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Introduction

Differentiation has a geometric aspect (measuring the gradient of an arc and then letting
Dt tend to zero) and an algebraic aspect (linear approximation: f(x) = f(a) + ®/«(a)(x-a) + a bit).
Recalling, R™ is an mrdimensional Euclidean space: X = (X1, ..., Xm), X.Y = X1y1+XoYot... +XmYm =
S"4 xiyi. The norm is x| = (X.X)"2 = (Siz1™ x?)Y2. The distance |x-y| is the distance between x and
y. T: R™® R"isalinear function, with T(rx+sy) = rT(x)+sT(y).

If we are given bases for R™ and R", we can work out T in terms of a matrix. A plane
through O in R3 has equation ax = 0. a= (a, &, &) is normal to the plane. For a plane going
through a vector b, the equation is a.(x-b) = 0. Again, a is in the normal direction. This
generalisesto R" for all n.

Section 1: Multivariable Differential Calculus

Let Sbeasubset of R™ and let f be afunction from StoR", f: SR R™ If cT Sandul R",
andwehavectul S, (ul 0), aproblem could be to study the changein f(x) as x goes from ¢ to
c+u aong the line segment x = c+tu, wheret [0,1].

1.1. Directional Derivative

Study f as it changes in the direction of u. We need afairly genera S, since the domains
of functions can be complicated. For example, with f(X,y) = Ysenyes, if X, y T S, then S={(x,y) |
x2+y21 1}, Similarly, for f(x,y) = 1/(x2+y?-1)"?, we need a suitable S. We usually take u to be
small. In the above, S is everything but the circle x2+y2 = 1. If we take u to be “big”, then we
may not havec+tul Sforaltl [0,1].

Usualy, we want S to be “open”. Suppose that r > 0. Let B(c;r) = {X| |[x-c|| < r} be the

open ball with centre ¢, radius r. Definition: ST R™ is open if for all cl S, thereis
somer > 0with B(c;r) | S. If Sisopen and t is small enough, then c+tu will be it
B(c;r), because ||(cttu)-c|| = t||u]l, which can be as small as it needs to be (it will be
<rift< r/||u||).

Definition (for n = 1): The directional derivative of f at c, in the direction of u, denoted
by f'(c;u), is defined by f'(c;u) =l (f(c+tu)-f(c)/t), wherever the limit exists. Pick a co-ordinate
system. The partial derivatives are (directional derivatives in the direction of the axes) § |.=
f’'(c;e), where & isthe unit vector (0,...,0,1,0....,0), with 1 in the k™ position.

Example: m =2, n = 1, f(x,y,z) = xy+yz2 with S = R3. ¥/y, = y, ¥/, = x+22 and ¥/3, = 2yz.
(Taken at ageneral point ¢ = (x,y,2)). Example: a= (a,...,an) | R™, f(x) = ax. Find df/dx, from
first principles. Now f(x+te) = a.(x+te) =ax + tae = ax+ta. Now [nf(x+te)-f(X)/t =im ax +
ta-ax/t = a. In general, for ' (x;u), f(x+tu) = ax+tau = ax+tSau. f' (x;u) = Sau = au =Nf.u
(where Nf = (df/dxu,...,df/dXq)).



Theorem: Suppose f: S® R, and assume all partial derivatives exist everywherein S. Set
Nf = (df/dXa,...,df/dxm) = Siz™ df/dx; €, the gradient of f. Then for all ¢ and u, f'(c;u) exists, and
f'(c;u) = Nf.u.

Tutorial

Remember in partial differentiation, only differentiate in the order indicated, and only
w.r.t. the variable(s) involved. Rules for stationary points (Revision): If z = f(X, y), then to test
for stationary points, solve %y = %4, = 0. (Important). Then let A = %y, B = */4,4 and C =
*7/,.. Form the Hessian matrix of f, H = ("s B¢). If H is positive definite at a stationary point P,
then it isaloca min. If it is positive negative, P is a local max. If it's indefinite, then P is a
saddle point. If det(H) is zero, then the test fails.

Soif AC>B2and A <0, we have alocal max; if AC > B2and A > 0, we have alocal
min; if AC <B?, itisasaddle point; and if AC = B?, the test fails. The tangent plane at the point
P(Xo,Y0,20) On the surface f(x,y,z) = c is the plane fy(P)(X-Xo)+y(P)(y-Yo)+f(P)(z-z5) = 0. The
normal line of the surface at P istheline x = xo+«(P)t, y = yotf(P)t, z = zo+f,(P)t.

Convex functions. A function f(xs,...,Xn) IS a convex function on a convex set S (in R") if
forany X’ T Sand x’ T S, f(ex’+(1-0)x") £ cf(x’)+(1-c)f(x") holds for OEcELl. Define the
Hessian, H, of f(xy,...,Xs), as being the nxn matrix whose ij"™ entry is d?f/dx;dx;. Winston quotes
the following theorem: Suppose that f(X,...,Xn) has continuous second-order partial derivatives
for each point X = (X,....Xn) T S. Then f(xy,...,X,) is a convex function on Sif and only if for each
x 1 S, al principal minorsof H are non-negative.

Example: Find the equation of the tangent plane and the normal line to the quadric
surface 3x2+2y2+z2+4x+5y+6z = 3 at P(-1,-1,1). A: Let f(x,y,z) be 3x2+2y2+z2+4x+5y+6z-3 = 0.
Let P be the point (-1,-1,1). F(P) = 6x+4 = 6(-1)+4 = -2. F(P) = 4y+5=4(-1)+5 = 1. F(P) =
2z+6 = 2(1)+6 = 8. The tangent plane is fx(P)(X-Xo)+f(P)(y-Yo)+fAP)(z-z0) = O;
-2(x--1D)+1(y--1)+8(z-1) = 0; -2x-2+y+1+8z-8 = 0; -2x+y+8z = 9. The line normal to the surface
at Pisgiven by x = Xo+(P)t; x =-1-2t. y = yo+f(P)t; y = -1+t. z = zy+f,(P)t; z = 1+8t.

Q: Verify that the following function is convex on R3: f(x,y,z) = 3x2+2y?+z2+4x+5y+6z.
A: First we need to calculate the Hessian Matrix with the entries shown in yellow. ®/4 = 6x+4.

600 | *s=6. And dzf/dxdy = #yq = 0. df/dy = 4y+5. dzf/dyz = 4. | 52%lox2 62flox0y S%fIoxoz
040 | And ®ye = oy = 0. W= 2246. o= 2. And Fpe = | 52H10yox 5210y? 6%Fl0yoz
002 ] *,4=0. Therefore, H = the Green Matrix. o*flomx o*flowy o%floz?

We now must test to seeif all the principle minors of H are non-negative. If they are, then
f(x,y,2) i1s a convex function. By deleting rows/columns 1 and 2, we obtain the 1st-order
principle minor 2, which is > 0. Similarly by deleting rows/columns 1 and 3, we get 4 > 0O, and
by deleting rows/columns 2 and 3, we get 6 > 0. By deleting row/column 1, we find the 2nd
order principle minor, det[%%] = 8 > 0. Row/column 2 gives det[%°] = 12 > 0. And row/column
3 gives det[%°s] = 24 > 0. The 3rd-order principle minor isthe determinant of H itself, worked
out expanding by column 1 to be 48 > 0. Since for al (x,y,z), al principle minors of the Hessian
are non-negative, f(x,y,z) is aconvex function on R3.
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When do Directional Derivatives EXxist?

If f'(c;u) exists in every direction, then the partial derivatives exist, but things go wrong
for the converse. Limits of continuity in many variables (see T&F as well). Consider f: R® R,
where f(x,y) = x+y if x =0 ory = 0, and 1 otherwise. Then /4o = 1 and %/4)o = 1. But
f(O+tu)-t(0)/t for u = (ug,Uy) (ug, Uz * 0) =Y, which does not have alimit ast® 0.

Consider S to be open connected, S| R2. Consider f: SR R™ For m = 1, iim f(x) = L
means “to get values of f(x) near to L, we need only take values of x near xo’, i.e. given e > 0,
there exists ad > 0 such that if [x-Xo| < d, then [f(x)-L| < e. Definition (in genera):m, f(x) = L if
given e> 0, there existsad > 0 such that if ||x-xo|| < d and xI S, then |[f(X)-L|| < e.

Example: consider f(X,y) =Y/, for x * 0, and O for x = 0. Does m f(x) \T )
exist? (i) On thelinesx =y, x = -y, f is zero. (i) Alongy = 0, f(x,0) = 1if x * C X‘y
and O if x =0. (iii) Alongx =0, f(O,y) =-1if y1 0,and 0 if y = 0. Clearly, if | A X =y
= lim, exists, it must be at the sametime O, 1 and -1.

Try f(x,y) = 2xy/(x*+y?), (x,y) * (0,0) Does f(x) tend to something as x tends to zero?
Along x = 0 and y = 0, the limit is zero. But dong y = kx? with non-zero k, work it out! Why
does the method work? We want to see if there is an L, with f(x) tending to L as x tends to X,
(*). A curveisacontinuous x(t), t T [0,r], with!im f(x(t)) = Xo. We test to see ifim f(x(t)) exists. If
it doesn't, we stop, because (*) cannot hold for all L.

If tim f(x) =L, thenim f(x(t)) = L aswell. If we get!m f(x(t)) = L (i.e. the limit existsand is
L), then if iim f(x) exists, it must be L. But if X, and X, are two curves through xo, and'n f(xa(t)) =
L, and M f(xo(t)) = Ly; if Ly isnot equal to Lo, thenim f(x) cannot exist!
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Continuity

Suppose that S is an open subset of R™. Let xo S, f: S® R". Then we say that f is
continuous at X, if im f(x) = f(Xo). We say that f is continuous on Siif it is continuous at all points
of S. If f: S- R", then f(x) = (fi(X), fa(X),...,fa(X)), and we can specify f by specifying the n
functionsf,,...,fr (S® R).

