Permutations & Combinations

Permutation: an arrangement of n different objects. For example, if we have 3 objects, A,
B and C, then the possible arrangements are ABC, ACB, BAC, CAB, CBA, and BCA. Basic
Rule: for n elements, the total number of arrangements is axaX...xa,. Example: Post Code.
Assume Letter, Digit, Digit. Then the total number of locations is 26x10x10 = 2600. For
choosing n elements to fit into n spaces, for the first position we have n choices; for the 2nd
position we have (n-1) choices; ...., for the nth position we have 1 choice. So the total number of
permutationsisn(n-1)(n-2)...2x1 = n!. Convention: 0! = 1.

Permutations of n elements taken r at atime. The total number is n(n-1)...(n-r+1) [where
(n-r+1) is r]. So we have "/ €lements. Example: If repetitions are not permitted, (i) How
many 3 digit numbers can be formed from the six digits 2, 3,5, 6, 7, 92 A: n=6, r = 3, SO "/
= OO@I2Y o = 120. (i) How many of these are smaller than 400? A: Take case “1st position
=2".Nown=5,r=2, 5 "/pny =/ = 20. Now take case “1st position = 3". 20 possihilities
again. So the total number under 400 is 40. (iii) How many of these are even? A: Must end in a
“2" ora“6”, so again 40 possibilities.

Assume that the n elements are not all different. Example: In how many ways can we
arrange the letters of ZOONOOZ? n = 7, Permutations = 7!. But we have 2 Z'sand 4 O’s. S0
the number of permutations is "/, = 105.

Combinations

A combination is a selection of elements in which order does not matter. We want to
select r objects from n different objects. The number of permutationsis "/.ry. If r =3 and n = 6,
then X;XsX3 and Xsx3X; are different per mutations — but the same combination. The number of
combinations is "/n.yn. Thisisthe binomial coefficient, (") = "/nryn.

Example: In how many ways can a committee of 3 women and 2 men be chosen from 7
women and 5 men? Women: (“3) = “®%/1xs = 35 ways. Men: (°2) = %1 = 10 ways. So total
number = 35%x10 = 350 ways.

The Binomial Theorem

(a+b)” = ZP:O(P)a”'rbr. Example: (a+b)3 = (30)a3b0 + (31)a2b + (32)ab2 + (33)a°b3 = 3!/()!(3-0)!3.3 +
3/1a2b + 3x2/1><zab2 + 3!/0!3!b3 = a8+ 3ab + 3ab? + b3. Important: (nr) = n!/(n_r)!r! = n!/(n_r)!(n_(n_r))! = (nn-r).
Example: A student isto answer 8 out of 10 exam questions. How many choices? A: n= 10, r =
8, 50 (") = (*%) = (*%) = 1912 = 45. If he answers the first 3 questions, how many choices? A: n
=7, r=5%0 (") = (") = () = 21. Q: If he must answer at least 4 out of the first 5 questions,
how many choices? A: Case (i): He answers exactly 4 out of thefirst 5: n =5, r =4 50 (%) = (1)
= 5. For the 2nd part (remaining 5) he has 4 choices. n=5,r =4, ..., = 5. So the total number of
choices is 25. Case (ii): Answers 5 out of the first 5. No choice in 1st part. For the 2nd part, he
chooses 3, so n =5, r = 3 gives (%) = (°2) = 10 choices. So the total number of choices here is
10; Grand total of the number of possible choices = 10+25 = 35.



Subsets

Q: Find the number of possible subsets of a set with n elements. (") = the number of
subsets with 0 elements; (") = the number of subsets with 1 element; (";) = the number of subsets
with r elements. We have a summation: ("o)+(")+...+(") =X /() = Zio(MAM 1" = (1+1)" = 2",
Another method: X = {X1,X2,...,Xn} . There are 2 choices to indicate whether an element belongs
to a subset or not for each element of X. Using the basic rule, we have 2x2x2x2... (n times) = 2".

Probability Theory

The set S of al possible outcomes of some random experiment is called the sample
space. Example: “Toss a coin twice’. Here, the sample space S is {HH, HT, TH, TT}. A
particular outcomeis called a sample point. An event A is any set of outcomes (any subset of S).
Theevent{a}, ac S iscaled an elementary event.

Example: {HH} is an elementary event; {HH, HT, TH} = “at least 1 head” . The empty
set ¢ is called the impossible event. The set Siis called the certain event. The collection of all
the event subsets of Sis called the Bord field, ¢. ¢ is the power set of S. || is the cardinality of a
set (¢) and isthe number of elements of the set. (Here of the set ¢). Note: || is2"if |S] = n.

Tutorial

Q: How many ways can we select a chairperson, vice-chairperson, secretary and
treasurer from a group of 18 people? A: Using the basic rule, we have 18x17x16x15 = 73440
choices. Using Permutations, /g4 = *®/14. Q: If 3 flags are available and al are to be used,
how many signals can be sent? A: Permutations = "/.y = */z3y = ¥/o =¥/, = 6 signals. Q: If at
least 2 flags must be raised, how many signals can be sent? A: For 3 flags raised, we have 6
signals. For 2 flags, we have */3.2, = */1, = 6 signals. So we have 12 different signalsin all.

Q: How many 13 card bridge hands can be dealt from a pack of 52 cards? A: Order
doesn’'t matter, so the number of hands is (*%3) = **/3913. Q: How many 13 card bridge hands
can be dedlt containing al 4 aces? A: Take the 4 aces out, so that there are 48 cards left, and
select another 9 — in (%) = /394 different ways. Q: How many deals of 4 hands (13 cards in
each) are there? A: 1st method: take al 52! permutations = **/1zxaixisxaa = 521/(13")% 2nd
method: 1st hand: (*%3) ways. 2nd hand: (**33) ways. 3rd: (®:3) ways. 4th: (*3;5) ways. Total
number of deals = (5213)(3913)(2613)(1313) = %2 30113%%% [ 26113 %X% 131131 = 521/ (13!)4-

Q: Show that (*";) = 2(",)+n2. A: Take the LHS. 2"/n.z2 = @@/, [Note: We know that
2n! = 2n(2n-1)(2n-2)... The hit in blue onwards is (2n-2)!. So, 2n! = 2n(2n-1)(2n-2)!]. So we
have n(2n-1) after cancellation. RHS =  2("/n2u2)+n2 = 2 "™/, + n2 [same trick used] =
n(n-1)+n? = 2n%-n = n(2n-1). QED; the identity is true.

Q: What is the coefficient of x"y3in (x+y)°? A: We get it from (*%) = 129%/,,,3 = 120. Q:
In how many ways can a set of n elements be split into 2 nonempty subsets? Q: Find the number

of possible permutations of elements AAABC taken 3 at a time. These two questions will be
discussed later.
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Events A & B are mutually exclusiveif A C B =f (i.e. A and B are digoint). We operate

with events as with sets. Random experiment: “Toss a coin 3 times’. Here, S = {HHH, HHT,

HTH, HTT, TTH, THT, TTT, THH}. (28 = 8 elements). Let A = “2nd throw isa head”. Then A

= {HHH, HHT, THH, THT}. Let B = “Exactly 2 Heads’. Then B = {HHT, THH, HTH}. ACB
={HHT, THH}. Let C = 2nd throw is ahead and exactly 2 heads are thrown = ACB.

Relative Frequency Approach to Probability

Let Na be the number of times event A occurs out of N repetitions of some random
experiment. The relative frequency of A isfn(A) = Na/N. (1) O£ fy(A) £ 1. (2) fn(f) =0 (Nt = 0)
and fu(S) = 1 (Ns = N). (3) If events A and B are mutually exclusive, then fy(AEB) =
fn(A)+N(B) [ACB =1].

Relative Frequency Principle

If in alarge number of repetitions, fy(A) stabilises at some number, (converges), then this
number is called “the probability of A”. P(A) = im_ fn(A). How large should N be? This is

N—>OO

mathematically difficult to handle because of the “lim”. (The limit).

Axiomatic Definition of Probability (Kolmogorov)

Let S be a sample space and let e be its Bord field. Let P be a real valued function
defined on e P ¢~ “. (P(A) e “, A ec¢). P is called the probability measure, and P(A) is
called the probability of event A, if )V Aee, 0O<P(A) <1; (ii) P(S) =1, P(f) = 0; (iii) if A
and B are mutually exclusive events, then P(AEB) = P(A) + P(B). The triple (S,e,P) is cdled a
probability space.

Consequences. (1) PA) = 1-P(A)," AT e AEA =S, ACA =f (P AA are mutualy
exclusive events). (3) b P(AEA) = P(A)+P(A). (2) b P(S) = 1. Therefore, P(A)+PA ) = 1.

(2) For any A, B 1 e P(AEB) = P(A)+P(B\A), and P(B\A) = P(B)-P(ACB). Proof:
Consider a Venn diagram. AEB = AE(B\A); AC(B\A) = f. Then P(AEB) = P(AE(B\A)) =
P(A)+P(B\A). Now P(B) = P(B\A)+P(ACB). Prove this. We show that B = (B\A)E (ACB);
(B\A)C(ACB) = f. These imply that P(B) = P(B\A)+P(ACB). (3) P(AEB) =
P(A)+P(B)-P(ACB).

Corollary. P(A)+P(B) > P(AEB). (4) If Ac B, then P(A) £ P(B). Proof. AEB = B. P(B)
= P(A) + P(B\A) from consequence (2); and 0 £ P(B\A) £ 1. So P(B) > P(A). If A = B, this
implies that P(B) = P(A).
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Finite or Countable Probability Spaces

Let S be countable (or finite), S = {e, &, ...}. {e} = an elementary event, where | =
1,2,.... Assign to each elementary event a probability measure p; such that (i) pi > O for al i; (ii)
izpi = 1. The probability of an event A, P(A), is the sum of the probabilities of the points of A.
Example: Let A = {e;, &, e}. So A = {e}E{e}E{e}, with {e}C{e} = f. Therefore, (by
axiom 3), P(A) = P({es}) + P({er}) + P({€}) = ps + pr + pu.

Example: 4 Horses a, b, c and d run arace. Let {a} = “horse awins’, and let S =
{ab,c,d}. (1) aistwice more likely to win than b; (2) b is twice more likely to win than c; (3) a
Is three times more likely to win than d. Q: Find the probability measures p,, po, pc and ps. A
Let p. = p, so that p, = 2p, pa = 4p, and ps= */s. Now p+2p+4p+*/3= 1; S0 p = %,s. Therefore, pa

=12/, Po= ® 55, Pc= 355, and Pa= s

Finite Equiprobable Spaces

Let S be finite with n points, S = {e,,...e.}. Assign to each elementary event {e} the
probability Y/,. If A isan event containing r points out of S, then P(A) = Y/, +/,+/,+... (r times) =
"/ n— number of points in A/ number of pointsin S- P(A) = number of ways A can ocarf number of points in the sample space- The classical

definition of probability is associated with games of chance.

