2nd February 2000

Section 1: Vector Calculus

1.1. Revision of vector algebra. (i) a = ad+aj+ak. |al = magnitude
of a=a=+Qaz+a+a?) (--(1)). &= unit vector in the direction of a= alz
(---(2)). (ii) If b = byi+bj+bk, then ab = abcosg = ab.+ab,+ab, = b.a

i,j, k unit vectors

(---(3)). (iii) axb = absin(g)n = the determinant shown onthe| ; j x X
right = i(ab-aby)-l(ab-ab)+k(ab,-ab,) [ti(@b-ab)] = | aa a %b )y
ax ay a; | -bxa (---(4)). (iv) a(bxc) is the Scalar Triple| bx by b, a oz
by by b, | Product = the determinant shown on the left (---(5)). (v) ax(bxc) = (a.c)b-(ab)c is

cx ¢y c; | the Vector Triple Product.

1.2 Vector function of a single real variable, & = im {010

St } Tangent tocan
(-—(2)). v = velocity. |v| = speed = v. V. = VT (T = the unit tangent P T v
vector to C at P, in the direction of motion). Recall: Yu(f ()r(t)) (f (t) ise c v
scalar function of t; r(t) is a vector function of t) =(“2yr(t) +#(t)(242) 10
(---(2a)). We can deduce aso the following: 4(r1.r2) = (52).r2 +r1.2(r2) 0
(-—-(20)); and L (r1 xr2) = (52) xra +r1x (52) (---(20)).
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Arc L ength. Define F/;ilé@l = r(t+dt)-r(t) = dr. So SPP* = S |dr|
Define Arc Length, L, as the distance from P; to P, along C = &7, |dr|

But |dr| = |(™a,Ya,Ya)dt] (Where r = Xxi+yj+zk = (X,y,2) =
- E+y2+2dt P L o= [ [/R+y2+2 (--(3)). o
/ 'S Example: r = acosgi+asingj+0k for O£ q £ 2p. So o C
PAiblay L= &dr = (by (3)) = 8% ((-asing)>+(acosq)>+07 dg = 8% adsincg+cosg)dq
\ j = &Padq = a[g]*, = 2pa. Also, dr/dq = (-asing, acosq, 0) P T = (unit tangent

— dr/do _ (-asing, acosé, 0) -1 . _ .
Same VeCtor) ~ fdride] T J(—a§n0)2+(awse)2+02 - /a(-as nq’ aCO&:L 0) - ('S| nq, COS:], 0)

P1

Curvature and Torsion of a Curve

Letv =1, so that t can beidentified with the distance salong .\ _ 1/ =4 (@)
the curve ¢, from some fixed point A. Thisimpliesthat v = dr/ds = vT T
= (becausev =1) =T b T =dr/ds (---(5)). Since T is of unit length
we have T.T = 1. Differentiating, ¥u(T.T) = Yuas(1) = 0. But Yu(T.T) = |
(dT/ds).T+T.(dT/ds) = 2((dT/ds).T); so (dT/ds).T =0 b dT/dsis”' o
toT,asT ! 0and (dT/ds) * 0 by assumption. So dT/ds is normal to the curve at P; and it
follows that dT/ds = kN (---(6)).

In the above, N is the unit vector in the normal direction, and k is a non-negative scalar.
The straight line through P in the direction of N is called the principal normal to the curve at P,
and N is called the unit principal normal vector at P. The plane containingT andN at Pis called
the osculating plane, or the plane of curvature at P. (6) b k = |dT /ds]| (---(7)), where k (“kappa”)
is called the curvature of C at P. Theradius of curvature, r, is defined to be Y/, so that r = Y.

(k* 0) (-—-(3)).




Geometrical Meaning of k

T and T+dT give the unit tangent vectors at P and
P respectively. Since [T| = 1 and [T+dT| = 1, then HT =
HT' = 1. Therefore, dy = THT' = arc TT of the unit
C|rcle centred a H. (y ismeasured in radians). So k =

= of OV —lim (T Wy _ A i ™ dy
=00 1561 =im [ x| =hmy (50 % 56) = a5 @8 ™an o ay) = 1. SOk =V,
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Snce T and N are A" unit vectors, it follows that B = TxN (---(9)) is also a unit vector. B

is called the unit binormal vector at P. So T, N and B form a right-handed system of mutually

perpendicular unit vectors. SinceB is a unit vector of constant length, then (B /ds) is*" toB.
Also, differentiating the equation T.8 =0 P (dT/ds).B + T.(dB/ds) = 0 (---(10)).

(6) & (10) P kN.B + T.(dB/ds) = 0. (Because N.B = 0) (---(11)). And N.B = 0 (---(12)).
(12) in (11) b (dB/ds) is”"to T. But (d8/ds) isalso " to B; so (dB/ds) must be parallel to N.
We write (dB/ds) = -t N (---(13)). (Note: the minus sign is by convention, and t can be -ve, +ve
or zero). t isknown as the torsion of the curve at P.

The torsion is the arc-rate of rotation of the plane of curvature, since B is aways "' to
this plane. The radius of torsion, s, isdefined by s = %/ fort * 0. Using (6) & (13), we can
find (dN/ds). Now N = BxT P (dN/ds) = Yu(BxT) = (dB/dg)xT + Bx(dT/ds) = (by (6) and
(13)) = (-tN)xT+BxkN = (-t)(-B)+k(-T). So (dN/ds) = -k T+t B (---(14)). (6), (13) and (14) are
called Frenes formulae: (dT/ds) = kN; (dB/ds) = -tN; and (dN/ds) = -k T+t B (---(set 15)).

Formulae for Computing K & t

Let C be given by r = r(t) = x(t)i+y(t)j+z(t)k (---(16)), where
t denotes a parameter which is not necessarily the distance s along
the curve from some fixed point A. Now (16) b ¢ = dr/dt =
(dr/ds)x(ds/dt). (Note: dr/ds is T from (5)). So¢ = Ts (--(17)).
Now (17) P i = Y«(T¢) = (dT/dbt)¢ + T& = ((dT/ds)(dg/dt))s + T =
(6) = kN& + Ts So we have i = 8T + k&N (--(18)). (17) & (18)
b rxi = (Tox(ET+keN) = &§TxT) + k§(TxN). Because T T = 0, and because TxN = B, we
have i xi = k&B (---(19)). Now (19) P k = (f x¢|)/s® (--(20)). (B| = 1). But (17) b 5 =} |
(-—-(21)). (T[=1). 2) in (20) P k= (¢ D/ (} ). (--(22)).
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To find the torsion t, consider r x .t. From (18), i = &T + k&N. Differentiating, we

obtain t = Yu(sT) + d/dt(kczN) t =T + dT/dt) + Yu(k@)N + k&(dN/dt); ¥ = §T +4dT/ds)s+

d/dt(kN + k&(dN/ds)s = (15) = 6T + KkNs+ Yu(KDN + kKS(-k T+ B); 1= (k28 T+ (& s+

Yao(kH))N + (K$t)B (-—-(23)). Now (19) P xi = k$B, and as B.T =0 =B.N, and B.B = 1,
then (19) & (23) b (r x 1) = (k&) (---(24)). Finally, (20) & (24) b t = ((::rrg)rz (---(25)).




Example: Sketch the space curve r(t) = xi+yj+zk, where x = 3cos(t),
y = 3sin(t), and z = 4t (---(1)), and find @ T, (DN, © Kk, r, (DB, (O t,s.
A: (1) b x2+y2 = 3 b curve lies on the surface of the cylinder x>+y? = ¢
(---(2)). (a) r = 3cog(t)i+3sin(t)j+4tk. Sor = -3sin(t)i+3cos(t)j+4k; Sq = || =
Q(-3sin(t))>+(3cos(t))2+42) = ((3*+4?) = 5 (---(3)). Therefore, T = ¥/ =
W s = -3Issin(t)i+/scos(t)j+*sk (---(4)).

Now Yu(T) = (4 = -Ucos()i-¥ssin(t)j+0. As (df/dsy = (dF/dt)(dvds) =
3psc08(t)i-*=SiN(t)]. (—--(5)), then since (dT/ds) = kN, we have k = |(dT/ds)| (k > 0) = (5) =
F¥/ps008()i-YasSiN(L)j| = %os. Now 1 = Yy (K 2 0) = /5 (—-(6)). So (5) & (6) P N = Y(dF /ds) =
(*1)(-*lsc08(D)i-*/sSiN(t)]) = -(cos(t)i+sin(t)j) (---(7)).

Now B = TxN = the determinant shown on the right =

“Yesin(t)i-*/scos(]+/sK (-(8)). Further, (8) b (dB/ds) = (B/dt)(dvdg=| ' 1 K
4,5C0S(t)i+2s5iN(Dj+0 (---(9)). Since (B/ds) = -tN, then (7) & (9) b | ~5SNt 5€OSt 5
4 pscos(D)i+*=sin(t)j = -t (-cos(t)i-sin(t)j), sot = ¥»s (Note: > 0). And s = | - €ost -snt O
Y= 2,

We now use formulae (22) & (25) to get k and t. Now we know that r =

3cos(t)i+3sin(t)j+4tk; so that ¢ = -3sin(t)i+3cos(t)j+4k (which b || =5);i = -3cos(t)i-3sin(t)j;

i ik and 1" = 3sin(t)i-3cos(t)j. So rxr = the determinant shown on the left =

_3snt 3cost 4 12sin(t)i-12cos(t)j +9k. So.k = qu?snz(t)+1220052(t)+92)/53 = ), = AP =

_3cost - 3sint 0 3. Now (fxi)r = (12sin(t))(3sin(t))+(-12cos(t))(-2cos(t))+9x0 = 36.
And |r‘><r| = 3)(5’ ot = 36/152 = 4/25. Both are verified.

Notation Note: From now on, | will remove the “hats’ from the tops of letters and use
BOLD typeinstead. As an example, T will now be denoted ssimply as T.
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Tutorial

General Notes. Find the magnitude: If a = 3i+4k, then |a| = (32+4?) = 5; the unit vector
in the direction of ais @|a. (= 8. Remember that ab = multiply components, or use abcosg.
Orthogonal: cosg = 0. To calculate axb, use the determinant. Be careful to use the correct
formulain computing e.g. ax(axb). The unit normal to the plane containing a and b is axb/|axb].
Be careful when doing e.g. ¥«(axb) — think!