FACT: f is continuous (cts) on Siff al thef; (i = 1...n) are cts and real-valued functions.
In particular, the k™ co-ordinate function, p. R"® R, pk(X) = X, is cts (Ieft as an exercise).
Thinks: for n = 2, assume f; and f, are cts at Xo. Given e > 0, we need to find ad > 0 s.t. as soon
as |[X-Xo|| < d, then we know that |[f(x)-f(xo)|| < e. Taking the end result to pieces, we want to
make |[f(x)-f(Xo)l| = ((F1(x)-F1(x0))?+(F2(x)-f2(X0))?) nice and small.

Pick d; > 0 so that if [X-Xo| < di, then [[f1(X)-f1(Xo)|| < ke (k is chosen later, and we can do
this because f; is cts). Pick d; > 0, so that if [X-Xo| < dy, then [fa(X)-fa(Xo)| < ke. If |X-Xo|| <
min(dy,dy), then |[f(x)-f(xo)|| < ((k2€?)+(k2€?))Y2. Pick k = /¢ and d = min(d,,d,). Now carry on.



FACTS: (1) If f: SBR", g: T® R, and T R" are continuous, then so is gf: Sf(T)® R
dom(gf) = the set of points for which gf(S) makessense={s|sl Sandf(S)T T} (s Ssof(s)
makes sense and f(S) T T so gf(S) is defined). Recall the notation f4(T) = {s|f(s) T T}. Note:
f3(T) will be open if f isctsand T is open; and the intersection of 2 open setsis open. (2) If (x,)
IS asequence of pointsin S, then ™, x, exists, and isequal to a. If f iscts, theni™, f(x.) = f(n). (If
thisisthe 1 variable case, replace |...| by ||...]).

Back to differentiation. Single variable case: f: S® R, S1 R Sisdifferentiableatci S
if im &) exists. (x T S). The value of the limit is f'(c). For small (x-c), we have small
1@/, . - (c). So f(x)-f(c) = f’(c)(x-c) + a small error, which tends to 0 as (x-c) tends to 0. So
f(x)-f(c) = f'(c)(x-c) + e(X)(x-c), and e(X)® 0 as x® 0. Rewrite, with x = c+h, so that f(ct+h) =
f(c)+f’ (c)h+Ec(h)|h|.
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Suppose that f: S® R", with ST R™ (an open subset). Let cT S. Pick an r > 0 such that
B(cr) | S (for safety). Then V1 R™ such that ||v|| < r. Definition: We say that f is differentiable
a c if thereis alinear transformation T: R™® R", such that f(ct+v) = f(c)+T(V)+||V||Ec(v), where
E.(V)® 0 as v® 0. (Given e > O, there exists ad > 0 such that if |v|| < d, then E(v) < €). T is
called the total derivative of t a c. Look a v = tu for a fixed direction u: f(c+tu) =
f)+Te(tu)HI(IUDEc(tu) = f()+T(U)+I(U)Ectu). So assuming n = 1, "Meo(f(c+tu)-f(c)/t) =
Mo o(Te(U)Z|ul|Ec(tu)) = T,(u)+0. But the LHS is ' (c;u), the directional derivative of f at c in the
direction of u.

Recall: If L: R"® R", pick the usual bases (g) = (0,...,1,...,0) (1 in the K" place) in R™ and

R", so that we can represent L asamatrix vi R™ with v = Si.,™ vig™ Therefore, v = (Vi,...,Vi).

Now L(V) = L(S=1" vie™) = S-1m viL(g™). But L(e™) = Sk=1"lk&". (The matrix n(li), where this

holds). Going back to f: S®R" T(e™) = (fic;g™), (fc;e™), ... (fu(c;e™) =

((df/dx1)C),...,(df/dX;)(C)). If f is differentiable at c, then w.r.t. the usual bases, T. has matrix

(dfi/dx;), i.e. the Jacobian matrix of f (at c). If f: SB R (Sin R™), the T isgiven by T.(u) = f'(c;u)
= Nf(c):u (df/dXa,...,df/dXmy).
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Example: Find the derivative of f a c (in the direction of u), where f(x,y,z) =

X3-xy2-z, U = (2,-3,6) & ¢ = (1,1,0). Nf = (3x>y?, -2xy, -1). The direction of u is u/||ull.

Z | |ull = &9 =7, sou = (3, -3, 87). Nf(C) = (2,-2,1); T (C;Unomaised) = | COSO -rsiné 0

(2,-1,1).(%/7,-37,%17) = *:+%:+%;. Example: Let f: R3® R3; f(r,q,z) = | sind rcosd 0

(rcosq, rsing, z). The jacobian matrix is as shown in yellow. o 0 1

The Chain Rule

Let f and g be functions. Assume h = fag is defined in a neighbourhood of a point a
Assume g is differentiable at a, with total derivative g'(a) (alinear transformation). Set b = g(a).
Assume f is differentiable at b with total derivative f'(b) (a linear tranformation). Then h is
differentiable a a it's total derivative is f'(a@) = f'(b)eg'(a), the composite linear
transformation. If we fix co-ordinates, and write Df(b) for the Jacobian matrix of f at b, etc., we
get Df(g) = Df(b)=Dg(a).




Example: g: R® R2, f: R2® R. g(t) = (x(t), y(t)) in R2. f(x,y) in R. Dy(@ = (**y/a)a (@
column vector). Di(b) = (s, *s). S0 h(t) = F(X(0), V), Wa = Vo + H V.

Tutorial Exercises

Q: For the following, give the domain (open or closed?); whether the function has a limit
at (0,0); and decide whether the function could be made continuous at the origin. (@) ¥/eyz. (b)
N gy (€) YW eryay. (d) ®N iy, (€) SNy, A (d) Makes sense provided x2+y2 1 0. So the
domain is Ds = RA{(0,0)}, which is an open set. The function cannot have alimit as (x,y)® (0,0),
since going to (0,0) along the line x =y gives alimit of a4, and going along x = 2y gives alimit
of Y/s. If it did have alimit |, that limit would be the answer along any path through the origin. In
addition, the function cannot be made cts at the origin.

(b) Causes problems where x =-y. So Dr = {(X,y) | x * -y}. Thisis an open set (visualise
the drawing). Along x = 0, the function has constant value -1. Alongy = 0, it has value 1. So
thereisno limit; and it cannot be made continuous at the origin.

(c) Goes wrong at x2+y2 =0 i.e. at (0,0) only. So Ds = RA{(0,0)}, open. Trying different
paths and getting 0 suggests that the limit should be zero. Recall the definition of "™y e @nf(X,y)
= L: Given e > 0, there exists a d > 0 st. [[(x,y)-(ab)]| < d b [f(x,y)-L| < e. Convert the
expression for f to polar co-ordinates. Using x = rcosg and y = rsing, f(x,y) becomes ™cosasray,
(As||(x,y)]| = r, we want to make this small when r is small). Given e > 0, take d = %5, then [f(X,y)
< 0] = rlcos*g+sindg| < 2r. If ||(x,y)|| < d, then [f(x,y)] < 2|[(x,Y)|| £ €, i.e. ""xyeof(X,y) = 0. Set
f(0,0) = 0 to get a continuous function anywhere on R2.

(d) Answer: Dy = RA{(0,0)}; the limit does not exist as different paths give different
“limits” — most tend to infinity. (€) Ass"“/,® 0 as u® 0, this has a removable discontinuity —
set f(0,0) = 0 and you get a continuous function on R2.

Q: Which of the following functionsis continuous at the origin?: () f(X,y) = ¥ e if (X,y)
1 (0,0); and f(x,y) = 0if (x,y) = (0,0); (b) f(X,y) = ¥ peryy if (X,y)  (0,0), and f(x,y) = 0if (X,y)
=(0,0). A: (a) Along x =y, thisgives alimit of a%z as (x,y)® (0,0) (along other curves, you get
different limits). So as %21 0, f is not continuous at (0,0). (b) "«ye©0 f(X,y) = 0 (similar to
question 1c), so it is continuous at (0,0).

Q: Determine whether or not the following function is continuous everywhere in Rz f(x,y)
= 0oy for x 1y, and f(x,y) = 3x2 for x = y. A: If x 1y, f(X,y) =¥y = X2+xy+y2 Thisiscts
everywhere in RA{(a,a) | a T R}, so we need only check continuity on this “diagonal”.
imxye @a F(X,y) = 3a2. Thisisaclaim. Sketch Proof: From the definition, we need to check that if
given an e > 0, there exists ad > 0, etc. Consider the first few “obvious’ lines, and then split to
consider thetwo casesx =y and X ! y separately.

Q: In the discussion of continuity of a function f, (f: S® R"), it says “f isctsif it is cts at
al pointsof S’ and “f iscts at aelement Sif ", f(x) = f(a). This definition of continuity uses
the notion of alimit, so areminder: "™ Af(x) = f(a) means: Given e > 0, there’ sad > 0 st. if [x-g|
<d, then [f(x)-f(a)| < e.



For adifferent a, we may need a different d. Example: f(x) = %, for x I R\{0}. Fix e= 10
and test for the continuity of f at each of the points a, =Y,.. (n T N\{0}). In each case, give a
suitabled > 0. Can you use asingle d for al &,? In general, functions that are just continuous can
have awkward properties. The stronger notion of uniform continuity is therefore introduced. In
this, the SAME d works for all points. Check that f(x) = x2 for xI [-1,1] is uniformly continuous.

Q: Generalising the above to two variables, (i) Prove first that the function f(X,y) = 5x+xy
Iscts at any (ab) in R? (ii) Prove that the function above is uniformly continuous in the square
region [0,1]x[0,1], that is where OExX£1 and O£y£1.

