2nd February 2000

Introductory Lecture

(1) Simplest: ¥4 = f(x). Solution: y = d(x)dx + c. We assume tha
we can integrate functions or get numerical estimates. (2) Separable: ¥/, Yy .N
= f(x)g(y). Solution: &/yy,dy = d(x)dx + c. (3) Existence of solution
Picard’s Theorem: If f(x,y) and ™y, are continuous over a rectangle y =Y(x)
containing point (Xo, Yo), then $ a unique solution curve through (Xo, Yo) © Xo
the differential equation (d.e.) ¥/« = f(x,y). (4) Retarded Fall: If a body falls under gravity, g,
with a resistance proportional to velocity, then ®/4. = g-c¥/«, or /¢ = g-cv, wherey is distance
falen, and v is the speed. So d@it = 3"/, and g-cv = Ae®. Initidly,t=0andv=0,s0A =g; Vv =
9Y(1-€%). Terminal velocity = Y/..

Pendulum: Mass m, length a, swing = a. K.E. = P.E.;; ¥amv2 = |
mg(acosg-acosa). v = %y, where s = aq, arc length. Thisp  (%4)2 = 2g(s*o=), o',

Sodt=- [% 7= (@sqis™ astis-). Theperiod TisT=4[% I —=r—. = "*
Put k = sin(alz) S0 T-Zﬁfgﬁ Put sinf = *sin(";), so o
T=4/3 13" 1k2 = These are Elliptic Integrals of the First Kind. THEY ARE " mg

TABULATED. Pendulum. Approximation: (M/q)2 = 2ot/ Sg 24/ FY y, = 208 dY - FY 4,
= -8/, Approximate sing by ¢ if the amplitude a of the swing is small. So *¥4 = -9/, q =
acosQ(¥)t. The period is 2pQ#,), which is the limit of the dlliptic integral valueasa ® 0.,
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Brachistochrone: The Ring Problem

Snell’s law of refraction. Light travels from A to B with speec’ a

3 snav Vi above the axis and v, below the axis. Describe the path Vlal
assuming that it takes the quickest route. The time is T = X\ =
Qa+x2)/v; + Qb>+(c-X)A/v.. We want /g = 0, b x/v,Qa2+x2 e

snbw| b~ = C-XIV.QD2H(C-X)?), or sin(ay)/vy = sin(@z)/v.. If light move E B
through several parallel layers, then S"/,, = Sz, = s = sp "%/, = constant.

Brachistochrone. Consider a curve from A to B in which to bend wir¢ A
around, so that a ring can slide down it with no friction in the shortest time
possible. (1693, Bernoulli). Mechanics: ¥amv2 = mgy P v = O2gy) |
Geometry: sina = cosb = Yew = Yauram) P SiNA = Ygarayaxy. Optics: ™/, = a
constant ¢ for the shortest speed. Differential equation: y[1+(%/)3 = constant; (¥/«)2 = ®¥/y; X =
@/cy)Y?dy. Put y = csin?f, so x = @(1-cos2f )df , so x = ¢/»(2f -sin2f ). Or, putting a= %, and g =
2f, we get the standard equation of a cycloid: x = R Rol— Shepeiscydlic

a(g-sing); y = a(1-cosq). O VAN

First Order Linear

b B

Standard Form: /4 + P(X)y = Q(X).
General Solution: ey = @e™dx+c, where the integrating factor is ™,
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Tutorial: Linear, Constant Coefficient, Homogeneous

We have an index equation. For example, D2y-Dy-2y = 0 becomes m>m-2 = 0 (y® 1,
Dy® m, D'y® m"). Solving m>m-2 = 0, we get m = 2 and m = -1. (Distinct, Rea roots).
Solution: y = Ae™+Be™ = Ae*+Be*. If we have arepeated root (m; = my), then we havey =
Aem+xBe™, |If we have complex roots (my = a+ib; m, = a-ib), then we have y =
Ae™cosbx+Be™sinbx.

Examples. Q: D?y+10y+21y = 0. A: Index equation m>+10m+21 = 0; (m+3)(m+7) = 0.
Soy = Ae*+Be™. Q: D%-6Dy+25y = 0. A: Index equation m2-6m+25 = 0. Using the quadratic
equation, m = Q%00 — &q6y — &8, = 344 So y = Ae¥cosAx+Be¥sindx. Q:
D3y-6D2y+11Dy-6y = 0. A: Index equation m3-6m?+2m+36 = 0. Factor m = -2. Now use long
divison to get m3-6m?+2m+36 = (m+2)(m?>-8m+18). We have a solution m = -2, and use the
quadratic equation to get the two other solutionss m = 4+Q2)i. So y =
Ae?+Be*cos)2)x+Ce*sin((2).
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Hanging Chain

Find the shape of the chain of variable density hanging from it y T
ends. Take the y-axis through its lowest point. Let s be the arc length fromr g
here; let w(s) be the density at s; and let T be the tension. Horizontally, - /A
Tcosq = To. Vertically, Tsing = & w(s)ds. So tanq = ¥/ b Totang = &
% o W(S)ds = ToY P Todzy/dxf = Y[ Go W(S)dS] = Y Go W(S)dS] /. SO

o ToMlae = W(S)5a = WOALH/w)?.

X

Hanging Chain: we have uniform density w. So ®/g. = a1+(¥/4)?), where a = w/T,.
Subgtitute p = Y4, SO Ply = aQ1+p?) P ax = PFlosy P ax = log[p+Q1+p)] P Y = p =
Yy (e™-e®). Place on the x-axis so that y = ¥/, when x = 0, so we get y = Y/, [e®+e™] = 1/ ,cosh(x).
Thisisthe Catenary.

Doq & Rabbit

A Rabbit starts at (0,0) with speed a. A Dog starts at (c,0) with speed b. |
Let R= (0, a) and D = (X,y). SO ¥/g =Yy, ¥ = b. And &t = y-x¥/g, SO = |
dy/dx_[dy/dx+xd2y/dxz]; adt/dx = -Xdzy/dxz. AlSO, dt/dx = dt/dsds/dx = _1/bd1+(dy/dx)2). We have )i
the Differential Equation X®/u. = 3,Q(1+(¥/%)?), which can be solved. :

Second Order Linear

Consider D2y+P(x)Dy+Q(X)y = R(x) (---(1)). Existence & Uniqueness Theorem: If P, Q
and R are continuous on [a,b]; if Xo T [ab]; and if yo and yo' are any two numbers, then there
exists an unique solution of the Differential Equation (D.E.) over al of the interval [a,b], with
y(Xo) = Yo and Dy(Xo) = Yo'. Now R(x) © 0 U Homogenous. Theorem: If y is a solution of the
D.E. (1), and z is another solution, then (y-z) is a solution of the homogenous D.E.
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Theorem: The genera solution of (1) is the sum of a particular solution y, of (1) and the
general solution of the homogenous D.E. D?y+P(x)Dy+Q(x)y = 0. (---(2)). Theorem: The
general solution of (2) is of form cyyi(X)+cCuy2(X) for arbitrary constants ¢; and c,, where y; and
Yy, are two independent solutions of (2).

Proof. Suppose that y, y; and y, are solutions of (2). Then y and c,y:+cy, are solutions of
(2). By the uniqueness theorem, we want an Xo with y(Xo) = Ciy1(Xo)+Cay2(Xo) and Dy(Xo) =
c1Dy1(Xo)+CDy2(X0). Any Xo will do if we can choose or solve equations for ¢; and ¢, i.e. if

yi(Xo)  Y2(xo)
Dyi(xo) Dy2(xo)

Definition: The Wronskian is W(y1, Y2) = yiDyz-y.Dy:. Theorem: Either W(yy, y>) is
aways zero or never zero. Proof: DW = vyD?y,-y,D?y;; D2?y,+PDy;+Qy; = O0;
y.D2y1+y,PDy;+y,Qy; = 0; y;1D?y,+y;PDy,+y;Qy, = 0 (subtract). Now DW+PW =0b W =
ke®®¥* S either k =0and W =0 always, or k* 0and W ! 0 always.

Second Solution of the Homogenous D.E.

Suppose that y; (= z) satisfies (2). Then D2z+P(x)Dz+Q(x)z = 0. Try y» = vy; = vz asthe
second solution. Put y = vz in D+P(x)Dy+Q(X)y = 0 to get v(D2z+P(x)Dz+Q(x)z) +
D2v.z+Dv(2Dz+P(x)z) = 0. Hence DV satisfies zD(Dv) + (2Dz+P(x)z)Dv = 0, or
DOV /L, 4+ +P(X) = 0, so that log(Dv)+2logz+d(x)dx = 0. Now DV = Y,.P¥%* and subject to
integration, DV (and hence v) can be calculated.

Constant Coefficients

Consider D2y+pDy+qy = 0 (---(2)). The auxiliary equation is m>+pm+qg = 0 (---(3)).
Consider that we have roots m; and m,. Solutions. (Distinct, Real): y = ¢c,e™+c,€™. (Distinct
Complex): y = €%(cicosbx+c,sinbx) (m = atib). (Equal): y = c,@™+cxe™.

Variation of Parameters

Assume that cyi(X)+Cy2(X) is the general solution of the homogeneous D.E.
D2y+P(X)Dy+Q(X)y = 0. Try y = viy1+Vvoy, as the solution of D2y+P(x)Dy+Q(x)y = R(x). Now
Dy = (viDyi1+v,Dy,)+(y:Dvi+y,DV,). Assume aso that y = viy1+v,y, and y;Dv;+y,Dv, = 0. Then
Dy = viDy,+v,Dy,, and D2y = v,D?y;+v,D?y,+Dv;Dy;+Dv,Dys.