Example: We have a box of 12 balls: 8 white and 4 black. 2 balls are chosen at random
without replacement. (i) What is the probability that the 2 balls have the same colour? (ii) What
is the probability that at least 1 is black? A: (i) The sample space S has (*%) equally likely
outcomes = 66 outcomes. Let A = “All black pairs’. |JA| = (%) = 6. So there are 6 ways to choose
2 black ballsfrom 4.

Let B = “All white pairs’. |B| = () = 28. P(A) = Vg = ®/s. P(B) = Bllig = #/e6. What is
P(AEB) = P(A)+P(B)? [We have this formula as here, ACB = f]. P(AEB) = 6/66+28/66 = ¥es.
(Thisis P(Two balls are the same colour)). (i) Find P(At least 1 is black). Now B = * All white
pairs’, so B="Atleast 1isblack”. Therefore, P(B) = 1-P(B) = 1-®/¢s = %/c.

Q: Solve the above problem if repetitions are permitted. A: The sample space has
(*2)x(*2;) = 144 choices. Let A = two balls are white. |A] = (®)x(%) = 64 (8 choices in 1st
position; 8 choices in 2nd position). So P(A) = W/ig = /4. PA ) = 1-%/144 = &/ 14y = %5. And
P(same colour balls) = (31)x(31)+(*1)%(%) = 64+16 = 8%,

Tutorial

Q: Using P(AEB) = P(A)+P(B)-P(ACB), find an expression for P(AEBEC). A:
P(AEBE 0= P((AEB)E C) = P(AE B)+P(C)-P((AEB)CC) = P(A) + P(B) - P(ACB) + P(C) -
(F(ACC)EP(BCC)) = P(A) + P(B) + P(C) - P(ACB) - (P(ACC) + P(BCC)-P(ACC)C(BCC))
= P(A) + P(B) + P(C) - P(ACB) - P(ACC) - P(BCC) + P(ACB)CC = P(A) + P(B) + P(C) -
P(ACB) - P(ACC) - P(BCC) + P(ACBCC).



Q: 2 men & 3 women arein arace. Those of the same sex have the same probability of
winning, but each man is twice as likely to win as each woman. (a) Find P(particular man to win)
and P(particular woman to win). (b) Find P(Race is won by a woman). (a) Define p = P(woman
wins) and 2p = P(man wins). So p+p+p+2p+2p = 1; 7p = 1, p = */7. So P(woman wins) =%/, and
P(man wins) = ?/,. (b) P(race is won by awoman) = /5.

Q: 3 balls are chosen without replacement from a box with 3 white, 4 black and 3 red
balls. What is the probability that the three balls have different colours? A: The number of ways
to select 3 ballsis (*%) = 120. Let A = “ Different colours’ . We have 3 positions to choose from.
Consider black, white, and red. For the 1st position, we have 4 choices; 2nd position = 3
choices; 3rd position = 3 choices. But the order doesn’t matter, so we have 4x3x3 choices = 36
choices. So |A| = 36, |3 = 120, and P(A) = */120 = 3 10.
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Conditional Probability

For the events A and B, (P(B) > 0), the conditional probability of A given that B has

occurred is P(A|B) = PA“Blfpg. This is the measure of the relative roduced
probability of A with respect to the reduced space B. Recap: P(B) = Pllg,  sae =
(Finite). Using the definition, P(A[B) = IAS8MS) o, o = hGalj @

ACB

Example: A pair of fair dice are tossed. If the sum is 6, find the probability that one of the
dice was two. Let B = “the sum is 6”; A = “one of the dice is 2". Now |§ = 36, B = {(1,9),
(2,4), (3,3), (4,2), (5,1)}; |B|=5. SOACB ={(2,4), (4,2)}; |IACB| = 2, so P(A|B) = "B/, = ?s.

Multiplication Theorem for Conditional Probability

If P(AIB) = PA“Bfpg,, (P(B) > 0), then P(ACB) = P(A|B)P(B) = P(BJA)P(A), (P(A) > 0).
Let {A1, Az ..., A} be a sat of events, with P(A:C...CAn1) > 0. Now P(C"=) =
P(A]_CAzggAn) = P(Al)P(AzlAl)P(AslAlgAz)P(AnlA;L(;Az(;(;Anl) Note: Try to prove the
theorem by using the formula for P(A|B) and induction. Proving by induction: (1) Prove that the
proposition holds for n = 1,2,3 (small n). (2) Assume that the proposition is true for n-1. (3)
Prove that the proposition holds for n.

Partitions & Bayes Theorem

A partition of the sample spaceS isaset @ 3
of events {Ay, ..., A} such that (1) E"- A = N
AEAE..EA,=S; (2) ACA =f fordli,jl @
{1,..n}, 11 ] (Note: ACA = A). Example: {A;

A., Az} could be represented by diagram (1).
Diagrams (2) and (3) are not partitions. Bayes Theorem: If A4, ..., A,isapartition of the sample

space S, and B is any other event, then for any i 1T {1,2..n}, PAB) =
P(A)-P(BJA)
P(A1) PBIAD+P(A2) PBIAZ)+-.+P(An) PBIAN) *




Le¢ B = (A/CB) E (A.CB) E .. E (A.CB). Notice
(AICB)C(A;,CB) = using Associativity and Commutativity =
(ACA)C(BCB) =fCB = f. Now P(B) = P(A.CB) + P(A.CB) + ... -

P(A.CB); P(AiB) = P('f& )(;(B))/P(B) using the red identity on th
P(A;
Previous page = sEany pag)+. +PEA) A
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Conditional Probability: Examples

Q: A box contains 12 eggs, 4 of which are bad. We select eggs without replacing until we
find a bad egg. What is the probability that we stop after 3 eggs? A: Let A; be “first egg is OK”;
A, be “second egg is OK”; and As; be “third egg is bad”. We want P(A1CA.CA3) =
P(A1).P(A2JA1).P(AsJAICAL). Now P(A1) = ¥, P(AJAL) = ", and P(A3AiCAL) = Y. So
P(A1CA2CA3) = &4y 12x11x10 — 28/ 165-

Q: Machine A produces 50% of the total production, and 3% of its output is defective. B:
30%, 4%; C: 20%, 5%. If an item is selected at random, what is P(It is defective)? If an item
selected at random is defective, what is the probability that it came from machine C? A: Let S=
al produced items, {A,B,C}. Thisisapartition on S. Let X = “The item is defective’. P(X) = ?
Now X = (ACX)E (BCX)E (CCX); P(X) = P(ACX)+P(BCX)+P(CCX). We know that P(X|A)
= 0.03; P(X|B) = 0.04; and P(X|C) = 0.05. Now using P(ACX) = P(X|A).P(A) [P(A) > O], we get
P(X) = P(X|A)P(A) + P(X|B)P(B) + P(X|C)P(C) = 0.03x0.5 + 0.04x0.3 + 0.05x0.2; P(X) =
0.037. Now we want P(C[X) = PXIOO) oy paypixpipe)+rixiopo)- The denominator here is P(X); so
P(C|X) — P(XlC)P(C)/P( — 0.05x 02/0037 10 [,

Q: 3 boxes contain coloured balls as shown. A box is White | Black | Red
selected at random and 3 balls are drawn without replacement (A | 3 2 5
from it. Find the probability that the box was C, given that the 3|B | 4 1 3
balls are (a) one of each colour; (b) all of the same colour. A: (a) [C__[5 2 4

Let E = “one of each colour”. We want P(C|E). Here, S = { (bbb, ..., (bibby)}. Thisis not an
equiprobable sample space. Now {A,B,C} isapartition on S. P(A) = l/3, P(B) = /5, P(C) = /..
Now P(C|E) = P(Elc)P(C)/p(E|A)p(A)+p(E|B)p(B)+p(E|c)p(c) Now P(EJA) = 3120 = Ya. [Choices of 3 balls out of
10 = (*%) = 120; choices of 3 balls of different colours = 3x2x5 = 30]. So P(E|B) = 4x1x3/(%;) =
., and P(E|C) = 5x2x4/(*5) = ... We now have enough information to find an answer for the
expression shown above.
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Set Theory

U isthe universal set. f isthe empty set. A° isthe complement of A, where A1 U. E, C,
complement and \ are set operations. Rules: AEA® = U (The law of excluded middle). ACA® =
f (The non-contradiction principle). AEU = U; AEf = A; ACU = A, ACf =f. [ACA = A,
AEA = A — Idempotence]. [ACB = BCA; AEB = BEA — Commutativity]. Associativity:
(ACB)CC = AC(BCC) and (AEB)EC = AE(BEC). Mutua Distributivity: (ACB)EC =
(AEC)C(BEC) and (AEB)CC = (ACC)E(BCC). (AEB)® = A°CB° and (ACB)° = A’EB° are de
Morgan’s laws.



Past Exams: Questions & Answers

Remember that P(A\B) is P(ACB). Q: Three die are tossed. What is the probability that
all faces will show the same number? What is the probability that at least one side will show a 3?
A: |S] = 6x6x6 = 216, an equiprobable space. Let A = “The same number” = {(1,1,1), (2,2,2),
.. (3,3,3)}. JA| = 6. So P(A) = Wiq= %6 = /3. Now let B = “none of the facesisa3".B = “At
least one face is a 3", with P(B) = 1-P(B). |B| = ? The number of possible elements of B is

5x5x5 = 125 (5 choicesin 1t position, ...) So P(B) = /6, and PB) = 1-*/ 16 = /4.

Q: Bags contain sweets as shown. A bag is chosen NUt Cream | Caramel
at random; and 2 sweets are taken without replacement. [ A 1 4 3
Find P(Bag was C, given the choice was one nut and one| B 4 3 1
caramel). And, if the sweets are replaced, find P(Bag|C 3 4 1

chosen was A given the choice is cream and carame centre). A: P(A) = P(B) = P(C) = Y.
(Chosen at random). Let X = “One nut & one carame”. P(C|X) = ? from Bayes Theorem:
P(ClX) = P(X|C)P(C)/p(x|A)p(A)+p(x|B)p(B)+p(x|C)p(c). (NO repl acement). The total number of choices of 2 out
of 8 sweets (for any box A, B or C) is (%,) = 28.

P(X|A) = ? One nut and one caramel can be chosen from box A in 1x3 ways (each nut
can be obtained with each caramel). P(X|A) = 3,s. Smilarly, P(X|B) = *¥/5 = ¥,; and P(X|C) =
355 = 3/55. Then P(C|X) = Y392/ 1 3.a08)4(/axarz)+axaize) = 0. NOow let X = “One cream and one
caramel, with replacement”. Here, P(X|A) = 3X4/8x8 (with replacement) = *?/s,. And P(X|B) =
*Uexg = °l16; and P(X|C) = *Hgeg = Yea. SO P(AIX) = (We-d2eny (1/3x12/64)+(1/3x3/64)+(1/3x4/64) — /0.