A: Suppose we could find a d which worked for al the a,. Any smaller d would therefore
also work, so we can find some n with Y/, < d, and we can assume that n > 100, say. Now take x
=Y, X-aen| = [Mn-Yan| = Han < d. But [f(X)-f(a)| = [n-2n| = [n] > 100. So NO WAY can we get the
same d everywhere. For f(x) = X2, look at the usual direct proof of continuity. Given e > 0, check
the continuity at al [-1,1]. [x%-&] = |(x-&)(x+a)| £ 2|x-a (since [x+a| £ 2 if x,al [-1,1]). So to get
[x2-22| < e, we need only take |x-g| < %> (which does not depend on a) so we have: f is uniformly
continuous everywherein [-1,1].

(b) Try the same approach. We are given e > 0. Check for continuity at (ab) T R2
Examine: [f(x,y)-f(ab)| = [5(x-a)+(xy-ab)| £ 5[x-a+|xy-ab|. (Triangle inequality). (Note: if
l(x,y)-(ab)|| is small, we can make 5[x-a] small (it will be anyway!) so we have to concentrate
on (xy-ab)). Now |xy-ab| = [x(y-b)+b(x-a)| £ [X|ly-bJ+|b|x-a. (Same old trick — take it off and
additinagain). If ||(x,y)-(ab)|| issmall, say < di, then [x-a] < d.

(*) So |x| < [a+di. Also, |y-b| < d; so |xy-ab| £ di(Jal+d;)+|bjd;. This can now be made
smaller then %, say, by picking d; to be small enough (the details don’'t matter!) If we pick d to
be smaller than this d;, and also smaller than 75, we wil get [f(x,y)-f(ab)| < */set+%s = e. (But d;
will depend on (a,b) in general here!).

(i) Now if we restrict our attention to (x,y) T [0,1]x[0,1], then in line (*) above, |x| < 1
and |b] < 1. So we have |xy-ab| £ 2d;, so we can choose d; so that 2d; < % independently of
(ab). (Thisis not the “full” elegant solution). Fact: any continuous function on a closed bounded

subset of R™ is uniformly continuous.
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(2) Let g(t) = (x(t), y(t), z(t); - S® RS; (where S is a subset); f: R®R; his a
composite: f(x(t), y(t), z(t)) = h(t). Then Mg = Ve + oM + “,% .

(3) Let f: f(x,y,2); f: R® R; x = x(r,9), y = y(r,9), z = z(r,9). Write g(r,s)
= (X(r,9), y(r,9), z(r,9)). Let g: R2® R3. Now look at the definitions for Dg(a) on p o(a) =
o 1 the right and Di(b) = (“/ax, *lays “). Let h = f-g: R2® R. Then
2 2 | Dn@) = (", Ma); Dn(@) = see the left. So Mo = Yoy +
oWl + . Similarly for /g,
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Inverse Functions (1 Variable Case)

Let f be afunction, f: SRR, Si R (open). Consider ac1 S such that f'(x) exists and is
continuous in a neighbourhood of ¢. Assumethat f'(c) * 0. Then if f'(c) > O, f is monotonically
increasing near c. If f’'(c) <0, f is monotonically decreasing near c. If x > c and f'(c) > O, (we
need f(x) > f(c)), look at f(x)-f(c) = f'(c)(x-c) + small error(|x-c|). (This small error tends to O as
x® c). So as f’(c) > 0 and x-c > O, f(x) will be greater than f(c). (for x near enough to c).
Similarly for ¢ > x. And similarly for f'(c) < 0: implies monotonically decreasing.

Thus near ¢, f will have a (locally defined) inverse function. If y = f(x), we can find a
function g such that g(y) = x. Now f(x)-f(c) = f'(c)(x-c) + small error. So (x-¢) = ¥/, + small
error. Writey = f(x) and b = f(c), so that g(y) = x; g(b) = c; g(y)-g(b) = ¢« (y-b) + small error.
So g’ (b) exists and equals /¢ (Detailed argument omitted).

Note: Asgisa(local) inversefor f near c, f-g = Id near f(c) = b, and g-f = Id near c. The
chain rule gives g’ (b) = Y/;¢ anyway. (I = D+Dy).
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Can we generalise the single variable case to the many variable case? Suppose that S |
R™ (open); f = (f1,...,f); SBR™ al S; and all dfi/dx; are continuous on some open set containing
a Then f(x)-f(a) = f'(8)(x-a) + small error. (Note: f'(a) = D«(a)). We writey = f(x); b = f(a) as
before. Then y-b = D«(a)(x-a) + small error (*).

Think of it as (y-b) = T(x-a), with T linear. We can solve it provided det(T) * O, i.e. as
long as T isinvertible. Oops! — we will need n = m!l. We therefore can hope to solve (*) for x in
terms of y provided that det D«(@) * 0O, and then x will be determined by y locally near y = b.

Notation: The Jacobian determinant is J(a) = det(D«a@). Could aso use Jx) =
det(D+(x)). J(x) will be a sum of products of the (dfi/dx;)(x)’s. Hence JX(x) is a continuous
function of x on some open neighbourhood of a. If k(@) * 0, then X(x) * 0 in a neighbour hood
around a.

Consequence: f must be 1-to-1 near a. Justification: because f(x) = f(x’); 0 = f(x)-f(x') =
Di(c)(x-x’), [Using a many variable version of the Mean Value Theorem — details not given],
where c lies between x and x'. So D¢(c) will be invertible provided all of x, X’ and c are near
enough to a. But then 0 = Di(c)(x-x’), and so x-X’ = 0, i.e. X = X’. Then we expect to have a
(locally defined) inverse g of f near a Dy(b) = D«(@)*, where b = f(a). Note: the notation
d(f,...,fm)/d(X4,...,Xm) IS SOMetimes used for J(x).

Curvilinear Co-ordinates

We will look at Polar co-ordinates in R2, cylindrical co-ordinates in R3, and spherical
co-ordinatesin R3. Polar Co-ordinates. (X,y)® (r,q) [cartesian® polar]. Here, x = rcosq and y =
rsing. Or, r = Qx2+y?) with r > 0, and g = tan(*/x) with 0<g<p.




Workshop 3

Recall that a function f(xa,...,Xn) is a convex function on a convex set S (in R") if for any
x'T Sandx’ T S, f(ex'+(1-0)x’) £ cf(x’) + (1-c)f(x"’) holds for OEc£1. Also, asubset X | R"
is convex if for any pair of pointsx,y T X and any t with OEtE1, then tx+(1-t)y T X (Thus X is
convex if the line segment joining any two points of X is completely within X).

Recall that the Hessian, H, of f(X,...,.Xn), IS the nxn matrix whose ij entry is d?f/dxidx;.
H(c) isthe Hessian evaluated at a point c. With this, Taylor’s theorem implies that f(x) = f(xo) +
D#(Xo).(X-Xo) + *a(X-Xo0)" H(C)(X-Xo) for some ¢ between x and x,. (Note: additional details such
as differentiability, etc. on X, X being convex are needed. These are omitted).

Winston has the following theorem: (assuming X is convex): Suppose f(Xi,...,X,) has
continuous second-order partial derivatives for each point X = (Xy,...,.X,) I X. Then f(xy,....X) isa
convex function on X iff for each x T X, all principal minors of H are non-negative.

This condition on the principal minors is more smply stated using the notion of a +ve
(semi) definite matrix: A real symmetric matrix A is positive semi definite if X’Ax > 0; it is
positive definite if x’Ax > 0. With this, the above result states. Suppose f(Xu,...,Xn) has
continuous second-order partia derivatives for each point X = (X,....xn) T X. Then f(Xy,...,X) isa
convex function on X iff foreachc1 X, H(c) is +ve semi definite.

Q: Suppose that X isaconvex subset of R* (is an interval) and that we have the function f:
X® R*. Suppose that f"* (x) existsfor all x T X. Provethat f is a convex function iff f"*(x) > O for
dl x T X. Hints: look at both sides; use the one variable form of the Taylor expansion. Fiddle
using f'*(x) > 0.

Q: Determine whether each of the following functions is convex, concave or neither: (a)
f(x) =x3,x>0; (b) f(X) =x3 x1 R; (c) f(x) =%, x > 0; (d) f(X) = x?, (0EaEl), x > 0.

Q: Caculate the Hessian, H(c), of f(x,y) = x*+2xy2+y2. Find a region of the plane on
which H(c) is +ve semidefinite everywhere. (ii) Look at the above proof. Does it generalise to

higher dimensions? Try to prove the previous stated theorem.
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Curvilinear Co-ordinates

Set g SBR% S = {(r,q) | O<r, 0<q<2p}; (r,q)® (rcosy, rsing). [So f: R?® R, say in X,y
terms, becomes feg in terms of (r,q); g is the “substitution” for (x,y) in terms of (r,q)]. Note:
Dy(r,0) = (©F.sng S™eosg). All ¥y and %/, are continuous. The Jacobian is Jy(r,q) = det(Dq(r,q)) =
r > 0 (where the r comes from rcos?g+rsin?g). So g islocally invertible.



Cylindrical Co-ordinates

We represent a point by (r, g, z), where (1) (r,q) is the expression for the

vertical projection in polar co-ordinates; (2) z is the (old) vertical co-ordinate. Y
Here, X = rcosq, y = rsing, and z = z. Further, r = Q(x2+y?); q = tan™(y/x); and z =
Z. x

Spherical Polar Co-ordinates

These are represented by (r, j , q), wherer is the distance to P from O; |
Is the distance between the line OP and the positive z-axis; and q is as ir
cylindrical co-ordinates. Here, X = rcosq, y = rsing, and z = z. (These come frormr
r,qQ,2).Also,r=rsnj;q=q;andz=rcog . (These comefromr,j,q.)Andr
= Qr2+z2) = Qx2+y2+7?). Therefore, x =rsinj ; y =rsinj sing; and z =r cog .

An Example on the Use of Change in Co-ordinates

Zaplace's equation in two dimensions is N2f = 0, i.e. ®/pet+®/4.= 0. What does this look
like in polars? Now %/ = 4%/ s + ¥a™ s, and similarly for “/,,. Differentiate x2+y2 = r2 w.r.t.
X: 2X = 2%, S0 ¥g = ¥/, = cosg. Also, ¥/y, = sing. Now Y/, = tang implies sec2q™/ o = Y. OF
Yy = Yecosq = -5, Smilarly, @y, = ©Y,, so that ¥/ = cosg™/ 4" .