Q: For the space curve r = (t-Yh)i+t3+(t+°/)k, find T, k, N, B and t. A: ¢ =
(1-i+2tj+(1+t2)k; and & = || = Q(L-1)2+(2)2+(1+12)2) = ... = Q2)(1+t2). SO T =rk =
(l'tz)/qQ)(1+t2)i_+q2)t/(1+t2)j_+1/c“12)K. Now /4 = (USG quotient rule) = .= -Zqz)t/(lﬂz)zl + qz)(l'tz)/(lﬂzyj_. Further,
Ty = (dT/dO/s = ... = [-2ti+(1-¥)j)/(1+2)2. Now since /g = kN, then kK = [Ty =

YoarepQ(-202+(1-1)?) = sy

Now N = Y34 = ... = Yqun(-2ti+(1-12)]). Now use B = TxN (using the determinant
method) to get B = Y[ (t2-1)i-2tj+(1+t2)k]. Then get ®/y and ®/4, and because ®/ys = -t N, we
canobtaint usingt = /... Note here that curvature = torsion for this curve.
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1.3: Scalar and Vector Fields

If, to each point (X,y,z) of adomain D of space, an unique scalar is assigned, then a scalar
field is defined in D. Example: Temperature in aroom, T = T(x,y,z). If, to each point (x,y,z) of
adomain D of space, an unique vector is assigned, then avector field is defined in D. Example:
The velocity of particlesin afluid, v = v(X,y,2) = vdi+Vvj+Vv,K, where v, = va(X,y,z) and a = Xx,y,z.
We shall seethat scalar fields give rise to vector fields and vice-ver sa.

1.4: The Directional Derivative

Let f(x,y,z) be ascalar field in some domain D. I%@he diagram, r =

Xi+yj+zk, and § = the unit vector in direction PP'. Let PP’ = (Ds)s. The
directional derivative, /4, of F(x,y,z) in the direction of §, is defined by
Flos = ""osp0 (Flog) (---(1)), where DF = F(P')-F(P) (---(2)), and DS = PP

(---(3). |

Now § = cos(a)i+cos(b)j+cos(gk (---(4)), where a, b and g are the angles between the
direction of § and the directions of i, | and k respectively. Thenr =r+(Dss b (X', Yy, Z) =
(x,y,2)+(Ds)(cosa, cosb, cosg) = (x+(Ds)cosa, y+(Ds)cosh, z+(Ds)cosg) (---(5)). And therefore
DF = (2) = F(x+(Ds)cosa, y+(Ds)cosb, z+(Ds)cosg) (---(6)).

Now, if F satisfies the conditions for a total differential, i.e. ™/y, ™/, and ™/, are all
continuous, then it can be shown that DF = ("/y)(Ds)cosa+("/y)(Ds)cosb + ("/y,)(Ds)cosy +
e1(Ds)cosa+e,(Ds)cosb+es(Ds)cosg (---(7)), where e, & and e ® 0 as DS ® 0. Further, (7) b
e = "lgcosa+™/gcosh+"/,cosgrecosa+ecosh+escosy P Mo = "Mpwo s =
17 ¢cosa+"/q,cosh+""/g,cosg (---(8)), where a, b and g are the direction cosines of the chosen
direction. [Note: (8) may be rewritten as ("/g, /sy, /s.).(cosa, cosb, cosg)].

Assignment 1: Set 11/2: In 25/2; Back 9/3

Q: Find the length of the curve r = (3cos(t))i+(3sin(t))j+2t¥%k for 0 £t £ 3. A: If r(t) =
f(Di+g(t)i+h(tk for a£ t £ b, then the length of the smooth curve traced fromato bisL = &,

()2 (Fa)2+ ()] t. SO in this example, L = ol (Va(3c08(t))+(a(3SN0)2+ (Yu(262))cl
= 8, {J(-3sint)2+(3cost)2+(3t¥?)3dt = &, J9sirt+9cost+9t]dt = 38, ((sirt+cost+t)dt = 30,

AL+t dt = 3[25(1+)3]% = ... = 14 units.

Q: Find the unit tangent T, the unit principal normal N, the unit binormal B, the
curvature k and the torsion t at the given value of t: r = (3cosh(2t))i+(3sinh(2t))j+6tk; t = In2.
A: To find T, we shal use T = dr/ds = (dr/dt)x(dt/ds). Now dr/dt = r =
6sinh(2t)i+6cosh(2t)j+6k. And ds/dt = | = Q36sinh3(2t)+36c0sh?(2t)+36) =
6Q(sinh2(2t)+cosh?(2t)+1 = 6Q(1+2sinh2(2t)+1) (as cosh?(2t)-sinh(2t) = 1) = 6Q(2)Q(1+sinh2(2t))
= 602)Qcosh?(2t)) = 6Q2)cosh(2t). So T = (MYeseose)[6Sinh(2t)i+6cosh(2t)j+6K] =
Y tanh(2t)i++sech(2t)k].



Toget T whent = In(2), al we need to calculate is sinh(2t) and cosh(2t) for when t =
In(2). Now sinh(2t) = €*-e?/2. When t = In2, sinh(2t) = e*™-e?"/2 = ™-g'™/2 = W9, = B/,
Smilarly, cosh(2t) = e+e%/2, and when t = In(2), cosh(2t) = *®9/, = Y7[g. So when t = In(2),
substituting for sinh(2t) and cosh(2t), we obtain T = Ha)(*® qugi+j+Yaugk) =
(Mew)(Bla7i+ +°117K).

To get k and N, we will use /s = kN, or /@x¥4, = kN. Now /g =
Ya(Yeo)(tanh(20i+i+sech(20K) =  (Yer)(28ech?(20)i+0j-2sech(2t)tanh(20)k) = (CR)(sech?(2t)i-
sech(2)tanh(2t)k). We dready know that %y = 6Q2)cosh(2t); so (Q2)(sech?(2t)i
~sech(2t)tanh(20)K) (Hecresa) = KN: ... (@) (sech(2t)i-tanh(2t)K) = kN.

Now k - |dT /dtxdt /dsl — |dT /dsl — q (sech3(2t) /6) 24 (-sech2(2t)tanh(2t) /6) 2] —
(45)CI sech®(2t)+sech?(2t)tanh?(2t)] = (Y6)sech*(2t)[sech?(2t)+tanh2(2t)]) = (g)((sech*(20)[1]) =
efs. When t = In(2), k = *g. Now we gt N usng N = %I/, =

6 eareizn[ @] (sech(20)i-tanh(2t)K) = sech(2t)i-tanh(2t)k. When't = In(2), N = 8/47i-5/1k.

We get B using B = TxN. It turns out that B = (-*/¢p) (tanh(2t)i-j +sech(2t)k). When t = In2,
B = (-Ye)(*17i-j+%/17K). Because of the similarity between T and B, we can deduce that %/, =
(= @/s)(sech(2t)i-tanh(2t)k). (Because the i and k terms involved in the above only differ by
sgninT and B).

Now as ®/, = -tN, and as we know everything apart from t, we can say that
(-=M/s)(sech(2t)i-tanh(2t)k) = -t (sech(2t)i-tanh(2t)k); (-*"®/g) = -t. So t = =@/, When t =
In(2), t = @17y 6 — 32/867- Notethat k =t.

Q: Find the gradient and the directional derivative in the direction of 2i-j-2k of the
scalar field f = x2yz+4xz? at the point (1, -2, 1). A: The direction of A is obtained by dividing A
by its length. So u = A/|A| = 2i-j-2k/Q(22+(-1)2+(-2)?) = 2i-j-2j/O8 = %4i-Y/+j-?/:k. The partial
derivatives of f are as follows: My, = 2xyz+4z2 = 2z(xy+22); "y, = x2z; and "/, = x2y+8xz =
X(xy+82).

Therefore, the gradient of f at a point (x,y,z) is given by Nf = 2z(xy+22)i+x2zj+x(xy+82)k.
At the point (1,-2,1), the gradient of f is given by Nf = 2(1)(-2+2)i+(1)2(1)j+(1)(-2+8)k =
2(0)i+j+6k = j+6k. The directional derivative of f at (1,-2,1) in the direction of A is therefore
given by Nf.u = (j+6K).(¥si-Y/3j-2/sK) = (0x?/z)+(1x(-Y))+(6%(-%/3)) = O-Y/5-12/5 = -13/5,

1.5: The Gradient Field

Let F(x,y,z) be ascalar field where the first partial derivatives of f exist in some domain
Do. The gradient of the scalar field f, grad f, is defined by grad f = "/gi+"/gj+"/¢k (---(1)).
Notation: grad f = Nf (‘del’ or ‘nabla’), where N = i+, +k"y.. Now (Nf)§ - Q
TF¢xcosa+"/q,cosh+"/g,cosy = ¥4 (= the derivative of f in the direction of §). In the
diagram, PN = (Nf).8 = [Nf|E| cosq = [Nf|lcosg = /ss. So Jcosg| £ 1 b [f/ud £ |Nf
b |Nf| isthe maximum rate of change of f w.r.t. different directions. prZN

()
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Properties of grad

(i) ograd(f+g) = ograd(f)+grad(g) (---(7)). (i) ograd(fg) =
fgrad(g)+g.grad(f) (---(8)). Example: If f(X,y,z) = x2+y2+22, then /g, = 2x, "/
=2y and "y, = 2z b grad(f) = "gi+"gj+"/k = 2Xi+2yj+2zK = 2(xi+Yyj+zK)
=2r.

1.6: Divergence of a Vector Field

Let v = (v, Vy, V2) be avector field in some domain D. Consider the 3x3 | &x dx x
matrix shown on the right (---(1)). From (1), construct the scalar field div(v | oy avy avy
(div = divergence) by the definition div(v) = (Tv/TX)+(TV/TyY)+(Tv:/T2) (—(2)) | & & @
= N.v = (M, Yy, Y42).(vi, Wy, V2). The divergence produces a scalar field frome L & & &
vector field. Example: If v =r = (x,y,2), then div(v) = (2) = Vg (X)+"5(y)+"5(2) = 1+1+1 = 3.

z

Example Let v = (-y, X, 0). Here, div(v) = ) //@‘ \
Wa(-y)+"g,(x)+"5,(0) = 0+0+0 = 0. Now let v = (3x2, sinz, cosy). Ny
It follows that div(v) = 6x+0+0 = 6x. Properties of Divergence: y f/l
diviury) = div+divy) (—@3); div(fy) = fdivdHgrad )1 20 7 b
(---(4)). o N (.0

Proof of (4): If u = ud+uj+uk, then fu = (fu)i+(fu)j+(fu)k, and so div(fu) =
Wa(Fu)+ gy (fuy)+"5.(fu,) = (product rule) = Mg+ (Tud )+ g+ (Tuy/Ty)+ U+ (Tu/2) =
f.div(u)+(grad f).u.
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The Curl of a Vector Field

The curl of a vector field is defined as follows: curl(v) =

(% - S+ (G- S+ (%2 29k = the determinant shown in yellow 8/i8 a/ja 8/53
(---(1)) = Nxv. Example: If v =1 = (x,y,2), then curl(v) = Nxv = the same X cloy dloz
as the determinant shown, but with bottom row x, y, O, giving curl(v) = AR Yz

(M5(2)-"5a(Y))i-("(2)-"15(X)) i+ (V(y)-"y(X))k = O. Example: If v = 1 = (-y,x,0), then curl(v) =
i(0-0)-(0-0)+k(1-(-1)) = 2k. Properties of curl: curl(u+v) = curl(u)+curl(v) (---(2)); curl(fu) = f
curl(u)+(grad f)xu (---(3)).