Q: A screening procedure for a disease has +ve and -ve results. If an infected person is
tested, P(+ve result) = 0.9. If a non-infected person is tested, P(+ve result) = 0.05. In a
population where 20% of people are infected, what is P(A person whose test is +veisin fact not
infected)? A: P(+|l) = 0.9, P(+|NI) = 0.05, P(l) = 0.2, P(NI|+) = ? Now from Bayes Theorem,
P(NI+) = P(Jr"\”)p('\“)/P( +INDP(NI) + P(+[)P(1) = %%fo0as018= /11
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Q: There are 3 die. The 1st one has 3 times more chance to show an odd number than an
even number. The 2nd and the 3rd have 3 times more chance to show a number greater than 4. If
adieistaken at random, and the number shown is 5, what is P(Dice was 1st dice)? We need
P(1st dicels) = PEROPIND /o0, o pisy+pErnapeng+. Because P(1st) = P(2nd) = P(3rd), then we can
cancel these, giving P/ P(5]1st)+P(5[2nd)+P(5[3rd) -

= 005(1- 02)/005><(1 -0.2) +0.9x0.2 =

1st dice: S={1, 2, 3, 4, 5, 6}, not equiprobable. 3p+p+3p+p+3p+p = 1; so p = Y/1,; and
P(5|1st) = %/1,. 2nd dice (And 3rd): S={1, 2, 3, 4, 5, 6}, not equrobable p+p+ptp+3pt3p =1,
p= 1/10 So P(5|2nd) 3/10 and P(5|3I‘d) _3/10 S0 now P(l$|5)

/ 3/12+3/10+3/10 — / 17-



Independence

P(A|B) = PA%®)/e [P(B) > 0]. By intuition, P(A[B) = P(A) if A and B independent, i.e. B
makes no difference. DEFINITION: The events A and B in e are independent iff P(ACB) =
P(A)P(B). So P(A|B) = PAB)5g = PMPB)e = P(A) [P(B) > 0]. And, P(BJA) = P(B). I dentities:
P(AEB) = P(A)+P(B)-P(ACB) goes to P(AEB) = P(A) + P(B) - P(A)P(B). So we only need
P(A) & P(B) to calculate the union.

Example: A & B are on a shooting exercise. The probability of A hitting the target is
0.25. The probability of B hitting the target is 0.4. Q: If A and B fire together, what is P(target
has been hit at least once)? A: Caculate P(AEB) = P(A)+P(B)-P(A)P(B) = 0.25+0.4 -
(0.25x0.4) = 0.55. Q: Are mutually exclusive events dependent, independent or cannot say? A:
Dependent.

Q: Let A =*“A family has children of both sexes’, and let B = “A family has children at
most one of which isaboy”. Assuming boys & girls are equally likely, show that (1) A & B are
independent events if the family has 3 children; (2) A & B are dependent eventsif the family has
2 children. A: (1) S = {BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG}. This is
equiprobable. Now A = {BBG, BGB, GBB, BGG, GBG, GGB}, and B = { GGB, GBG, BGG,
GGG}, so ACB = {GGB, GBG, BGG}. Therefore, P(A) = Mg = %5, P(B) = Bl/g = %/5, and
P(ACB) = W°Bl/g = 3/5. Now P(A)P(B) = P(ACB), (verify), so A and B are independent. (2)
Here, S={BB, BG, GB, GG}. A ={BG, GB}, so P(A) =%. B = {BG, GB, GG}, so P(B) = %a.
And ACB = {GB, BG}, so P(ACB) = %. But P(A)P(B) * P(ACB), so events A and B are not
Independent.

In the previous example, Q: How many times should A fire so that P(HIT) > 0.8?
P(AEAEAE...) — how many? P(A) = 0.25. What we calculate is PA CA CA C...) (n times).
This should be less than 0.2. So P(A)PA )PA ).... ntimes < 0.2; (1-P(A))(1-P(A))(1-P(A)) < 0.2;
0.75" < 0.2, which we solve to get n.

25th February 1999

Q: There are 9 one-dollar bills and 1 ten-dollar bill in one box; the other box contains 5
one-dollar bills, 3 ten-dollar billsand 7 five-dollar bills. What is P(Draw a 10 dollar hill?). A:
P(Draw a 10 dollar bill from 1st box) = */,,. P(Draw a 10 dollar bill from 2nd box) = /5. So
P(Dra\N a 10) P(lOllSt) + P(10|2nd) (1/10>(1/2)+(1/5 1/2) 1/20+1/10 = /20

Q: An urn contains 3 red marbles and 7 white
marbles. A marble is drawn, and one of the other colour is | P(StW) = 10 P(2nd WISt W) = %o
put back in. A segond marble is th_en drawn. If two marbles P(1st R) = %10 ﬁgzg EIE \é\;)__ /ﬁo
are chosen, what is P(both are white)? A: Think of it as a P(2nd W/ist R) = &s
tree diagram situation as shown. Then P(Both white) =
110%%10 = #so.

Q: Inaroall of 5 dice, what is the probability of getting exactly 4 faces alike? A: Let “A”
be getting 4 alike faces. |5 = 6x6x6x6x6 = 7776. We can have 4 alike faces with the faces 1's,
2's, etc. For each alike face, we have 5 choices for the non-alike face, and 5 positions to place
them (Note: 1,1,1,1,2* 1,1,2,1,1). So |A| = 6x5x5 = 150, and P(A) =Wig = %7776 = %/ 1506
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Random Variables

Let <S, e P> be a probability space. A One-dimensional random variable X is a
real-valued function defined on the sample space S. Example: Toss a coin twice: S={HH, HT,
TH, TT}. Let X = “The number of heads’, X: S® R; where X(HH) =2, X(TH) = 1. X isa
random variable on S. Let X be arandom variable on S (<S, e, P>). The cumulative distribution
function F of X is defined for all real vaues by F(x) = P(X£x), for al real x.

Example: the same experiment as before. S is an equiprobable space, where P{HH}) =
P{HT}) = P{TH}) = P{TT}) = ¥ Let Ao = “Number of heads < 0” = the empty set f. P(Ao)
= 0. Let Ag* =“Number of heads £ 0" = {TT}. P(Ao*) =% But Ag* =X £0; 0 P(A*) =P(X £
0) = F(0) = ¥a Now let A; be“X £1” = {HT, TH, TT}. So P(A1) = P(X£1) = F(1) = ¥ Note:
F(0.82) = ¥4 F(2) = P(X£2) = 1.

F is a function mapping R onto [0,1] as shown. X: S® R- VF) .
F: R ® [0,1]. Theorem: For dl real a and b, where a < b, . :
P(a<X£Db) = F(b)-F(a). This gives the probability of X being in the
interval (a,b]. Proof: Define A = “X£a’, B = “a<X£b”". SO AEB = ) ? X
“X£b’; ACB = f — so mutually exclusve. So P(AEB) = 0 1 2

P(A)+P(B); P(X£Eb) = P(X£a) + P(a<X£b); P(a<X£b) = F(b)-F(a). Proof done. Example: (The
same situation): P(1EX£2) = tHT.THHRY/, = 3/, P(1<X£2) = F(2)-F(1) = 1-%/, = Ya.

Types of 1-Dimensional Variables

Discrete Random Variables

X takes only finite or a countable number of different values { X1, X, X3, ...} . Denote P(x;)
= P(X =Xx;). Theorem: (1) P(x;) >0 fori=1, ...; (2 iZP(xi) =1. We cdl P(x;) the probability mass
function of X (the pmf). F(X) = P(XEX). Now “X £ X" ise.qg. {X1, X2, X3, X4}, Where P(X£X) =
)
xisxP(Xi)-

Example (the same as before): X € {0,1,2}. P(0), P(1), P(2) = Y4, ¥, ¥a. The sum of these

Is 1. F(1.6) = P(0)+P(1) = % Important examples of discrete random variables (r.v.): Bernoulli:

A random experiment that has only 2 possible outcomes — success (probability p) and failure
(probability 1-p = q).
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Binomial

We have n repeated Bernoulli trials. X is the number of successes, X =0, 1, 2, ..., n.
Assume the trials are independent and the probability p is constant. The probability of a single
outcomeiseg. {s f, f, s f, s, ..., f}. For ntrials, r successes, we have p.q.q.p......= p'gq*'. So
P(X=r) = "/ ynxp'q™; P(X=r) = (")p'q™". Isthisapmf? Now (i) P(r) > 0, so thisis correct. (ii) Is
S0 p(r) = 1? Calculating, S"= p(r) = S"=o(")P'q™" = (p+q)" = 1" = 1. QED.



Example: the probability of a successful launch is 0.9. Assuming successive launchings
are independent, with constant success of probability, find the probability of (a) exactly 4
successes in 7 trids; (b) 1 or more failures in 7 trials. [n = 7, p = 0.9]. A: (&) P(X=4) =
(72)0.9°0.1"* = ... =0.02296. (b) P(X£6) = 1-P(X=7) = 1-(7)0.9°0.1° = ... = 0.5217.

Negative Binomial

Negative Binomial = repeated Bernoulli trials until we reach a fixed number of n
successes. Let X = the number of failures prior to the n™ success. Assume independent trials
with constant probability of success. The last Bernoulli trial is a success, (the n success), and
thereare nt+r-1 trials prior to the last success — so there must be (n-1) successes.

The probability of (n-1) successes prior to the n™ success (with r failures) is ("",)p™q.
P(er) — p(r) — (n+r-1n_1)pn-lqr.p — (n+r-1r)pnqr (NOte: (n+r-1n_1) — (n+r-ln+r-l-(n-l)) - (n+r-1r)). Example: A fa”-
coin is tossed until we obtain 5 heads. What is the probability that we toss 7 tails before we
stop? P(X=7) = (**"%)(*2)°(*2)" = (**7)(*/2)** = 0.08056.
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Tutorial

Q: On an exam, there are 6 questions, each with 5 choices. If a student chooses an answer
at random, with al the questions of equal weight, and the pass mark is 66%:%, what is the
probability that the student passes the exam? A: p = /5, g = %5, n = 6. The student needs to
answer 4 questions correctly to pass. (/s = 66°:%). So we want P(X=4) = (%) (Ys)*(*/s)? = .. =
0.01536.

Q: A dieisrolled until a1 occurs. What is the probability that more than two tosses are
required? A: Could use the probability of getting (no on€e's, no one's) = °/¢x°/s = /4, or use P(1
occurs on 1st toss) = /s, P(occurs on 2nd toss) = °/3; (this comes from atree diagram — 1st not
a6, 2nd a6); so P(1 doesn’t occur on 1st or 2nd toss) = 1-Y/¢-%/35 = /3.

Q: Two dice arerolled repeatedly. Find the probability that the third time a9 is obtained,
it occurs on the 7th roll of the two dice. A: This is “find the probability that we get 4 non 9's
before we stop”. Comparing to the example of the last lecture, we then get P(X=4) = (***%,)pq”.
Now what is p? When rolling two die, there are 36 outcomes, 4 of which are 9 (3+6, 4+5, 5+4,
6+3). S0 P(X=4) = (%) (*/36)3(**/s6)* = ... = 0.01285.