Sincef isarbitrary, Yu = cosq¥u-"Yuq. S0 Fe = ((COSO a5, Y q) | cOSOM g - 5™ ¥/ o) =
cosq/u(cosq™y) + cosOla(-"Y ) - S Yu(cosqMy) - YY" ) = coqHy. -
singcoso[- Yt Flaag + ... = oA + Y Hye - 2,8inqcosquag + 2"V.cO80% 4 +
sinZQ/ rdf/ dr-

Smilarly for ®/4., and then we use sinfg+cos?q = 1. This gives N2f = /42 + Y F/gq +
1.%/4. As an application, if you are modelling a phenomenon which has circular symmetry, then f
can be assumed to be independent of ¢. So 0 = N2f = #/ye+Y, ¥y, 1/ qt%y = 0, or Yu(r/) = O.
So rf/4 = A, aconstant; /4 =#/,, so f(r) = Aln(r)+B (where B is another constant).
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Two useful things left out of the syllabus: (1) Taylor Series: f(X) = f(Xo) + /ax(Xo)(X-X0) +
Y2 4e(C)(X-X0)2, Where the last term with cin it isthe error term. Generalising to n-dimensions,
f(x) = f(Xo)+Dr(Xo)(X-Xo)+Y2(X-X0)T H(C)(X-Xo), for some ¢ lying between x and xo. (2) Implicit
Function Theorem: Involvese.g. x2+y2 = 1; y = +((1-x2).

Assignment 1 (Not Assessed)

Q: Find the equation of the tangent plane and the normal line to the quadric surface
3X2+2y2+72+4x+5y+6z = 3 at the point P(-1,-1,1). A: f, = /s = 6x+4; f, = 4y+5; f,= 27+6. At P,
fx(P) = -2; f(P) = 1, and f,(P) = 8. So the tangent plane is -2(x+1)+(y+1)+8(z-1) = 0 or
-2x+y+8z-9 = 0. (Note the use of Nf(P) to get Nf(P).(x-x0) = 0. Geometricaly, Nf(P) is a normal
direction to the surface. This gives: ...). The normal line to the surface at Pis x = xo+Nf(P)t, i.e.
X =-1-2t,y = -1+t; z = 1+8t.



Q: Veify that the function f(X,y,z) = 3x2+2y2+72+4x+5y+6z is convex on R3. A: Samef as
above. “ge = 6; Moy = 0; gtz = 0; Moo= 4; #l = 2. Other terms are zero. So H = (%0 %40 %).
Positive values, diagonal matrix. So f is positive definite — from the description x"Hx > 0 for all
x 1 0. Positive definite and Semi definite matrices are very useful!

Q: For what values of | isthe following function convex on R3: f(x,y,z) = -x?-y2-2z2+| xy?
A: The Hessian is (%o '-2 %.4) and so will not be positive definite for any value of | . Is the

function concave somewhere?
> 1st November 1999

Section 2: Integration

Preliminaries

We are given [a,b]. A partition P of [a,b] isafinite set of points P = {Xo,...,Xn} , With a= Xo
< X; <...<Xn = b. The norm of Pisthe largest of the numbers Dxx = Xk-Xk.1, and is written as |P|.
A partition P isfiner than P (or is arefinement of P) if P1 P" (so that P* has some extra points).
Note: (P1 PY) b (|P|> |PY).

We have (we are given) a: [a,b] ® R which isbounded on [a,b]. (There existsan M such
that [a(x)| £ M for al x T [a,b]). We write Da* = a(x)-a(Xx.1) and Si=;" Day = a(b)-a(a).

Definition of the Riemann-Stietjes Sum (R-S Sum) of f w.r.t. a

Suppose that P is a partition of [a,b] and that t T [Xe1, Xi]. A sum of the form S(P, f, a) =
Si=1" f(t) Day is caled an R-S sum of f with respect to a. We say that “f isintegrable w.r.t. a on
[ab]” if thereis anumber A such that: for every e > 0, thereis a partition P.1 P [ab], (where
P isacurly P), the set of partitions of [a,b], such that if P is finer than P, and for every choice
of thety, then |[S(P,f,a)-A| <e.

If such an A exists, it is unique, and we write 1% fda. We also writef T R (a) if 1%, fda
exists. In the case that a(x) = x, thisisjust the Riemann integral, 1% fdx, and wewritef I R.

Properties; (1) If f,g1 R (a) on[ab], andif c,,c.T R, then cif+c,g1 R (a) on [a,b] and
1% (c:f+cog)da = ¢i)° fda + ¢;)% gda. (2) If fT R (@) andf 1 R (b), and we have c;,c. 1 R,
thenf T R (cia+c.b) and (of course) 1% fd(c,a+c.b) = ¢1]% fda + 1% fdb. (3) If a<c<b, and if
two of the three integrals below exist, then so does the third, and we have 1% fda + 1° fda = 1%
fda. (4) Integration by Parts. If f T R (a) on [a,b], andif a1 R (f) on [ab], then 1>, fda + |°
adf = f(b)a(b)-f(a)a(a).

Reduction to Riemann Integrals. Suppose that f T R (a) on [ab], and that a has a
continuous derivative a’ on [a,b], then 1% f(x)a’(x)dx exists and equals |’fda. Change of
Variable: Supposethat fT R (a) on[a,b], and that g is strictly monotone (strictly Y), then if x >
X", we have g(x) > g(x’). (Smilarly for 3 and continuous defined on [c,d]). Now assume that
g(c) = aand that g(d) = b. Let h(x) = f(g(x)) and b(x) = a(g(x)) for xT [c,d]. ThenhT R (b)
and 1% hdb = 1", fda.




What happens with discontinuities? A diagram is shown of ar ega
example of a step function. Here, for aEx<c, we have a(a); for x = ¢ we
have a(c), and for c<x£b, we have a(b). Assume we have f: [ab]® R, 2 ¢ b
and at ¢, one of f and a is continuous from the left at c; and at least one is continuous from the
right. Thenf1 R (a) on[ab], and |%fda = f(c)[a(c.)-a(c)] (Thisis the case f = continuous).

|dea: Let P 1 P [ab], and assume that ¢ T P w.l.o.g. (w.l.o.g. = without loss of

generality). Then, S(Pfa) = Sf(t)Dax = f(tk1)[a(c)-a(c)] + acy
f(t)[a(c.)-a(c)]. (See diagram). Now let |P/® 0, so that t® c from the ':{2)
right, and t1® c from the left. For smplicity, assumethat f iscontinuous —
As|PI® 0, f(t)® f(c), and f(t.)® f(c). So S(P,f,a)® f(c)(a(c.)-a(c)). Co
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Define a step function. Let a be defined on [a,b] so that it is discontinuous at a finite
number of points c. (aEci<c<...,C.£b, and ‘a@ is a constant on each subinterval (C.1,c)). In this
case, a is caled a step function. The number a(cw.)-a(ck.) is caled the jump at c.. If ¢, = a, the
jump at ¢, isa(ci)-a(cy). If ¢, = b, the jump at ¢, isa(c,.)-a(cn).

Theorem: (Reduction of an R-S integral to a finite sum): If ais a step function on [a,b],
with jump ay at ¢, so that not both f and a are discontinuous from the left or from the right at
C«, then &, fda exists, and equals S«-; f(ci)ak. Example: Greatest integer function: é&xii=nif n £
x, and nisthelargest suchn1 Z. Suppose that S, & is a finite sum.

Define f on [0, n] by f(x) = a¢ if k-1<x£k, and f(x) = 0 if x = 0. Then S'=; & = S'%=1 f(k) =
do f(x)d&x(. Application: Euler’s summation formula. If f has a continuous derivative f' on
[a,b], then Saxne f(N) = &, F(X)dx + (3. f (X)((X))dx) + f(@)((@))-f(b)((b)), where ((X)) = x-&{isthe
decimal part function. When a and b are integers, this gives SP.-; f(n) = &, f(X)dx + 3,
' (X) (x-&x (o) dx + @O,

Proof: Use integration by parts for f, and a(x) = x-éx(. For example, S"-; 1/k® = (1/n°') +

SO, (ExOxdx. (st 1). So S%-1 Yk =In(n) + C + O(Y,) (where C is a constant and O(Y/,) is “of
order 1/,"). Thisis very useful in analytic number theory.

Functions of Bounded Variation

Let PT P [ab], f: [ab]® R, and write Df, = f(x)-f(X«.1). If there is a positive number M
such that S |Dfy| < M for al partitions of [ab], then f is of bounded variation on [ab]. For
example, any monotone function is of Bounded Variation (BV) on [a,b]. Example: define V«(a,b)
="y b g (S |Dfy]). The total variation of f on [ab] is V(x) = V«(ax) for a<x<b; V(a) = 0.
Therefore, V(x) is monotonically increaing on [a,b] and V-f is monotonically increasing on
[ab]. So f is of BV on [a,b] iff f = g-h for two monotonically increasing functions on [a,b].
(Sincef =V-(V-f)).




Workshop (Weeks 6-7)

Finding maxima of functions: non-linear programming. We will look at ways of finding
maxima (or minima) of functions of many variables. The method is known as the method of
steepest ascent. It is used a lot within neural networks to search for stable/turning points of an
“energy” function which will give a reasonable solution to an optimisation problem. Unless the
function is concave, then this will only be a loca optimum, but the method DOES usualy
Improve guesses or estimates.

The method uses the Gradient: given f: R"® R, we set Nf(x) = (df/dx.(x), ..., df/dx,(x)) to
be the gradient vector of f. We will usually normalise this to get its direction, Nf(x)/|[Nf(X)||. Q:
Find the gradient when f(x1,x2) = X:2+x22, and hence the direction of Nf(3,4). What does the
graph of the curve f(x1,x,) = f(3,4) look like? Represent the dir ection of Nf(3,4) on it as a vector
based at (3,4).