1.8: Combinations of grad, div and curl

Linearity of operators. equations (1.5.7), (1.6.3) and (1.7.2) say that grad(f+g) =
grad(f)+grad(g); div(utv) = div(u)+div(v); and curl(u+v) = curl(u)+curl(v) (---(set 1)). These
imply that an operation on a sum is the sum of the operation on the terms. If f = ¢, a constant,
then (1.5.1) b grad f = 0. So (1.5.8), (1.6.4) and (1.7.3) b grad(cg) = cgrad(g); div(cu) =
cdiv(u); and curl(cu) = ccurl(u) (---(set 2)). (1) & (2) b grad, div, curl arelinear operators.



Curl of a Gradient

Let f be any differentiable scalar field, then curl(grad f) = the _ :
determinant  shown in T T T | L
(M) +(.)[+(..)k = 0+0+0 = 0. (Note: curl(grad f) = NxRi(f) = 0, | I/ dloy dloz
where RixN is where the O comes from). Converse: under additional | /0 dfldy dfloz
assumptions, curl(v) =0 b v = grad(f) for some scalar field f.

Divergence of a Curl

div(curl v) = Ve ™e/g-™1g,] + e[ =Ml g] + Vg ™lg-"/5] = O, Since the order of 7
differentiation may be reversed if the second order partial derivatives exist and are
continuous. (The coloured elements cancel out). Remember the cyclic permutations as 2 y
shown. Note: div(curl v) = N.(Nxv) = 0. (Scalar triple product; two terms identical b 0).
Conver se: under additional assumptions, div(u) =0 P u = curl(v) for someyv. (u is solenoidal).

Divergence of a vector product: div(uxv) = v.curl(u)-u.curl(v). Divergence of a
ar adient: le(grad f) = ﬂ/ﬂx(ﬂf/ﬂx)'i'ﬂ/ﬂy(ﬂf/ﬂy)+ﬂ/ﬂz(ﬂf/ﬂz) = (ﬂzlﬂx2+ﬂ2/ﬂy2+ﬂ2/ﬂ22)f = &ﬂf = ﬂZf’ where
("t "1q+"ly2) is the Laplacian operator. Curl of a curl; curl(curl u) = grad(div u) -
((N2uy)i+(N2u,)j+(N2u,)k). If one defines the action of the Laplacian operator on a vector u by
Nau = (N2u)i+(Nau,)j+(Nau,)k, then curl (curl u) = grad(div u) - N2u.

Section 2: Vector Integral Calculus

2.1: Line Integrals in Space

2-dimensional: Let C be a curve in the x-y plane connecting
A(ay,b;) to B(a,hy). Let P(x,y) and Q(X,y) be single-valued functions
defined at all points of C. Subdivide C into n parts by choosing n-
points on it: (X1,y1), (X2,Y2), ...y (Xn-1,Yn-1). L€t DXk = Xk-X-1, @nd let Dy =
VirYk1. (K = 1,...,n, where (a;,b1) = (Xo,Y0), and (a,b2) = (Xn,Yn)). o

Choose points (X k1, Yke1) between (Xk, Vi) and (Xs1, Yiet). (K = 0,...,n). Then "My Sy
P(X'k, Y'1i)DXc+Q(X &, ¥ i) Dyic (with max{ Dx,, Dy} ® 0) = @ P(x,y)dx + Q(x,y)dy (---(1)), and is
caled a line integral along C. Sufficient condition for the existence of (1): P and Q are
continuous at all points of C. The value of (1) dependsin general on P, Q, C, A and B.

3-dimensional. Equation (1) easly generdises to 3-dimensions. "M@y S
{Al(Xk*,yk*,Zk*)DXk"‘Az(Xk*,yk*,Zk*)Dyk+A3(Xk*,yk*,Zk*)DZk} (Wlth max{ Dxy, Dyk, DZk} ® 0) = (\2;
A dx+A.dy+Aszdx (---(2)). Vector notation: If A = Aji+Ajj+Azk, and if dr = (dx)i+(dy)j+(dz)k,
then & A dx+Ady+Axdz = & (Ai+Asj+AK).(dX)i+(dy)i+(d2)K) = & A.dr (—(3)).
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Evaluation of Line Inteqgrals

2-dimensional. If Cisgiven by y = f(x), then dy = f'(X)dx. So (1)
P & PXF(X)dX+QOF(X))F (X)dX = [ P(X,F(X))+Q(X,f(X))f (X)]d b Y B
(---(4)). Smilarly, if Cisgiven by x = g(y), then dx = g'(y)dy, so (1) b P
& [PlOY).Y)G WA YIdY  ((5)). Also, if C is giver |, Ve )
parametrically by x = f(t) andy =j (t) (so that dx = f’(t)dt and dy = 3
j (), then (1) b & [PE(Y), j () O+QEF(®). (1) "®ldt (---(6)),
where (a,b) = (f (t:), ] (t)), andi =1,2.

3-dimensional: obvious generalisation of the above. Example: Evaluate | =

B0 1 0.0 ZdX+xdy+ydz, where Cisx = cos(t), y = sin(t) and z =t (for 0 £ t

£ 2p). So | = % t(-sint)dt+cost(cost)dt+sintdt = &2 -o[sint(1-t)+cost]dt =
P(Xy,2) - = 3P.

y Properties of Line Integrals. (i) @ Pdx+Qdy = @ Pdx +@ Qdy (---(7)). (ii)
X O a5y PAX+QY = -c0*™wpy PAX+Qdy (--(8)). (iii) & (apy Pdx+Qdy =
&b 4y PAX+Qdy + P51, Pdx+Qdy (---(9)), where (as,bs) is some other
point on C. Similarly for 3-dimensional line integrals.

Green’s Theorem in the Plane

Let P, Q, ™4 and "™/y be single valued and continuous in a simply yi ¢
connected region R bounded by a smple closed curve C. Then cgf Pdx+Qdy = @
rA{"Y -/, )dxdy (---(10)). Note: the loop in the integral goes anticlockwise Lx
Smple closed curve: a closed non-intersecting curve.
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Tutorial

Q: If aisaconstant vector and we are given the scalar and vector fields respectively: f(r)
= ar; v(r) = axr, show that (i) Nf = & (i) N.v = 0; (iii) Nf = 0; (iv) N2(f) = 2a.a; and (v) N.(fv)
= 0. Find Nxv, and verify that Nx(fv) = fNxv + (Nf)xv. A: These vector operations are
independent of the choice of the co-ordinate axes. We can therefore, w.l.0.g., take a= (0,0,9).

(i) f(r) =ar = (0,0,a).(x,y,z) = 0+0+ax = az. So Nf = g (az)i+"(az)j+"(az)k = 0i+0j+ak
=(0,0,8) = a (ii) v(r) = [o. o, *a| = -ayi+axj+0k = (-ay, ax, 0). So N.v = (V,"ly,,"Iy.).(-ay,8x,0) =
0+0+0 = 0. (iii) N2f = N(Nf) = N(0,0,a) = (0,0,0) = 0. (iv) f2 = (0,0,a2z?), and Nf2 = (0,0,2a22); so
N2f2 = (0,0,2a?) = 2(0,0,8?) = 2(0,0,8).(0,0,a) = 2a.a (v) fv = (-azy, &xz, 0), so N.(fv) = 0+0+0
=0.

Now Nxv = [1/1xs 9ifya “U1z0] = [0+0]i-[0+0)j+[atalk = (0,0,28). SO NXfv = [f/fx.y
Myex: “tzo| = [0-82X]i-[0+aRy]j+[eRz+aRz]k = -a@xi-atyj+2azk. Now TNXV = [az(1fx).a az(T/fy)ax
“@tiz)o| = [0-0]i-[0-0]j+[az+ePz]k = 2azk. And (NfxV) = [04 10x “ao| = [0-28X]i-[O+2Py]j+O0k =
-exi-2?yj+0k. So fNxv+(Nfxv) = -exi-eyj+2ePzk = Nxfv.



Examples 2

Q: Find the length of the curve r = (2cos(t))i+(2sin(t))j+t2k for 0 £t £ P/s. A: L = 4=
Q((-2sin(t))2+(2cos(t))2+(2t)2)dt = 284, Q1+t2)dt. Consider | = A 1+t2)dt. Let t = tang, so that dt
= sec2qdg. Therefore, | = &ecqsec?qdq = 6secqd(tang) = (by parts) = secqtang-Ganqd(secq) =
secgtang-dangsecqgtangdq = secqgtang - &ecq(sec?g-1)da.

Therefore, | = secqtang-eciqdg+esecqdqg. Because ®eciqdqg = |, it follows that 21 =
secqtang+asecqdg. Now because @ecqdq = In|secg+tang|, then 21 = secqtang+in|secg+tang|, and
0 L = 21 = [Q(1+2)t+H N[ 1+t2)+]| 540 = PL 1+(°L) 3 Hn(PL+Q1+(°L4)?).

Q: Find the unit tangent T, the unit principal normal N, the unit binormal B, the
curvature k, and the torsion t at the given value of t: r = ti+'/,€?j fort =In2. A:t = i+€”j, and s
= If] = Qu+e™. So T = t/s = {UQ1+eM}[i+€4j]. Now kN = T/ = (Tg)ls =
{ VAL+eHI{ (o) (1+e*) (4"} +{ (-2) (1+e*) 3(-4e*)} . (As /(1+e¥) = U e*+1)).

The above implies that T and B lie in the x-y plane for al t. Therefore, B = TxN = k for

dlt,sot =0. Att =1In(2), & = &"@ = @ = 4, Therefore, T(0) = Yar(i+4j); KN = (after
substitution) = &17¢7{ “*/ey7}, which impliesthat k = 8/17¢07 and N = “4%/¢y7.

Assignment 2: Set 25/2:1n 10/3; Back 29/3

Q: If a denotes a constant vector, show that (i) div(axr) = O; (ii) curl(axr) = 2a; (iii)
provided r * O, div[*/.(axr)] = 0; and (iv) curl[*/.(axr)] = (2/r)(ar)r. A: Let a be the vector
parallel to the z-axis, so that a= (0,0,a). Let r be any point is space, r = (X,y,z). Then (i) axr =
(using the matrix method) = -ayi+axj+0k.