Q: If adieisthrown repeatedly, what is the probability that a 6 is obtained before a 1
turns up? A: We want 6 before 1. P(6 before 1) = Yo + “etls + (Yle)2Ye + ... =
Ye(1+2/3+(?15)%+(?15)3+...). The thing in brackets is a geometric series; and so it is Ye. Y123 =
1/6-1/(1/3) = 3/6 =15, Or, let S= {1,2,3,4,5,6}; A= {1 or 6} . S0 P(6|A) = P<A|6)P(6)/p(A) = 1X1/6/2/6 =15,
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Poisson Distribution

For the Poisson Distribution, P(X=r) = e"vf—!r (I >0). (1) P(X=r)>0.(2) S €' (I"1) =
e' S¥ (I '/r!). Now S* .- (I "/r!) is€ (using Taylor series), so €' S¥. (I /r!) = 1.



Continuous Random Variables

A continuous random variable takes all values in R. Example: Human Height. We use
probability density functions, pdf (1) f(x) > 0 for al real x; (2)§~, f(X)dx =1 . We write for this,
{2 f0qdx = im [ f(x)dx + im_ [2f(x)dx. The p.d.f. defines the (cumulative) distribution function
F, where F(x) = [*_ f()d{ = P(X < X). The areaunder the curveis 1. The area under the curve up
to the_ x line is f(x). _The p.d.f., f(x), ic fx) )
sometimes called likelihood.

Theorem: P(a<X£b) = F(b)-F(a) = X X
I, Qde - T2, 6(Q)dC = [af(@)dz. 1f f i
continuous at b, then "y, (P(a<x£b))
(Thisis P(X=b) = 0) =M ,(F(b)-F(a)) = 0. And P(a<X£b) = P(aEX£b) = P(aEX<b). Important
examples of continuous random variables:

b

X

|
a

Uniform Distribution. Let aand b bereal, with a< b. f(x} fx) fx)
=Y. if x T [a,b], and O otherwise. (1) fx) >0" red x. (2 1/ba¢ 13
[ f)dx=1. Here, [2:idx=1i[Pdx=t[x2=22=1
Example: a = -1, b = 2. Find P(O<X£1). A: P(0O<X£l) =
03X =[315=73

a b -1 2

Exponential. f(x) = | €' if x > 0, and 0 otherwise. | isa+ve parameter
(1) f(x) >0fordl real x. (2) |5 le™ =, -e?d(- AX) =[-e ™5 =-(0-€") = L
Example the life of an eectric bulb in hours x has the following pdf: f(x) = |
Y10006%1% when x > 0, and O otherwise. Find the distribution function F(x) and use it to find
the probablllty that the bulb lasts (i) > 1000 hours, (ii) between 1000 and 2000 hours.

A: Fx) = PXEx) = [ QA=) gpe @00dr |
— J"é e (c/1000)d(_ ﬁ) — [_e-(x/1000)]x0 — _g/1000 11 = 1.g(1000) Now P(X > \

1000) = 1-P(X £ 1000) = 1-F(1000) = 1—(1—e‘1°°°’1°°°) = 1-1+e! = el. Anc A
P(1000£X£2000) = F(2000)-F(1000) = 1-g20001000 _  (].g-100011000
=1-e’+el-1 = el-e?

0 x

()2

Normal Distribution: f(x)—#e sl uand s ae

parameters, with s > 0.

N-Dimensional Random Variables

We form an n-dimensional random variable on a sample space S by assigning n real values
to each point in S. [X = (X1,X2,...,Xp); X: S® R". Example: Toss a coin twice. Let X = the
S HH HT TH TT number of heads in the 1st toss;, Y = number in 2nd toss.
XY) (1Y) 13109 101 [00 [(X)Y)isa2-dimensonal random variable.




(1) For a 2-D random variable, (X,Y), the cumulative distribution function F(x,y) is
defined as F(x,y) = P(XEx, YEy) for all (x,y) inR2 F. R"® R, F. R"® [0,1]. (2) The margina
distribution f™ of X & Y are defined by marginal distribution f™ of C. Fy(x) =, F(x,y) — get rid
of they. (F.: the “1” means the 1st argument). Marginal distribution f" of Y: Fx(y) 3™ F(x,y) —
get rid of the x. (3) In (X,Y), X and Y are independent iff F(x,y) = Fi(X)F(y) for al (x,y) in R2,
P(XEX, YEY) = P(XEX)P(Y £y) = (No matter what y is)x(No matter what x is).
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Tutorial

Q: The distribution function of a discrete
random variable X is tabulated on the right. (a) X (00 |10.2) [[25) |[56) |[6.0)
How many different values can X take? List them. LFX)_10 01 j04 05 |1
(b) Find the p.m.f. of X, f(x). (c) What is the probability that X > 3? What is the probability that
X =3?A: X can only take the values 0, 2, 5, 6 (Thisis when the “jumps’ occur). Now P(X>3) =
Sxz3 P(X) = 0.1+0.5 = 0.6. And P(X = 3) = 0. (No jump).

Q: Let X be adiscrete random | x 0 1 2 3 4
‘ " variable with p.m.f. as shown|p(x) |01 [a 04 |03 |b
o o on the right. (a) Find F(x) for the largest possible value of a. Draw it. (b)

03 - Find F(x) for the largest possible value of b. A: Now 0.1+a+0.4+0.3+b
Ll I— =1; 0.8+tatb=1; atb=0.2. Thelargest value of ais 0.2, when b = 0.
¢t 2 2 % Thelargest vaueof bis0.2, whena= 0.

Q: A continuous random variable has p.d.f. given by f(x) = Cxe* for x > 0 and 0
otherwise. Find the value of the constant C. A: Integrating, |, Cxe ¥dx = 1; C|{ xe¥dx = 1;

Cl%515 =1 O 3)0- =1 3C=1,C=2

Discrete 2 Dimensional Variables

(X,Y) takes only afinite/countable number of values (X, ;). Let p(xi,y;) = P(X=x;, Y=y)).
(D) p(xi, ¥;) = 0. (2) SS; p(xi,y;) = 1. These two say that p(x;, y;) is the pmf of the 2-D random
variable (X,Y). F(xy) = & &, p(x.,y;). Marginal Distribution Function: Fi(x) = P(XEX, Y<¥)
= Suex Sy P(XY)). Fo(y) = P(X<¥, YEy) = S; Syy P(Xi,y)). Marginal Probability mass function:
Pu(xi) = S p(xi, Vi) P2(Yi) = Sj p(X;, ¥i)-

Example: Toss acoin twice. Thisis shown inthe[ s HH HT TH TT
table. Note: In (X,Y), X is the number of heads in the| (X,Y) | (11) [0 |01 [(0,0)
1st throw; Y = number in 2nd throw. i and j can take| p(x.y) | % Ya Ya Ya

values 0 & 1. Now we want to find F(x,y) in [0,1]. Look at the diagram on the left. Notice that

v |1 e.g. F(-2.3, -0.8) = Sxe23 Syc0s P(Xiy;)) = 0. Generally, F(x; < 0, y;) = 0.
0 1 . Another example: F(1.3, 0.5) = P(0,0)+P(1,0) = %2. Marginal /\F; (%)
0 74 Y2 function: Fi(X) = Sxex Sj p(Xi,y;). Diagram shown on right.
1 X

0 0 0 1



Assignment 1

Q: In how many ways can a set of n elements be split into 2 non empty subsets? A: Let U
= {Uy,...,u}. The number of all possible subsets is 2". Except U and f, al others have a
non-empty complement. Each subset A 1 U definesanA 1 U, and this partition is the same as
takingA 1 Uand a=A1 U. Therefore, the number of different splitsis (2™-2)/2 = 2-1.

Q: There are N; studentsin Year 1, N, in Year 2, and N3 in Year 3. 2 students won the
lottery, which everybody tried. Knowing that B has studied for a longer time than A, what is the
probability that B isin year 3? A: S={(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3)}.
|S| = 32 =9. Sisnot equiprobable. Let X = “B studies longer than A”. X = {(1,2), (1,3), (2,3)}.
LetY =“Bisinyear 3. Y ={(1,3), (2,3), (3,3)}.

We want to find P(Y|X) = P(XCY)/P(X). Now P(X) = P(1,2)+P(1,3)+P(2,3). And
PXCY) = P(1,3)+P(2,3). Let N = N;+N»+Ns. Example: P(1,2) = P(A isin 1)xP(B isin 2) =
(N2/N)X(N2/N). So P(Y|X) = (N1N3/N2)+(NoN3/N?) _ NiNg+NoNj3

(N1N2/N2)+(NoN3/N2)+(N1N3/N2) — NiNo+NoN3+NiN3 -

Q: Prove by induction the multiplication theorem: for a set of events {A,...,As} and
P(Alg---CAn-l) > O, P((;ni:1 A.) = P(Al)P(AzlAl)P(AnlA]_CCAnl) A: Forn= 2, P(A]_CAz) =
P(A1).P(A;|A1). Thisis correct. Assume that the formula holds for n-1 i.e. P(A;CA.C...CA.1) =
P(A1).P(AJAY)...P(An1|AICAC...CAL) ().

Now P((AlgAzggAnl)CAn) = P((;n]_:i A.) So P((AICCAnl)CAn) = (by (*)) =
P(Alc;(;An-l)P(AnlA]_(;(;An-l) = P(Al)P(AzlAl)P(AglA]_(;Az)P(AnlA]_(;(;An-l) Therefore,
the formula holds for n, which completes the proof.

Q: 5 Russians and 3 Germans compete in 2 semi-final heats, with 4 swimmers in each
heat. (2) What's the number of possible corridor arrangements for the 1st semi fina? (b) Do
likewise for the 2nd semi final. () What is the number of possible 8-corridor arrangements if
all 8 swimmers are to start in one series? (d) Is the sum of the first two ((a) and (b)) equal to the
number you obtain in (c). Explain why you arrive a your answer.

A: Consider the 1st semi-final. For RRRR, we have 1 combination. For RRRG, we have
“/3 = 4 combinations. For RRGG, 6 combos. For RGGG, 4 combos. So for the 1st semi-final,
there are 1+3+6+4 = 15 different arrangements. Now consider the 2nd semi-final. RGGG gives
“/3 = 4 combos. RRGG gives */,, = 6 combos. RRRG gives 4 combos while RRRR gives 1
combo. So there are 4+6+4+1 = 15 different arrangements for the 2nd semi-final (The same
number because the possible combination of 4 and 4 are symmetric. Now for (c), we have ¥/53 =
56 possible arrangements.