Substitute in the D.E. to get vi(D?y:1+P(X)Dy1+Q(X)y1) (= 0) + vao(D?y,+P(X)Dy,+Q(X)y2)
(= 0) + DviDy;+Dv.Dy, = R(x). This gives two conditions for Dv; and Dv,, nhamely y;Dv;+y,Dv,
= 0 and Dy;Dv;+Dy.Dv, = R(x). Hence Dv; = -y,R(X)/W(y1, ¥2), using the Wronskian. Except
for the problems of integration, this gives vi. Similarly, we can obtain v,, and hence the
particular solution of the D.E.
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Tutorial

Q: Use the Wronskian to verify that the functions yi(X) and y.(x) are linearly
independent. Show that they are solutions of the differential equation, and find the solution
satisfying the stated initial conditions. (i) D2+Dy-2y = 0; yi(X) = € y»(X) = €%; y(0) = 8; and
Dy(0) = 2. (ii) D2+5Dy+6y = 0; yi(X) = €%; y»(x) = €*; y(0) = 1; and Dy(0) = 1.

A: (i) The Wronskian isw(yi, Y2) = €(-2e%)-e%€* = -2e'e¢>-e'¢* = -3e* < 0 b linearly
independent. Now substituting y = € in D?y+Dy-2y = 0, we get e+e-2e“ = 0 (correct).
Substituting y = €%, we get 4e*-2e*-2e% = 0 (correct). Now we use Y(Xo) = Cry1(Xo)+CaY2(Xo)
and Dy(Xo) = ciDyi(Xo)+CDy2(Xo) to get two equations. 8 = c;+Cy; 2 = ¢-2C,. Solving these
equations gives ¢;= 6 and ¢, = 2, so the general solution isy = 6e*-2e%.

(i) w(yy, Y2) = €(-3e*)-e¥(-2e®) = -e*e* = - < 0 b linearly independent. Solution
1: 4e*-10e*+6e> = 0, correct. Similarly for solution 2. Now 1 =A+Band 1=-2A-3B b A =
4 and B = -3, so the general solution isy = 4e*-3e*.

Q: yi(x) = x is a solution of x2D2y+xDy-y = 0. Find a second solution y,(x) = vx. A:
Check that it is a solution: x3(0)+x(1)-x = x-x = 0, correct. Now find a second solution using
yo(X) = vX. We have D2y+Y,Dy-Y/. = 0, S0 DV = Y/gPW& = 1 ,g@d = 1] gl = 1/ , |ntegrate to
get v, and thus y,(x) = vx is the second solution.
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Laplace Transforms

[Log Tables: Problem: multiply xxy (for large x and y). Process: converl  TRANSFORM
X toaandy to b; add aand b; and convert back. We require the diagram showr VMULT. b
to be commutative: either way around gives the same answer. This is based on \l/ ADD\l,
et =g If x=€etandy = &, then xxy = &, So we find a=log(x) and b = ¥ TRANSFORM -
log(y), so that xxy = €*].

The Laplace transform converts certain functions f of parameter t into other functions L(f)
of a new parameter s. We want the transform to be one-one, i.e. knowing L(f), we can find f.
We want it to have good properties. (i) Linear; (ii) Changes differentia equations into
polynomials. Definition: L(f)(s) = 0, e3f(t)dt.

Thisassumesthat f is of an appropriate type to do the integral. We usually require f to be
piecewise continuous (to have a finite number of jumps); require f to be defined for t > O; and
require f to be of exponential order, i.e. [f(t)| £ Ce™ for constants C and a. For such functions,
3o eSf(t)dt = "Mypy O e3f(t)dt existsfor s> a.

Example: f(t) = 1 for all t > 0. So Lf(s) = &, e%.1dt = "Myey &) e%dt. But &' €% =
[-e%/9]No = Y- (eM/s) ® Ysif s> 0, so Lf(s) = /s for s> 0. Now let f(t) =t for all t > 0. It follows
that Lf(S) = "oy 09 estdt = (-eYo)t-d-e¥/9)ldt = (-e¥/9)-(e%/s?). So &'y eStdt =
Yo-(eNN/s)-(eV/s?). Thelast two terms® 0 asN ® ¥ (if s> 0), so the Laplace transform of
f(t) = tisL(F)(S) = Ys.



Suppose that f(t) = €. Then L(f)(s) = &, e%edt = &, &<t = Y5, for s> k. Example: f(t)
= coskt. Then Lf(s) = d, eScosktdt = [es(xsnktsosdf,, N]¥o. SO L(coskt)(S) = Skss for s > 0.
Smilarly, L(sinkt)(s) = ¥e+s..

The Laplace Transformation is Linear: L(f+g) = L(H)+L(g); L(f) = | L(f). Proof:
L(f)+L(g) = O, e%f(t)dt + &, eSg(t)dt = §, e¥f(t)+eSg(t)dt = &, eS(f(t)+g(t))dt = L(f+q).
Formula: L(Df)(s) = sL(f)(s)-f(0). Proof: L(Df)(s) = 8o €% ¥/udt = [e%f(t)]¥o - Oo (-5)ef(t)dt =
0-€’f(0)+s0 , e%f(t)dt = -f(0)+sL (f).

Summary so far: L(f)(s) = &, e%f(t)dt is defined for all s > a. f(t) = 1 has transform
L(f)(s) = s f(t) = t has transform L (f)(s) = Ys. f(t) = €* has transform (for all s> a) L(f)(s) =
Ysa f(t) = cos(at) has transform L (f)(S) = Y. f(t) = sin(at) has transform L(f)(S) = ¥z<. It isal
linear operator, L(f+g) = L(f)+L(g), and L (kf) = KL(f). L(Df)(s) = sL(f)(s)-f(0), and for higher]
derivatives, L(D"(f))(s) = s'L(f)(s)-s"*f(0)-s**D(f)(0)-s"*D(f)(0)-...-D™*(f)(0). Hence f(t) = tf
has transform L (f)(s) = n!/s™*.

Assignment 1: Set 16/2:; In 25/2: Back 10/3

Q: Find the general solution of the differential equation D?y+8Dy+25y = 0, and the
particular solution satisfying y(0) = 4 and Dy(0) = -1. A: The differential equation
D2y+8Dy+25y = 0 has index equation m2+8m+25 = 0 = (m+4)2+32. Hence the general solution
isy = Ae*cog(3x)+Be*sin(3x). The initial conditions are 4 = y(0) = A, and -1 = Dy(0) =
-4A+3B. Therefore, A = 4 and B = 5. It follows that the particular solution is y =
4e*cos(3x)+5e*sin(3x). (Or we can use the quadratic equation to get the roots, which are
-4£3i, and so m; = -4+3i; and m,=-4-3i).

Q: Assume that yi(X) = €* and y»(X) = € are solutions of the differential equation
D2y-Dy-2y = 0. Calculate the Wronskian, and thus deduce that they are independent solutions.
Use the method of variation of parameters to find the solution of the non homogenous equation
D2?y-Dy-2y = €%, with initial conditions y(0) = 0 and Dy(0) = 0.

A: D2y-Dy-2y = 0 has two independent solutions (y:(x) = €* and y»(x) = %) because the
Wronskian isW = ("®pyi00 Y2950,00) = (BP) arpin PP expiz0) = €% 1 0. (This comes from e > 0 for
all x). Now assume that y = yi(X)vi(X)+y2(X)vx(X) satisfies the non-homogeneous equation
D2?y-Dy-2y=e> = R(x). It follows that Dv;(x) = -¥*9R®),, = -e*e®/3e* = -1/3€. Integrating gives
vi(X) = (€*/3) + C;. Note the constant!

Similarly, Dv,(x) = +20R®/,, = e*e?/3e* = +€%/3. So V,(X) = -(e*/12) + C;; and thus the
general solution of the non-homogeneous equation is y = €*(e*/3)+C,)+e*(-(e*/12)+C,) =
C.e*+C,e”+(e*/4). The initial conditions give 0 = y(0) = C+C,+Y,;, and 0 = Dy(0) =
-C1+2Cx-*,. Thus C; = -*/3 and C, = ¥/1,. The particular solution satisfying the initial conditions
IS y= -1/3€X+1/1262X+(e'2X/4).



Note: Be sure that you know whether initial conditions apply to the overall solution or to
the homogenous equation. In this question, the initial conditions only apply to the overal
solution — and not to the homogenous solution. Therefore, you cannot use them when finding
the solution to the associated homogenous equation.

In my solution, | said that the general solution of D2?y-Dy-2y = €% was the sum of the
general solution of D2y-Dy-2y = 0 and a particular solution of D2y-Dy-2y = €. But we cannot
use the initial conditions in y(Xo) = Ciy1(Xo)+Czy2(Xo) and Dy(Xo) = CiDyi(Xo)+CDy2(Xo), the
uniqueness theorem.

Q: Assume that yi(x) = e‘cos(*/2) and y»(x) = e‘sin(*/,) are solutions of the differential
equation 4D2y-8Dy+5y = 0. Caculate the Wronskian and deduce that they are independent
solutions. Convert the equation to standard form, and using the method of variation of
parameters, find the solution of the non homogenous equation 4D2y-8Dy+5y = €.

A: The differential equation 4D2y-8Dy+5y = 0 has two solutions: y;(X) = €‘cos(*/2), Ya(X)
= €sin(*,). These are independent because the Wronskian W is ("®pux Y pypx) =
(BPR o tcostxiz-wasinal =PI P eqporsinizwacoswzn) = Y% 1 0. The solution, y =
yi(X)vi(X)+y2(X)v2(X), of the non homogeneous differential equation, in normal form,

DZy'ZDy+5/4y = 1/46( = R(X), has DV]_(X) = -yZ(X)R(X)/W = -llzsi n(xlz), and so V1(X) = COS(X/2)+C1.

Smilarly, Dvy(x) = +®0RO/, = Y,co8(*/,), and SO Vo(X) = sin(*/.)+C,. Thus y =
C.e'cos(*/,)+Ce'sin(*/;)+€*. The initial conditions give 0 = y(0) = C;+1; and 0 = Dy(0) =
Ci+(Cy/2) + 1. Thus C;= -1 and C,= 0; and the solution is therefore y = -e*cos(*/,)+€".