So div(axr) = N.(axr) = (s, "y, s2)-(-ay,a%,0) = "y (-ay)+"ly(ax)+"/5,(0) = 0. QED. (ii)
Now curl(axr) = Nx(axr) = (using the matrix method) = [0-0]i-[0-0]j+[a-a]lk = Oi+0j+2ak =
2(0i+0j+ak) = 2a. QED. (iii) Using a property, we can way that div['/-(axr)] = ¥.div(axr) +
(grad/.z).(axr). We know from (i) that div(axr) = 0, so we have div['/.(axr)] = (grad'/..).(axr).

We now need to find grad/.. Asr = |r| = Qx2+y2+z2), then r2 = x2+y2+7z2, and so /. =
(x2+y2+z2)t,  Therefore, grad(Y.) = p(Me)i+ M+ (M)k = -1(X2H+y2+22)2.2xi
“1(x2+y2+72) 2.2y - 1(X2+y2+72)2.2ZK = e Xi+yj+zK]. SO div[Y-(axr)] = (grad'/:).(axr)
=% sy XI+Y[ +2K] . (-ayi+ax]+OK) = ~*/peryrzp -XaYy+yax+2(0)] = -/ ryezy[axy-axy] = 0. QED.

(iv) Using the property curl[Y=(axr)] = Y.curl(axr) + (grad.)x(axr), and (from (i)):
curl(axr) = 2a = 2(0,0,a), and (from (iii)): grad(¥) = -Yeewez  Xi+yj+zK] = -(2Ir*)(x,y,2), we
have curl['/-(axr)] = %{2(0,0,8)] - [(2/r)(xy.2)]x(@xr) = (0,0,8)-((2/r)(x,y,2))x(axr). We
caculate the second term by matrix to get ((2/r*)(x,y,2))x(axr) = -(2alr*)[xzi+yzj-(x2+y?)K].
Therefore, curl[Y:(axr)] = %(0,0,8)-(-2a/r")(xz,yz,-x>-y?) = ...= (2az/r*)(x,y,z). To see if this
equals (2/r)@nr, let us evaluate ((2r)@@nNr = (2[(0,0,a).(x,y,2](x,y,2) =
(2r')[0+0+az] (x,y,2) = (2az/r)(x,y,2). QED.



Q: Show that F = (y2cos(x)+2z%)i+(2ysin(x)-4)j+(3xz2+2)k is a conservative force field. (a)
Find a scalar potentia function for F. (b) Show that the work done in moving an object in this
field from (0,1,-1) to (°/2,-1,2) is 15+4p. A: To show that i j K
it is con§ervat|ve, sump_ly show that_curIE ° 0, where olox oldy 010z
curlE = Nxv = the matrix shown, which turns out to be| , 3 . 5
vectorialy zero. Therefore, F is a conservative force. y" cosx) +2° 2ysin() - 4 3"+ 2

(@ The above implies that F = N(W) for some scalar field W. So (y2cos(x)+z3)i +
(2ysin(x)-4)] + (3xz2+2)k = ™/gi+™/ej+™/k. Asi, | & k are linearly independent, we can say
that ™/q = y2cos(X)+z3 ™/g, = 2ysin(x)-4; and ™/, = 3xz2+2. These imply tha W =
qy2cos(x)+z3)dx = dq2ysin(x)-4)dy = q3xz2+2)dz. So W = yain(x)+zx + f(y,2) =
y2sin(x)-4y+g(z,x) = xz8+2z+h(x,y), where f(y,z), g(z,x) and h(x,y) are additive “constants’
which do not depend on x, y or z respectively.

By inspection, we choose f(y,z) = 2z-4y; g(z,X) = Z3x+2z; and h(x,y) = y2sin(x)-4y, so that
W = y2an(x)+z3%x-4y+2z+c. (b) The work done is given by W(/,-1,2)-W(0,1,-1). Now
W(,-1,2) = (-1)2s8in(Pl)+(2)3(°)-4(-1)+2(2) = ... = 9+4p. Smilarly, W(0,1,-1) = -6. So
W(*/,,-1,2)-W(0,1,-1) = (9+4p)-(-6) = 15+4p units. QED.

Q: Veify Green's Theorem in the plane for c§ (xy+y?)dx+x2dy
(anticlockwise), where C is the closed curve of the region bounded by y = x
andy = x2. A: Inthis question, P = (xy+y?), and Q = x2, so we need to verify
the following: c§ (Xy+y3)dx+x2dy = @x(2x-(x+2y))dxdy; c§ (xy+y?)dx+x2dy =
@x(x-2y)dxdy. The region involved is as shown in the diagram on the right.

Let us first evaluate the L.H.S. The counter-clockwise integral can be split into 2 parts:
from O to A, and then from A to O. So c§ =OA§ +Ao§ = (where thefirst part isalong y = x2, 0
Dy = 2xdx; and the second part is dong y = X, so Dy = 1ldx) = 0A§ (xy+y?)dx+xady + Ao§
(xy+y?)dx+x2dy.

So c§ = = (Xy+yddx+x2dy (withy = x2) + &0, (Xy+yddx+x2dy (withy = X) = &
(xx2+(x2))dx+x2.2xdx  + O (xx+(x)D)dx+x2.1dx 0N  (GHX)dx+2x3dx  +
OO (XX dx+x2dx = o 3x3+xH)dX+30 -1 3%2dX O =o(33+xY) dX-F03x2dXx =
d:ly:o(3X3+X4-3X2)dX =..=-Y 20-

Now let us evaluate the RHS, ax(x-2y)dxdy. Looking at the diagram, x goes from O to 1
while y goes from x2 to x over our region R. Alternatively, y goes from 0 to 1, while x goes
from y to (). So d(x-2y)dxdy = Bo0¥)(x-2y)dxdy = 8o[/2-2yx] Vdy = Bo[*/2-2y**-("/>-2y?)] dy
= 60 3y2/2_2y3/2+y/2dy =..= '1/20. QED
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Proof of Green’s Theorem

Consider @ ™y dxdy = O 0 Tlydyldx = o

C o Y =yaiX
O dPIY i = 67PYPRYDK = 0Py | [
0="P(x,y)dx = -§ ¢ Pdx (---(11)). (Anti clockwise loop in integral) \_ L}”ﬂx
Smilarly, @ /g dxdy = §C Qdy (---(12)). (Anti clockwise). Now (11) 4; 2 - K« b:l- %
& (12) b §c Pdx+Qdy = &k ("Yg-"/y,)dxcly. 1%

If P and Q have continuous partial derivatives in a smply connected region R, then a
necessary and sufficient condition for @ Pdx+Qdy (---(13)) to be independent of the path C
joining any two pointsin Risthat in R, ™y, = ™/, (---(14)).

e D Proof. (i) Do b . If & Pdx+Qdy is independent of the path C from A to B,

B then Q. =¢ U §ADBEA = 0 (clockwise) = (from (9)) = §#, (anticlockwise), where

# isthe path ¢, ¢; (AEB, BDA); U (10) "/, = ™y, by Green's Theorem. (ii) Do

e U. If $¢ Pdx+Qdy = 0 (anticlockwise) for any c, and if ™y, 1 9y, (@) suppose

C "yl > 0 a some point (Xo,yo) of R. By continuity, there exists a

neighourhood of (Xo,yo), Where ™/y,-"/y, > 0. Let G be the boundary, then (10) b § & (Pdx+Qdy)

> 0. (No!). (b) Since ™/y-"q « O, then ™/g-"%/, = 0 P necessity. Note: -(™/y-"%y,) is the
z-component of curl(v), wherev = (P,Q,0).
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2.2. Work Done by a Force F moving along a Curve

Let F be defined in a region D of space, and let the curve C __, . . . o
joining A and B bein D. The work done by F in the displacement dr is  thecurvefromAtoP
given by dW = E.dr. The total work done (W) when F moves its point
of application from A to B along C is W = &, E.dr. In general, W
depends on the path C as well as on the end points A and B. If A7
however, W only depends on A and B, then W is said to be path
independent, and the force E is said to be conser vative.

Consider A, afixed point. Then for a conservative force F, the work
done by F in moving from A along any path to an arbitrary point P, W(P),
will only depend on the position of P. W(P) is then a scalar field defined

y dep position (P) scalar fidd

P d p'

r=redr

in D. Consider a neighbouring point P to P, where PP’ = dr. The work
done by F in the displacement dr is given by dW = F.dr. But dW =
W(P)-W(P) = N(W).dr, where N(W) is the gradient of the scalar field W.

Therefore, F.dr = N(W).dr, or (F-NW).dr = 0. But the dr is arbitrary: b F-N(W) = 0, or
E=N(W). W is caled apotential function for the force E. Conversely, if E = NW, then the work
done by E when its point of application moves along any path between points A and B only
depends on the positions of A and B, since & F.dr = 3a (NW).dr = & ™/gds = Ga dW =
W(B)-W(A). So aforce F is conservative iff $ a potential function W such that F = N(W).



Convenient test for a conservative force. We know that curl(grad(f)) © O, so if Fis
conservative, then curl(E) = curl(N(W)) = curl(grad(W)) © 0. So curl(F) © 0 is a necessary
condition for F to be conservative. Note: we can also show that curl(E) © O is a sufficient
condition.
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Proof of Sufficiency

Given curl(F) © 0, we want to show that F = N(W) holds for some | i j k
scalar field W. Now curlE° O b the determinant shown is® O, where E = | 9/ox 0/oy 0/oz
Fii+Foj+Fk. Therefore, VoyFs = IgFo; gy = YyFs; and Yl = YgFy (—~(s8t | Fy Fp  Fs
A)).

The work done by E in moving from Pi(X,y,z1) to P(x,y,z) aong any
path C is @ F.dr = @ Fdx+F.dy+Fdz. Now, let C be the particular path
shown in Figure 1, which consists of straight line segments from Pi(X1,Y1,21)
/ Y to Py(X,y1,21) 10 Ps(X,y,z1) to P(x,y,z). Let W(X,y,z) denote the work done
ooonz) Py AONg this particular path, so that W = QX Fu(Xyy1,zi)dx + @Y Fa(X,y,z1) +
Q. F(x,y,2)dz.

z

P(xy.2)
Figure 1
P1/(X1’y1121)

O /
/

It follows that ™/q, = Fa(X,y,2); ™/g, = Fa(X,y,21) + Q2 (eyF2)(X,y,2)dz = (A) = Fx(X,y,z1) +
Q" (1R (xy,2)dz = Fy(X,y,21) + [Fa(X.y,2)] 2" = Fa(X,y,21) + Fa(X,y,2) - Fa(X,y,z1) = Fa(x,y,2); and
Mo = Rxyuz) + @(mF)xyz)dy + @ (fuF)(xy.2)dz = (A) = Rxy,z) + §
(lyF)(xy,z)dy + Q2 (YVeF)(x,y,2)dz = Fu(X,y1,z1) + [FuXy,z)ly) + [Fi(Xy,2)]" = Fu(Xy1,z1) +
Fi(X,Y,z1) - Fi(X,y1,21) + Fi(X,Y,2) - Fi(X,Y,21) = Fi(X,y,2).