(d) We have (a)+(b) = 30, and (c) = 56. Therefore the sum is not equal to (c). The
difference comes from the fact that for EACH 1st semi final arrangement, all possible
permutations of the 2nd semi final arrangements will count as different corridor arrangements.
So in (a)+(b), the 4 arrangements in the first semi final (RRRG) and the 6 in the 2nd semi final
(RRGG) count as 24 different arrangements.
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Continuing the example where we tossed the two coins (X = number of heads in the 1st

throw; Y = number in 2nd throw). F(x,y) = 0 for -¥ <x<0 OR -¥<y<0. It isa ¥ for OEx<1 AND

OEy<1. It isa ¥ for 1£x<¥ AND Ofy<1. It is a 2 for OEx<1 AND 1£y<¥. And it is 1 for
1£x<¥ AND 1£y<¥. Try to visualiseit from the pictures on page 12.

Fi(x) = 0 for -¥<x<0. Itisa¥for OEx<1. It is 1 for 1£Ex<¥. Similarly for Fx(y), it is O for
-¥ <y<(; Y2 for O£y<1, and 1 for 1£y<¥. Now pi(Xi) = S p(Xi,y;) — the argument is discrete.
P:(0) = p(0,1)+p(0,0) = ¥2. px(1) = p(1,0)+p(1,1) = Y2 po(y;) issimilar.

If (X,Y)isa2-Dr.v., then X & Y are independent iff F(x,y) = Fi(x).Fx(y). Let event A =
(XEX). Let event B = (Y£y). Now F(x,y) = P(XEX, Y£y). (Note: The comma means “and”). So
F(x,y) = P(ACB). Now F(x) = P(X£Ex) = P(A) and Fx(y) = P(Y£y) = P(B). Now we know that
P(ACB) = P(A)P(B).

Theorem: If (X,Y) isa2-D discreter.v., and p(xi, y;) = p«(Xi).p=(y;) for al xi, y;, then X &
Y are independent. We want to prove that F(x,y) = Fi(X).Fa(y). Now F(X,y) = SxexSyey P(Xi,Y)) =
SexSyey P1(Xi)-P2(Yi) = Swex P1(Xi) Syey P2(Y)) = Fu(X).Fa(y).
18th March 1999
Q: Prove that F(x), the cumulative distribution function, is monotonically non-decreasing.
Let aand b be such that aand b are Real, and b > a. X can be discrete or continuous. In F(x),
the argument x is continuous. But F(x) can contain discontinuities (F(x): R®[0,1]). By
definition, F(@) = P(X£a), and F(b) = P(X£Db). From the theorem about F(x), P(a<xfb) =
F(b)-F(a). Thisisaprobability. Therefore, it is non-negative — a property of probability. So F(b)
- (@) > 0, and therefore F(b) > F(a). This completes the proof.

Alternative method: F(a@) = P(X£a) and F(b) = P(X£b) by definition. Define A = (X£a)
and B = (a<X£Db). It follows that ACB = f and AEB = X£b. Now P(AE B) = P(X£b) = F(b) by
definition. P(AE B) = P(A)+P(B)-f. (Mutually exclusive). F(b) = F(a@+P(B). As P(B) > 0, then
F(b) > F(a).

Q: Toss a biased coin twice, where P(H) = 0.4

and P(T) = 0.6. Let X = the number of heads obtained; | (X.Y) (g’f) H(Tl’lT)H (ﬁﬁ)
Y = the number of tails obtained. Find p(xy;), Fi(x), ) 030 0.’ 5 010

Fa(y), pu(X), and poy). A xi, y; I {01,2}. (X)Y)
cannot take all combinations. p(x;,y;) can be seen in the table. From this, we can calculate: Fi(x)
=0for x <0, 0.36 for 0Ex<1, 0.84 for 1£x<2, 1 for x > 2. F,(y) isOfor y <0, 0.16 for OEy<1,
0.64 for 1£y<2 and 1 for y > 2. Now ps(Xi) is p«(0) = 0.36, p:(1) = 0.48, and pi(2) = 0.16. And
P2(Y;) is p2(0) = 0.16, p(1) = 0.48, and p»(2) = 0.36.
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Continuous Valued 2-D (n-D) Random Variables

(X,Y) T Rz Definition: The (joint) probability density function of (X,Y) isf(x,y), with the
following properties: (1) f(x,y) > 0 for al (x,y) in R2 (2) [, " f(x,y)dxdy=1. The p.d.f.
determines the distribution function F(x,y), where F(x,y) = (XEX, Y £y).




Reminder: P(X£Q), the area, is |2« f(X)dx = F(a). Anc f(x)
Fx,y) = [ [7_f(x,y)dxdx. Marginal p.d.f.: fi(x) = f(x,y)d)
(Weget rid of y). And fo(y) = {7 _f(x,y)dx (We get rid of x).

-
Marginal Distribution functions. Fy(x) = P(X£x, any Y) = // x

I f100dx. Fu(y) = [Y_fa(x)dx. Theorem: Let (X,Y) be a 2-D a
rv. If f(x,y) = fi(x)f2(y) for al (x,y) in R?, then X and Y are called independent. So to be
independent, we must show that p(x;,y;) = pa(x)p2(y;) holds for al x;, y;.

Conditional Probability Distributions

(@ Let (X,Y) be a discrete 2-D r.v., where the p.d.f. and the p.m.f. are known. The
conditional p.m.f. of X given'Y isgiven by P(xily;)) = P(X=x; | Y=y,) = P(x;,y;)/p(Y;). Here, P(xi,y;)
= P(X=x; and Y=y). Let y, be fixed. Then P(xily;) is alegitimate p.m.f. of X if (1) P(x,y;) > 0; so
that P(x.,y;)/p=(Y;) > O; (p2(y;) > 0 so thisis dl right); (2) Si p(xily;) = 1. Now S; p(xily;) = S
POGY)/RYs) = [VpW)]Si P(XiYi) = Yegp-Po(y) = 1. And P(yjjx:) = P(xi,y;)/pa(x;). Smilarly,
p(y;Px) is alegitimate p.m.f. of Y for fixed xi. (b) Continuous valued (X,Y). f(xly) = F(x,y)/fa(y)
(f20y) > 0); f(yIx) = F(Xy)/fu(x) (f(x) > 0).

Example: Let (X,Y) be a continuous valued r.v.; where F(x,y) = Cx(1-y) ~
forx T [0,1],yT [0,1]; and O elsewhere. (i) Find C. Now [, _f(x,y)dxdy = 1
so we have 1%%Cx(1-y)dxdy = 1.C|* xdx]% (1-y)dy = 1. So C[*/5]%[y-12]* = 1 X
ClY[1-] =1, %=1, C=4. !

(ii) Find the marginal p.d.f.’s fi(x), fa(y). A: fi(X) =[7, F(x,y)dy; fi(x) = 1% 4x(1-y)dy for
dl x 1 [0,1], and O otherwise. So f1(X) = 1% 4x(1-y)dy = 4x|% (1-y)dy = 4x[y-Y1]% = 4x[1-Y/] =
2x. So f4(x) = 2x for x T [0,1] and O elsewhere. Similarly, fa(y) =[~, F(x,y)dx = % 4x(1-y)dx for
dlyT [0,1], and O otherwise. So f4(y) = 1% 4x(1-y)dx = 4(1-y)|% X = 4(1-y)[]% = 2(1-y).

(iii) Are X & Y independent? A: F(X,y) = 4x(1-y) = 2x.2(1-y) = fi(x).fx(y) for al x, y.

This holds for al points. For example, the point (2, /) gives F(x,y) = 0; fi(X) = O; fa(y) = 2(1-y).
S0 F(x,y) = f1(X)f2(y) holds here. Conclusion: X and Y are independent.

24th March 1999

Expectations & Moments

Definition: Let (X,Y) be a 2-D r.v., and let f(X,Y) be any function of X and Y. The
expected value E(f (X,Y)) is given by (a) discrete (X,Y): E(f (X,Y)) = SS; f (x;,y;)-p(Xi,y); (b)
Continuous valued (X,Y): E(f (X,Y)) = [7_[7_f(x,y).f(x,y)dxdy. We can extend this definition
for an n-D r.v. X(Xy,...,Xn), @and a function f(Xu,...,Xn).

1-D case discrete x, f(x): E(f (X)) = Sif(x)p(x). mormal /M%) 0(x)

Continuous valued X, f (X): E(f (X)) =] _ff(x)dx. average X
e EOG)

X




Properties of Expectations

Let f1(X4,...,.X0), oo , Fm(X4,...,Xp) be m functions of the n-D r.v. (X4,...,X»), and let a, ...,
an be real coefficients. Then E(S™-; af (X4,...,Xn) = S"=1 aE(fi(X4,....,X0)). Proof: (For 2-D
discrete (X,Y)) E(Smi:]_ af 1(X,Y)) = SjSk(Smizl afi(Xj,yk)).p(Xj,yk) = Smi:]_ a(SjSk fi(Xj,
Yi)-P(X,yx)). Now we know that S§Sk fi(x;,y«)-p(%;, Yx) = E(fi(X,Y)), so we have the result
E(Smi=1 af 1(X,Y)) =S"_, aE(f 1(X,Y))

A special case: fi(Xy,...,.Xr) = Xi. So here, E(S™-; aX;) = S"-; aE(X;). REMEMBER THIS
RESULT. Another case: E(constant). Let constant = a, so that E(@) = [~ af(x)dx = d__ f(x)dx.
Now |”_f(x)dx = 1, so have E(a) = a.

25th March 1999

Tutorial

Q: Two die are thrown. Let X be calculated as the number on the 2nd die - the number on
the 1st die. (@) Find the | X 5 [4 |-3 |2 |-1 |0 |1 |2 [3 |4 |[5
p.m.f. of X; (b) What is|PX=X) | s | [%se [*s | |%se |6 | |%s |26 | s
the probability that the difference between the 2 facesis 2 or less; (¢) Calculate E(X). A: [F] =
36; X takes values from -5 to 5. We have p.m.f. as shown in the table. (b) Let A = “The
difference is £ 2". P(A) = 2?/; from the table. (c) We have E(X) = S°-s i.p(i) =
=% 36-2136-%36-2/ 36-"1 360+ 3642/ 36+ 3613 36+°/ 36 = 0.

Q: Let X be a random variable with p.d.f. f(x) = k(x+4) for x T [1,2] and f(x) = 0
elsewhere. (a) Find k. (b) Calculate E(X). (c) For which value x of X is P(X>x) = 0.7? A:|”,
f(x)dx = 1. So 1% k(x+4)dx = 1; k[¥/+4x]* = 1; ... k = % (b) E(X) =7 xf(X)dx = 1%
X.2/11(X+4)dx = 2/11[X3/3+2X2]21 = .. = 50/33. (C) We want ff f(X)dX = 07, lellzx (u+4)du = 07,
2[u[¥1+4u)’ = 0.7; ...20u2+80u+21 = 0, from which we get 2 values — 1 of which is in the
interval.