Q: Show that z = € is one solution of the differential equation (x+2)D2y-(2x+5)Dy+2y =
0. Find a second solution of the form zv for some function v. (Hint: having found Dv, it may be
useful to know the derivative of the function (2x+5)e#).

A: Substituting z = €%, Dz = 2e*, and D2z = 4€* shows that (x+2)D2?y-(2x+5)Dy+2y =
(4(x+2)-2(2x+5)+2)e* = 0, and so z satisfies the differential equation. To find the second
solution, y = zv, write the differential equation in normal form: D2y+P(x)Dy+Q(Xx)y = 0, so that
D2y_2X+5/X+2Dy+2/X+2y: O, with P(X) = -2X+5/x+2 = ‘2'1/x+2-

Trying y. = vx = ve¥ as the second solution, v can be calculated using Dv = Y/e®®%,
Hence & = -2x-In(x+2), and €® = e""**d = (x+2)e*. Finally, use the equation Dv = €%/z2 =
(x+2)e/(e”)? = (x+2)e*. Hence v = -Y/4(2x+5)e* (hard integration), and so y = zv = -**%s,
Note: Always read the question carefully. If it says “assume’, do not prove it. If it says “show

that”, remember to do this!
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An Application

Q: Solve D*y+3D3y+D?y-3Dy-2y =t with boundary condition y(0) = Dy(0) = D?y(0) =
D30) = 0. Put L = L(y). Then L(Dy) = sL-0, and L(D?y) = <L, etc. Also, L(t) = Ys. The
transform is linear, hence S'L+3s3L+$2L-3sL-2L = Yg; (S'+3*+%-3s-2)L = Y¢. Factorise the
quartic, giving (s-1)(s+1)A(s+2)L = Ye. Hence L = Ysaysr1ys(st)-



Split as a sum using partial fractions: */s148/s.1+%/ (se12+°/s+5e+ 512 Multiply through by
the denominator, giving 1 = A(stl)2(st2) + B(s1)(stl)s(st2) + C(s1)s(st2) +
D(s-1)(st1)%s(st+2) + E(s-1)(st1)3(st2) + F(s1)(st1)?s?. Put s= 1toget 1 = 12A sothat A =
Y15, put s=-1to get 1 =-2C so that C = -Y/,; put s=-2 to get 1 = -12F so that F = -Y/3,; and put
s=0toget 1=-2E sothat E =-%/..

Now either compare coefficients or try other values to find the remaining terms. We get
out the following: L = 3/4soe-3lasery-osrry+ 121122 Now look for functions with these
transforms, and obtain y = 3/,-Y,-3/,&'+(?)+Y1,€-Y 1,6,
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Tutorial

Q: Calculate the L aplace transform of sin?(at). A: As sin?(at) = Y/,(1-cos(2at)) = /-2,
then L(f)(S) = Yos-Sogram) = ... = “lasiaze. Q: Find the Laplace transform of f(t) = 2e*-sin(5t). A: It

IS %s3-% 50 = ABNSEI) (s-3)(25+)-

Q: Express g(s) = 1/s™+<? as a sum of partial fractions. Hence find a function f(t) whose
Laplace transform is g(s). A: g(s) = Vs = AlstPle+“Plgyy. SO 1 = A5(+1)+B(+1)+(Cst+D)<2.
Put s=0toget 1 =B. The coefficient of 2 gives0 =B+D b D =-1. The coefficient of s gives
0= A. And the coefficient of S gives0=A+C P C=0. S0 ¢(s) = Ys-Yeu; f(t) = t-sin(t).
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Examples

Q: Solve Dy+y = sinx with y(0) = 1. A: Put L = the Laplace transform of y, so that L =
L(y). Then the transform of Dy is sL(y)-y(0), i.e. sL = 1. The transform of sinx is Y.s.
Transform the equation, giving (sL-1)+L = Y. Solve for L: (st1)L = 1+Y1e; L = Y9us +

l/ (1+9)(1+9)-

Partial fractions gives L = Y1.s+*/1:s+%%11e. SO 1 = A(1+)+(Bs+C)(1+s). Now s = -1
gives A =/,; the coefficient of 2 givesA+B =0 b B =-%/,; and the constant term gives A+C =
1P C="1Y. S0L = Yust¥1.sY2% o+ 1,o. Now invert the transformation, giving y(x) =
e*+/,e*-1/ ,cosx+/,sinx.

Q: Solve D?y+4y = 0 with y(0) = 2 and Dy(0) = 2. A: Put L = the Laplace transform of y.
The transform of D?y is 2L-sy(0)-Dy(0). Hence (2L-s2-2)+4L = 0. Solve for L, giving (s*+4)L
= 2(1+s); L = 294 = Y gug+*g1a. SO Y(X) = SIN2X+2C0OS2X.

Q: Solve D3y+Dy = e with y(0) = Dy(0) = D?y(0) = 0. A: Let L = the Laplace transform
of y. The transform of Dy is sL-y(0) = sL. The transform of D3y is s’L-?y(0)-sDy(0)-D2?y(0) =
s’L. And the transform of € is Y/s1. So transforming the equation gives SL+sL = Y/4; L =
Y s1se+1). Again do partial fractions, and get out in L = #/51+8/+P/g that B=-1, A=, C =
1, and D = -*/,. Therefore, y(x) = Y/,e1+/,cosx-/,sinx.



Laplace Handout: Summary

L (& f(x)dx)(s) = YL (F) - YBo f(X)dX. In particular, L(& f(x)dx)(s) = */L(f). Dencte the
Laplace transform of f by f, i.e. f(s) = L(f)(s). Then L(t"f)(s) = (-1)(D"f (). Further, L(€*f)(9)
= f (s-a). Example: L(e*cosbt) = ©3/..s4.. When partial fractions doesn’t work, use convolution:
the convolution of 2 functionsf & g isthe function f*g defined by (f*g)(t) = & f(t-x)g(x)dx.

Theorem: L(f*g)(s) = L(f)(s)L(Q)(s). The step function, u,, switcheson at valuet =a. Itis
given by ui(t) = 0if t <a, and uy(t) = 1 if t > a For any function g, and any number a, we can
define a phase shifted switch on function f, by f(t) = u,(t)g(t-a). Thusf(t) = O for t < a, and f(t) =
g(t-a) for t > a. Theorem: If a> 0, then L(f) = e®L(g).

Systems of Equations

Suppose that y, z and w are al functions of x, with initial conditions y(0) = 1, z(0) = 1,
and w(0) = 0. Let D = Y. Suppose that we have a system of D.E.’s; Dw+y = sinx; Dy-z = €,
and Dz+w+y = 1. Transform these equations: Let Y = L(y) [= &, €%y(X)dx], W = L(w), and Z =
L(2). Then L(Dy) = sY-y(0) =sY-1; L(Dw) = sW; and L(Dz) = sZ-1.

Transform the equations, giving SW+Y = Y/,.¢, SY-1-Z = /53, and sZ-1+W+Y =1/, Thus
we have a system of linear equationsinY, Z and W: sW+Y =Y/1.¢, SY-Z =953, and W+Y+sZ =
*s/,. Solve this set of algebraic equations, and get out that W = -Y/gs1) = Yss1; Y = Y s1yen) =
Ys1+Y 41, and Z = 9.1, Therefore, w(x) = 1-€%; y(x) = €+sinx; and z(X) = cosx.

24th February 2000

Frobenius Method

First, let us summarise the Power Series. S o aX" = aptaX+ax2+... (---(1)) is a power
seriesin X. Series (1) converges at a point X if "Myey SM=o aX" = "Mey (AtaX+...+ax™) exists.
This limit is called the sum of series at x. Series (1) converges a x = 0. Three cases. (@) The
series converges for al x; (b) the series divergesfor al x (x * 0); (c) thereexistsan R > 0, and
the series converges for [X| < R, and diverges for |x| > R. Note: the behaviour is unknown for [X|
=R. (R =""gy[a/an], if the limit exists).

If [X| < R, define the function f by f(x) = S¥= a.xx™. Now f is continuous for [x| < R, and f
is infinitely differentiable. Differentiation is term by term, so Df(x) = a+2aX+3asX2+... = S* 1y
nax™. Hence a, = D"f(0)/n!. (Compare with Taylor series). If g(x) = Sbx" is another power
series, dso converging for [x| < R, then f(x)+g(x) = S(a,+b.)x"™; f(x)-g(X) = S(an-b)x™; f(x)g(x) =
S¥ =0 CX", where X, = S"=y &b = agby+...+a:.

25th February 2000
Frobenius M ethod. Consider the D.E. 2x2D2y+x(2x+1)Dy-y = 0. (Second order). It has 2
independent solutions. Suppose that a solution y can be written asy = Sy=* axx", and so Dy = S
anx™ and D2y = S an(n-1)x™2. Substitute in the D.E. and get Swo an(N-1)2x" +S;50 an2x™?
+Sre0 aNX"-Srpo aX" = 0.




i.€. So &X' 2n(N-1)+n-1} + Sipo a2NX™1 =0, i.e. Sppo aX"(N-1)(2N+1) + Sppr 2(M-1)an X"
= 0 (putting m = n+1); i.e. S ax"(N-1)(2n+1) + S 2(N-1)ax" = 0 (putting N = m).
Summary: The D.E. implies that S0 X"(n-1)[(2n+1)a+2a..1] = 0. The numbers &, &, etc. iny =
S0 @X" must be chosen so that the coefficient of x" is zero for al n, i.e. (n-1)[(2nt1)a+2a.1] =
0 (n>1).Also, for n =0, a(n-1)(2ntl) = 0, i.e. a&(-1)(1) =0, sothat & =0. Andif n* 1, we
have (2n+1)a+2a,; = 0. Solution: a= 0; a, = anything; (n = 2) 5a+2a,= 0, so that &= -%*/sa; (n
= 3) 7Tag+2a = 0, S0 that & = -?/7@& = *ssay. Solution: y = ay[X-4/sx2+%35x3-8/35x%+...]. We have
found a series solution of the D.E. But there is one unknown constant a; the D.E. has a
singularity at x = 0; and thereisonly 1 solution as a power Sseries.