A: df/dx; = 2xy, df/dx; = 2%.. So Nf(x) = (2x1, 2x2), with Nf(3,4) = (6,8). |[Nf(3,4)| =
Q(62+82) = Q100 = 10. So the direction is (%10, &10). Now f(x1,X2) = f(3,4) implies that x,2+x,2 =
25. This is a circle of radius 5, centred at the origin. The direction of Nf(3,4) at (3,4) will be
perpendicular to the tangent to the circle at that point.

Investigate in genera: If we move x a small length d in the direction defined by a unit
(column) vector d (so that x changes to x+dd), estimate the change in f, i.e. estimate f(x+dd)-f(x)
in terms of Nf, d and d. Show that if Nf(x).d/||[Nf(x)|| > O, then moving in the direction of d will

incr ease the value of f(x), but if it is< 0, we can expect f(x) to decrease.
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Theorem: (a) If f iscontinuouson [a,b],anda T BV on[ab], thenfi R (a) on[ab]. (b)
If f is continuous on [a,b], thenf T R on [a,b]. (Riemann integrable). (c) If f is of BV on [ab],
thenf1T R on[ab].

Interchanging the Order of Integration
Let R ={(x,y) | aExEDb, cEyEd} =[ab]x[c,d]. Assumea isof BV on[ab]; k
isof BV on [c,d]; and f is continuous on R. Set F(y) = d. f(x,y)da(x), and G(x) = d D
8. f(x,y)db(y). Then FT R (b) on[c,d] and GT R (a) on [ab] imply that &, (d
f(x,y)db(y))da(x) = 8c(da f(x,y)da(x))db(y). ° P

Measure. Let ST R. By aLebesgue covering of S, we mean a collection T = {ly,l5,...} of
open intervals so that E¥-, Iz E S. Let L(l,) be the length of I, and set L(T) = S¥=1 L(1y),
provided thisis < ¥. Set m(S) = g.l.b{L(T) | T is a Lebesgue covering of S}. Thisis called the
outer Lebesgue measure of S. If m = 0, Sis said to be of measure zero.



Theorem (Lebesgue). If f is defined and bounded on [a,b]; and let D denote the set of
discontinuities of f in [ab], then f T R on [ab] iffm (D) = 0. Applications: (1) If fT R on
[ab], thenf T [c,d] for any subinterval [c,d] | [ab], [f|isR on[ab],and 2T R on[ab],... (2)
IffT Randgl R on[ab], then provided g is bounded away from O on [a,b], then /;T R on
[a,b].

Assignment 1

Q: For (@) f(x,y) = Inf{(25-x2-y?)(x2+y2-4)} and (b) f(x,y) = Qx2+2y), give (i) the domain,
(i) sketch Dy in the usual x-y plane, (iii) give the image or range of f: A: (@) (i) The thingsin the
brackets must be positive, so 25 > x2+y2 > 4 or 25 < x2+y? and x2+y? <4 (oops. impossiblel). So
we need the first one. Such points satisfying this form an annulus with outer radius 5; inner
radius 2.

(i) For any (x,y) T Dy, (25-(x2+y?))(x2+y2-4) > 0. But
setting r2 = x2+y?, what is the maximum value of the
expression (25-r2)(r-4) = 29r2-r*-100 = K(r), say? ¥y =
58r-4r3 = 0 for maximum or minimum. This has tw
solutions; r=0or r2=%/,=14.5,i.e.r» 3.8. Thus0 < F(r) £ @ ®)
(25-14.5)(14.5-4) = (10.5)%2 = 110.25. Thus -¥ < f(x,y) £ In(110.25). (Since F(r) > 0 but we can
get arbitrarily near to 0).

(b) We need x2+2y > 0, i.e. y > -¥-x2. S0 Dt = {(X,y) |y > -¥x3}. A = Qx2+2y) can take
any non-negative value, (even keeping y = 0 we get Ox2 !), so the image of f is R*. Note that
when talking about what values the domain has, use “accepts’ rather than “takes’ and “consists
of” rather than “contains’. Also use [a,b] etc., for specifying ranges, not -5<x<6, etc.

Q: Does the function f(x,y) = (x2+y)/(3x*+2y?) have a limit at the origin? Justify your
answer. (i) Show that limye 1ye2 (X3+y?) = 5. A: Suppose one looks along the y-axis, (sox =0
here), then f(0,y) = '/,y. Thistendsto +¥ asy tendsto 0, so f cannot have alimit at the origin.

(i) (Plan ahead — we want to end up with a statement: “given e > 0, thereis a d such that
if [[(x,y)-(1,2)]| < d, then [f(x,y)-5] < €". If [|[(x,y)-(1,2)]| < d, then |x-1| < d and |y-2| < d. See what
this implies for a general d. If |x-1] < d, then 1-d < x < 1+d, and we expect d < 1, so in this
interval, x is positive. Thus 1-2d < 1-2d+d? < x2 < 1+2d+d? < 1+3d.

Smilarly, if ly-2| < d, then 4-4d < y2 < 4+5d. Putting these together gives |x2+y?-5| < 8d,
and the only restriction was d < 1. To get this < e, choose d £ %10, Now put the building blocks
together. Here is a possible way: Given e > 0, set d = min(%10, 1). If |X-(1,2)|| < d, then (a) 1-d <
X < 1+d, and (b) 2-d <y < 2+d. (a) implies that -2d < x2-1 < 3d whilst (b) implies that 4d < y2-4
< 5d. Hence [x2+y2-5| < 8d < easrequired, i.e. lime 1ye2 (X2+y?) = 5.



Q: Suppose that X is a convex set in R (so0 is an interval). Suppose that f: X® Rt is a
convex function, and that X, is a point a which f has alocal minimum. (No assumption about the
differentiability of f is needed: “X, is alocal minimum” means “there is some e > 0 such that if x
T X and [x-xo| < €, then f(xo) £ f(x)"). Prove that f(xo) is a global minimum (so no value of f is
less than this one).

A: Suppose that X is convex; X | R; f: X® R* is a convex function; and x, is a point at
which f has a local minimum. “X is convex” means “if x,x’ T X are any two points, and t |
[0,1], then x; = tx+(1-t)x’'T X”. “f is a convex function” means “if x,x’ T X, and t 1 [0,1], then
f(x) £ tf(x)+(1-0)f(x’)". “f has alocal minimum at x,” means “if x,x’ T X andt1 [0,1] such that
[X-Xo| < €, then f(Xo) £ f(X)".

The idea of the proof isto go from an arbitrary x aong the line to xo, until we get to near
Xo — where we know about the relative sizes of f(x;) and f(xo) by the above. Then we use
algebra. Proof: Supposethat x T X (x 1 Xo). We want to show that f(x) > f(Xo). Asx 1 X, we
know that for any t1 [0,1], x,= tx+(1-t)xo isalso in X.

If we pick 0 <t < é&/|x-Xo|, where eis given by the local maximality condition (above), then
[Xi-Xo| = t(X-Xo) < €. So by the above, f(x;) > f(x) (---(a)). By the convexity of f, tf(x)+(1-t)f(xo) >
f(Xo). Rearranging this gives tf(x) > tf(xo). But we (cunningly) picked t > 0, so this implies that
f(x) > f(Xo) asrequired.

Q: Determine whether each of the following functions is convex, concave or neither. Then
find and classify any stationary points. (i) f(X1,X2) = 2X:3+3XXo+X2, X 1 R2; (i) f(X1,X2,X3) =
X12+X22-2X2+0.5X1%2, X 1 R3. A: f is convex iff for dl x T S, all principle minors are > 0. f is
concave iff all non-zero principal kxk minors have the same sign as (-1).

(i) H = (**433,). So as x; could be +ve or -ve, thisis not going to be “definite” at al. More
exactly, iIf 12x; > 0, we might hope for +ve definite, but det(H) = 24x,-9, so f is only convex on
the set x; > 9/,,. Stationary Points. f has alocal min at (%, -/s), and a saddle point at (0,0). (ii) H
= (%050 %29 %.4). The 1st principle minors are 2, 2 and -4, so the function in neither convex nor
concave.

Q: For what values of a b and c is ax;2+bxx.+cx-? a convex function on R2? A: H = (%3,
*). Weneed a> 0; ¢ > 0 and b>4ac £ 0.

Q: Find al local minima, local maxima and saddle points for f(X1,X2) = X13-X22+X1X2-3X2 0N
R2. A: df/dx; = 3X;2+x,. If df/dx; = 0, then X, = -3X42 (---(*)). df/dx; = -2X,+X;-3. If df/dx, = 0,
then Xz = Y2(xs-3) (---(**)). Solving (*) & (**), we get 6x,2+xy-3 = 0; x; = A7), = 193, We
will need approximate values of this: x; » -0.795 or 0.629).

Let us write x® and x@ for x® = (931, -¥/,,-93,,) and x@ = (Y93, -3/, +93,,). The
Hessian, H(x), is H(x) = (®*4 %,). The principle minors are as follows: (1st): 6x; and -1; (2nd):
-12x;-1 (i.e. det(H(x))).



At x®, both the first principal minors are negative (since x,Y » -0.8), whilst the second
principal minor is approximately 6.2. The signs are also (-1): the 1st ones (k = 1) are negative;
the 2nd one (k = 2) is positive. Thus H(x) is positive definite near x®, and f has a local
maximum at x® (f is concave at xV). At x®, 6x,? is positive (» 3.6), but -2 is negative. The 2nd
principal minor is negative. Thus it is a saddle point. f is neither concave nor convex near x®,

Alternatively, apply the earlier test. Thisisrealy the same here as we have 2 variables.
» 15th November 1999

Workshop (Weeks 6 & 7) Continued

Method of steepest ascent. Begin a some point vo. For non-negative t, let vi = vo +
tNf(vo). (i) Find to > O such that t, maximises f(v). Set vi = Vy. (i) Ask “Is [|[Nf(v4)|| smaller than
some preset bound?’, e.g. 0.01. If “yes’, terminate, as Nf(v,) being that small means that v is
approximately a stationary point. If “no”, then move from v; in the direction of Nf(v,), and
repeat. When the process stops, with v, say, then v, is an approximate stationary point of f.

