> <where to> moves a file. >lpr -Pmalaser
<file>. >cd <dir/dir/...> change directory. >mkdir <dir. name> make directory. >rm -r <dir>
deletes directory. >psux process list. >kill -9 <process> deletes/terminates process.

Smith Normal Form / Invariant Factor Form

Consider an integer matrix with diagonals di, d,...,d,, whered, | dz | ds | .. | d. Now d =
gcd{a;} (it is the gecd of all the entries of the matrix). d, = gcd{2x2 sub-determinants}, etc.
Example: Consider A = (¥ '*110). Find the g.c.d. of the matrix: start with two numbers, i.e. 2nd
column, and carry on with the row operations. ~(*%s>110) ~(*15s0). Now we know that
ged(165,110) = 55. Now find gcd(55,-36) by doing column operations: [co+Ci] ~(%136™1s):
[cit2¢] "‘(241419138); [C2-10c] “‘(2414'1-4002); [CitC] ~(1-3588-l-4002); [CotCi] ~(1-35880-7570)- Now do
R,+3588R; and (-Cz) to get (10 07590) =D.

amatrix with ones on the main diagonal and a-k in thei i1
row; j" column. A P; matrix is a matrix with ones on th " L.
main diagonal, except as shown in the diagram. Ej/ i

performs R := R-kR;. P;A performs R U R.. AE; performs C; := C-kC.. And AP, performs C
U C. Here, we have B......BsB:B,AC,C....C, = D, where the B; and C; are either E;, P; or N,
type matrices. Hence A = (B,'B;"...B,'I)D(IC,"...c;'c1"); A = LDR, where L & R are
invertible and all integer.

Definition of elementary matrices: An E; matrix i
Ei= |1 Pi=1 Ni=|1
1
K™ ‘1
1 | It

> 18th October 1999

Hessenberg Form

We require the matrix as shown in the diagram, where * = “n
restriction” , and where H is similar to A, i.e. there existsa T such that H :
T'AT. Method: ...B;'B:*AB1B.... (Bkx = Eij, P, N)). We can use partia
pivoting as necessary.

A® H=|..




Example: we can A=[0123]~ 0123~ 0123
_ 045 1111 1111| Nowdoinverse
represent HasH =
Pivot 1111 .0 0045 | RsR 0 45| column operations.

ExErnPasAPsEL B Position L1132 1| ReU Rs 1321 o110 P
Th|S|r2pI|isthatA: _ T0213] 0513 _ 0513 |_ 0543 3
(PasEa2 "Ess™l) % 1111 1211 1211 12 1009 1

— 71 - 0405 o9lo5 0905 959 5
H(l E43E42P23) =THT. Ucs 0110 CHCs 00 0 Ra-(19)Rs 000 -59 Ca+(1/9)Ca 5/81-59

Algorithm. Procedure Hessenberg (A). n = rowdim(A) (= coldim(A)). For each column K,
(1£kE(n-2)), Search column k and rows k+1,...,n to find the lar gest entry — in row |, say. Swap
rows k+1 and |. Swap columnsk+l and I. For k+2 £ £ n, R := R - (Aks1,k/A},K)Ra. FoOr k+2

£j £n, Cua := G + (previous multiple)C.
» 25th October 1999

Eigenvalues/Eigenvectors

Let A be asquare matrix, where Ax = | x. Solve |A-l || = 0, the characteristic equation. If
A is symmetric, thisimpliesthat dl | T R. Assume that A is an nxn matrix, with eigenvalues
{I 1,..0 o}. If thel; are al distinct, this implies that P*"AP = D (diagonal). The columns of P are
thexi.