To find two independent solutions, use the Frobenius method. Assume that y = [Sro
ax"x¢ for someindex c1 R. Assume also that y = S0 aX™, Dy = S a,(n+c)x™°%, and Dy = S
a(n+c)(n+c-1)x™°2,  Substitute:  2x2D2y+2x2Dy+xDy-y = S a2(n+c)(n+c-1)x™* + S
a2(n+e)x™ + S gy(n+c)x™ - Sax™ = 0. (n > 0).

Look at the lowest power of x. In this case, it is x°. Look at the coefficient of x
a2(0+c)(0+c+1)+ay(0+C)-a, i.e. [2¢c(c-1)+c-1]a = 0. This is called the index equation. Always
assume that a1 0, so that we can divide through by it, giving, in this case, 2¢(c-1)+(c-1) = 0. So
we have 2 solutions: ¢ = 1 and ¢ = -%2. Now look at a general term x™¢, with coefficient
an2(m+c)(m+c-1)+an.2(m+c-1)+ay(m+c)-a, = 0 for m > 1 (putting n = m1). Hence
an[2(m+c)(m+c-1)+(m+c-1)]+ana[2(m+c-1)] = 0, i.e. (m+c-1){an(2m+2c+l)+an12} = 0. Either
m+c-1 = 0, which is not possible thistimeasc=1or c=-Y, and m > 1; or a, =
-2an1/2m+2c+1. Cases. ¢ = 1 gives a, = -2an4/2m+3; and ¢ = -/, gives a, = -ani/m. SOy =
aoX V[ 1-X+Yx2-Yex3+...] .

1st March 2000

Frobenius Method (Examples)

Consider (2x+x3)D2y-Dy-6xy = 0. Assume that y = Sy0' a.x™¢, with &1 0. Theny =
XX HHapXtA+, ., Dy = CapX 1+ (C+1)ax+(C+2)apx+..., and D2y =
c(c-1)apxe?+c(c+1)axH+(c+2)(c+1)ax+... Now 6xy starts at x°**; Dy at x°*; x3D?y at x***; and
2xD?y at x°*. The lowest power of x isx®*, with coefficient 2¢(c-1)a-cap = 0. Now ap* 0, so we
have 2c(c+1)-c = 0. Solve the index equation to get ¢ = 0 or 2¢c = 3. There are two possible
solutions. one beginning at ¢ = 0, and the other beginning at c = %..

Coefficient of x° 2(ct1)ca;-(ctl)a, = O, so either c+1 = 0 (not true), or 2c-1 = 0 (not
true), or a, = 0. The x*** term occurs as 2x(c+2)(c+1)ax® (From D2ax*?) + x3c¢(c-1)apx“? (From
D230x°) - (c+2)ax®* (From Dapx®*?) - 6xapx® (From aox°®). So 2(c+2)(c+1)a+c(c-1)a-(Cc+2)a-6a
= 0; (ct2a2ct+2-1]+(c*c-6)a = 0; (c+2)(2ctl)at(ct2)(c-3)a = 0. Now ¢t -2, sO & =
(3-C)ay/(2c+1). There are similar equations for the coefficients of x®2, x**3, etc.: (2c+1)a+(c-3)a
= 0; (2c+3)a+(c-2)a = 0; (2c+H)a+(c-1)a = 0. Hence & * 0 by definition; & = 0; & =
(3-0)ad/(2ct+l); a = (*Yacsa)an (S0 8 = 0); & = (*as)@ = Y penyacindo; €EC. IN general,
an(2c+4n-3) = an2(5-c-2n). Summary: & 0,aa=0. Henceazs=a=a=..=0.Nowc=0orc
=3/, If c =0, then y = a[ 1+3x2+3/sx*Y15x5+...]. If ¢ =3/;, then y = apx¥[ 1+3/gX2-3/gu1eX*+...] .



Example: Solve 4xD?y+2Dy+y = 0 by the Frobenius method. A: Put y = agx®+ax“+...
The lowest power in the D.E. ismin { 1+c-2, c-1, ¢} . The coefficient of x** is 4a,c(c-1)+2a,c = 0.
Assuming that a,* 0, the index equation is 2c[2(c+1)+1] = 0. So ¢ = 0 or ¢ = */,. Now consider
the general term x*" in the D.E. The term is ax®" + 2a,.1(N+1+C)X*" +4Xa..1(n+1+c)(n+c)x ™ =
0. (The terms come fromy, Dy and 4xD?2y respectively).

2nd March 2000

Solve 2x2D2y+(7x?+7x)Dy-3y = 0. A: Assume that y = Spo aX™°, with & 0. The lowest

term is x°. Substitute, and get x[2c(c-1)ay+7car-3a)] + x“[2(c+1)ca+7cap+7(c+l)ay-3a] + ...

We have general term x“"[2(c+n)(c+n-1)a.+7(c+n-1)a.1+7(ct+n)a-3a,)] = 0. Look at the |lowest

term, x°. The coefficient of x° must be zero. But ay* 0, hence 2¢(c-1)+7¢c-3 = 0, i.e. 2¢c>+5¢-3 =

0; (2c-1)(c+3) = 0; c = -3 or ¢ = % General case: coefficient X", n > 0. This must be zero, so

that a,[2(c+n)(ctn-1)+7(ctn)-3] + 7a.1[ctn-1] = 0. Note: 2(c+n)(c+n-1)+7(c+n)-3 isaquadratic

in (c+n): 2x(x-1)+7x-3, so factorise to get (c+n+3)(2(c+n)-1), SO that a = -/ cinez(cin) 131
Therefore, al the a, are determined by the &.

Case 1: ¢ = -3: & = - "™/ 209801, SO that & = -*/san, & = -*/say = “/50, €tc. Case 2: ¢ =
Ve & = -"@VYomnde, SO that & = -"/igdo, @ = “lieao, €tc. General solution: y =
Ao 3(1-2sx+%sx2-..) + BoxV2(1-"/1ex+%/402%2-...). The Frobenius method works for certain
D.E.’s, namely those of the form D2y+P(x)Dy+Q(x)y = 0 which have a Regular Singular Point
atx=0.

For example, the equation above has form D2y+™*™)/,,.Dy-¥/,. = 0, so that P(x) = "®*/,,
and Q(X) = -*/. If P and Q are defined and continuous at x = 0, we have aregular point, and
the solution is an ordinary series. (Taylor). If P and Q are not defined, we have a singularity. A
D.E. issaid to beregular singular at x = 0 if xP(x) and x2Q(x) are defined and continuous at X =
0. Example: xP(x) = "I/, x2Q(X) = -3/a.

Assignment 2: Set 2/3:I1n 13/3: Back 24/3

Q: Using Laplace transforms and partial fractions, solve the differential equation
D2y+2Dy+y = € with initial conditions y(0) = 0 and Dy(0) = 0. A: Let Y denote the Laplace
transform of the function. Then the Laplace transform satisfies the equation 2Y+2sY+Y = Y/s;.
Hence Y = Y1)y, and use partial fractions to give Ysiysye = Me1+8sat sy, SO that y(t) =
Ae+Be'+Cte'. Multiplying out the partial fraction gives 1 = A(s+1)2+B(s-1)(s+1)+C(s-1), so
that A =¥, C =-%, and B = -¥4, and therefore y(t) = V&-Y/,e'-/,te’.

Q: Let Y(s) denote the Laplace transform of the function y(t). Find an expression for Y if
y satisfies the differential equation D2y-Dy-2y = 0O, with initial conditions y(0) = 4 and Dy(0) =
4. Hence find the solution y(t). A: Let Y denote the Laplace transform of the function. The
transform of D?y is Y -sy(0)-Dy(0) = Y -5(4)-4 = Y -4s-4.

The transform of Dy is sY-y(0) = sY-4. Therefore, the Laplace transform satisfies the
equation 2Y-4s-4-sY +4-sY = 0. Hence (s>-s-2)Y =4s, or Y = */551). Use partial fractions to
give o) = AlsatPlsi, SO that y(t) = Ae?+Be". Multiplying out the partial fraction gives 4s =
A(s+1)+B(s-2), so that A =85 and B = %/5. Therefore, y(t) = 8/:e*+%/3e'. We can check this by
substitution.



Q: Use the Frobenius method to solve the D.E. 2xD2?y-Dy+4x3y = 0. A: To solve using the
Frobenius method, substitute y = S0 ax™¢, s0 Dy = Swo a(n+c)x™*! and D%y = Syo
an(N+c)(N+c-1)x™2, Hence Siso 2Xan(N+C)(N+C-1)X™%2 - Siuo ay(N+C)X™! + Sipp 4x3ax™¢ = 0. The
lowest power of X is x®?, and the term is 2xayc(c-1)x™-a,cx*. Hence, as we assume that ay * 0,
we have the index equation 2c(c-1)-c=0,soc=00r 2c = 3.

The x° term has coefficient 2a(1+c)(1+c-1)-a(1+c) = 0, and substituting the possible
values of ¢ gives & = 0. Similarly, the x*** term has coefficient 2a,(2+c)(2+c-1)-a(2+c) = 0, and
the x°*? term has coefficient 2a;(3+c)(3+c-1)-a;(3+c) = 0, so0 that again we deduce that a, = a; =
0. For n > 4, we have the x*"* term, with coefficient 2a,(n+c)(n+c-1)-a,(n+c)+4a,,= 0. So &, =
-(4a..4)/(n+c)(2n+2c-3); and thus & = =Yy eers@ and @ = -Y/(gro2cr13@a. FOr ¢ =0, we havey =
ao{ 1-Ysx*+130%3-...} . For ¢ =3/,, we havey = aox¥¥ 1-Y/11x*+ 416x3-...} .