S0 F = FiitFj+Fk = ™/gi+™/gi+™/k = N(W), which proves sufficiency. So, a
necessary and sufficient condition for aforce F to be conservative is curl(F) © O.
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Examples

Q: Show that E = (2xy+2%)i+x3+3xz%k (---(1)) is conservative. (b)
Find the scalar potential function. (c) Find the work done along a path
joining (1,-2,1) to (3,1,4). A: (a) A necessary and sufficient condition for| 9/0X IOy 0loz
F to be conservative is that curl F© 0. Here, curl F = the determinant | 2Y+t2Z X 3x2°
shown on the right = 0i-(3z2-322)j+(2x-2X)k = 0. (b) Part (a) P F = N(W) for some scalar field
W. So (1) b (2xy+22)i+xq+3xz2k = ™/g,i+™/gj+™/ek. Asi, j and k are linearly independent,
then ™/q, = 2xy+23; /g, = x2; and ™/y, = 3xz2.

i ik

So W = xoy+xz3+f(y,2) (---(2)); W = x2y+g(z,X) (---(3)); and W = xz3+h(x,y) (---(4)), with
f, gand h arbitrary. Choosing f = 0, g = xz8, and h = x?y gives W = x2y+xz3, which satisfies al
equations (2)-(4) (W is unique up to an additive constant). (c) The work done along any path is
given by W(3,1,4)-W(1,-2,1) = (.1+3.4%)-(12.-2+1.13) = 202 units.



Q: Evaluate §C (y-sin(x))dx+cos(x)dy directly. Now @& = 'V
@atQs+@o. Therefore, @a (with y = 0, so Dy = 0) is "% B(P2, 1)
(y-sin(x))dx+cos(x)dy = F2,-sin(x)dx = [cos(X)]"2% = [0-1] = -1. And O
= @cosfPl)dy = 3,0 = 0. Consider Go, With Y = Ypo = Bepre R
(y-sin(x))dx+cos(X)dy = %2 (px-sin(x))dx+cos(x)(?/p)dx = = AE20
1-P1,-%,. SO @ = -1+0+1-P/,-?Ip = -PI,-%,,.

Using Green’'s Theorem in the plane, §c (y-sin(x))dx+cos(x)dy = @ (-sin(x)-1)dxdy =
387z (-Sn()-L)xdy = Bo[cos(X)-X]"%yedy = Bo[(COS(12)-"o)-(cos(Pl)-")] = G
] -Pl-cos(P/lo)dy = [PY14-P-?l,sin(™12)] % = -Pla-?l,. QED.
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Functions of a Complex Variable

1. Introduction, Definitions and Continuity

If w (= utiv) and z (= x+iy) (u, v, X, y T R) are any 2 complex numbers, then we might
say that w is a function of z, w = f(2), if, to any value of z in a certain domain D, there
corresponds any one value of w. This is exactly analogous to the definition of a function for rea
variables. It turns out that this definition isfar too wide.

It is exactly the same as a function u(x,y)+iv(x,y) of two rea variables x and y. For
functions defined in this way, the definition of continuity is exactly the same as for real functions
of real variables: the function f(z) is continuous at the point z, if given any e > 0, there exists a
dy(zo) > 0 sit. [f(2)-f(z0)| < eforall zT D satisfying [z-zo| < dy(zo).

A function is uniformly continuous in D if given any e > O, there exists a he > 0,
independent of zo, st. [f(2)-f(zo)| < efor al z, z, T D satisfying |z-zo| < he. So a function f(z) =
u(x,y)+iv(x,y) is a continuous function of z iff the u(x,y) and the v(x,y) are continuous functions
of x and y. The only class (of functions of z) which is of any practical use is that to which the
process of differentiation can be applied.

2. Differentiability

The natural definition is. Let f(z) be a one-valued function defined in a domain D of the
complex plane, then f(z) is differentiable at a point z, of D if f(2)-f(zo)/z-z, tends to a unique
limit as z® z, through points of D. If the limit exists, it is called the derivative of f(z) at z = z,,
and is denoted by ' (z), or by /|-, Or by ¥/4,(20).

Rules of differentiation. All the rules of elementary calculus apply. Let f(z) and g(z) be
differentiable functionsin D. (1) Y«(f(2)+9(2)) = 2% 4. (2) Ys(cf(2)) = c*/y, (c is an arbitrary
complex constant). (3) Y.(f(@29(2) = {f@9%A9@)w. (@) Yu(Olyy) =
[9(2)"-f(2)® ) /[ (9(2))?], with g(z) * 0. (5) If w = f(t) and t = g(2), then /g, = */4M4,. (6) If W
=f(2) and z = fY(w), then ™/, = Yayaw. (7) If z = f(t) and w = g(t), where t is a parameter, then

vy dz = dwict/ dz/ct-




3. Analytic Functions

A function which is one-valued and differentiable in a domain D is said to be analytic in
D. [A function is said to be analytic at a point z, if f'(zo) exists, and f’(z) exists at all points z of
some neighbourhood of the point z,: [z-z5| < d > 0]. A function may be differentiable in a domain

D except at possibly afinite number of points. Such points are called singularities of f(z).
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The Necessary and Sufficient Conditions for f(2)" to be Analytic

If f(x) = u(x,y)+iv(x,y) is differentiable at a given point z, then @@/, must tend to a
unique limit asDz ® 0 in any possible way. Now Dz = Dx+iDy. Therefore, take Dz to be wholly
real, so that Dy = 0, and then, using z = x+iy and Dz = Dx+iDy, { <P/ 1 i veD v/ 1
must tend to a definite limit as Dx ® O This implies that u, and v« must exist at (x,y), and that
the limit is u+ivy. (Note: U = Mg uy = M.

Similarly, if we take Dz to be wholly imaginary, i.e. Dx = 0, then { U yP)-u) /i b4 {vix
VL1 must tend to a definite limit as Dy ® 0, which is (Y)u+i(*iv,) = vy-iu,. The two
limits must be identical, so we must have u, = v, and u, = -vx (---(1)). (These are the
Cauchy-Riemann Equations, which are Partial Differential Equations).

Note: it can be shown that the mere existence of the 4 derivatives (U, Uy, Vx and vy) and
the satisfying of the C-R equations is not sufficient to give differentiability. But, if the 4
derivatives are also continuous, then sufficiency follows. If w = f(z) = u+iv, where u and v are
functions of x and y, then since x = Y/x(z+z) and y = 4(z2) (---(2)) (z = x+iy,z = x-iy), we may
regard u and v as functions of zandz.

If U, U, Vx and v, are continuous, then the condition fw/fz = 0 b (22 +22) +

(5% +52)=0.And (2) B (g la(-))H (M (o) +Min(Ha)) = OB (W) () =
0P us=vyand u, = -V the C-R equations. Hence a formula representing an analytic function of
z can only have x and y in the combination x+iy. Thus x+3iy = 2zz (= 2x+2iy-(x-1y)) cannot be

analytic. (Check the C-R equations — not satisfied).

Conjugate Functions

(C-Requations) P (U, =Vy, Vx = -U) P (M5 = ™liqy, ™eyx = -"/qy2). So if the 2nd order
partial derivatives are continuous, then vy, = vix P ™/ge+"™/y. = 0 (Laplace’s equations in X
and y). Similarly, ™/ge = -M/gq, and ™ga = ™ B ™/get™/y. = 0. So the C-R equations b
T et g = 0 = Wget™/y, Laplace’s equations in 2 dimensions. They are called Harmonic
functions, i.e. Harmonic functions f (x,y) satisfy N2f = ™ /g,+™/y. = 0.
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The C-R equations imply uwy =

Vv = congtant u V u v _ u u=x-=
-VyUy p T /ﬂxﬂ /'ﬂx+ﬂ /ﬂyﬂ v — 0, (ﬂ /'ITX, k} congtants
\ ).V, My,) = 0. Example 1: w = z ey

uTemset poy=x,v=y. Example2: w=22= y Eremple 1
(X+|y)2 = X24+2iX- y2 = (X2 y2)+|(2xy} V4 \ Example 2

[u(x y)+iv(x,y)]. Now u,= 2x and vy, = 2X, SO Ux=Vy (V). Anc

2y and Vx= 2y SO uy -Vx (‘/) Sou=k=x2 y2 andv = v=i1=1 / > —"'”*; \;X :k I>:1-1
| = 2xy. Another example: y = mx, with x2+y2 = r2 (A =N /NG
“Sider’s Web”). .

It is possible to construct a function f(z) which has a given real function of x and y for its
real or imaginary part, if either of the functions u(x,y) or v(x,y) is a Ssmple combination of
elementary functions satisfying Laplace’s equations.

Milne-Thompson Construction

Let x = Y/5(z+2), and let y = Y/,(z-2); so that f(2) = u(z+z/2, z-2/2i)+iv(z+z/2, z-z/2i). Now
putz=ziex=zandy=0.S0f(z) = u(z,0)+iv(z,0); f'(2) = utivy = (C-R) = uti(-Uy) = Uc-iu,.
Therefore, if we write fi(x,y) and fa(x,y) for u, and u, respectively, we have f'(z) =
fa(X,y)-if 2(x,y) = f1(z,0)-if 2(z,0). Integrating, f(z) = d 1(z,0)-if 2(z,0)dz+C. Smilarly, if v(x,y) is
given, we get f(2) = § 1(z,0)+ij 2(z,0)dz+C, wherej 1(x,y) = vy and j 2(X,y) = Vx.

Assignment 3: Set 16/3: In 30/3: Back 14/4

Q: Using the definition, find the derivative of w = f(z) = 322 at the point where (a) z=
1+i; (b) Z = 1-i. A: £ (2) = "0 (@@, Here, f(z+D2) = %oy = ¥ promprz. S0 F(2) = '™,

2_3(72 e 2_372-, D2 i
[( ¥/ 22+22DZ+|322) (/ 22)]/ Dz = I|m 32 3(2 +zer 2 Dz(z%(z2+2zDz+D?z)) — IIsz®0 82-87-6202:3 7l Dz(z%(z2+2zDz+0%z)) — = m Dz® 0
-6z-3Dz

/ 2(22+22Dz+ D7) — 6z )/ 72(z2+22(0)+(0)?) — '62/ 24 6/ = '62

(&) When z = 1+, £ (2) = g, Now (1+i)2 = 142i+i2 = 1+2i-1 = 2i. And (1+)2 = 2i(1+)
= 2i42i2 = 2i-2 = 2(i-1). SO ' (2) = ®ag) = Sfis = 3 = ¥a(1+). (b) Smilarly, when z = 1-i, f' (2)
= 3/,(1-i).