Gerschgorin’s Theorems

(1) If A = (&) is an nxn matrix, define C; to be the disk in C with centre a; (the i"™

diagonal entry) and radius S+ |aj| (The sum of the moduli of i T centre radius
-11 0.1 0.1 0.2 | the non-diagonal entriesinrowi). Then 1 | -11 | 0.1+0.1+0.2=0.4
a=| 01 -3 0101 every eigenvalue lies in one of these| 2 | -3 0.3
01 01 5 01 | discs. For the example matrix A shown,| 3 S 0.3
0.2 0.1 0.1 12 | we have the table shown. 4| 12 0.4
/F Theorem 2: If k of the C form a connected region R digoint
o oo~ fromthe remaining C, then exactly k eigenvalues liein R. In Maple,

-11 -3 5 12 charpoly(A, lambda) returns the characteristic polynomial of A.

eigenvals(A); eigenvects(A) returns|[ [ 1, {x}], ..., [l r, {X}] ].
> 1st November 1999

Overlapping Gerschgorin Circles

Suppose we had a diagram as shown. Then the answer toth ~ <\ —~x
question “ What is the set of connected regions” would be[ [1], [2,3,4. — X/ >/
1000 10]11[56] ]. What we are trying to prove is that if d; is the distance between the

010000 | centres of the two circles, and r; and r; are the radii of the two circles, then the

001101 |twocirclesoverlap if d; £ ri+r;. Overlap is not an equivalence relation, but “in

001101 | thesame connected component” is. We could store the result of which overlap

100010 | iswithwhichinamatrix as shown. So, find out which overlap with which, and
L0 0110 1 thenusetransitivity to find the connected regions.




Power Methods

(1) The Power Method finds the greatest eigenvalue, if one exists
Example: Let A = [®1; %5 "10]. Then uo = [*u]; vi = Al = [%3]; m; = 10. _~ )
Then U = M;L/ml = [1-0.30,2]. Vo = Au; = [7'92.70,7], m, = 7.9 so U, = \_/2/m2 = - 7
[127/797/79] . Now V3 = Agz =...

Algorithm: Set u = [111...11]". Repeat: v = Au; m = greatest element in v; u = v/im —
until successive m's and u’s differ by £ 10°, say. The final m is the required eigenvalue; and the
final uisthe required eigenvector. Suppose that A has eigenvalues| 4,...,I o, with (|l 1| > |l 2| > |l 4|
> ... > |l J). Assume that {xi,.....X.} is a basis for C", where Ax; = | ix, and that [1,1,...,.1]' =
CiXa+CoXot...+CXn, With 1 1 0.

Then Aup = vi = A(Cixy)+...+A(CXn) = CiXal 1+ ... + Gl Xn. NOW A2Up = Cil 12Xi+...+Cll X
A'Uo = Cil Xt ACl o Xe ANd AU/l 1€ = Cixa + ()Xot ()X AS K® ¥, (1l )'® O;
Ao/l ® cixi; and A(Aud/l M)® | 1(Cix1). Example: A = [™1; o, '130]. This has 2 greatest
eigenvalues, and the u; oscillates between 2 combinations of x; and X..

(2) Inverse Power Method. Ax=1Ix (1 t 0) b A'Ax=1AXP (Y)x=A'xP A and
A have the same eigenvectors, but inver se eigenvalues. The greatest eigenvalue of A™ is the
least eigenvalue of A. BUT, we prefer not to invert A. Instead of v := A'u, we solve Av = u for
vusngA=LUand{Lc=u, Uv=_c}.

Algorithm: Set u=[1,1,...,1]". Factorise A = Lu. Repeat: Solve Av=u by {Lc=u, Uv =
c}; mi = greatest element in v; u = v/m; — until.... The final u is the required eigenvector; and
the final mis (1/required eigenvalue), or Y/, = required eigenvalue.

(3) Shifted Inverse Power Method. This method finds the eigenvalue nearest to the
chosen p. Method: B = A-l. Apply (2) to B. The Eigenvalue we get is p+*/. Recall that Ax =
| x — this implies that A'x = | *x. Similarly, (A-p)x = (I -Wx. And (A-p)*x = (*y.)x. The
smallest eigenvalue of A-pl isthe eigenvalue of A nearest to p = **/,,, where m is the result of
applying the power method to (A-pl) ™.