Q: Use the Frobenius method to solve the D.E. 2x2D2y-xDy+y-xy = 0, giving the first 3
terms of each series. A: In standard form, the D.E. is D2y-2Y/,+Y39/,.= 0, i.e. P(x) = -}/ and
Q(X) = Yoe. As xXP(x) = -1/, and x2Q(x) = 1-x are defined and continuous at x = 0O, the
differential equation isregular singular.

Applying the substitutions as in the previous question gives Syso 2x2a,(n+c)(n+c-1)x™e? -
Srso Xan(N+HO)X™! + S aX™ - Sieo XaxX™e = 0. Writing out the first few coefficients of x enables
us to get the general term in the sequence as X“"[2(x+n)(ctn-1)a-(Cctn)a+a-a.1]. The lowest
power of X is x¢, and the term is 2x2a,c(Cc-1)x™2-xa,cx* +apx®. Hence, as we assume that a* 0,
we have the index equation 2c(c-1)-ct1=0—soc=1o0r 2c=1.

The x** term has coefficient 2a,(1+c)(1+c-1)-ay(1+C)+a-a= 0, S0 & = Y2e-1)(1+0+180. FOr n
> 1, the x*" term has coefficient 2a,(n+c)(n+c-1)-a,(n+C)+aran1 = 0, S0 @ = Yimgyen2c3+18n1 =
Yenzcpmicndnt. FOr € =1, we have & = Yyeny+18t = Yenpndns; Y = aoxX{ 1+ax+50x2+...} . For
2c = 1, we have a = Yenpmy+1nt = Ynenpdey Y = aoXH L+x+ex2+...} We can check these by
(complicated) substitutions.

3rd March 2000

Tutorial

To solve e.g. 3x2D2y-xDy+y = 0 using the Frobenius method, (1) Check Regular Singular;
(2) Find the index equation; (3) Find the values of c; (4) Find solutions; (5) Check the solutions.
The coefficient of the lowest term, e.g. X°, is the index equation, from which you get your vaues
of c. If you get ageneral term e.g. x*"[3a,(c+n)(c+n-1)-a,(c+n)+a)], its coefficient must be zero.
Here, (3a,(ctn)(ctn-1)-a,(ctn)+a,) = 0, so a[3(c+n)(c+n-1)-(c+n)+1] = 0. Substitute your ¢
vauesin, eg. for c = 1, we get a,(n(3n+2)) = 0. Asn>0and asn?! -3 then a, must be zero,
i.e. for thefirst part of the solution, y = Ax'[1+0+0+...].

8th March 2000
Take a position on a plucked string, X. Move to y = y(x,t), T
where the displacement y depends on the distance along the string, X, /’;T%
and the time, t. Model the movement of the string: take a small 2
section. Tensions are along the tangents at angles a and b to the "
horizontal. Resolve the forces. There is no movement in the X X

x-direction, so T,cosa = T,cosb. L et the constant along the string be T, say.




The force in the y-direction is T,sinb-Tisina. But T; = "/, SO the force in the y-direction
is Ttanb-Tsina. Now F = ma, where a = ¥/ and m = densityxlength (r dx); so Ttanb-Ttana =
rdx®/ge; (tana = gradient at X, $0...); T{(¥a)xeax-(Max)x} -t XPee. SO [(Ma)xeex-(Mex)] lAX =
"4, 1.6 Plge = "tP/q. Note that the derivatives are partial. This gives the 1-D wave
equation, ™/y. = c2™/y,., for some constant c. (Note that '/+ > 0). How do we solve this?

Separation of Variables

To find possible functions y(x,t), try y as a product of a function of x by a function of t.
We have boundary conditions y(0,t) = 0; y(A t) = 0; and y(x,0) = some initial function. Writey
= y(x,t) = f(X)g(t). Then iy = F(X)% e, and ™ge = Faeg(t). So F(X) g = ()i, i.€.
Yeogy ™ e = Yi™ee = K. The LHS is afunction of t only; and the RHS is afunction of x only. So
both sides must be constant.

9th March 2000

We have a pair of ordinary differential equations: */4.-kf = 0 and *9/4-c?%kg = 0. The
boundary conditions are 0 = y(0,t) = f(0)g(t) and 0 = y(A t) = f(A)g(t). So either g(t) = 0 always
(ignore this: y © 0), or f(0) = f(A) = 0. Solve #/4-kf = 0 with f(0) = f(A) = 0. What is the
constant k?

If k =0, then ¥/4.= 0 P f = ax+b. Boundary conditions; f(0) =f(A)=0bP a=b =0
(ignore!). If k>0, k = p?, then #/y.= p?f has solution f(x) = ae™+be™. But f(0) = f(A) =0bP a
=b =0. Finally, try k = -p?, then “/g.+p?f = 0. Solution: f(x) = asinpx+bcospx. But f(0) = 0, so
b =0. Andf(A) =0, soasinpA = 0. So p only has possible values p = "/,.

Summary: If y = f(x)g(t), then ¥/g+p?f = 0, with p = ™/, for some integer n, and f(x) =
asin(™/,). Further, g(t) satisfies ¥9/w+p2c2g = 0. So g(t) = gsin(pct)+gcos(pct). The only
solutions of ™y = 2™/ are of the form y = f(x)g(t), with y(0,t) = y(A,t) = 0 as sums of
sSin(™/x)sin(™ ) or sin("™/a)cos(™,).

We can therefore have a solution of the form y = S bn.sin(™/a)sin(™/s) + Sp
an.SiN("/x)cos(™,). The final boundary condition concerns the behaviour at t = 0, i.e. we
require S a.sin("™/,) to be the initial shape. Thisleadsto Fourier Series.

15th March 2000

Problem: Write afunction given over agiven interval fromx =0tox = A ]\/\

as a sum of sine and cosine terms. Suppose that a function f(x) is defined fo
OEXE2p. Also assume that f is periodic, of period 2p, i.e. f(x+2p) = f(X).

0l 2

Fourier Series of f(x)

Series: Y,a0 + Sper acosnx+b,sinnx. Coefficients: ap = Y/,6°% f(X)dx; a, =4/,3% f(x)cosnxdx;
and b, =%,8"% f(x)sinnxdx. This assumes that f is periodic: f(x+2p) = f(x). Definition: f is
Bounded if [f(x)] £ a constant M. f has jump discontinuity at Xo if f(Xo.) FHMk.x,x<x, f(X) and
liMyexoox,f(X) = f(Xo+) both exist, so that left and right limits exist.




Dirichlet Theorem

If f is bounded on [0, 2p], and continuous except for a finite numbe
of jump discontinuities, then the Fourier Series converges point wise tc
the average of the left and right hand limits, /5[f(Xo)+f(X0.)]. Convergenc | .
in the mean. A sequence of functions S,(x) converges in MEAN to f(x) i (yz)ao+alm£+bls-nx+azcofzx+b2gn2x
En = 6% (f(X)-Si(x))2dx ® 0. We write f(x) ="M gy Si(X). (L.I.M. = Limi (V)2 agcoscrbsink
in Mean).

Theorem: The Fourier Series of f converges in mean to f. Orthonormal functions. The
sequence of functionsf, f,, ..., fi, ... isorthonormal if &% f(X)f (X)dx =0if k1 |, and 1if k =
|. Theorem: The sequence Yep, “ep, S™/ep, ©/ep, S"/ep, ... is orthonormal. Theorem: If Sy =
S ¢if i(X), where the ¢ are Fourier coefficients of f, then E, = 6% f(x)2dx - Si1™ ¢2.

16th March 2000

Bessal's Inequality. If the C; are the Fourier coefficients of f w.r.t. orthonormal functions
fi (C = 6% f(x)fi(x)dx), then SNi-y C2 £ &% f(x)2dx. Parsaval’s | dentity. If f; is the orthonormal
sequence of ordinary Fourier series, ...,"/e,5™ep,..., then S¥izy C2 = & f(x)2dx. So the series
convergesin meantof.

Even & Odd Functions

Let f be periodic: f(x+2p) = f(x). We can consider f over an interva [-p,p], with a, = Y/,6%
f(x)cosnxdx = /,0,° f(x)cosnxdx. Even function: f(-x) = f(x) P b, = 0. Only cosine series. Odd
function: f(-x) = -f(x) P a,= 0. Only sine series. Consider a, = /,6% (...)dx = Y/,6,° (...)dx = %/,0,°
f(x)cosnxdx+/,8, f(x)cosnxdx.

Substitute u = -x in &,°, then @,° f(x)cosnxdx = @° f(-u)cos(-nu)(-du) = -@° f(-u)cos(nu)du =
@°f(-u)cos(nu)du. So a, = Y/,&" f(-u)cos(nu)du+*/,&"f (x)cosnxdx. If f is ODD: f(-u) = -f(u), then a,
= 0. If fisEVEN: f(-u) = f(u), then a, = %, f(u)cosnudu.

Change of Period Interval: f(x+2L) = f(x). Series Y,a0+Sw1 (acos™/ +b.sin™/); a, =
Y @?f(x)cos™/ dx.

Example. Find the Fourier series of f(x) = 1 when -P/,<x</;;
and f(x) = -1 when P/,<x<*/,. Periodic, f(x+2p) = f(x). The functior — S —
fiseven, so b, = 0. To find &, use pa = G, f(xX)dx = 0,°+@". Better
use ép/zp/2+Q/23p/2 = Op/zplz 1dx + (\3/23p/2 -1.dx = p-p = 0, so that a = 0. -pl2 p/2 3p/2
For n > 1, pa, = 0,°f(x)cosnxdx = @,.”?cosnxdx+@,**-cosnxdx = —
[sinnx/n]_plzp/Z_[sinnx/n] p/23|.‘J/2 - 4sin(np/2)/n_ SO &, = 0, and o =
4(-1)"(2n+1)p.