Q: (X)Y), a discrete 2-D | (X,Y) | (11 (1,2 (1,3) (2,1) (2,2 (2,3
r.v. has p.m.f. as shown in the|p(x,y) [03 0.1 0.2 0.1 0.2 0.1
table. (@) Find the marginal p.m.f.’s; (b) Are X & Y dependent?; (c) Find E(X2+Y?). A: (a) For
p:(Xi), p1(1) = 0.3+0.1+0.2 = 0.6; p2(2) = 0.4. And for pa(y;), p2(1) = 0.3+0.1 = 0.4; p=(2) = 0.3;
p2(3) = 0.3. (b) As P(1,1) is not equal to pi(1).p=(1), then X and Y are not independent. ()
E(X2+Y?) = 2x0.3 + 5x0.1 + 10x0.2 + 5x0.1 + 8x0.2 + 13x0.1 = 6.5.

Easter Holiday.




20th April 1999

Assignment 2

Q: Threepeoplefire at atarget. If A, B & Cfiretogether, P(Target not hit) =Y. If A& B
fire together, P(Target hit) = 5. If A & C fire together, then P(Target hit) = %. Find the
individual probabilities of hitting the target. A: P(Target has not been hit) =
(1-P(A))(1-P(B))(1-P(C)) = Ya

Also we know that (1-P(A))(1-P(B)) = 15 = ¥ And (1-P(A))(1-P(C)) = Y. Now
Ys.(1-P(C)) = ¥4 1-P(C) = %5 P(C) = Y5. And %s.(1-P(A)) = ¥ 1-P(A) = ¥ P(A) = ¥ And
Y4 (1-P(B)) = ¥s; P(B) = 1-Y» = ¥. S0 P(A) = ¥4, P(B) = %, P(C) = Y.

Q: Find the probability that at least 3 of the first 5 persons encountered on a given day
were born on a Saturday. A: Binomial r.v.: p =7, n =5. Now P(X = 3) = (°3)p3q2 = 360/7°. P(X
=4) = (°)p*qt =30/7°. And P(X =5) = (P)p’q° = 1/7°. SoP(X =3 o0r4or5 =P(X =3) + P(X =
4) + P(X =5) =360 + 30 + (1/7°) = 391/7°> » 0.02326.

Q: A bag contains 5 white and 4 black balls. A and B take turnsin drawing one ball at a
time without replacement. A draws first. What is the probability that A will be the first to draw a
black ball? A: A draws ablack ball = {B} E {WWB} E {WWWWB}. Now P{{B}) = */s = /.
P({WWB}) = 5/9X4/8X4/7 = 10/63- And P({WWWWB}) = 5/9X4/8X3/7X2/6X4/8 = 2/63- So we have
P{ B})+P{WWB})+P{WWWWB}) = #1025 = 9f¢,,

Expectation of a 1-D Random Variable

(1) The r'™ moment of X about the origin is 1, = E(X"). (2) H' = u = px = E(X). The
mean of X, the measure of central tendency, is px = S xip(x;) for Discrete valued X and
17 xf(x)dx for Continuous valued x. (3) The r'™ moment of X about the mean is p, = E((X-W)").

(4) 1o = 52 = 5,2 = E(X-M)?, the variance of X. And +Cs2 isthe standard deviation of X. These
two are measures of variability.

Theorem: E((X-H)?) = s, = E(X?)-(E(X))* = p2"-(W)> Proof: E((X-p)?) = E(X>-2uX+u?) =
E(X?) - E(2uX) + E(B) = E(X?) - 2UE(X) + 1B = E(X?) - 2uu + 12 = E(X?) - (E(X))2 This result
gives an easy formulato calculate s,2.

Theorem: Let Y = X-pdsx. Then E(Y) = 0, E((Y-0)? = 1. Proof: E(Y) = E(X-u/Sx) =
(Vs )XE(X-Hx) = (Usx)*(E(X)-E(Ly) = (Us)*(Ux-Hx) = 0. And E((Y-0)?) = E((X-p/sx)?) =
(1/s,A)*(E(X-x)?). Now as (E(X-x)?) is s?, we have E((Y-0)?) = 1. Any random variable can
be standardised to a random variable with mean 0 and variance 1.

Other Measures of Central Tendency

(1) The median of X, m, isthe value satisfying P(X>m) > %2 and p(X£m) > %4,



(1a) Continuous valued X. We know that P(X£a) or P(X<a) is the area under the graph
before the point X = a. In this case, we want P(X>m) = %2 and P(XEm) = %. (Because P(X = m)
=0).

(1b) Discrete X. Two examples are shown. For the X 0 1 2
first one, m = 1. Thisis because P(X£1) = 0.3+0.6 = 0.9 p(x) 0.3 0.6 0.1
> Y5 and P(X>1) = 0.6+0.1 = 0.7 > Y. In the second
example, m can be anything in [1,2] — work out some|Xi 0 1 2 3
examples for yourself. p(x) |0.3 0.2 0.1 0.4

(2) Mode. A mode of X is a value of X for which p(x;) or f(x) has a maximum.
Distributions with one mode are called unimodal. Distributions with 2 modes are bimodal. Any
more, and the distribution is called multimodal.

21st April 1999

Measures of central tendency: mean, median, mode. Measures of variability: variance
and sd. Measure of unsymmetry:. the coefficient of skewness. Measure of flatness. the
coefficient of kurtosis. The coefficient of skewness, By, is a/s® = E((X-px)3)/s3. When the graph
is mor e skewed, B; is higher. The coefficient of Kurtosis, B, is pa/s* = E((X-1)*)/s*. When the
graph ismoreflat, B, is higher.

Tf{x)
In examples, remember that py is the expectation or mean,
E(X). 12" isE(X?), and [ isthe variance, s?, or E((X-|)?). Example 1/b-a
Let a < b, with ab T R. Define f(x) = Yo for x 1 [ab] and (

otherwise. b

EX) = |7 Xf(X)dX Japadx= [Z(ba)]b = "Fhpg = O ypq = @3, Now E(X?) =
f Xzf(X)dX ja b- a = 1/b.al:)(3/;e,:|b = b3a3/3(b_a) = (b-a)(b2+ab+a2)/3(b_a) = a2+ab+b2/3_ SO Va (X) =

E(XZ) (E(X))Z — a2+ab+b2/ _(b+a)2/4 — az+ab+bZ/?)_b2+2ab+aZ/4 — 4az+4ab+4b2-3b2-68b-332/12 — b2—2ab+azll2 - (a—b)zll2

Inequalities for Expectations

Theorem: Let Y be a 1-D r.v. which takes only nonnegative vaues, and let E(Y) = puy

exist. Then for any a> 0, P(aEY) £ 5/, = py/a. Proof: py = {7 yf(y)dy = [, yf(y)dy > | yf(y)dy
> [ af(y)dy = af; f(y)dy=aP(@a<y). So uy > aP(afY), i.e. P(eEY) £ uy/a

22nd April 1999

Tutorial

Q: Let X bead.r.v. taking values 3 or 5, each with probability ¥2. Find Var(X). Caculate
the coefficients of Skewness and Kurtosis of X. A: E(X) = (3xY,)+(5x;) = 4. E(X?) =
(9xY)+(25%Y,) = 17. So Var(X) = E(X2)-(E(X)?) = 17-42 = 1. Now Skewness, B; = ps/s3 =
E((X-x)3)/s3. Kurtosis, B, = pa/s* = E((X-p)*)/s*. For X, s3 = (Q4)3 = 8. Similarly, s* = 42 =
16. Now E((X-x)3) = E((X-4)3) = (3-4)3.1/+(5-4)3.%/, = 0. And E((X-)*) = E((X-4)*) = (3-4)*.Y/,
+(54)41/2 15081—/8—0 ande—/le



Q: Let Y beac.r.v. with p.d.f. f(y) = %fory1 [0,1] andy T [2,3]; and O elsewhere. Find
2 2
Var(Y). A E(Y) = [ozdy +J53dy = [ + % = ... = ¥ E(Y?) =[5 Fdy + 3 5 dy = [
+ 1] = ... s, Hence Var(X) = E(X2)-(E(X)?) = 2a-(¥5)2 = 3.

Q: Let f(x) be f(x) = 3>/, for x I [-1,1] and O elsewhere. Prove that f is a valid p.d.f..
Find Var(X). Let g(x) = 3x-2. Find the mean and variance of g(x). A: Is it vaid? Yes: All

probabilities are +ve as (1-x2) > 0 for x T [-1,1]. And ]%; 3(1-x?)/4 dx = ... = 1 as expected.
Caculate Var(X) as before, to get Var(X) = Ys. Now g(x) = 3x-2, so E(g(x)) = 1"
Ya(3x-2)(1-x3)dx = ... = -l Now Var(g(x)) = E((g-1g)?) = E((3x-2-(-"1)?) = E((3x+%2)?) =
E(Ox24+9X+%/4) = 111 3/4.(9X2+9X+%4) (1-Xx2)dX = ... = 8y,

27th April 1999

Theorem: Chebyshev Inequality

If X isa1-D r.v., then for all k > 0, P(ksx £ [X-L|) £ Y. -
Proof: Let Y = [X-u 2, with a = s,2k2. Then using the Theorem

P(sxk? £ [X-u) £ E(Y)/s,2k2. Now E(Y) = E(X-uxP) = s X oxEnedd) N(?W 9
P(s«k £ [X-uy]) £ s</s,?k2. (Note: we have taken the square root

inside each side of the probability). QED. Application: Looking a pead o pead
the graph, P(X£u,-4d) + P(X>p,+4d) £ Y/56. \puead < X < uevad)

Corollary 2: Markov's Inequality: P(k £ [X[) £ E([X[)/K'.

Moments of some Standard Distributions (Discrete Variables)

Distribution Parameters x S2
1 | Binomial Distribution. P(X=r) = n = the number of trials, p = P(success), g = | np npq
")p'g™". rcangofromOton. 1-p
2 | Bernoulli trial(s) p p pq
3 | Negative Binomial. P(X=r) = ("™*)p"d". | n = the number of successes, p = the ", " e
rcangofromOto¥. probability of success
4 | Poisson. P(X=r) =€' | "/rl.r can go | >0 I I
fromOto ¥.

Relationship Between Poisson and Binomial Distributions

If N® ¥ and p® 0 in a binomial distribution, so that the mean np tendsto | , wherel isa
fixed positive constant, then the Binomia r.v. tends to a Poisson random variable with
parameter | .

Example: Suppose that 300 misprints are distributed at random throughout a book with
500 pages. Find the probability that a randomly chosen page contains (@) exactly 2 misprints; (b)
2 or more misprints. A: Here, n, the number of |etters on the page, is large; and p is small. This
implies a Poisson distribution. | is the expected number of errors per page = 3/500 = 0.6. (a)
P(X=2) = €%¢.%9/, = 0.098. (b) P(X>2) = 1-P(X=1)-P(X=0) = 1-€°°0.6-€°° = 0.122.