Q: Prove that %/,(z2z) does not exist anywhere except at z=0. A: f'(z) =
™ o 20 (222-26%20/Z-20). Now use z = zo+Dz with z = z+Dz to rearrange, giving
M o[[ 22020 + ZoAZ + 220AZ + (AZ)(AZ)] +[Z3(52)]]. Letting Dz = Dx® 0, we obtain
22070t2,%(1). Letting Dz = iDy® 0, we obtain 2zz+z,%(-1).
Thus there is no unique limit when z,* 0, but f'(0) = 0!

Q: Veify that the real and imaginary parts of the function w = f(z) = €& satisfies the
Cauchy-Riemann equations, and thus deduce the analyticity of the function. A: Using z = x+iy,
72 = (X+Hy)2 = (Xxy?) + i(2xy). So w = &M@y = 9d@Y) Using Euler's relation, €9 =
cosg+ising, we can say that €@Y) = cog(2xy)+isin(2xy). Therefore, w = ¥I[cos(2xy)+isin(2xy)]
= (cos(2xy)) ¥ IH[ (sin(2xy))*].



Here, u = (cos(2xy))e"™?, and v = (sin(2xy))*®*¥). From these, we can show that the
Cauchy-Riemann equations are satisfied. To deduce the analyticity of the function, we must
show that the four derivatives u., U, Vx and vy, are continuous. These derivatives are
mulitplicative or additive combinations of continuous functions, so the four derivatives are
continuous. Therefore, we can say that w is analytic everywhere.

Q: Prove that the function u = xzy2-2xy-2x+3y is harmonic. Find a function v such that
f(z) = utiv is analytic, i.e. find the conjugate function of u. Express f(z) in terms of z. A: By
showing that ™/ + ™/g. = 0, we can prove that u is harmonic. To find a function v such that
utiv is analytic, let us use the Cauchy-Riemann equations. Firstly, ux = vy, so that v, = 2x-2y-2,
and v = @x-2y-2dy = 2xy-y?-2y+f(x). Secondly, u, = -V, SO that vy = 2y+2x-3, and v =
@y+2x-3dx = 2yx+x2-3x+g(y). (f(x) and g(y) are constants, independent of y and x respectively).
Choosing f(x) = x2-3x, and g(y) = -y%2y, we have v = 2xy+x2-y2-3x-3y+c. (Choose ¢ = 0). Now
check that v = W, and tha vw = -u, so we have f(zg = utiv =
X2-y2-2Xy-2X+3y+ (2xXy+x2-y2-3x-2y). Now z = x+iy; -2z = -2x-2iy; -3iz = -3ix+3y; 22 =
X2+2ixy-y?; and 122 = ix2-2xy-iy2. S0 f(z) = (-2x-2iy) + (-3ix+3y) + (X2+2ixy-y?) + (ix?-2xy-iy?) =
(-2¥)+(-3i2)+(20)+(12?) = Z2+iz2-2z-3iz.
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Tutorial

Let u(x,y) = e(xcosy-ysiny). Verify that u satisfies Laplace' s equations, Ux«tu,, = 0. Now
f1(xy) = uc = e(xcos(y)-ysin(y))+e(cos(y)) = e(xcos(y)-ysin(y)+cos(y)); and fa(x,y) = uy =
e (-xsin(y)-(1.san(y)+ycos(y))) = -e(xsny+siny+ycosy). Therefore, f'(z) = f1(z,0)-if»(z,0) =
&(z+1)+i(e/(0)) = &(1+2) P f(2) = ®(1t2)dz = {1+2)d(e") = (1+2)e-@dz = (1tz2)e-e+C; 1(2)
= ze+C. (Cisan arbitrary complex constant).

Q: Using the definition, find the derivative of w = f(z) = z3-2x at the point where (a) z =
Zo; (b) z=-1; and (C) z =i. A: Use the fact that @@/, must tend to a unique limit as Dz® 0.
Now f(z+Dz) = (z+Dz)3-2(z+Dz) = (z2+22Dz+D?2)(z+Dz)-2(z+Dz)
73+2°Dz+27?Dz+270%7+20°7+DPz-27-2Dz. And f(z+Dz)-f(2) = (...)-(z8-22)
72Dz+272Dz+220%7+70%z+D%z-2Dz.  Therefore, it follows  that  @™1@), =
72+272+27Dz7+7Dz+0%z-2. As Dz ® 0, '@™1@,, ® 37z2-2. (a) When z = z,, f'(2) = 3z22. (b)
Whenz=-1,f(2)=3-2=1.(c) Whenz=1i,f(2) =3(1)>2=-3-2=-5.
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Section 3: Power Series

Consider S a.z". As far as absolute convergence is concerned, everything that has been
proved for absolutely convergent series of real series extends to complex series, because the
series of moduli |a| + |au||z| + [&]|z[?+... is a series of +ve terms. By Cauchy’s root test, a series of
+ve terms S, U, is convergent or divergent according to whether "y ((U)'") is< 1 or > 1.

Letting u, = [a.2", we get "M v (U) "™ = "Meylaz"Y" = |z ™ v]an[M", and if wi y.im
let "™ o y]an|’" = g, then we see that the power series S-° a.z" is absolutely - \
convergent if |z < R, and divergent if |z > R. (If |z| = R, anything ca

happen). The number R is caled the radius of convergence, and the circle K/ x.Re
with centre at the origin and radius R is called the circle of convergence.




|mportant Theorem: If f(z) = Si=" a.2z", then f(2) is analytic at every point within the
circle of convergence of the power series. This means that a power series may be differentiated
or integrated term-by-term as often as we like (and at any point) within its circle of
convergence. The converse of the above is aso true: if f(z) is anaytic in a region, it can be
expanded as a power series.

Elementary Functions of a Complex Variable

() Rational Functions. A polynomid in z: ataz+az?+...+a,2" may be regarded as a
power series which converges for all values of z. As eacn;h such function is analytic in the whole
complex plane, then rational functions: f(2) = frer g are andytic at all points of a complex
plane, except where the denominator vanishes.

(I1) Exponential Functions. We define exp(z) as the sum function of the series of
complex terms. exp(z) = 1+%y+%/a+%/y+...+(2"/n)+... Since this series converges for all z in the
complex plane, it defines an analytic function in the whole complex plane. Such functions are
called integral functions.

When zisred (z = x, x T R), then exp(z) is identical to the real exponential function,
exp(x) = €. When z is complex, it is convenient to write & for exp(z), since the formula
exp(z)exp(z) = exp(z+z) can be proved by multiplication of series, where z isreal or complex.
The real number e with complex exponent obeys €°.€* = .

So, we may define the power € unambiguoudly by € = 1+%y+%/y+..+(2"/n)+.... If ais
any positive number, then & is unambiguously defined by & = €/%@, (log(a) = In(a)). Now take z
=iy (x = 0) — z pure imaginary. Then & = & = 1+W/ +W, +Wf3+ . = (1Y2+(yH4)-...) +
i(y-Y1a+(y?/5!)-...). So € = cos(y)+isin(y).

Hence & = &) = g@¥ = &(cos(y)+isin(y)). [Note: sometimes, cos(y)+isin(y) is denoted

by cis(y)]. Also, |€%] = [cos(y)+isin(y)| = 1; |&| = [€¥||e”| = || = € (€ > 0); and arg(€) =y = Im(2).

Further, ) = ¢ = & (e = 1). So & has a period of 2pi. Findly, term by term
differentiation of the power series for € gives ¥4, (€) = €.
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(111) Trigonometric and Hyper bolic functions. We define the functions sin(z) and cos(z)
(when z is complex) as the sum functions of power series, just as we do for sin(x) and cos(x)

when X is real. So define Sin(z) = 273 +(ZI!)-... = Lo o COSZ) = 17 HZIA)-... =
w ( 1)n22n

n=0 —m—» and as both have infinite radius of convergence, both are integral functions.

Term-by-term differentiation P Y4,(sin(z)) = cos(2); Y«(cos(z)) = -sin(z). The other
trigonometric functions are defined as tan(z) = "@/qgz; COHZ) = Yianw), €C(Z) = Yeosz); and
c0sec(2) = Ysn). From the series definitions of cos(z), sin(z) and €, we obtain cos(z)+isin(z) =
€7, and cos(2)-isin(z) = .




These Euler formulae give rise to cosx(z)+sin%(z) = (Y.(e%+e'%))2+(Y(€%e'))2 = 1 (using
cos(z) = Y,(e*+e'?) and sin(z) = Yx(e*-€')). Also, the addition formulae hold, that is sin(z+z) =
sin(z)cos(z)xcos(z)sin(z); and cos(z+z) = cos(z)cos(z) Hsin(z)sin(z).

The hyperbolic functions of a complex variable are defined in the same way as for red
variables: sinh(z) = Y,(e-€?%); cosh(z) = Yx(e7+€?); tanh(z) = ™M@/ os); €tc. Note: sin(iz) =
Y,(€%-e"?) = Yy(e?-€?) = -1 (e-e?) = ',(e-e?) = isinh(z). Similarly, cos(iz) = cosh(z), sinh(iz) =
Isin(z), and cosh(iz) = cos(2).

Now sn(z) = dgn(xtiy) = sn(x)cos(iy)+cos(x)sin(iy) = coshly)
sin(x)cosh(y)+icos(x)sinh(y). Now if sin(z) = 0, then sin(x)cosh(y) = 0 (---(1) \AL/

and cos(x)sinh(y) = 0 (---(2)). But cosh(y) > 1 as shown, so sin(x) =0in (1) b
x=np(n=0,x1+%2..). Socos(x)in(2)=(-1)",andso (2) P sinh(y)=0pb y= ‘
0. Therefore, sin(z) =0 b z=x+iy =np (n=0,£1,£2,...). Smilarly, cos(z) =0

P z=(n+/)p (n=0,+£1,+2,..).

y
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(V) The logarithmic function. When x is real and positive, €' = x has 1 real solution, u

= loge(X). If z is complex, but not zero, then €' = z has an infinite number of solutions, each of

which is called alogarithm of z. Let w = u+iv, thene" =z b e"" = g'¢" = e/(cosu+isinv) =z =
r(cosg+ising) P €' =r (so u =1loge(r) = loge(|z]) and v = q = arg(2).

So w = Log(z) = log(|z])+iarg(z). Note that arg(z) has an infinite number of values. The
principal value of arg(z) is-p < arg(z) £ p. So the principal value of Log(z), which is obtained
by giving arg(z) its principal value (-p < arg(z) £ p), is denoted by log(z), since it is identical to
the ordinary logarithm when z isreal and positive.