Predicting change with differentials. Suppose we know that f: S® R is differentiable,
and a so know f(Xxo) and Df(xo). Can we estimate f(xo+Dx) for small values of Dx? If Dx, is small,
(i.e. ||Dxo|| is small), then f and its linear approximation will not differ by very much, and we can
estimate the change Df = f(xo+Dx)-f(Xo) to be L (Xo+DX)-L (Xo), where L (X) = f(Xo)+Df (Xo) (X-Xo).

Of course, this gives an estimate for Df given by Nf(xo).Dx. As thisis a good estimate “in
the limit as |[Dxo||® 0”, we use differential notation: df = Nf(xo).dx, where dx = (dXy,...,dX,), if a
co-ordinate system is given. In other words, df = S;," (df/dx;)dx;. Q: Let z = (x/y)*. Find the
approximate maximum percentage error in measuring z if there is a possible 1% error in

measuring X, and a possible 0.5% error in measuring y.
» 15th November 1999

Multiple Integrals

To generalise integration to many variables, we will need ¢ /| (ab) (ee2)
replacement for the length of an interval [ab] (i.e. (b-a) for many Area
dimensions. In dimension 3, we use the area of arectangle as shown (ce-an)(b2-by)
In 3 dimensions, the volume is (a-a)(bx-bi)(C-ci). What is the ™
measure “A” of a bounded n-dimensiona interval in R, if A4,...,A
are bounded intervalsin R?

(asb1) (aeb1)

A A = Arx XA = { (X Xn) | X T Ak k = 1,...,n}. The Aj may be open, closed or
half-open (but will usualy be bounded). We say that A is an n-dimensional interval. Each A
has finite length, e.g. Ax = [a,bx], where b-ac < ¥. We write u(A«) = b-ac. Let us define pu(A) =
M(A1)...u(A 1), the measure of A.

Partitionsof A. Let A = A;...A, be closed and bounded. If P is -

a partition of Ay, let P = Pyx..xP,. (P is a partition of A). It isfairly y:|p.
clear when P < P (‘<’ = finer than) occurs, because we are using J, | RS

partitionsof A. (PI P). T
a b1




Riemann Sum: Suppose that f is defined and bounded on an 1 I R. (I is a generalised
closed bounded subinterval of R). If PT P (1), (P () = partitions of 1,...,1 ), where P divides |
into m subintervalsl; and . T I, then S(P,f) = Si™ f(t)p(l,) is called a Riemann sum.

Riemann Integrable Functions

f is said to be Riemann integrableon | (f T R on |) whenever there is a real number M
such that for every e > 0, then thereisaP.T P (1) such that if P < P,, and |S(P,f)-M| < e for all
Riemann sums S(P,f), then M is denoted by |, fdx, or |, f(x)dx, or |, f(Xa,...,Xn)dX10Xz...dXn. AlSO,
for small n, it can be written asa“ multiple integral” , e.g. 11i f(X1,X2)dx10Xo.

Multiple Integrals: Theory

Thebasicideaisto first integrate w.r.t. the first variable dx;, pretending al other variables
are constants, so that you get an expression without x;’s in it. Then you repeat with x», etc. This
Is relatively easy when the region you are integrating is a rectangle. But often, the limits of
integration of the inner integral depend on another variable. Luckily, this does not make much
difference — when you come to substitute into the expression for the integral, you just substitute
those “variable values’.

Often, the integral is not in a form which is easy to evaluate. Write the region in another
form if the problem is the order of integration. For example, if the inner integral isw.r.t. y, with
the region expressed with a constraint on y in terms of X, draw the region, and rework the
constraint to give a constraint on x in terms of y. Now try the integra the “ other way around”,
integrating first w.r.t. x and then w.r.t. y. This generalises to higher dimensions, but is harder —
you cannot draw higher dimensional regions!

» 16th November 1999

A subset T1 R"is said to be of measure zero if for every e> 0, T can be covered by a
collection {l,}«=1* of n-dimensional intervals, with S(T,) < e. Theorem: If f is defined and
bounded on a closed bounded | I R", thenf T R on | iff the set of discontinuities of f has
measure zero.

Example of Multiple Integrals by Iterated Integrations

Example: | = [0,p]%[0,p], f(X,y) = sin’sinzy. So |]; sinxsinfydydx = 1Po(]°
smxsinydy)dx = 1% sinx(1% sindydy)dx = (PesinX[(Po(*C¥/)dy)dx = P Pl
Sin2X[y/2-Sin2y/4] podX = p/zlpo sin2xdx = (p/2)2. p

Could we have handled an integra over some less regular region — other
than a rectangle? For example, if S = {(x,y) | 1 £ x2+y2 £ 2} and f(x,y) = O
S

Q(x2+y2-1), what should |s f dxdy mean? Idea: Pick some | E S (in general) anc
let cs: | ® R be defined by c(s) = {1if S S; 0 if sl S}, the characteristic '
function of S. If cs is Riemann integrable on |, then set g: I® R to be g(x) = {f(x) if xI S; 0 if
xI S}, and define |s fdx = ], gdx. In our circumstances, the subset S will always be such that |,
CsdXx exists, but more general cases can arise.




Order of Integration

Fubini’'s Theorem: (but with a rectangular region): If f(x,y) is continuous on | =
[a,b]x[c,d], then |s fdx = 1%(]% f(x,y)dx)dy = 1°(1% f(x,y)dy)dx. Not all regions are rectangular.
Suppose that g1, gx: [a,b]® R are continuous, and let S={(x,y) | x T [ab], u(X) £y £ g(X)} (O
here we are assuming that g:(x) £ g=(x) for al x).

Example: Let gi(x) = -x2 and gx(X) = x2 for x T [-1,1]. Assuming
that f: S® R is continuous, then |s fdx = 1°%(1%®g f(X,y)dy)dx. If Sisa _- 1
above, and f(x,y) = xe?, then the integral is |s xe¥dx = 1*.1(]x xe¥dy)dx.

Evaluate the inner bracket: ¥, Xxe¥dy = X|“x €¥dy = X[-€"]%% =
x(-e“+e*). So the integral is %1 x(e*-e)dx = ...€etc.
» 23rd November 1999

Here, the region worked well with the order of integration. This does not
always happen. Example: Let S be the region in R2 bounded by the x-axis, the
liney = x, and theline x = 1 (as shown). Then S={(x,y) | xT [0,1], 0£ Yy £ x}
ThisisthesameasS={(x,y) |yT [0,] y £ x £ 1}. Take f(x,y) = 3"®/,. Look a 0 1
1s fdx = 1%(1% S™/« dx)dx. Reverse, giving 1%o(1* S™/x dy)dx = 1%[¥™/xy]* dx = 1%
sin(x)dx = -cos(1)+1.

Typical Question: Sketch the region of integration and write an

y = 9-4x? equivalent double integral with the order of integration reversed. Let Int
x=(U2)d0y) = 1¥%1%*% 16xdydx = 1¥%[16xy]**dx = 1%% 16x(9-4x?)dx = ...
Reversing the order, we get Int = 1%]Y29%Y), 16xdxdy = 1°%[8x2 Y2,

32 x dy=1%2(9-y)dy =...

Tutorial

Q: Evaluate the following integrals: (a) 1*.1]% (2x2+2xy+3y2)dydx, (b) 130]% xye> dxdy.
A: (a) Evaluating the inner integral: 1% 2x2+2xy+3y2dy = [2x2y+xy2+y3]?, = [4x2+4x+8]. Now we
have 11.1 Ax2+4x+8dx = [4/3X3+2X2+8X] 1-1 = [(4/3+2+8)-(-4/3+2-8)] = 34/3"'22/3 = 56/3.

(b) 130)% Xy dxdy = 1%]% xe*ye¥dxdy = 1%ye¥dy |°:xe”dx. Evaluate the first integral
by pats. Let u =y, My = 1; M = ¥, v = :e¥. So %ye¥dy = [Y:¥]%-1%1:eY =
[y/3€ﬂ3o—[1/g@]3o = [y/3ew]30-[1/999-1/9] = [99-0]-[1/969-1/9] = eg-l/geg+1/9 = (8/969+1/9). Slmllarly, 121
xXe> = (3/464-1/492). So the answer is (8/999"'1/9)(3/494-1/492).

Assignment 2

Q: Given the mapping x = u?+v2, y = 2uv, and the function w = w(x,y), express N2w in
terms of partial derivatives with respect to u and v. A: The answer is too detailed to give in full
here. Technique: find ™/y and ™y, by implicit differentiation; then find ™/y. and ™/y. Tips:
Keep any factors outside, group related terms, split the calculation into bits, and reassemble at
the end. Look out for any shortcuts, e.g. v2-U? = -(U?-v2).



Q: Compute the Jacobian matrix of each of the following transformations, and determine
where local inverses exist: (@) x = €'cosv, y = sinv; (b) x = uv2, y = utv. A: (@ J =
¢ ?SV 'il;:\r/w . Det(J) = e'costv > 0, except when v = **,p, k = 0, %1, .... Thus local
inverses exist except at odd multiples of P/, in the v-direction. (b) J = (*; #,). Det(J) = 2(u-v).
Local inverses exist except onthelineu=v.

Q: Perform 2 iterations of the method of stegpest ascent in an attempt to maximise f(X1,Xz)
= (X1+Xo)e¥™-xy, starting at the point (0,1). A: Nf = ((1-(X1+X2))e®?2-1, (1-(X1+X2)e*™), v, =
(0,1), Nf(0,1) = (-1,0). Note: |I[Nf(vo)|| = 1. And v{? = v+tNf(vo) = (-t,1). f(v?) = (1-t)e@V+t.