28th April 1999

Continuous Valued Random Variables

Distribution Parameters x S,2
1 Exponential. f(x) =1 &'*whenx >0, and Owhenx < 0. | | >0 U 1l 2
2 Lo’ Ky, Sx (X ~ N(ix, $,3) b [se

Normal Distribution. f(x) =

e 20)2(
27 ox

N(0,2) 0 |1

22
Standardised Normal. f(z) = ﬁe‘ z

What is the link between the Normal and the Standardised normal? P(@EX£b) = 1%, f(x)dx

(%-ux)?

= b=—e 2% dx. Now Z = X-W/s,; dz = (/s )dx. So dx = s,dz. Changing limits, x = a

a
27 ox

implies z = a-l,/s, and X = b implies z = b-p,/Sx. So we ha/efgfﬁ)xjgj ﬁe' 2 dz = P(a-p/Sx £ Z

£ b-u./sy). Z has a standardised normal distribution, so P(a-p/sx £ Z £ b-p/sy) = F (b-L/Sy) -
F (ap/sx). (F (t) isthe cumulative distribution function of Z).

Propertiesof F: (1) F(t) > Ofor dl t, and F (t) £ 1 for al t. (2) F is monotonically non
decreasing. (3) F (a) = 1-F (-a), because of the symmetry of the standar dised normal p.d.f. about

the origin. F (8) === [, &' 7 dz = 1-P(Z>-3). S0 F (3) = 1-F (-3).

Exercise: the temperature in June is normally distributed with mean 68°F; standard
deviation 6°F. Find the probability that the temperature is (1) between 70° and 80°; (ii) Greater
than 60°. A: X ~ N(68, 36), so let Z = X%/, (i) P(TOEX£80) = P("*®/,£Z£5%/¢) = P(0.33£Z£2)
= F (2)-F (0.333) = 0.9772-0.6293 (from tables) = 0.348. (ii) P(X>60) = P(60£X) = P(**%/,£Z)
= P(-1.333£2) = 1-P(Z£-1.333) = 1-F (-1.333) = F (1.333) = 0.9082 from tables.

29th April 1999

Tutorial

Q: Let X be arandom variable of unknown distribution but of mean 3 and variance 4.
Find alower bound for the probability that X is between 0 and 6.

A: In P(ksx £ [X-l|) £ Y, we have P2k £ [X-3|) £ Y. We
want ks, = 3,i.e. 2k = 3, k =3/,. S0 P(3 £ |X-3|) £ “/s. Thisis the arec
shown in blue. To get what we want, the red area, use P(OEX£6) =
1-P(3£[X-3]). So 1-P(3£[X-3|) > 1-%; P(OEXE6E) > /. THINK abou
the change in inequality and what it means. So the lower bound is */s.

Q: What is the expected number of sixes in 30 rolls of a fair die? What is the standard
deviation? A: Apply the Binomia Theorem, with n =30 and p = /s, so that q = */s. So E(X) = np
= 5. And Var(x) = npg = %/s. So the standard deviation is Q(*/s) = */c.

Q: X is a discrete variable with P(X = -1) = Y5, P(X = 0) = % and P(X = 1) = Y.
Cdlculate the mean, the standard deviation and the probability P(|X-u| > 2s). Compare with the
Chebyshev estimate. A: (see ove)....




E(X) = (-1xYs)+(0x32)+(1xYs) = 0. Var(X) = E(X?)-(E(X)?) = ... =%s. SoMean = 0, s.d. =
Y. Now P(|X-p > 2s) as requested is P(JX-0] > 2x/,) = P(|X| > 1) = Y/s+'/s = ¥a. The chebyshev
estimate is as follows: P(ksx £ [X-p|) £ Y. Wewant ksy =1, so ¥,k = 1, k = 2. Now P(1 £ [X])
£ 1/22, SO P(l £ |X|) £ Ya,

Assignment 3

Q: The demand in kg of fruit you are sdlling is a random variable
with the following p.d.f.: f(xX) = kix for x T [0,100]; kxx+b for x 1
[100,130], and O elsewhere. The price is fixed and is either £10 witl |
probability 0.2, £15 with probability 0.5, and £19 with probability 0.2. Yot kax h Nkt
gain 20% of the total sale. Find the constants and calculate the expectec 00 i30 >
profit.

f(x)

A: From the graph, we see that h = k;.100 or h = k,.100+b. So 100k; = 100k,+b. We
know that the area under the graph is 1, so the area of the triangleis 1. 1 = 130.h/2. Using h =
100k;, we get 1 = 130.100.k1/2; ki = Yes00. Substituting in the other formula we found, we get k,
= Yigs0. And s0 b = %, by taking the values at x = 130. The expected profit is
E(X)xE(Y)x0.2, where 0.2 = 20%. Caculate E(X) and E(Y) in the normal way (X uses
integration, Y uses cross multiplication). Then the expected profit is about £219.

4th May 1999

Normal Approximation to the Binomial Distribution

For large n, (> 30), and with both np and nq > 5, we car pmf of X, pdf of Y
approximate the Binomial random variable X with parameters n anc

p by anormal r.v. Y with mean vy = np and variance s2, = npq, i.e 04 area of blue
Y ~ N(np, npg), provided a continuity condition is applied a g5 rectangles=1
follows: P(@EX£b) = P(a'2£LY £b+'/,). For example, in the graph, 0.1 —* «
P(X=0) = P(-'/,£Y £%%). Also, P(a<X<b) = P(a+'/,EY £b-'/,). o0 1 2 3

Example: In 100 throws of afair coin, what is the probability that the number of heads is
() between 40 and 55; (ii) more than 36. A: We have n = 100 > 30, and p = %, so np = 50 = nq
> 5. Therefore we can use e.g. P(40£X£55) = P(39.5£Y £55.5).

Standardise: P(39.5 £ Y £ 55.5) = P(3%%/s £ Z £ %5%/;). (npg = 25 so the s.d. is (@5 =
5). SOP(-2.1 £ Z £ 1.1) = F(1.1)-F (-2.1) = 0.8643-(1-F (2.1)) = ... = 0.8644. Smilarly, P(X >
36) = P(Y > 35.5) = P(Z > %55%/) = P(Z > -2.9) = 1-P(Z£-2.9) = 1-F (-2.9) = 1-(1-F (2.9)) =
0.091.

Moments of 2 r.v.’s

The bivariable moment of order r in X and order sin Y, about the origin, is defined by
s = E(X"YS) = {SS, xi'y;° p(xi, ¥i); |- I~ xyf(x,y)dxdy}. In this notation, the mean of X is
Hx = E(XY®) = p10'; themean of Y ispy = E(X°.Y?Y) = hos’. Now E(X,Y?) = {SS, xi p(Xi, ¥;) =
S Xi Pa(Xi); [, 17 x fxy)axdy =7 x fi(x)dx}. Note: SiSy xi p(xi, ¥i) = Sk X(Sy; p(xiyy). (The
red bit is pa(Xi)).



CENTRAL = about the mean. The bivariable centra moment of order r in X and order s
INY is s = E((X-p)"(Y-Hy)®). In this notation, S, = Pz and Sy? = Hoo.
5th May 1999

Covariance

Sx2 = Mz0; Sy* = Mo2. The covariance between X and Y is Cov(X,Y) = M1 =
E((X-pux)(Y-My)). The correlation between X and Y (a dimensionless measure) is rxy =
Cov(X,Y)/sxsy. Note: The correlation between X and Y is the covariance between their
standardised versions. S0 rxy = E((X-px)(Y-Hy))/sxSy = E((X-px/sx)(Y-Hy/sy)) =
E((Xs-Ma)(Y s-Hs)) = Cov(Xg, Ys). [Where X-px/sx = X«; He = 0; S = 1].

Theorem: w1 = Cov(X,)Y) = E(XY)-E(X)E(Y). This is an easy way to calculate
Cov(X,Y). Proof: Cov(X)Y) = E(X-ux)(Y-Huy)) = EXY-uxY-pyX+uxpy) =
E(XY)-UxE(Y)-Hy E(X)+pxHy = EQXY )-pxHy-py PxHHxFy = E(XY)-pypx = E(XY)-E(X)E(Y).

Example: Let (X,Y) be adiscrete 2-D r.v. as | (xi,y) (2,0) (-1,2) (0,2)
shown in the table. Calculate the covariance and | P(XiY) ?f1s * 15 %
correlation. To do this, we need Ly, My, E(XY), Sy, and sy. Now Py = SSy = xip(Xi,y;) = 2.%/15 +
1.8/15 + 0.5/15 = 12/15 = 4/5. And My = SxiSy, = yjp(Xi,yj) = 0.2/15+1.8/15+2.5/15 = 18/;]_5 = 6/5. And E(XY) =
SuSy XiyiP(Xi,yi) = 0.%/15 + ®15 + 0515 = ¥/1s.

Now SX2 = E(XZ)-[E(X)Z] E(Xz) = 22.2/15+8/15 = 16/15. E(YZ) = 8/15+20/15 = 28/15. So sz =
16/15-(4/5)2 = 32/75. And Syz = 28/15'(6/5)2 = 32/75. So COV(X,Y) = E(XY)'E(X)E(Y) = 8/15-(4/5)(6/5) =
-%2/,5. Note: covariance CAN be -ve, but variance can never be -ve. Now r xy = Cov(X,Y)/s,sy =
328 waasyeaersy = -1. SO X and Y are correlated. (rxy isintherange-1£rxy £1; if rxy =-1itis
negatively correlated; if rxy = 1 it ispostively correlated).

Theorem: If X and Y are independent, then Cov(X,Y) = 0 = r xy. Proof (Discrete Case):
X and Y are independent, therefore p(xiy;) = pi(%).p2(y;) for al xy;. Now Cov(X,)Y) =
E(OX-p)(Y-Hy)) =SSy (Xpd(Viry)PGY) = SkSu(Xi-u) (Y-Hy)pa(xi)pe(y;) =
(Sx(Xi-u)P2(X)) (Sy(Yi-Hy)P2(Y1) = (S XiPa(Xi)-keSi P2(X0))(Sy YiP2(Yi) - HySy P2(y;)). Now because
SuXxipi(Xi) = px and Sepi(xi) = 1 (Similarly for y), then Cov(X,Y) = (Ux-Mx-1)(Hy-Hy.1) = 0. Hence
lxy = o/?=0.

Counter Example. Let (X,Y) be a 2-D r.v. with[y vy 1 0 1 0:(y))
p.m.f. as shown in the table. This is not an independent [ o 1, 0 1, 2/,
rv., as p(-1,1) = 0, which is not equal to pi(-1)p=(1) =[1 0 s 0 s
1/3.1/3. P1(Xi) 3 s 5

To get COV(XY), we need E(X) =- /3+1/3 = O, E(Y) = 0.2/3 + 1/3 = 1/3; E(XY) = 0.-1.1/3 +
0.00+0.1Y;+1-1Y:+1.-1.0+1.0/;+ 1.-1.0=0. So Cov(XY) = E(XY)-E(X)E(Y) = 0-0."/5
= 0. Hence the conver se to the theorem is false.
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Tutorial

Q: Find how many throws with one die are required so that the probability of getting 9 or
more sixesis ¥%2. A: Heren =2, p = /5, s0 g = °/s. Approximation: X ~ N(*/en, */ssn). We want
P(X >9) =%, so P(X £ 9) = 1-*/,. Change 9 to 8.5 because of the continuity condition. So P(X £
8.5) = % Now Z = (8.5-Y/sn)/(Q%/36)n). We want P(Z) = %. Thisimplies that Z = 0 from tables.
S0 0 = (8.5-Y5n)/(Q%/36)n); n = 51.

