Vector Algebra

Scalars. Many physical quantities are unrelated to any direction in space and are defined
entirely by numerical magnitude (in appropriate units) e.g. temperature, mass, energy. Vectors.
However, other physical quantities have both a direction and a magnitude eg. velocity,
acceleration, force.

A vector obeys the same laws as displacements in Euclidean space ¥ C
and so may be represented geometrically as directed line segments, _
where the length of the line represents the magnitude and the line I
direction represents the direction. Paralelogram law of addition: i :
AB+AD = AC; p+tq=r. ' P

Notation

Vectors are normally written in text books in bold type, but can be denoted by a, &, or a
(used here). The magnitude of a vector is denoted by [a], or just a. Unit vectors. Vectors with unit
magnitude have |a] = 1. The unit vector in the same direction as a is denoted by & Usudly a =
|al&; a = aA. Here are some properties of vectors:

(1) Equality. Two vectors are said to be equal if and only if their magnitude %/ b
and direction are identical. For example, a* b = 5 in the diagrar =
5 g

(because they have different directions).

(2) Addition. The paralelogram law of addition has the following properties. () atb = b+a
(Commutative). (b) (atb)+c = at+(b+c) (Associdtive).

(3 Subtraction. AB + BA =AA =0. The ‘null’ or ‘zero’ vector has zero magnitude and no

direction. Let us define -a = BA = -AB as the vector of equal magnitude but opposite
direction to g, so that a=a= 0.

(4) Multiplication. Sa is a vector in the same direction as a, but with magnitude multiplied
by S. This operation obeys the following distributive law: S(atb) = Sa+Sh.

Components of a Vector

An important reference system is the right handed rectangula /)z
Cartesian co-ordinate frame Oxyz. It is usua to denote the unit vectors
along Ox, Oy and Oz as |, | and Kk respectively. Consequently the positior
vector r of apoint Pisgiven by OP =r = xi+yj+Zzk.

Similarly, if aisany vector a, then a = aji+aj+ak, where &, & and & ©
are the components of a in the i, | and k directions. By Pythagoras
theorem, a = || = Qa2 +a?+a:?).




Products of VVectors

There are 2 “product” operations on vectors...

(1) Scalar Product (inner product or dot product). If a and b are two vectors
inclined to each other at an angle q, their scalar product is defined as ab = -
lallbjcosg = abcosg. Note that acosg is the component of a in the direction of b

Similarly, bcosg is the component of b in the direction of a. a

Rules & Notes. (i) ab = b.a (Commutative). (ii) a(b+c) = ab+ac. (Distributive) (iii)
(Sa).(tb) = St(ab). (iv) If ="/, cos(q) =0, sointhiscaseab =0. (v) If g=0, cos(q) = 1, so
ab=ab. Inthiscase, if b=athenaa=aa=a&. (vi)i.i=]j=kk=11j=1k=ki=0.(vii) In
terms of Cartesian components, if a = ajita]+ak; b = bii+hbyj+bsk, then ab = ab+ab,+ashs.
Proof: in (ai+a]+agk).(bsi+by)+bsk), because of (vi), most disappear. (viii) The angle between
two vectors aand b is given by g = cos*(a.b/ab). (ix) If ab =0, then a= 0 and/or b = 0 and/or q
= p/z.

(2) Vector Product (Cross Product). If aand b are two vectors and q is the

angle between them measured from the dir ection of g, then the vector product .

Is defined as axb = |alb|singi = absingi, wherefi is the unit vector normal tc n =
the plane containing a and b such that a, b and i form aright handed triad &

shown on the right. a

Rules & Notes. (i) bxa = -axb (NOT Commutative). (ii) ax(b+c) = axbt+axc
(Distributive). (iii) (Sa)x(tb) = St(axb). (iv) g = 0 implies sinq = O, then axb = 0. (v) axa= 0.
(vi) ixi = x| = kxk = Q. (vii) ix] = [ilj[(sn’/20 = 1x1x1xk = k. Further, jxk = | ; ik
and kxi = |. (viii) In Cartesian component form, axb = i(abs-,a) - |(aubs-bias) - a; a as
k(ab,-h&), or the determinant shown in yelow on the right. (ix) If axc = bxc by b, bs
this does not imply that a= b.

Vector Functions of One Real Variable

If for every value of ascalar variable t in agiven interval there exists a vector a(t), then a
Is said to be a vector function of t. Then a is the dependent variable and t is the independent
variable. Inrectangular Cartesian components, we have a(t) = a(t)i + a(t)] + as(t)k, where ay(t),
a(t) and &(t) are the components of a(t) in the x, y and z directions respectively.