Next, find the maximum value of f(vo®) as afunction of t. A: /4(v?) = (1-t)e®V-e9+1
= -te®Y+1. For stationary values, this will be zero, so at € = ¥, we have the J
diagram shown. The two curves meet at 1 point only, and observation says @t
that t = 1 isthe answer. (The double derivative test shows that thisis amax.).

vi = (-1,1) = viO. v® = (-1,1+t); Ma(v®) = (1-t)eh; vo = (-1,2). Nf(va) = (0,2); f(w?) =
te'+1, which equals zero when t = 1. (Again a maximum). Note that Nf(v,) = (-1,0). Although
there is no maximum, our iteration is increasing the value| v 01 | -1,1) | (-1,2) | (-2,2)
of f (seethetable). f(v) el 1 [ 1+er | 2

Q: Euler’s theorem on homogenous functionsis: Let f be defined on an open set Sin R".
We say that f is homogeneous of degree p over Sif f(l x) = | pf(x) for every real | and every x 1
Ssuchthat| xT S. Euler’s theorem on homogeneous functions in part states that in this case, if
is differentiable at x, then x.Nf(x) = pf(x). Prove This.

A: Let f be homogenous of degreepon S. Fix x 1 S. Let g(l ) = f(l x). By first principles,
g (1) = "Mgo INDf = lim oo (AL (---(*)) = (since f is homogenous of degree p) = "o
@D/ f(X) = (.. asin (x+h)P = xP+pxP*+..., the binomial theorem is used in the derivation of
Yax(XP) = pxPL) ="M o(p + termsin h)f(x) = pf(x).

Going back to (---(*)), this is "o f(x+hx)-f(X)/h. But this is the definition of the
directional derivative of f at x in the direction of x, and we have that this is x.Nf(x). Putting this
together, x.Nf(x) = pf(x), i.e. if xT R", then Si-," x; (Tf/x;) = pf(x).

Double Integration in Polar Co-ordinates

Looking at the diagram on the right, (A), the area of ¢
. : L Y (B)
segment with angle Dg and radius r is */,Dgr2. The area of ¢ D
segment with angle Dq and radius (r+Dr) is */,Dg(r+Dr)2. The = Dr a b
shaded area is rDrq + terms in Dr2Dg. In the Riemann surr. g a

with a partition of some sector as shown, (B), S(P,f) = Sf(t)u(Sk) = Sf(te)r«.:DrDox + small
terms. As the norm of the partition tends to zero, this approaches |f du = °a]% f(r,q)rdrdaq.




Example: Area of the sector: |]sdp = 1°a1%rdrdg = 1°a[/2]%dq = [#/-¥/,](b-a). We can
adopt this to the general case of a change in co-ordinates. The basic element of
volume/area/measure is dx,...,dx, = determinant of a matrix with dx; on the diagonals and
zeroes everywhere else. dx; isan "infinitessmal" change in the x; direction.

If we change from xi,...,X, co-ordinates to yi,...,y &1 &y
co-ordinates, where X« = Ok(Y1,...,yn), then dxy = S" 0 0 =Dg_( 0 O)
(To/y))dyi, i.e. as shown on the right. So, dx;...dx, = axn
Jy(Y)dy:...dyn. Examples: (1) Polars: x; = rcosq, Xz = rsing, J = (X,x2)/1(r,q) = r. The integral
becomes ||f(r,q)rdrdg.

(2) Cylindrical polars: (X1,X2,X3) « (r,q,2). J=r again. |]]fdx.dxdxs = 1]1f(r,q,z)rdrdqdz.
(3) Spherical polars: (X1,X2,X3) « (r,j ,d). J=]|r2sinj | (the volumeis +ve so we do need the |...|).
The integral becomes ||] f.|[r2sinj |dr dj dg. Look in Thomas & Finney for other examples.

O£QEPL}. So | = (%P2 r3cosgsingdrdg = Y. Example: to evaluate ¥y €¥dx =1,
evaluate 12 = (|* .y €¥dx)(1* ¥ €”dy) = ¥ 4% ¥ e®¥dxdy. Let Dy = {(X,y) | O £ x2+y2 £
b?}. S0 {lp» €*MdXdy = %40z €"rdrdq = (1%odq)[-Y2"]% = 2p.(1-€"/2) =
p-pe™. Now let b® ¥, s0 12 = lim]]|p, Xydxdy = p. Therefore, | = Qp. Summary: ¥ ve*dx = Op.
» 30th November 1999

Example: | = ]]w xydxdy. Convert to polar co-ordinates. W = {(r,q) | OEr£1, E
1

Section 3: Constrained Optimisation

This is where we maximise or minimise a function f subject to some constraints. If we
have a general function f with no constraints, we could use the Hessian or the steepest ascent
methods. If we have a linear function f with linear constraints, we typically use linear
programming (G2M85). If we want to optimise (x,y,z) subject to a constraint of the form g(x,y,z)
= 0, we handle by the method of Lagrange multipliers. Example: find the optima of
x3+15xy*-16zxy on the surface of x2+y2+z2-1 = 0. Method: Find values of x, y, z and | that
simultaneoudy satisfy the equations Nf+l Ng = 0 and g(x,y,z) = 0. (Variants with n-variables
and m congtraints exist). The first condition is interpreted as /g, = -1 9q,; "y, = -1 19y /g, =
-1 "9/s.. Now we solve, remembering that g(x,y,z) = 0.

Assignment 3

Q: For the following integrals, sketch the region and evaluate the integral. (If necessary,
change the order of integration). (i) 1%1]'™o e*dxdy; (i) 1%l % SIn(*¥.)dydx; (iii) 1]s (x+y)dxdy,
where S={(x,y): -1£x£1, y lies between x* and x°} ; (iv) 1721”2 cos(x+y)dxdy.

(p/2,0)



A: (i) The lower x-limit is x = Iny, so y = €. There is no need to change the order of
integration. So 14("™, e*dxdy = 12[-e*]"™ody = 12{ 1-*} dy = [y-Iny]? = 2-In2-1+In1 = 1-In2. (ii)
We need to change the order. Note that if y = Ok, then x = y2. So %)% sin(**¥,)dydx = 1%]%%
sin(*,)dxdy = *o[xsin(*/2)]Yody = 1% y2sin(*¥,)dy = [-*/3c08(**/,)] % = %/3(cos'/»-cosl).

(iii) Within the x-range (-1£x£1), we have x* > x°, so no problems. ||s (x+y)dxdy =
Lal%s Oo)dyax = T Ptk = 1 (R =
[(X¥/6)+(x°/18)-(X"IT)-(x*22)|*1 = Yol = Bega. (iV) 17%]"% cos(x+y)dxdy =
1P sin(x+y)]”%dy = 17%(sin(y+°/2)-sin(y))dy = [-cos(y+°/2)+cos(y)] "% = -cos(’/2+"/z) + cos(*/z) +
cos(*/,) - cos(0) = 0.

Q: Find the volume of the paraboloid z = x2+y2 under the cylinder x2+y2 £
1. A: The required integral is ||s zdxdy = L% g (X2+y2)dydx = . .
121}y +Y13) 2% . e0X = 2] 11(x3(1-x?)Y2+1/3(1-x2)¥2) dx : ‘
111(1-%2)Y2(2x2+2/3(1-x2))dx = 111%3(1-x2)Y2dx+4/3])11x2(1-x2)dXx. To evauate this y Olx?
either plough on, or use substitutions, polars, volumes of revolution, etc.

Tutorial
For each of the following, change the "Cartesian integral” to an equivaent "polar
integral” and then evaluate. (i) 1%4]™Yo Qx2+y2)dxdy; (i) 1%]™ Qxz+yddydx; (iii) 1%]™
sin(x2+y?)dydx; (iv) 1%] 2 xdydx.

x = (1y?) y = Q4-x) (x-1yzhy2= 1

i

obtained by completing
the squarein x2+y2-2x = 0

A: (i) Let | = 11419 Q(x2+y?)dxdy. If x = rcosq and y = rsing (polars), then | = 1%]"%,
Q(rzcogq+r2sinzg).rdrdg = 1%]P2 r.rdrdg (with {(r,q) | OEr£1, -PLEGEP}) = 1%(1P2 par2dr)dg =
p/3. (ll) 120 Ol_Xzo dx2+y2)dydx = 1p/20120 rzdrdq = ... = 4/3p3. (|||) 110 Ol_xzo Sin(x2+y2)dydx = lplzollo
sin(r?).rdrdq = Plu(1-cosl). (iv) Let | = 1%]® xdydx. There are several ways to answer this
question; one is to let x = 1+rcosq and y = rsing. So | = %)% (1+rcosq)rdrdq (Do check the
Jacobean) = ... = |P[Y/,-*/scosg]dq = ...
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Example: Maximise the volume of a box with fixed surface area. So we maximise f(x,y,z)
= xyz subject to 2(xy+yz+xz) = A. Set g(x,y,2) = xy+yz+xz-*/,. (So g = 0 is the constraint).
There are four equations: yz = -l (y+2); xz = -l (x+2); xy = -l (x+y); and xy+yz+xz = */,. So we
have -I =Yy, =z = Yy,

Therefore, yz(x+z) = xz(y+2), i.e. yz2 = xz2, or z4x-y) = 0. The stationary points will
imply that z = 0 (which will not give us a maximum) or x =y. Symmetrically, we aso have x =
z and u = z. The constraint then gives 3x2 = #/,; x = Q*/s). (The -ve square root has no relevance
here). S0V ma = (*6)¥2.