Q: Let X be a continuous-valued random variable 0
unknown distribution which has mean 5, and is symmetric abou
the mean. Knowing that the probability of X being greater than 7
Is 0.1, find a lower bound for the variance of X. A: We car
create the graph from the information. So P(2 £ |X-5|]) £ 0.2
Now from Chebyshev, 0.2 = Y, sok = (. And 2=sk; so s =
%les; s =0.894; or s2="1s.

Q: A manufacturer of light bulbs finds that on average, 2% are defective. What is the
probability that (a) out of 1000 such bulbs selected at random, 15 or more are defective?; (b)
exactly 5 are defective from a box of 100? A: n = 1000, p = %100, SO g = %¥/100. S0 X~N(20, %/s).
We want P(X>15) = 1-P(X£15) = 1-P(ZE®®/qegs) = 1-P(ZE**°/qess) by the continuity
condition. So 1-P(ZE¥>?%qeg5) = 1-P(Z£-1.24) = 1-F (-1.24) = 1-(1-F (1.24)) = 0.8925. (b) n =
100, p = %100, SO q = %¥/100. P(X = 5) by the binomial theorem = (*®s5)(*®/100)**(*/100)° = 0.184x1073,
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Theorem: Let X and Y ber.v.’s. Define Z = a+aX+bY (a, a, b are constants). Then uz =
atauxtbyy and s = as,2tb?s2+2abCovXY. Proof: n; = E(Z) = E(at+taxX+by) =
E(a)+E(aX)+E(bY) = ataE(X)+bE(Y) = a+aux+bpy. And s2 =
E((Z-uz)) = E((at+axX+bY-a-aux-buy)?) = E((@(X-px)+b(Y-pv))> =
E(22(X-1)? + 0P(Y-},)? + 2ab(X-pu)(Y-Hy)) = @E(X-)? + PPE(Y-p,)e P
+ 2ab((X-e) (Y-Ly)) = as2+b?s 2+2abCovXY. Corollary: If X & Y
are independent, then s 2 = &s,2+b%s,2. Now we know that [rxy| £1 ¥
Analysis: rxy = 1 = totally positively correlated. O = not correlated. -1 | i (e  Lowrey (49
= totally negatively correlated. (Not related: 13y = 0)

Reqgression Functions

Let (X,Y) bear.v. Then the regression function Y on X (“Y given X”) is defined as. For
discrete variables, E(Y|X) = Sy Y;.p(Yi[x) = Sy V;.P*¥/ ). For random variables, E(Y[x) = ¥«
yf(y)dy = 1%y y. Y/ dy. For each particular X, the regression function of Y on X gives the
mean of Y for that X. So E(Y|X) =f(x).

Similarly, the regression function of X on Y is E(X|y) = y (y). Discrete: E(X|y) = S« Xi
P(Xily;) = Su Xi.P6/ . Continuous: E(X|y) = 1%y X.f(X|y)dx = ¥ ¥ X ,q,dx. If f(X) = aX+b, we
say that theregression f" of Y on X islinear. Note: aand b are called the regression coefficients.



Example: Let (X,Y) bear.v. with pmf as shown in thetable. Find f (X) and y (y). A: Asin

the table. Note: Example calculations: f (0) = *8/5(-3/15) = -*,. And f (1) = 8/4(-"1s+%18) = 1, ...

v\ X 0 1 2 3 Pa(Yi) y (vi)
-3 Y1g 0 %1g 0 %15 s
-2 0 %/1g 0 */18 °/1g s
0 Yie 0 Y1g 0 %1g 1
4 O 2/ 18 O l/ 8 3/ 18 5/ 3
8 0 0 Y1 “/18 */15 s

p1(Xi) %15 Y18 Y18 818

f (xi) -3/, 1 Y, ¥/,

The Central Limit Theorem (CLT)

If X4, ..., X areindependent r.v.’s, with the same distribution — mean y, variance s2, and
if X =%, S"=1 xi, then Z = ;,(/% (the standardised form of X ) is approximately distributed as
N(0O,1) for large n (n > 30).
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Tutorial

Q: What is the probability that a randomly picked integer N produces a number ending
withal, if (a) N is squared; (b) N is multiplied by another arbitrary integer? A: To get a square
ending in 1, the original number must end in a1 or a 9. Each last digit can take 10 values, 2 of
which give a 1 at the end when squared. So the probability is %10 = */s. Two numbers multiplied
together resulting in a number ending with a1 can only be obtained when the last numbers of the
two numbers are one of (1,1), (3,7), (7,3) and (9,9). So the probability is %100 = /2s.

Q: You have 10 cards with the digits 0 to 9 on them. Find the probability that an arbitrary
2-digit number made out of two of these cards divides by 18?7 A: We have a sample space of size
81 — we must have a TWO digit number, so cannot have 00, 11, 22, etc. The numbers divisible
by 18 are 18, 36, 54, 72 and 90. So P(A) =W/, = %/g;.

Q: There are n+k seats in a theatre. If n spectators come in, what
IS the probability that some fixed number of seats, m £ n, are taken? A
All possibilities: (™). Of these, the number of possibilities where the rr
fixed seats are taken is ("*™,.). So P(m seats are taken) = ("M )/ (M.

Ce0ee 00 |
m m m

HERE,n=4,k=4,m=3

Q: 3 cards are drawn from a deck of 52 cards. Find the probability that these three cards
are3, 7and an Ace. A: Let A =“Draw 5, 7, A”. |A| = 4x4x4 = 64. The number of possibilities
of taking 3 cards out of 53, regardless of the order, is (°%3) = 2%/ },,.5 = 22100 possibilities. So
P(A) = |A|/|s| = 64/22100.

Q: Let A and B be events on some sample space S. If P(A) =35, P(B) = /s, and PAB) =

P(ANB) _ P(AUB)® _ 1-P(AUB)

35, find P(AEB) and P(ACB). A: PAB) = g = 1PE = TrE - O 1-P(AEB) = PA B )x

(1-P(B)) = 3/7(1-Ys) = 3. So P(AEB) = 1-3s = 5. We obtain P(ACB) by using P(AEB) =
P(A)+P(B)-P(ACB).




Q: Let X be arandom variable with ap.d.f. f(x) = kx+'/, 4,
for x T [1,9], and O elsewhere. Find k, and the value x such tha f\@f
P(2EX£x) = 0.3. A: We know that the area under the graph is 1. N\
Using the trapezium rule, 1 = (}2)((K+Y10)+(9k+Y10))(9-1); 1 = o
A((k+10)+(9k+10)); ... k =/200. Now find P(2EX£xX) = 0.3. 3

S

Two methods: (@) use %> (Ma00X+10)dX which gives ¢ 1 2 x 9 |
quadratic which we calculate x from. (b) At X = 2, the height i ({110 (S 1110])
oootto. At X = X, the height is */100+Y10. Using the trapezium rule again, we get 0.3 =
(1/2)((2/100"'1/10)+(X/100+1/10))(X-2), .o X =44,

Q: You try in a£1 lottery with 10 numbers. Two numbers are drawn from the urn. If you
match them, you win £100. If you match them in the reverse order, you win £10. (a) Calculate
your expected profit in 1 game; (b) What is the least number of games you have to play so that
P(Get £100) > 0.04; (c) What is the expected number of games you have to play so that you get
£10 3 times; (d) What is the probability that you played exactly 5 gamesin part (c)?

A: Think about the situation, and you arrive at the table X :_TOf't 885)90

shown. So E(X) = -88/90+9/90+99/90 = 20/90 = 2/9. In (b), use Negative 9 Yso
Binomial. 99 Yoo




Exam Paper: June 1999

SECTION 1 (Compulsory)

D

(@ Two different integers are chosen at random from the integers from 1 to 11
inclusive. If their sum is even, find the probability that both numbers are odd.
[5 marks]

(b) Let S be an equiprobable sample space with N elements, and let A and B be events
on Swith P(A) = /5 and P(B) = /5. What is P(AEB) if

(i) A and B areindependent events?

(i) A and B are mutually exclusive events?

(iii) (B\A) contains exactly 4 points from S?

(iv) A and B are independent events and S is not equiprobable? [5 marks]

(c) Let Sbeasample space and A and B be eventson S. Provethat " A, B, such that
Al B,P(B)>PA). [5 marks]

(d) You play a chance game by taking one card from a deck of 52 cards without
replacement and keep the drawn cards in a pile. When you draw a card so that in
your pile you have either 2 Kings, a King and a Queen, or 2 Queens, you win and
the gameisover.

(i)  What isthe probability that you win by drawing exactly 10 cards?
(i)  What isthe probability that you need to draw at most 3 cards to win?
[5 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

A biased coin with P(B) = 0.3 istossed 3 times. Let (X, Y) be atwo-dimensional random
variable with X = the number of heads thrown and Y = the number of talls in the first
throw.

(@  Givethe probability mass function (p.m.f.) of (X, Y).

(b)  Find the margina p.m.f.’s.

(c) Findthe marginal distribution functions.

(d AreX andY dependent?

(e)  Find the expected value of (X, Y).
[15 marks]



3)

(4)

()

Six married couples are standing in a room. If two people are chosen at random, find the
probability that

(@ They are married to each other.
(b) Oneismaleand the other isfemale.

(c) If acommittee of 5 is chosen at random, what is the probability that the committee
does not include two people who are married to each other?
[15 marks]

Let X be a continuous-valued random variable with a probability density function f(x) > 0
forx1 [a, b] and O, elsewhere.

(@ Provethat the cumulative distribution function F(x) is strictly increasing in (&, b).

(b)  Find the value of the constant k for
¥ %%/ 4 1
f(x):}. kxe™ ', xI [a,b]

T 0 elsewhere

(0 Fora=0,b=1,findx such that P(X > x) = 0.7.
[15 marks]

(@ Of 100 boxes of fuses, 5 fuses per box, 20 boxes contain fuses from factory A, 30
boxes from factory B, and 50 boxes from factory C. Fuses from factory A are, on
average, 5% defective; from factory B, 4%, and from factory C, 2%. The fuses and
boxes all ook alike and are piled without regard of place of manufacture. A box is
selected at random and a fuse in it is tested and found to be defective. What is the
probability that it was produced at factory B?

(b) Five red books and 3 green books are placed at random on a shelf. Find the
probability that the green books will al be together.
[15 marks]

(Questions done: 1, 2, 5)