Hence the Fourier series is #/[COSX-9%/3+5%/ -5+ 1. This series converges
point-wise. At x = 0, it convergesto f(0) = 1. At x ="/,, it convergesto 0 (0 = [f(°/2+)+{(/2.)]/2).
Also, 0,° f(x)2dx = 0, 1dx = 2p. Hence we have the following: Sa.2 = */,(2p); S zn+yse = 2; and
S/ (2n+1)2 = e



Assignment 3: Set 15/3:1n 29/3: Back 13/4

Recap: The Fourier series of the function f(x) is f(x) = Y2 + S &COS(NX) + Spet
brsin(nx), where a, = 4,8, f(x)cos(nx)dx, and b, = Y/,8, f(x)sin(nx)dx. Useful calculations:
B.cos(nx) = ., sin(nx)dx = 0; &sin(nx)dx = -/ +n)f - xcog(nx)dx = XS/ + N/ - §_,
xcos(nx)dx = 0; ., x2sin(nx)dx = 0; and &2cos(nx)dx = ¥/, 4 2xcosm)f . 2snmg /-,

Q: Find the Fourier series of the function f(x) = x2, for -pExEp. Deduce formulae for the
sum of the two series Y1+ +/o+...+Y e +... and Y114+ o~ +-. e-+... A: The function f(x) = x2 is
even, S0 the Fourier coefficients b, are dl zero. Now a = 4,8, x2dx = #/;. For n > 0, the
coefficients a, are given by the formula a = 2,8, f(x)cos(nx)dx. Hence a, =
2 (SN 2o 2 f AP, Evaluating, we have a, = ™l((-1)™1), S0 @, = 0 and & =
3/ ne1e. At €ach point where the Fourier series of f(x) converges, we have f(x) = ,80+Sn1
a.,coS(NX), SO X2 = P/5-S1% ans1y2C08(2N+1)X.

To deduce the formula, we must revise the question. Define f(x) = O for -p£x£0, and f(x)
= x2 for OEx£Ep: neither an even nor an odd function. Get out at the end that the Fourier series of f
isf(X) = Pls + 2Su1(-1)" ™™o + PSrpa(-1)™* S/, - Y, Spsn S 50 1. QUbstituting X = p in the
series gives Y-+ g 4 .. = ¥l Smilarly, x = 0 gives Yo+ y+ g+ 4 ot = P,

Q: Find the Fourier series of the function f defined by f(x) = p for -p£Ex£P/,, and f(x) = 0
elsewhere. A: a = Y/,8, f(X)dx = ¥,82, pdx = */,. Smilarly, a, = ¥,8., f(x)cos(nx)dx = &2,
cos(nx)dx, and b, = &%, sin(nx)dx. So a, = "3/ g, = 0; and a1 = (-1)". Similarly, b, =
1/n(cos(np)-cos(np/2)), SO b4n = O; b4n+1 = '1/4n+1; b4n+2 = 2/4n+2; and b4n+3 = '1/4n+3.

Q: Which of the following functions are (a) even; (b) odd; (c) neither: x+x2, [x|, €,
Xcos(x), sin(x)+cos(x), sin?(x)+cosA(x) and x|[x|. A: €, x| and sin?(x)+cos(x) are al even; xcos(x)
and x|x| are odd; and x+x2, & and sin(x)+cos(x) are neither odd nor even.

Q: Find the Fourier sine series of the function f defined by f(x) = 1 for OExEp. A: Here, b,
= 2[,8o f(x)sin(nx)dx = ?/,Bo Sin(NX)dx = ?/,x(1-(-1)"). Hence bz, = 0 and bana = Y 2nsyp. The series
IS Sre1 bhSIN(NX), OF Sreo Y/ @nenpSin(2n+1)X.

Q: Find the Fourier half range sine and cosine series of the function f defined by f(x) = x
for OEXEp. A: Here, (sine) b, = %,8o xsin(nx)dx = /,(-PX™)/)). Hence by = -2, and ban = 2/onia.
The series is S1 bsin(nx), or -Spea ?a(-1)"sin(nx). The half range Fourier cosine series has
coefficients a, = %/,8, xcos(nx)dx. Hence & = ?%/,*/, and a, = %,[(-1)"-1/n?. Hence &, = 0 and
Qon+1= ~Ypne1e. The SEriesisP/-Siso Hpenr1cOS(2n+1)X.
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Examples of Fourier Series

Letf(x) =1if x>0, and f(x) =-1if x <O, defined on [-p,p]. If we have an odd function,
then a,= 0. Now b, = Y/,&., f(x)sinnxdx = %,8, sinnxdx (odd) = -%/p[cosNX]Po = %/pn-?/pn(-1)". SO b,
=0 if niseven, and b, = %, if nis odd. So the Fourier series of f(x) is S baSinNX, or
4/p[sinx/l+sin3x/3+sin5x/5+_"] - 4/pSk=1¥ sin(2k-1)x/2k_1.

The series converges point-wise. If X > 0, e.g. X =/, the series convergesto 1. If x = -/,
the series converges to -1. If x = 0, the series converges to '/, = 0. So, with x ="/, we get 1 =
Yo[sin(p/2)+5"CB o+ ]; 1 = Y [1-Ys+Ys-H+..]; p = A 1-Ys+Ys-Y7+..]; and if X =P/, we get 1 =
Y [P+ e 5=+ Pl not...], SO that p = 2C0[ 1+ 5-Ys-Y 7+ g+ 1s-...].

Example: f(x) = x for -P/,.<x<Pl,, and f(x) = p-x for P,<x<®/,. f ic

odd, so that &, = 0. Now by, = %8, f(x)sinnxdx = %,3% xsinnxdx + %/, o\ A
psinnxdx - %/,By2 xsinnxdx. To do this, we need some facts on integrals: B \
@innxdx = -°%/: &sinnxdx = guoted = -*°™/ +3"™/. Hence (pby/2) = 'E’\ / P2 ‘\
[_xcosnx/n+sinnx/n2] p/20 _ [_xcosnx/n+s'nnx/n] pp/2 + [_psinnx/n] pp/2 b bn — 4sin(np/2)/pn2. & b2n - v \
0, and bxpa = 4(-1)"Yp(2ntl)2 (Dodgy?). The seaies is
4/p[Si nX_sin3x/9+sin5x/25__ . ] .
Example: f(x) = x2 for 0EX£2p. Here, a = ¥/, f(X)dx = /,6% x2dx =
/ / ;¥ Now Y,6°% x2cosnxdx = [ ]%®, - & 2"/ dx = 0 -
S ey sy 12 = 4P/ cos2pN = e, SO &, = Y/ fOr n > 1. Similarly, b,
. 2;/ = -%/.. The series converges in the mean: Sa2+Sh.2 = /,d(x)2dx;

(64p*/18) + Spr* (16/n°)+15%/. = (32p*/5).
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Gibbs Phenomenon

Let f(xX) = P*/, for x < 0; f(x) = P*/, for x > 0; and f(x) = 0 for x = 0.
Fourier Series: It isodd, so & = 0. Now b, = %,8, (**/z)sinnxdx = /..
Fourier Series; S¥-; Y/.sinnx. Let us draw a curve of the partial sum,
Su(X) = SY1 Ynsinnx, and compare it with f(x). (Shown red in the
diagram). Sy(x) overshoots the value "/, near x = 0.

The series conver ges point-wise. If wefit x * 0, with X near to O, then the values of Sy(x)
(for fixed x and varying N) approach a straight line. The peak will move towards x = 0 as N
increases, but there will always be an overshoot.

How big is the error? Consider */,+Sy(X) = */,+SV=1 Yhsinkx = &y Y/,+SV=1coskxdx = &
SN el (that was using 2sin¥atxcoskt=...) = Yo "N, dt + YaBo(Ysma-va) SIN(N+Y2)tdt =
(using u = (N+¥)t) = @™* s, du + (...). The 2nd integra tends to zero as x ® 0 (by
I’Hopital’ s rule twice); S0 Ysma-/v« ® 0ast® O.




Summary so far: */+SV-; Yksinkx is approximately gMN*2x s/ du. As
N® ¥, can we find an xa® 0 so that g™ s/, du takes substantial values?
Can we adso find the xy so that the value of */»+SM 'isinkx is
approximately &, S™/,du? Consider the maximum value of &, S"/,du. Choose
Xy With (N+¥%9)xy = p, then (¥, + series) approximates to & "/, du =
P/,(1.089490...).

Summary: For al N, we can find an xy near to zero with the value of the series
overshooting "/, by afactor of 1.089490... Thisis true for any function with a discontinuity. The
jump in the function is less than the difference between the maximum and the minimum of the
series near the discontinuity — by the factor.
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Half Range Series

Let f(x) = x for x > 0. Now extend f(x) to thevalues< 0to makef: (L aen
Odd; (2) Even. If we put f(-x) = +f(Xx), we get an even function with Fourie cosne f(x) = x

series

series having b, = 0 and a, = %8, f(x)cosnxdx. Thisis the Fourier half range —

odd

cosine series. Smilarly for sine series. il

~ saies
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Legendre Polynomials: Summary Sheet

Let V denote the vector space of all Piecewise Continuous functions f defined on the
interval [-1,1], with inner product defined by <f,g> = d.f(x)g(x)dx. The Legendre polynomials
can be defined by the Rodrigués formula Py(x) == D"((x2-1)"). Hence Py(x) = 1 and Py(x) = X,
etc. The functions P,(x) are polynomials. P,(x) contains only even powers of X if nis even, and
only odd powers of x if nisodd.

The polynomial P, is a solution of the differential equation (1-x?)D?y-2xDy+n(n+1)y = O.
The functions P,(x) satisfy the condition 3.1P,(X)Pn(X)dx = 0 for m * n. This is summarised by
the statement that they are orthogonal: the polynomial xP,(x) is orthogonal to Pi(x) for k < n-1.