Derivative of a Vector

The derivative of a(t) with respect to t is defined as Yu(a(t)) = im{ L2120y —tim ¢y

In terms of Cartesian components, ¥«(a(t)) = (day/dt)i + (da/dt)j + (das/dt)k. Notes. (i) If cisa
constant scalar, Ya(ca(t)) = c(da/dt)(t). (i) Ya(a(t)+b(t)) = (da/dt) + (db/dt). (iii) Yx(a(t).b(t)) =
a.(db/dt)+(da/dt).b. (iv) Yu(a(t)xb(t)) = ax(db/dt)+(da/dt)xb. (v) a.(da/dt) = a(da/dt).




Inteqral of a VVector

If (da/dt)(t) = b(t), then |(da/dt)dt = |b(t)dt + ¢ (c = constant of integration, a vector).
Therefore, a(t) = |b(t)dt+c. Using definite integrals, % (da/dt)(t)dt = 1% b(t)dt. So [a(t)] = 1%
b(t)dt. And a(t)-a(to) = 1% b(t)dt.

Kinematics (Geometry of Motion)

Consider a particle (a theoretical point mass) moving in space. Position. The position
may be represented by the vector OP, where O is a fixed origin. The vector OP is usualy
denoted by r or x. In Cartesian components, r = xi+yj+zk. If the particle's position changes with
respect to time, then we writer = r(t). In Cartesian components, r(t) = x(t)i + y(t)] + z(t)k. This
Is the parametric form of the curve traced out by the particle’s path with co-ordinates at time t
given by (x(t), y(t), z(t)). Eliminating t from the expression for X, y and z gives the equation of
the curve as arelation between x, y and z.

Example. Suppose that the equation of a curveis given by r = at?
+ 2at]. So x(t) = at? and y(t) = 2at. (aisascaar constant). We eliminate t
by rearranging y(t) ast =Y/, and substituting into x(t) to give x = a(¥/2,)
= ¥,z = Y11a. Therefore, y2 = 4ax, which is the shape of a parabola (see
the diagram).

X
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Kinematics

Displacement. Consider two fixed points P & Q. The (g
displacement from P to Q is represented by the vector s = PQ. The r+dr
displacement from Q to Pis QP = -s. Velocity. The velocity is defined a = i)
the rate of change of position with respect to time, i.e. dr/dt, denoted by

v, and also by r (or ‘r dot underlined’). Hence dr/dt = ",{ %} . Looking © r(t)
at diagram (2), we see that it is tangential to the curve. In Cartesian

components, r(t) = x(ti + y@)j + z(k. Sor = xi+yj+zk, or v = @ i
dx/dti_+dy/dt,i_+d2/dtk- o

Speed. It is the magnitude of velocity (a scaar): v = |v|, butr = |f].
Acceleration. The acceleration is the rate of change of velocity with
respect to time i.e. dv/dt or d2r/dt?, denoted by a, v (or ‘v dot underlined’) or i (or ‘r double dot
underlined’).

Relative Position. If A and B have position vectors ra and re B
respectively, (relative to an origin O), then B has position vector AB o Tas
relative to A given by rag = rs-ra. (Think of it as starting at A, going to C
(-1a), then to B(rs), S0 that ras = -ra+rs). Therefore, A observes B to have © Ia
position vector rag relative to an origin positioned at A. Conver sely, for an observer at B, A has
position vector BA relative to B, so that_rga = ra-re.

A



Resultant position. If A has position vector ra relative to an origin O, and B has position
vector rag relative to A, then B has position vector rg relative to O given by rs = ratrae.
Smilarly, ra = rstrea. The above statements may be repeated for velocity vectors. Relative
velocity. If A hasvelocity va, and B has velocity vs, we say that vag = Vs-Va. FUrther, Vea = Va-Vs
iISA’svelocity relative to B.

Resultant velocity. If B has velocity vag relative to A, which itself has a velocity va, then
B’s velocity is given by Vs = Vat+vas. Smilarly, va = Vp+Vga.

Relative and Resultant problems occur often — for example RelativetoA | Relativeto O

the velocity of a boat / swimmer / aeroplane / athlete V‘XB T"B . -
(relative) is affected by the water / air in which it i B ’ A
travelling. This accounts for differences in journey times A oo Aﬁ s

because of e.g. prevailing winds and tides.