Algorithm: Factorise (A-ul) as LU. Proceed as with the inverse power method. It works

If pisareasonable guess. It failsis more than oneis“nearest” to . (Likely to oscillate).
» 8th November 1999

Results on Eigenvalues

Take A to be complex (evenif itisreal). A =[aj] P A =[a;] istheconjugateof A.AT R
P A=A ((3+4i) =3-4i). Transpose: A' = [g;]. If x1 C" it followsthat |x| = OS" X[ = Qxx
1t et XX0). (27 = QZ2) (I3+4i] = (3+4i)(3-4i)] = Q9+16) = 5). So x = (***1)) has length
Q25+2) = 3CB. The eigenvalues of A are roots of the characteristic polynomial ch(A). When A
Isredl, this set of roots may contain complex conjugate pairs. A complex polynomia equation of
degree n has n complex roots.




Theorem: If Ax =1 x; A isredl; and A is symmetric, then | isreal. Thisis a special case
of the Theorem “Ax = | x and A Hermitean imply that | isrea”. Definition: A is Hermitean if
A'=A. Example: A = [*.; *,]. Therefore, Hermitean + Real P Symmetric. In this case, chA =
| 2-(3+4)l + P ™4 =12-71 +10 = (I -2)(I -5). Note: chA is always real.

Eigenvectors: | = 2: [%i ™][M4]. | =5: [% M4][%]. Cantake T = Ye['i 4], which is
unitary (U* = U"). Proof: Consider x'Ax (We need to know that AB =AB and (AB)' = B'A). (i)
XAX = X(AX) =x(1 x) =1x%x =1 P (i) xXAx = ®A)x = Ax)tx = (A X = (1) '=ixx =1 [P
Looking at these two, and knowing that x ¢ 0, so that [x|* 0, we concludethat| =i .

Suppose that B is skew-symmetric-Hermitean, i.eB ' = -B. Let A =iB. (a;=iby, for dl i ,j).

Then 8“ = ibji = i(-bi,-);_a-,- = Ib”, anda ij = (-Ib_) ij = &i. Example: B evsof B )

[© .14 0] Here, by = Hij; A =iB =[%1 '], s0 & =ai;. Now Ax = roti(t?ion

| x (I red) P Bx = (-iA)x = (-i)l x = (-1 i)x, where (-l i) is pur ® L
VSO

Imaginary).
» 15th November 1999

Sturm Seguences

charpoly(A, lambda) = |A-l I|. Suppose that A is symmetric and tri-diagonal as shown. We
use a method for calculating values of p(l ) without obtaining the coefficients of p(l ). Recal
from the theory of determinants that if B is nxn, then for achosenil {1,..,n}, |B| = (-1)' S=1" b,

Bi| (-1), where B; is an (n-1)x(n-1) di- /&
matrix obtained from B by deleting row ar d2- 4 as
i and column j (a cofactor of b;). The ag d3- 4 a
process is caled “expansion along row p(z) = - i) = & %
i”. Similarly for columns. Example: s | 7
3, 7 — B 2 1 2 1 4 -
42 29| = 5[ 272| - 3['6 "2 + 7['6 "2 (CasR = dri- 4 @
1) or = 6|3472| - 2|51 72| - 2|5134| (Casel = 3) a dn- A
d1- y) ai
dl‘ A A1
& dz- 4 ai dz- y!
p(A)=0+...+0- an.1 a +(dn- A
n-3
dn—2 - )u a dan-_Z A
an, ani n2 Up-1- 4
di- J ay Expanding by the last row, we get p(l ) as shown above.
a1 So if P(l ) = as shown on the left in yellow, and Po(l ) = 1,
P =l we see that p(l) = Pil) = (dl )Pra(l ) - &iPn(l), @
a.; | second-order recurrence relation. Indeed, p(r) =
ai-1 di- 4| (d-l )pra(l )-22-1pr-2(1 ) for 2Er£n. We get a sequence: {Po(l )

=1, Pl ) =di-l, Pl ) = (di-l )(d2-l )-ad?, ..., Py(l ) = ch(A)}. Example: For the matrix A shown,
we get the table as shown at the top of the next page.



Po(l ) pa(l ) Pl ) ps(l ) Pa(l ) f(l) sign
-6-| (-2-1)p-1 | (B)p-4ps | (6-1)psp2 changes
1
1
......... 1
1 -9 44 36 64 2 +-+++
1 -10 59 -19 -97 3 +-+--
1
7 1

Conclusion: the eigenvalue lies between 3 and 4.