The Legendre polynomias satisfy a recurrence relation of the form xP.(x) =
aPna(X)+bP,1(x). More specifically, (2n+1)xPy(xX) = (n+1)Pna(X)+nP.1(X). Notes: P,(0) = 1;
Pa(-1) = (-1)"; Pi(X) has n distinct roots in the interval -1<x, 1; and the Legrendre polynomials
are the result of applying the Gram Schmidt process to the polynomials 1, x, X2, X3, ...

L ecture notes on the above. Inner Products: f.g or <f,g> = d.4f(X)g(x)dx, where f.g = g.f;
(fi+f2).g =fr.g + fo.0; (I f).g =1 (f.g) (last two P linear); f.f>0; and f.f =00 f = 0. Therefore,
we have the idea of “orthogonal”: f.g = 0; and of “size”: |f|| = O(f.f).

In the equation Py(X) = = D"((x>-1)"), for n = 0, we have Y,:4D°(x>-1)° = %:D%(1) = 1; for
n =1, we have Y/, D1(x2-1)! = Y/,(2x) = x; for x = 2, we have Y, D?((x2-1)?) = Y/gD?(x*-2x2+1) =
Yg(12x2-4) = **1/,; and so on. P,(x) are polynomials of degree n. (x2-1)" is of degree 2n; we
differentiate n times to get a polynomia of degree 2n-n. P.1(X) has only odd powers of X
because (x2-1)"has only even powers of X.




Proposition: P,(x) satisfies the D.E. (1-x3)D?y-2xDy+n(n+1)y = 0. Proof. Put w = (x2-1)".
Differentiating, Dw = n(x2-1)"1.2x; so (x2-1)Dw = n2xw. We want information on D"w. Use
Liebnitz s theorem to differentiate a product: D(uv) = uDv+vDu; D?(uv) = uD?v+2DuDv+vD2y;
D"(uv) = uD"v+(";)DuD™v+...+(")D'uD™v+...+vD"u. Use Liebnitz as follows:

Differentiate the equation [(x>-1)Dw = 2nxw] (n+l) times, so that we have
D™[(x>+1)Dw] = 2nD™[xw]. RHS = 2n[xD™w+(n+1)DxD"w+0]. LHS = (x2-1)D™2w+
(n+1)D(x2-1)D™w + (™,)D3(x2-1)D"w, i.e 2nxD™'w+2n(n+1)D"w =
(x2-1)D™Aw+2x(n+1) D™ 'w+(n+1)nD"w, i.e. (x2-1)D™?w+2xD™*w-n(n+1)D"w = 0.
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Put P,(x) = (/2'n)D'w to get (1-x3)D2P-2xDP+n(n+1)P = 0. (D.E. of Legendre
Polynomials). Laplace equation: ™/ge+"/q+"/s.= 0. Look for solutions having some symmetry.
Spherical Polars. z = rcosf ; x = rainf cosg; and y = rsinf sing. This changes the Laplace equation
to ﬂ/ﬂr(rzﬂu/ﬂr) + Yt ﬂ/ﬂf (sinf ﬂu/ﬂf) + Yt ‘|T2u/ﬂq2 =0.

Assume the independence from g, and then assume that u = F(r)G(f). The LHS depends
onr, and the RHS on f, so both sides are constant. Separate variables and get 2 ordinary D.E.’s:
2% 44204~ F = 0 (---(1)), and Ysu Y (SINf %/ )+l G = 0 (---(2)), depending on | . (1) has
solutions of the form f = r-z+/#@ _ Assume that -4+ +4,) is an integer. n> 0P | =
n(n+1). This makes the behaviour near r = 0 acceptable. Substitute | = n(n+1) and x = cosf in
(2) to get Legendre' s D.E., (1-X2)%C/ge-2x%/ 5 +n(n+1)G = 0.

Result: 6.,P,(X)Pw(x)dx = 0 if n* m, and <P,, P> = 0. Proof: use the D.E.’s (1-x2)D?P, -
2xDP, + n(n+1)P, = 0 and (1-x?)D2Py-2XDPytm(m+1)P, = 0. Multiply the first by Py, and the
second by P, subtract, and obtan (1-x3)(P.D%P,-P.D?P,) - 2x(P.DP,-P.DP,) +
(n(n+1)-m(m+1))P.Pn = 0, i.e. D{(1-x3(P.DP--P-.DPy)} + (n(n+1l)-m(m+1))P.Pn, = 0. Now
integrate from -1 to 1 to get [(1-X2)(P.DPy-PuDP.)]%1 + (n(n+1)-m(m+1))3.1Pn(X)Ps(X)dx = 0. As
1-x2 = 0 at the limits, and asn 1 m, we have 6.;P,(X)Pm(x)dx = 0.

Recurrence Relation

P.(x) is a polynomia of degree i. Hence P, P, ..., P, form a basis for al polynomials of
degree £ n. So any polynomia f of degree n can be written asf = S-," a;P, for some a;. Further,
the P, are orthogonal, so that <f, P> = ai<P, P>, and a; = <f, P>/<P, P>. Now f = Si,," (<f,
P>/<P, P>)P, and f(X) = Si-o" (<f, P>/<P, P>)P,(x), wheref is of degree £ n.
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We want to show that xXP, = ("%2n+1)Pns1 + (Vani1)Pna. Continuation of Proof: Apply the
above to a polynomial of degree (n+1), namely f = xP,. Note: <xP,, P> = 3.4 xP,(X)P,(X)dx =
<P,, XxP> by smple rearrangement in the integral. XP, is a polynomial of degree (i+1), and so if i
<n-1, then it is of degree < n; and it is orthogonal to P,. Summary: <xP,, P> =<P,, xP>=0f
i <n-1. Hencein the formulafor f = xP,, we get only 3 terms. So f = XP, = Sizp.s™* (<xP., P>/<P,
P>)P,; and there exists a recurrence relation of the form xP, = aPn.; + bP, + gPy.1. Further, Pn.4,
P..1 and xP, have the same parity — and opposite to P,. Remember that P, involves either all
even powers of x or all odd powers of x. Hence b = 0, and s0 XP.(X) = aPn1(X)+gPn.1(X).




Stop here — in fact find a by comparing the coefficients of x™!. Smilarly for g
Substituting x = 1, Py(1) = 1. Proof: Py(1) = P,(1) = 1 by calculation. Then use induction on the
recurrence relation: Pri(X) = (") XPa(X) = (Yrra)Pra(X); SO (P nir)-(Vnea) = 1. Smilarly, Pu(-1)
= (-1)". Exercise: Prove that the polynomia P,(x) does not have repeated roots. Method for
answering the question: assume that it does have repeated roots, and then use the D.E.

Theorem: P,(x) = 0 hasnrootsin (-1, 1). Proof: Obvious for n = 0. Assume true for n >
1. (A) Pi(x) = 0 has aroot in (-1, 1). &1 P(X)dx = 3.1 P(X)Py(x)dx = <P,, P> = 0, by
orthogonality. Hence P,(x) cannot always be positive, or always be negative, in [-1,1]. So we
must change sign; and we must therefore be aroot in [-1, 1]. (B) Py(x) = 0 hasnrootsin (-1, 1).
Suppose in fact that it has mrootsin (-1, 1). Now we must have m £ n as P, is of degreen; and 1
£ m by the above. We also know that the roots are distinct. Form Q(X) = (X-X1)(X-X2)...(X-Xm),
where the x; are these m roots. The function Q(x)P.(x) is of the same sign throughout (-1, 1).
When P,(x) changes sign at a distinct root, so does Q(x). Hence 3.1 Q(X)Py(x)dx * 0, i.e. <P,, Q>
1 0. However, if m < n, then Q is a polynomial of degreem, so Q = S-," aiP; and <Q, P> =0
by orthogonality. We have a contradiction, and hence m = n.

Gram Schmidt Process

When applied to polynomials 1, x, x?, ..., X", the Gram Schmidt process produces an
orthogonal set of polynomials Ry, Ry, ..., R, with R being of degree i. Theorem: R.(x) =
2"nin!

n! Pn(X). Proof: Show that R, isamultiple of P,. Then compare the coefficients of x".
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Theorem: Let Ri(x) be a sequence of polynomials of degree i which are orthogonal, then
Ri(x) is a multiple of P,(x). Proof: The polynomias R; form an orthogonal basis for a set of all
polynomials of degree £ n. Hence any polynomia of degree n can be written as f(x) = Si="
aiRi(x), where a; = <), R‘(X)>/<Ri(x), Ri(X)>+

Take f(x) to be Py(x): Py(X) = Sizg” % F®/ g9 reo-Ri(X) = R/ gy reRi (Decause <Py(x),
Ri(x)> = 0 for i < n). This follows from the following: the set of functions P, is aso a basis.
Hence any function can be written in terms of the P. So Ri(X) = Si=' b;P,(x) (summing to i), as
Ri(x) is of degreei. Therefore, <P, R>=<P,, S bjP>=S;- b;<P,, P>=0,as<P, P>=0
forj£i<n.

Assignment 4: Set 5/4:In 12/5

Q: Cdculate the Legendre Polynomial Ps(x). A: Py(x) = (1/2"n!)D"((x%1)"); Ps(X) =
(1/2°6")D%((x2-1)°). Work out that (x2-1)° = x*?-6x+15x3-20x°+15x*-6x2+1. Differentiate this 6
times to get D8((x2-1)®) = 665280x°-907200x*+302400x2-14400. Dividing through by 2°6!, we
obtain Ps(X) = Y/16(231x°-315x*+105x2-5).

Q: Let w = (x2-1)". Prove that w(x) and its derivatives Dw(x), D2w(x), ..., D™w(x) (up to
order n-1) vanish when [x| = 1. Use integration by parts to show that .; X™P,(x)dx = 0 for 0 <m
< n. Use the above result to deduce that the Legendre polynomials are mutually orthogonal. A:
(see over).