So Log(z) = log(z)+2kpi (k = 0,£1,+2,...), and log(z) = loge(|z])+iarg(z) (-p < arg(z) £ p).
The exponential and logarithm functions may be used to define complex powers of complex
numbers. We define z2 = %), with z 1 0. Log(z) is multi-valued, so z* is multi-valued. The
principal value of zZ occurs when zZ = €% i.e. where log(z) isthe principal value of Log(z).

Example: i' = g-090 = gloa+2kP) (k = 0,41,%£2,...). But log(i) = logdi|+iarg(i) = (as|i| =1 so
that logdi| = 0; and as arg(i) = P2) = O+, = i’/.. Therefore, it = giP/A+20) = gPR2R) (k =

0,£1,#2,..). The principal value of i' is given by k = 0, i.e i' = exp(-">).
Alternatively, i = €P2e*” where e” = 1and k = 0, £1, 2, .... Soi = g®2*2&0) | | q=p2

Raise both sides to the power i, so that (as before) it = g(P2+20) = g((Pr2)+2kp),
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Complex Integration

The definite integral of a complex valued function along a curve in the complex plane can
be expressed in terms of two line integrals as follows: Let f(z) be analytic in a domain D of the
complex plane, and let C denote a piecewise smooth curve in D. Then & f(2)dz =
@(utiv)(dx+idy) = @(udx-vdy) + i@(vdx+udy).



If [f(z)] £ M on C, and | isthe length of C, then |@ f(z)dz| £ MI (---(1)). Proof: Let C be
given by x = x(t) and y = y(t) for to £ t £ t;, then |@ f(2)dz| = |& (u+iv)(dx+idy)| = @utiv]|dx+idy]
£ @ M|dx+idy| = M @|(x+iy)dt| = (because dt > 0) = M @+ ./(X? +y?) dt = MI. Notes: [u+iv| £ M

by assumption; &./(X? +y?) dtisl, or &,/ (X% +y?) dt isthe length of C.

Cauchy’s Theorem

Note: al integrals are anticlockwise unless otherwise indicated. Theorem: If f(z) is
analytic, and if f'(z) is continuous in a ssimply connected domain D, then§ cf(z2)dz =0 (---(2)) on
every closed contour in D.

The Proof uses Green’s Theorem. (If P(x,y), Q(X,y), ™/s and ™/y, are al continuousin D,
then we have § Pdx+Qdy = @x("/g-"/y)dxdy). Now ¢ f(2)dz = § c(udx-vdy)+i$ c(vdx-+udy) =
(by Green’s Theorem) = -@x(™/g+™/gy)dxdy-+id@x(™/g-"/g,)dxdy. Using Cauchy-Riemann: u, = vy
or U-vy = 0; and uy, = -vy or v,+u,= 0; then we have §cde+Qdy -@x0dxdy+ia@x0dxdy = 0.

Note: Goursat showed that it was not necessary to assume the continuity of f'(z) — the
theorem also holds provided f’ (z) exists everywherein D.

Cauchy’s Inteqgral

If f(z) is analytic in a smply connected domain D (and on its boundar
C), and if z, isapoint within C, then f(zo) = Yo c22dz (---(3)). Describe abou
z =2z, asmal circle gof radius d lying entirely within C. In the region between C
and g, the function f(z)/z-z, is analytic, but the region is not ssmply connected.
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By making a cross-cut joining any point of gto any point of C, we form a closed contour
Gbounding aregion which is simply connected, so by Cauchy’s Theorem, § of(2)/z-z5)dz = 0. In
traversing G, the cross-cut is traversed twice in the opposite direction, so the integrals here
cancel out. So c$ (f(2)/z-z0)dz + o$ (f(2)/z-z0)dz = 0. (The second § is clockwise). Or, &
(f(2)/z-20)dz-o$ (f(2)/z-20) = 0. (Both § are anticlockwise).

Now using f(2) = f(zo)+f(2)-f(z0), Yo § (F(2)/2-20)dz = Yo § (F(20)/(2-20))AZ + i §
(f(2)-f(20)/z-20)dz. Looking at the diagram, we know that z = z,+de", so dz \\ P (zo+dexp{iq})
= diedg. But on d, z-z, = de’ for 0 £ q £ 2p; SO Yz g§ (f(z0)/z-20)dz = @
oy P o < 5ii0ll) = ", F o0l = @ 2] = (20).

max, [f(2- f(zo)

Also, [Yzi g§5 (f(2)-f(20)/z-20)dz| £ (by (1)) Yoor————-2n0 ® 0asd® O, since f(2) is
continuous at z = z, — this proves the theorem. Further, f(zy) = "/5y C§ (f(2)/(z-z0)™")dz. Using
Cauchy's Integral, f(zo+0zo)-f(zo)/dzo = (Mami)ch (F(2)/0z0)75557 - 755 102 = (Fan)c (F(2)/dzo)]
220 &0 07 = (Yop)eh e ® (Yap)c b (F(2)/(z-20)?)dz a5 dzo ® O.

(z 20-920)(z 20) (z 20-920)(z 20)



Therefore, f'(zo) = mc (ZT(Z)Z dz (---(4)). If the process is repeated n times, then f(V(z,) =
n f(2)

2ic Y wagrdZ (---(5)). (For the n™ derivative of an analytic function f(z) at an interior point of
its domain).
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Tavylor’s Theorem

If f(z) isanalytic within and on acircle |z-z| £ r, and if z isa point
such that [z-zo| = r1 (< 1), then f(2) = Si=o’ a(z-20)" (---(6)), where &, =
f(")(zo)/nI Proof: We consder the identity Y., =
Pt o+ S EB ) e S, = Lererze 4 S0 tht 1S, =
r+r2+. 4+t b Sy(1-r) = 1-™Y; S, = (1-r"Y/(1-r). Therefore, the RHS
of the identity, except for the final term, is 1/(z- zo){ 1+r+r2+. 4™ l} where
r = (z-z0)/(z-20). So we have #5(1- (§:§g 2/1 - (Z 2)) =(1- (Z M/ - z, and the identity is
thereforetrue.

Re

Now multiply each term of the identity by "@/,,, and integrate round the contour C, where
Cisthecircleof r’ with centre z = z,, wherer ;<r’ <r. Then, it follows that

1 f@dz _ 1 § f@dz | (& 29) f(2)dz (E-zo™* f@dz | (E-z9)" f(zdz

27 C (z& ~ 2nicC ZZp + 2ni C (z 20)? t.. 2ni C (z zg)" 2 C (z20)"(z- &) "

Now Cauchy’s Integral (3) b £(2) = f(2o) @@/ f’ () +@ ot (2o) + ...+ Z°}). £0-1)(z0)
+ Ro, where Ry = (¢ - 20)" 2. § mameg- If (@] £ M on C, then |Ri| £ 2nm2np =

k(r4/r’)", where k is a constant independent of n. Sincer,; <r’, then |R,|® 0 asn® ¥, proving
our theorem.

Laurent’s Theorem

Let C, and C; be two circleswith centreszo and radii ryand r, (ro <r). I

follows that f(z) is analytic on the circles and within the annulus between C,; anc

C,, and if z is any point of the annulus, then f(z) = Si=o* &(Z-20)" + Sn=1” br(Z-20)
f(2)dz

(-(8), where & = 55, § Gayer ((93), and by = 5, §(z- 20)"H(Ddz o

(---(9D)).
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Zeros, Poles and Residues of an Analytic Function

Consider the Taylor Expansion (6) f(z) = So* a.(z-20)" (---(15)). If & = &, =
. =an1=0,andif ay? O, thenthefirst termin (15) isan(z-z0)™. In this case, f(z)
Is said to have a zero of order m at z = z,. A singularity of a function f(z) is ¢
point where f(z) is not analytic. If z = z, is an isolated singularity of f(z), ther
f(z) has a Laurent expansion in the annulus between the two circles C, and C..




f(2) = So* a(z-20)" + Si* bn(z-20)™ (---(16)), where the principal part of f(z) at z = z, is the
red part. It may happen that b, * 0O, but we could have bm.1, bz, ..., by = 0; i.e. the principal
part consists of a finite number of terms. b./(z-zo) + bo/(z-20)? + ... + an(z Zo)" ---(17)), and the
singularity at z = zy is called a pole of order m of f(z). The coefficient b, is called the residue of
f(z) a the pole z = z,. If the pole is of order 1 (called asmple pole), then (16) b by = Mg,
[(z-20)f(2)] (---(18)). For a pole of order n, by =" [ Yim1yromt dzml 1 [(Z-20)™(2)]]. Example: for m =
2, bi(z-20)¥z-2, = by(z-z0) P (by d**/dz*?) b.

Cauchy’s Residue Theorem

c§> f(2)dz = (2pi)S(Residues) (---(19)), where f(z) is analytic
within and on a closed contour C, except at a finite number of poles
within C, where S(Residues) (= SR) denotes the sum of the residues
of f(z) at al of its poles within C. Proof. Let z;, z,, ..., z, be ther
poles within C. Draw a set of circles g, of radius d and centre z,
which do not inter sect, and which al liewithin C. (r = 1,...,n).

Now f(z) is certainly analytic in the region between C and the
small circles g. We can therefore deform C until it consists of the small circles g and a polygon
P which joins together the small circles g. It follows that § f(2)dz = #§ f(2)dz + Sit” o f(2)dz,
where the first termis O because f(z) is analytic within P. So c§> f(z2)dz = S-," 943 f(z)dz (---(20)).

If z; is a pole of order m, then f(z) = f(2) + S<." bJ(z-z)°, where f(2) is analytic within
and on g. Hence 4§ f(2)dz = Sei™ 4$ [by/(z-z.)%]dz. Now let z = z-+de? (so dz = die®dq), for 0 £ q
£ 2p, and s0 43(2)dz = Sei™ b0 05;25@0 Sei™ bs dVF -0 €39%dg. Now &0 €9%idq =
(when st 1) = [5751%, = 0. And 8% €9%dq = (when s = 1) = 324 idq = [ig]%o = 2pi. So
+$(2)dz = 2pibs (-—(21)), where b, isthe residue at z = z.. Therefore, c§ f(2)dz = S1" o f(z)dz
= 2piSR, where SR = the sum of the residues of f(z) at all its poles within C.
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Calculation of Residuals

From equations (16) and (17) (and the accompanying discussion), if f(z) has a pole of
order mat z =z, then f(2) = So* a(z-20)" + Si™ by/(z-20)". (Blue part = f (2)). The residue of f(2)
az=2zyisb. If m=1, thenf(z) = f(2) + (bi/z-z0). Multiply by z-z, and take limits as z® z,, sO
that (z-20)f(2) = f (2)(z-20)+by; b1 =" [ (Z-20)f(2)].