> 22nd November 1999

Recursion

n! = n(n-1)(n-2)...1 or n! = 1.2.3...(n-1)n, or n! = (recursive) = 1 when n = 0, and n(n-1)'
otherwise. Compute this: f := 1, for i from 2 to n do f := f*i; od: print(f). Or, we could use a
procedure: fact := proc(n), if n = 0 then 1: else n*fact(n-1): fi: end:. Anaysing this, we start with
fact(4), then go to 4xfact(3), then 4x3xfact(2), etc., to get the answer of 24. A recursive
procedure callsitself. Short to code, but hard to Debug. Multiple copies of local variables.

fa

Fibonacci numbers: fo = f. = 1, f,= f.1+fro. We could have the following LN
code: fib := proc(n), option remember, if n = 0 or n = 1 then 1. else fo/+\f1 Ll\ﬂ
fib(n-1)+fib(n-2): fi: end:. A diagram showing how fib(4) is calculated is shown 2 1/j_\f
But note that f, is calculated twice! It gets worse: 5 calculations for fé! 3

5

That is why we use the option remember — it causes a remember table to be initialised
which stores all calculated values of fib — so no value is calculated twice. Therefore, part of the
treeis not required. (Note: there are more efficient quadratic methods for f,,).

L egendr e Polynomials: P(x) is of degree nin x. Po(x) = 1, Py(X) = X, Py(X) = (*"*/s) Paa(X) -
("Y)Pna(X). Solve f(x) = 0 by bisection. Assume that a < b, and that f(a) & f(b) have opposite
sign. Thisimpliesthat f(x) = 0 hasasolution in [a,b]. Method: Let I
= the mid-point of [a,b], m = **,. Either f(a) and f(m) have opposit
signs, or f(m) and f(b) have opposite signs. So the root isin one ha ™
or the other. Iterate until the size of interval becomes < 107, say.

Aside: the secant method gives a better m: y-f(a) = ("®'@/,)(x-a). At
, (M0), -(b-a)f(a) = (f(b)-f(a))(m-a). Solve for m. Now we could code the
m above example as follows. f := x® x5-3x3+...; eps := 107(-10); bisect :=
proc(a,b); local m; global f, eps; <add checks here>, m := (3*/,); if (b-a <
eps) then m: elif f(m) = 0 then m; elis sign(f(a))*sign(f(m)) < O; bisect (a,m); else bisect (m,b);
fi: end:. Note that a, b and m are needed for each recursive call.




> 24th November 1999

Backtrack Trees

Problem: Make a sequence of choices. Method: To make the next choice, order the
allowed choices. Make each one in turn iterate; print it if it is the solution; then undo this choice
and carry on. The nodes at level i in a backtrack tree represent a partial solution with i choices
already made.

Example: Combinatorics: integer partitions. 5 can br %\

represented by the following (decreasing) sequences. 5 =5 = 4+ s i 3 /\ 1
= 342 = 3+1+1 = 242+1 = 2+1+1+1 = 1+1+1+1+1. In the i N N
choice, choose the i" path in a partition which cannot be large A
|
1

than the previous part, and cannot be too big. The tree for thi )
problem is shown on the right.

Another example: we have a ring of numbers as shown on the left. We
@ @ choose one, and then go around (clockwise or anticlockwise) by the amount of
steps indicated by the number on the circle we are on. Question: Is it possible to
@ @ visit each number in exactly 5 steps, i.e. no number appears twice? We draw a
tree as shown above for this problem. The solutions are 3-1-4-2-5 and 3-4-2-1-5.
» 29th November 1999
Maple notes. "term" has form [scalar, monomial]. "polynomia"” has form [term, term,
term]. Example: [ [-17, x:2X3], [3,X2""] ] represents -17x:2Xx+3X,".