Example: x2-y2 = 1, a hyperbola. What is the shortest distance to the o <
hyperbola from the point (0,2)? A: Here, f(x,y) = x2+(y-2)?, and g(x.y) - \27{ )
x?-y2-1. Notethat x * O because g(x,y) * 0. The Lagrange conditions give 2x

=-2l xand 2(y-2) = 2l y. From 2x = -2| x, | =-1. S0 2(y-2) = -2y; 4y = 4, /
implying that y = 1. Substituting into g gives x2-1-1 = 0; x = +(, and f(xC2,

1) = 3. Exercise: Find the critical points of f(X,y,z) = Xyz subject to x2+y2+z2, and classify them
(there are lots of them).
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Hessian Methods for Constrained Optimisation

Let | =f(x,y) +1 g(x,y). Find the partials of | w.r.t. x, y and | ; and equate to zero. So we

have "/g,+l 19/, = 0 and "y, + | "9/, = 0, with g(x,y) = 0. Solve for x and y. The & oA
maximisation/minimisation of f, subject to g(x,y) = O, is the same as| o o &
unconstrained optimisation of I(x,y). The second order conditions come fromthe | % % ©
Bordered Hessian of f and g, which is shown on the right. Evaluate this at thel > & 0

critical points.

If det(H) < O, then f has a constrained minimum at the critical point. If det(H) > 0, f hasa
constrained maximum. Note that there are “ side conditions’ on f and g to get them to work. So
we will only use it on simple examples. Example: optimise f(X,y,z) = 4x?+3xy+6y? such that
X+y-56 = 0.

Here, | = 4x2+3xy+6y? + | (x+y-56), etc., giving 8x+3y+l =0, 3x+12y+l =0, and x+y =
56 — which imply that x* = 36 and y* = 20. (The Solutions). The Bordered Hessian isH = (%3
%12, 110). The determinant is det(H) = -14 < 0, so we have a minimum. Another example: optimise
f(X,y) = 4x2-2xy+6y? subject to x+y = 72. Here, | = f+l g, and x* = 42; y* = 30.

In the above, note that | = -276 and the value of |q, is 9936. If we increase the constant
term of g by e, (eg. xty = 72+e, e small), then | increases by 273e. We have the Gener al
Property of L agrange Multipliers: | isthe change in the value of the maximum when a small
unit change in the constraint is made.

Note: this is interpreted as saying the following: “l * measures a property related to the
sengitivity of the optimum value of f to small changesin g”. More investigation of this will be
required to get any more detail.

Section 4: Surfaces & Surface Inteqgrals

Let S be a surface in space, perhaps represented in the form z = f(x,y), (—(1) [(x,y) T R
[ R, or by an implicit function F(x,y,z) = 0 (-—-(2)), e.9. */«+1»+*/=~1 = 0 (an elipsoid), or in
parametric form: x = f(u,v), y = g(u,v), z = h(u,v). (—(3)) [(uv) T R1 R?Z. Theareain form (1)
iISA=]]g, /1 +(Z)+ (%)2 dydx, and we have similar expressions in the other cases.
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Note: the lecture material from now on is not examinable.

Let F(x,y,z) = 0. The area of asurfacein asmall planeis , DP
» |uxv|, where u and v are tangent vectors: u » "/gDxey, v » @
F/e,Dye,. The area DP above DA is ™/, Where g is the angle
between NF and the z-axis. Therefore, |cosg = [NF.pJ/|[NF|
where p = &, the unit vector in the z direction. So the surface

y ury
/ Dy %V
areais ||ry "W e poixdy, provided we have NF.p 1 0. x "

Example: Let F(xy,z2) = x2y%z. (A paraboloid). Then NF = (2x,2y,-1); |NF| =
Q4x2+4y2+1); INF.p| = |1 = 1; and S = ||z Q4x2+4y2+1)dxdy. (Compare with the other
formula). Surface Integrals. Let g be defined by g: S® R, where Sis given by F(x,y,z) = 0. The
Surface Integral is |]s gdA = ]ry 9(X.y,2) "/xep0dxdy. Vector Fields. Let F be defined by F:
S® R3, where S1 R3. So F = Mi+Nj+Pk. Example: If F: S® R is differentiable, then NF =
("4, sy, M1y, is the gradient vector field of Fon S.

Flux

Consider Flux across a plane curve. Let C be a smooth closed curve, defined by x = g(t)
and y = h(t), witht T [ab]. The tangent vector T is defined by (/s +¥uq). Take n

7
Kk, aunit vector in the z direction. The outward unit normal n, of C, isdefined by 1
= Txk = ¥gai-*oq. If 2 S® R3is avector field with C1 S, the flux of f across C T
isgiven by the formula|c F.n = |c(M%/4s-N%/4s)ds. C

Example: Let F = (x-y)i+x], and let C = {x2+y21}. Parametrise: r = costi+sintj, for

O£tE2p; M = cost-sint (= x-y); N = cost. So ¥/ = cost and */4 = -sint. Flux: |c(M%/4s-N®/45)ds
= 1% cost-sintcost+costsint)dt = ... = p. Note that p > 0, so the net flux is outward.

Green’s Theorem

Green's Theorem (in the plane): |]c F.n dS = {1z (™M/g+™/g,)dXxdy (the region enclosed by
C). Thereis a3 dimensional version: given a surface S in R3, assume that we can choose a unit
normal vector field n (S can be oriented). The flux across Sis given by ||s F.n ds, whereds =
N < ;A as before, with S={(x,y,2) | f(x,y,z) = O} .
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Example: F(x,y,z) = xi+y]. Calculate the flux of F across the surface x2+y?+z2 = & (n is
outward). The outward normal vector field n is given by the gradient Nf, where f(x,y,2z) =
X2+y2+72-2 after normalisation. So Nf = (2x,2y,2z), and points outwards (good!). It follows that
0 =" = PP porayngn = PP oy = (oo

Now F.n = Y4(x,y,0).(x,y,2) = Y(x2+y?). The flux out of S is /|s (x>+y?3ds. The usua
parametrisation of Sisr(u,v) = (acosucosv, asinu sinv). (0Eu£2p), (-".EVE®/,), etc.



Stoke’s Theorem (in R3)

Given C, aboundary curve of an orientable surface S, then |c F.dr = ||s(NxF).n ds.

Gauss’ Divergence Theorem

llsE.nds =111o N.EdV (The Boundary of D is S). Here, F is avector field across the
boundary of the region D. Notes: N.F = (Vg "/5,,"52).(M,N,P) = Ve, M+7/¢,N+"/y,P. And so

. | ] Kk
NXxFE = | olox oley oloz |.
M N P

A matrix (*s &) is positive semi-definite if A > 0, C > 0, and AC-B2 > 0. Similar
conditions apply for negative definite, etc.).

Assignment 4

Q: By changing to a polar integral, evauate | = 11119 q1.0 €®Ydydx. Az | = P40l

re"drdg = 2p[e"/2]% = p(e*-1). Q: Evauate | = (D @ 4 _
1211)/0 qu2+y2)/dedy. Al = lp/zq:pm'lZsinqﬂsmq rcosq.r/gnq / p/4 £ 1£p/2
rdrdg = 1" ang[ 1] Musngdq = sl _LETE 2
Nsng(Ysrg-Ts)dq = 1% 7/3 cosg/sin’g dq = snq  snq
['7/93i n3q] p/2p/4 = -7/9(1'2@) = 7/9(2(2-1)

Q: Evauate the following using cyllindrical co-ordinates:. | = (%]9%)%
cos(xz+y?)dzdydx. A: | = 2]%]%, cos(xz+y?)dydx = 2]P%]%rcosr2drdq = pllrcos(rddr =

p[sin(rd)]* = psin(1).

Q: Evauate ||w xydxdy, where W is the region in the 1st quadrani
bounded by the curves x2+y2 = 4, x2+y2 = 9, x2-y2 = 1 and x2-y2 = 4. (Use the
transition u = x2+y2 and v = x2y?). A: We know that u+v = 2x2 and u-v = 2y?
0 x = Q") and y = *'). So Juv) = MM ™Veev|. Calculate this
dlr&tly (ﬂx/ﬂu = l/z@(U"‘V)_]jz, ‘Hx/ﬂv = 1/2("2(U+V)_1/2) to get J(U,V) = 1/4("1u2-v2)
ThGrEfore, the Integral IS 141194 J(U,V) Xy = 141194 ("qu-vz)lz X 1/4du2-v2) dudv = 1/8141194
dudv = /.




Exam Paper: January 2000

SECTION 1 (Compulsory)

D)

(@

(b)

Cadlculate the Hessian of the function:
f(X, y) - _Xye-(X2+y2)/2_
Find and classify all the critical points of f. [12 marks]

The volume V of a sphere of radius R is given in cartesian coordinates by

V = 21w (R? - (x?+y?) dxdy,

where Wis the disc of radius R centred at the origin. Use polar coordinates to show
that V = */3pRs. [8 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

3

(4)

()

By using the method of Lagrange multipliers, minimise xyz subject to the constraint

8x3-8y3+27z8 =1, withx > 0, and z > O, whilst y £ O. [15 marks]
(@ Evauaethetripleintegral (2% [ xyz dz dy dx. [8 marks]
(b) Use the transformation u = x+y, v = 2x-y to smplify the integral ||w (X+Yy)2dxdy

(@

(b)

where W is the parallelogram bounded by the lines x+y=0, x+y=1, 2x-y=0, 2x-y=3.
[7 marks]

Determine whether or not the following function is continuous at the origin. If the
function is continuous then prove it, otherwise provide reasons for the lack of

continuity: f(x,y) = 20 if (x,y)* (0,0);f(0,0) =0. [6 marks]

X2 +y2 ’

A function f: S® “ is defined on a convex subset S of “ ". You are told that at some
point xo T S, f has a local minimum (so there is some e > 0 such that if |[x-Xo|| < e
then f(x) > f(xo).) Supposing that f is a convex function on S, prove that f has a
globa minimum at X,. [9 marks]

Consider the mapping given by u = e‘cosh(y), v = €sinh(y).

(i)  Find the Jacobian " Y/y, ., of the transformation.
Determine where local inverses exigt. [6 marks]
(i)  Solvefor x, y intermsof u, v to find the inverse mapping and calculate its Jacobian,
giving your answer in terms of u, v and also in terms of x, y: " /g, v,
[6 marks]
Findly verify " Vg o) ©Y/g, ) = 1, the two-by-two identity matrix.
[3 marks]

(Questions done: 1, 3, 5)