For apole of order m, by ="My . (mll)! 3;11[(2- 20)™(2)]}. Let f(z) have apole of order 1
at z = zo, with residue bs. If g(z) isanalytic at z = z,, then f(z)g(z) has residue b;g(z). If f(z) has
asimple pole at z = z,, then Laurent P f(2) = So* a(z-20)" + (b1/z-20). Now multiply by g(2)
(which is analytic at z), so that f(2)g(z) = T (2)9(2) + (0:9(2)/z-z,). Multiply by (z-z), and take
the limit as z ® 7y, S0 that "™ .[(2-20)f(2)g(2)] = b:9(z0). So the residue of f(2)g(z) at z is
b:9(zo). (b; isthe residue of f(z) at z).



Examples

Determine the residue of the following functions at their poles. (i) f(z) = %1, = -*,1. A: In
f(2) = So* a(z-z0)" + Si* (b/(z-20)"), the first summation is zero, while in the second, b, = -4, and

Zo = 1. Or, we have (z-20)f(z) = (with z, = 1) = @Y%,y = (take the limit) = -4. So "M, (z-1)f(2)
= -4,

(ii) F(2) = Y za@nze (@ b1 €) = (Mra) (@ z0yz0) = F(2)9(2). A: Now f(2) = /... hasasimple
pole at z = a, with the residue at z = a being 1. g(z) is analytic at z = a, s0 f(2)g(z) also has a
simple pole at z = a, with the residue of f(z)xg(a) being 1x¥ ap)aq. Similarly for the other two
poles (b and c).
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Example: f(z) = z*-1/z4(z-a)(z-'/,). There is a pole of order 2 im/\
a z = 0. So Res(f(z), 0) = " [You(d*Ydz?Y) (2% (2))] = ,”’a
im o o[Ye(Z-U(z-8)(z-Y2)) = ... = -(a+Y.). To get the two other GRS

residues, split f(z) up as necessary. From this, we get apoleat z = a X/l Re
with residue at+'/,, and a pole a z = '/, with residue at+'/a. NOW ) g
suppose that 0 < |a| < 1 — we have c$ f(z)dz = 2piSR.

nit circle

Assignment 4: Set 07/4

Q: Determine the residues of the following functions at their poles. (a) 3expz/z*; (b)

2 a0, AL (Q) Let f(2) = 3expz/Z?, then (z) has a pole of order 4 at z = 0. So b; = Res(f(z), 0)

"o o] T (@2 () ()] = (M = 4 20 = 0 = "wwx(1(2))] =
z®0[ /G&/dzs(SeXpZ)] I|mz® 0[1/6(3eXpZ)] = 1/5(3exp(0)) =15

(b) Let f(2) = **Yprazer = Y ze1yzr2). T(2) has 2 discontinuities, at z = -1 and at z = -2. Pole
at z=-1: Consider that we split f(z) up asf(2) = (Y+1)(**22) = (9(2))(h(2)). Now g(z) = /.1 has
a simple pole at z = -1, with by = "g 1(z-(-1))9(2)) = "™w 1((Z+D)Yee) = "Mwe1(1) = 1.
Therefore, Res(g(z), -1) = 1. Further, h(z) is analytic at z = -1, so g(z)h(z) will aso have a
simple pole at z = -1. Its residue will be given by Res(g(z),-1)xh(-1) = 1x(*DY,,) = -5.
Therefore, Res(f(2), -1) = -5. Smilarly, for the pole at z = -2, we get Res(f(2), -2) = 9.

Q: If C is the unit circle centred at the origin, evauate the I}
following integral using the residue theorem: ¢ tan(pz)dz. A: & / \
tan(pz)dz = | = c§ "/ 50ndz. Now cos(pz) vanishes when pz = ™/, (n w2 | w2 Re
=+1,+2,..), so we will have discontinuities when z = "/,. However, we're \/4
only interested in discontinuities within C — at z = +'/,.

Pole at z = Y2 by = "M 1p (2-Y2)5" ooy LEE W = Z-Y/,, SO the above becomes "y
wInPWHA) sow+s). Now apply the addition formula, cos(z+z) = cos(z)cos(z)Fsin(z)sin(z), to
give Iim\,\,@o WSin(p(W+1/2))lcos(pw)cos(p/2) -sin(pw)sin(p/2) - Because COS(p/ 2) = 0 and because Sin(p/ 2) = 1, we obtain
"My 0" P nowy = "Mwe o PV gnowy = e o(Hp) (SIN(P(WHY2)) (Msinw)- We can use the
fact that "™e o*/sn = 1 to give (-Y,)(s n(p(0+1/2)))(1) = (-Y,)(sin("y)) = (-%,)(1) = -Y,. Therefore,
if welet f(z) = tan(pz), we have Res(f(2), ¥2) = -/,.



Smilarly (using w = z+%), we get Res(f(2), -/») = -'/,. Using the Residue Theorem, | =
2pi(SResidues) = 2pi(-Y/,+(-'/,)) = 2pi(-?/,) = -4i. Conclusion: c§ tan(pz)dz = -4i, where C isthe
unit circle centred at the origin.

Q: Using contour integration, evaluate the following integral: 3% “/s.sc0s. A: TO change to
a contour integral, we use the substitution z = €. Our contour using this substitution is the unit
circle in the complex plane. Now z = € b dz = i€%q = izdg. We aso know that cosq =
gi+e'Y2="1 2(Z+1/ 2). SO, weobtain| =¢ Efdz/ iz 5-3(vz+(12)) — c§ %, % 10-3(z+(1/2)) — c§ 20z 10iz-3iz(z+(U2)) — C
<§>2d2/ 1017-3i2-30 = cff 202 Size10iz-3 = cfs; 202],  azee107-3) = cff 202f, 143)3z-1). TO continue, let (2) = %i(z+3)321).-

We have discontinuities at z = 3 and z = ¥/;. But only the second gl
discontinuity lies within C, with by = Res(f(2), /s) = "™ 13(z-%:)f(2) = ﬁ A
lim 7® 1/3 /3.(3 -7) — /3.(3 (13)) = /4. SO using the Residue Theorem, | = 2p|(SR) =
2pi(Y4) = Plo. Conclusion: 6% /s 3cosq) = "o

3 Re

C
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Examples on the Use of the Residue Theorem

Q: | = c$ %14z, where C isthe unit circle centred at the origin. A:

Im
Putting 1+4z2 = 0, we get z2 = -%/,, which implies that z = +'/,. So we i
have two simple poles as shown on the diagram. Now 1+4z2 = 4(z2+Y/,) = i
4(Z_i/2)(z_(_i/2))' Pole at z = +i/2: bl - Iimz® zo((Z'ZO)f(Z)) = . ' Re
"0 i2(2-(12)) (Mae-rane-ciizy) = ""ewire(ariizn) = Mgz = -'fa. Similarly %

the poleat z = -/, isb; = +/,. So, by the residue theorem, | = 2pi(SR) =
2pi(-/4+1s) = 0.

Q: Evaluate 6 “/s.zsng (---(1)). A: Let z= €9 (---(2)). Now (2) b dz = éqldq, dz = izdq

(---(3)). Now, since we know that sinqg = €%-e'9/2i = Y/,(z-%,), in (1), | = c§ def ﬁ c‘§)

2OIZ/(322+10iz-3) = C§ 2dz/(3z+i)(z+3i). Now let f(Z) = 2/(3z+1)(z+3i). We have two poles, but only Z = -/3 lies
within C. So b1 = ReS(f(Z), -i/3) = Iimz®.i/3 (Z+i/3)2/(3z+i)(z+3i) = “mz® -i/3 2/3(z+3i) = 1/4i. By the Residue
Theorem, | = 2pit/s = /..
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Q: Evaluate | = 3% 1.apcosgeps WithO<p< 1. A: Letz=¢€% s0
that %/;, = dg. By knowing this, and also that cosg = Y/,(z+/,), we get |
= o e = T b Uiniewn- NoW let 1(2) = Yepewp.
Wehavesmplepolesat z=pandatz=", butasO<p<1,onlyz=
p lies within C. So b, = Res(f(2), z=p) = "w[(z-p)f(2)] =
Iimz®p[l/(z_(1/p))] = /(p (Up) — p/pzl So, using the Residue Theorem, | =
('/p)2pl (p/pz-l) 2p/p2 1= 2p/1 P2 with 0 < p< 1.




Exam Paper: May 2000

SECTION 1 (Compulsory)

D

(@

(b)

(©)

Define the gradient of the scalar field f(x, y, z). Find the gradient and the directional
derivative in the direction -i+2j+2k of the scalar field f = xy?z® at the point (2, 1,
-1). [5 marks]

Define the curl of the vector field v.
If v =(kxr)xr, wherer = xi+yj+zk, find curl v. [7 marks]

Write down the Cauchy-Riemann equations satisfied by the real and imaginary parts
u, v of the differentiable function f(z) = u(x, y) + iv(x, y). If the real and imaginary
parts of a complex valued function satisfy the Cauchy-Riemann equations, is that
function differentiable? Explain your answer.

Examine whether or not the rea and imaginary parts of the function f(z) =
22+5iz+3-1 satisfy the Cauchy-Riemann equations and state the domain of
analyticity of the function. [8 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

3)

(@
(b)
(©)
(d)

(@

(b)
(©
(d)

Prove that curl(f A) = (grad f)xA + fcurlA. [4 marks]
Simplify curl(grad f). [2 marks]
Cdculate curl(r2r) wherer = xi+yj+zk and r =r|. [4 marks]
Is there a function f such that grad f = r2r? If so, then find such a f. If not, then
explain why not. [5 marks]
Given a space curve r = r(t), define the unit tangent vector T, the unit principal
normal vector N and the curvature k. [3 marks]
Show that k = 72! [4 marks]
If r(t) = ti+tj+t2%k, find T, k at the point P= (1, 1, 1). [4 marks]
Cdculate the work done in moving the force F = (3x-2y, y+2z, -x?) from the origin

to P aong the curve given in part (c). [4 marks]



(4)

()

(@  Givethedefinition of a harmonic function u(x,y). [2 marks]
(b)  Show that u = x3-2xy2+3x2-3y2+1 is a harmonic function. [3 marks]

(c)  Find the harmonic conjugate function v(X, y) such that w = u+iv is analytic.

[5 marks]
(d) Expressw intheform f(z) where z = x+iy. [5 marks]
Determine the residues at the poles of f(z) where
2 = 505 0<ld <1 [6 marks]

Use the substitution z = €9, 0 £ g £ 2p, and the Residue Theorem to deduce that
2n S(20)d6) a2
0 1-;21003(9)+a2 = i-:zi O<[a<1 [9 marks]

(Questions done: 1, 4, 5)