A: Let w(x) = (x2-1)" Dw(x) = n(x2-1)"*.2x; D2w(x) = n(n-1)(x2-1)"?2x+2n(x?-1)"*; and so
on. In order for D™w(x) to vanish, D™w(x) must have a factor of (x2-1). If it does, then D™w(X)
vanishes as (x2-1) vanishes when |x| = 1. However, this factor must be in all of the terms. The
minimum order of the term (x2-1) in D™w(X) is n-m. Therefore, for 0 < m < n-1, D™w(x) will
contain a factor of (x?-1) and will vanish. For m > n however, D™w(x) does not vanish, as each
part of the sequence does not contain the factor (x>-1).

Now we know that P,(x) = (1/2'n)D"((x2-1)") = (1/2"n)D"w(x); s0 &1 X"P,(X)dx =
(1/2'n!)3.; X"P.w(x)dx. Integration by parts. Let u = x™ so that */s = mx™?*; and let /4 = D"W(X)
so tha v = D™w(x). Theefore, (1/2'n!)d.x"D"w(x)dx = (/2"n){[x"D"'w(x)]*1 -
d.amx™D™w(x)dx}. The first pat is zero because D™w(1) = D™w(-1) = 0. So
(1/2'nN)3..x"D"w(x)dx = (1/2"nN)[-..mx™D™w(x)dx]. The result now follows from induction:
repeat using the same method on the new integral. Eventually, the integral will disappear, and all
evaluation points disappear anyway. Note that x™ will disappear before D"w(x), asO0<m<n. So
we can say that 3..x™Py(x)dx = 0forO<m<n.

Now we must show that 3.1 P,(X)Py(X)dx = 0. (For m* n). Take n < m. Now P,(X) isa
polynomia which can be expressed as Si-,” ax'. (Some of the g (even or odd) will be zero). So
3.1 Pa(X)Pu(X)dXx = 3.1(Si=o" ax')Pn(X)dX = Sizo"d.1 ax'Py(x)dx. But from the above, we know that
Qlax'Pn(X)dx = 0 for i < m. So we have our conclusion.

Q: Write Pua(X) = (Mameny) G )D™H((x2-1)(x2-1)"), and apply Leibnitz to deduce that DPy
= (M) (X2-1)D2P, + (™?¥.1)XDP, + (™%,)P.. Use the knowledge of the differential equation
satisfied by P, to deduce that DP,; = xDP, + (n+1)P,. A: Let P,a(X) = uv, where u =
Yomp[H/(2°NN)], and v = D™((x2-1)(x2-1)"). Then, using Liebnitz, DP..1(X) = uDv+vDu =
Yo [1/2°n1]D™2((x2-1)(x2-1)") + 0. (u isaconstant, so Du = 0).

Let us now apply Liebnitz to D™%((x2-1)(x2-1)"), with u = (x>1) and v = (x>-1)". So
D™2(uv) = uD™?(v)+DuD™(V)(™2) + ... + ("Z)DUuD™27(v)+...+vD™?u. But we know that D"(u)
=0forn>3, [u=(x?1); Du=2x; D2u=2; D3u =0; ...], so we only need the first thr ee terms of
the seriess D™%(uv) = uD™?(Vv)+(™%)DuD™(v)+("%)D2Dv = (x-1)D™*((x%-1)") +
(N+2)(2x)D™((x2-1)") + T2 D/(2)D"((x>-1)").

So we can deduce that DPqa(X) = Yppep[T2°n1{ (x2-1)D™¥((x2-1)")  +
(N+2)(2)D™H((x>-1)") + (+2)(+1)DY((-1))}; DPra(X) = *Plyey[ V20! ] D™H(x>-1)")  +
@) e[ 12N D™Y(x2-1)N  +  MAODL[12']DY((x%-1)"). Now as  Py(x) =
[1/2'n!]D"((x>-1)"), and using Liebnitz, like earlier, we obtain DP,(x) = [1/2"n!]D™*((x2-1)");
D2P,(x) = [1/2'n!]D™?%((x2-1)"). Therefore, we can deduce that DPni(X) = Y/ D2Py(X) +
2%/ . DP, + ™/,P,. QED.

Now the D.E. satisfied by P, is (1-x?)D?P, - 2xDP, + n(n+1)P, = 0; -2xDP, + n(n+1)P, =
(x%-1)D2P,. Substituting for (x%-1)D2P, in DPn1 = Yopneny(X2-1) DR+ (™ )XDP, + (™2/5)P,, we
obtain DPn1 = Yomen[-2XDP+n(n+1)P,) + (™4ha)XDP, + (™%,)P, = -xDP/(n+1) + nPy/2 +
(n+2/ n+1)XDPn + n+2/2Pn = XDPn('ll n+l+n+2/ n+1) + Pn(n/2+n+2/2) = XDPn(-l+n+2/ n+1) + Pn(n+n+2/2) -
XDPy(™41) + Pa(?™%5) = XDPy(1) + Py(3™Y/,) = xDP+(n+1)P,. QED.



Q: Prove that the Legendre polynomials do not have repeated roots. A: Consider that
P.(X) has a double root a x = a. Therefore, (x-a)? divides P,(x), and P,(X) can be written in the
form P.(x) = (x-8)2Qn(X), where Qn(X) is a polynomial of degree n-2. So DP,(x) = 2(x-a)Qn(X) +
(x-2)2DQn(X), and D?Py(x) = 2Qn(X) + 2(x-a)DQn(X) + 2(x-a)DQn(X) + (X-8)2D?Qx(X). From the
above, P.(a) =0, DP,(a) =0, and D?2P,(a) * 0, as Qn(x) does not have the factor (x-a).

Now P,(X) satisfies the D.E (1-x?)D2P,(x) - 2xDP,(x) + n(n+1)P,(x) = 0. Substituting in X
= a, we obtain (1-a8?)D?P,(a) - 2aDP.(a) + n(n+1)P,(a) = 0, where the red segments are zero.
Therefore, (1-a?)D?P,(a) = 0. AsD?P,(a) * 0, we can divide through by it, giving (1-a&) = 0, or |g]
= 1. But P,(x) only has roots in the range (-1, 1). This contradicts the above statement, and the
root ‘a cannot be -1 or 1 as suggested. Conclusion: Legendre polynomials cannot have double
roots.

Now consider that P,(x) has arepeated root of order rat x = a, (1 <r £ n), so that P,(x) =
(x-8)"Qn(x), where Qn(x) is a polynomial of degree n-r. In the same way as before, we can say
that P,(a) = 0; DP,(a) = 0; ...; D"'P,(a) = 0, where D'P,(a@) * 0. Now, if Py(x) satisfies the D.E.
(1-x3)D2P,(x) - 2XxDPy(x) + n(n+1)P,(x) = 0, then it must satisfy al of its derivatives as well.

For example, differentiating once, P,(x) must satisfy (1-x3)D3P,(x) - 4xD2P,(x) +
[n(n+1)-2]DP.(x) = 0. Differentiating r-2 times, we obtain an expresson of the form
(1-x2)D'Py(X) + (a(x))D"*Px(x) + (b(x))D"?P,(x) = 0. Substituting x = a into the above equation,
we obtain (1-a8)D'P,(a) + (a(a))D"'Py(a) + (b(a))D"?Py(a) = 0, i.e. (1-a8)D'P,(a) = 0.

We are now in the same situation as before, in that we must have |a| = 1, because D'P,(a)
1 0. But [a cannot be 1, so we have a contradiction, and we therefore conclude that there is no
such root ‘a such that (x-a)" isarepeated root of Py(x).
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SECTION 1 (Compulsory)

D)

(@ Define the Wronskian W of two independent solutions yi(x) and y.(x) of the
differential equation D2y+P(x)Dy+Q(x)y = 0. Show that y = viy1+Vv,y, is a particular
solution of D2y+P(x)Dy+Q(x)y=R(x) where Dv; = -y,R/W and Dv, = y;R/W.

[10 marks]

(b) Show that y;(X) = x and y»(x) = € are solutions of the differential equation
(x-1)D?y-xDy+y=0. By calculating the Wronskian W = W(y1, Yy») and by converting
the non-homogeneous differential equation (x-1)D2y-xDy+y = (x-1)2€* into standard
form, find its general solution. [10 marks]

SECTION 2 (Answer 2 out of 4 guestions)

(2)

3)

(4)

()

Explain what is meant by the term “regular singular point” and show that the origin is a
regular singular point of the differential equation 3xD2y+4Dy+y=0. Use the method of
Frobenius to find the indical equation and a recurrence relation for the coefficients of the
series solutions of this differential equation. Hence find the general solution giving the first
3 terms of each series. [15 marks]

L et the Legendre polynomials be defined by the Rodrigués formula
Pn(X) = 2 D"((x2- 1)").
Show that P, satisfies the differential equation (1-x?)D2y-2xDy+n(n+1)y=0. [5 marksg]

Deduce that the functions P,(x) satisl‘yf_l1 Pa(X)Pm(X)dx = O for mt n. [4 marks]

Show that the polynomia xP,(x) is orthogonal to P«(x) for k < n-1. Deduce that there is a
recurrence relation of the form xP,(x) = aPn1(X) + bP..1(X). [6 marks]

Define the Laplace transform Y(s) of y(t). Let D denote differentiation with respect to the
dependent variable, D = Y.

(@ Usethe method of Laplace transforms to solve the differential equation
D2x+4x = sin t, where x(0) = Dx(0) = 0. [6 marks]

(b) Use the method of Laplace transforms to solve the simultaneous differentia
equations D?y+z+y=0 and Dy+Dz = 0, where y(0) = Dy(0) = 0 and where z(0) = 1.
[7 marks]

Find the Fourier half-range sine and half-range cosine series for the function f defined by:

f(x) = p-x, 0E X £ p. Showthat%- %+%- . and%+3—12+5—12+...=%2.[15mark8]

(Questions done: 1, 2, 4)