©

Knight's Tour

A knight in the centre of a chess board has eight possible moves. (4 4 ’ i 1
move is:. “go 2 moves in one direction, then one perpendicularly”). Problem
start at a chosen square, and visit each sgquare exactly once. In a 3x3 board, w
can't do this — we can't reach the centre. Produce a program with a recursiv ° 1 8

algorithm to seeiif it is possible with other sized boards.
» 1st December 1999

Matrix Multiplication

Consider AB = C, where A is an mxp matrix, B is a pxn matrix, and C is an mxn matrix.
A position in C, Ci;, is given by S awby. This can be coded up. Restricted problem calculate
UAU, where U is an nxn identity matrix with an mxn yau = [I ‘ 0] slcll 11 o
matrix in the bottom right hand corner. Note: H i

O‘H

symmetric. General example: U = [*0 % ). ' D|E| 0| H_
: o . Blc | 1] o

We solve this by block multiplication. Partitior =
the matrices into parts, and we get what is shown ol | HD|HE || 0 | H
theright. (B isan (n-m)x(n-m) matrix, C isan (n-m)xi '8 lcH

matrix, D is an mx(n-m) matrix, and E & H are mxr = | —F—
matrices). HD [HEH




Exercise: If x = (>3) and z = (*og), s = |IX|| and v = x+sz, calculate H = Is-?/ypW'. A: Here,
s = (Y25+9+2) = (B6 = 6. SO v = () +(%0) = (Mae). And [V][2 = 112+9+2 = 132. So H = (‘o0 0
O01) -7 132(113@)(11 3 CE) = (100 010 001) -7 132(121331162 3393(‘2 11(”]‘23(")22) = -Y 132(-110-6&22("2 -66114-662
2% 6CP12). Thisis symmetric and orthogonal! Lemma: Hx = (®0...0) = Sz
» 6th December 1999

Tridiagonalise a Symmetric Matrix A

After performing what is shown on the right | 1 0 Au xi 1 0
iterate on the 2nd row and column, and so on, to get t
the solution. Algorithm for asymmetric A: Let T =the |, i “ Ar 0 "

tridiagonal form of A, done by a Householde
transformer. Let [lower, upper] be the Gerschgorii

range for the eigenvalues. A xt ! 0
0
Use Sturm sequences with bisection to locate 0 HiA 0 H1
al the eigenvalues, to 10°, say. The shifted invers )
power method then improves these estimates an -
gives eigenvectors. This uses factorisatior 2
(T-(estimate)l) = LU). 0
0 A1=HA1H1
Note: the algorithm fails with an (e.g.) matri: o

with zeros in the 2nd and 3rd quadrants — we have
division by zero.
> 8th December 1999

Propagation of Round-off Errors

Addition: (a+da)+(b+db) = (atb) + (datdb). Multiplication: (at+da)(b+db) =
ab+(adb+bda)+dadb. We ignore the third term (it is small) — the second term is the actual error.
The relative error is ®*%/,, = ®/,+%/,, the sum of the relative errors in aand b. Consider a 2x2
determinant, P*“e.qc " Paraal, Which is approximately (ad-bc)+(adb-bdc-cdb+dda). If a, b, c and d
are“large’, and ad is approximately equal to bc, the error may become significant.

Exercise: consider the equations x+y = 2 and x+1.0001y = 2.0001. Solution: x =1andy =
1. If we have equations x+y = 2 and x+1.0001y = 1.9999, then we have the solutions x = 3 and
y = -1. This is an ill-conditioned system of equations (the determinant is 0.0001). The
elgenvalues are approximately 2.0005 & 0.00005.

Note: the system Ax = b is ill-conditioned if small changes in A and/or b produce
relatively large changesin x.

Use the condition number of A, Ca = QI ma)/(l min)), Where | ma & | win are the greatest
and least eigenvalues of A'A (a symmetric & +ve definite matrix). The norm of A is maxyo
IAXIVIX]l (= QI me)). What direction is most expanded by A? — use ||x|| = &.x.



Example: Let A = (%1 %). Ca for (1 “1o000) iS L
approximately 4000. When Ax = b is perturbed e~ |, 7 \ mi@rqul)
(A+dA)(x+dx) = b+db, then aq /10 1 ’

IpA, 10D e 2 4 (-3-)™

o<l £ Ca( 75D

So we want C, to be small. If Ca is approximately 1, then the relative error in X is
approximately (therelative error in A) + (the relative error in b).

Tip: When working with matrices to ‘d’ significant digits, use 2d digits to perform dot
products (because the vectors may be nearly orthogonal).