Example. An aeroplane wishes to fly north in a wind whose speed i< c
50kmh* from the SW. If the plan€'s engines create a forward velocity of 200kmh-
in still air, (a) what happens to the plane if it steers a course due north?; (b) wha
direction should the pilot steer to travel north? A: Angle ABC =f = 135° = P/,+°/, 200
= ¥[,. v2 = 2002+50%-(2x200x50xcos(*/4)). (Using the Cosine rule ¢ =

B

a2+b2-2bcxcos(C)). So v = 238kmh. Now using the Sine rule, /sng = Zsnapay; ey
sing = 8.5°. 1
(b) Again using the Sine rule for the new diagram, */snpay = */sng; SO q : v
10.2°. Now f = 180°-10.2°-45° = 124.8°. So using the Sine rule again, Y/sns) = ®sng 2
v = 232.3kmh. g
Exercises 1

Q: The position vector r(t) of a particle at time t is given by r(t) = (2+t)i + (3t-2)] +
(2t3-4t9)k. At the instant t = 2, find the (a) velocity; (b) speed; (c) acceleration; (d) magnitude of
acceleration. (a) Velocity = (2t+1)i+(3)j +(6t2-8t)k = 5i+3j+8k. (b) Speed = |v| = Q5?+32+82) =

(08. (c) Acceleration = 2i+0j+(12t-8)k = 2i+16k. (d) Magnitude of acceleration = Q(22+16?) =
(260 = 2x(65.

Q: If r(t) = acos(wt)+bsin(wt), where a and b are any constant non-collinear vectors, and
w is a constant scalar, prove that rx®/y = w(axb) and that #/y = -w2r. A: ¥/y =
-awsin(wt)+bwcos(wt). So rx¥/y = [acos(wt)+bsin(wt)]x[-awsin(wt)+bwcos(wt)] = (using
ax(b+c) = axb+axc) = acos(wt)x-awsin(wt) + bsin(wt)x-awsin(wt) + acos(wt)xbwcos(wt) +
bsin(wt)xbwcoswt) = 0 + bsin(wt)x-awsin(wt) + acos(wt)xbwcos(wt) + O
bsin(wt)x-awsin(wt) + acos(wt)xbwcos(Wt) = awsin(wt)xbsin(wt) + acos(wt)xbwcos(wt)
sin(wt)sin(wt)(awxb) + cos(wt)cos(wt)(axwb) = si(wt)(awxb) + cosA(wt)(axwb)
sin?(wt)(axb)w + cos?(wt)(axb)w = w(axb)(sin?(wt)+cos?(wt)) = w(axb)(1) = w(axb). (ii) * /4=
-aw2cos(wt)-bw2sin(wt) = -w?(acos(wt)+bsin(wt)) = -war,



Q: A swimmer swims 5ms*? vertically in still water, and needs to cross a 20m wide river
which flows horizontally at 3ms®. Find the time to cross; the distance the swimmer drifts down
the river; the direction needed to set off at in order to swim across directly; and why is it not
possible to swim directly if the speed of theriver is > 5ms*?

A: The river flow doesn’t affect the vertical velocity (it is perpendicular to it)
S0 we can say that it takes 4 seconds to cross (v = 5/, t = 5/, = ®/5 = 4s). In these 4
seconds, the swimmer drifts 12m down the river (S = tv = 4x3 = 12m). To cross v
directly, look at the picture. Applying the Sine rule, S"/5 = S"/;; sinq = "™/, = 3, 5
so g = 36.9°. The swimmer cannot cr oss directly when the flow is > 5ms* because ir
our expression, $"/; ="/, (v > 5ms?), we have Y/sv = sing. If v > 5ms?, we have sinq > 1, for
which we cannot get avauefor g.
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One-Dimensional Rectilinear Motion

One dimensional motion is a simplification — all variables are scalars. All quantities may
be expressed as negative or positive values along the direction of motion. Take the line of motion
to be the x-axis, represented by the unit vector i. So r(t) = x(t)i, v(t) = “/q = ®/4i or %; and a(t) =
g =Yg = Xi OF Vi OF al.

It is usual for i to be omitted and for direction to be represented by a +ve or -ve sign.
Displacement: x or s. Veocity: v = ¥/4 = x or & Accderation: a= ¥4 = ®/4 = X If the velocity
is known as a function of t, v(t), it may be integrated to give the displacement x. Since ®/y= v,
then x = Jv.dt + constant. The constant of integration for the above indefinite integral is
determined by knowing the values of x at sometimet.

If we require the distance travelled in some time interval, say t,£t£t;, we can use the
definite integral ﬁj v.dt. Similarly, if the acceleration is known as a function of t, the velocity
may be obtained from the following: since /4 = a(t), then v =f a.dt + constant.

Quite often, the acceleration is known as a function of x. In this case, we use the identity
Ya = v.¥ 4 (*) to obtain the velocity from v.%/s = a(x). Integrating with respect to x, we get
fv.dv =[a.dx+ constant, with /,v2 = [a.dx + constant. Proof of (*): use the chain rule of
differentiation: /g = ¥/ X™/ 4 = ¥4V (as required).

Example. If v(t) = t3-3t+1, find an expression for x(t) if x = 2 whent = 1. A: x(t) =
113-3t+1 = (t%4) - (3t¥2) + t + constant. Substitute in x = 2 when t = 1 to find out that the
constant is %/,. So x(t) = Yat*-3/t2+t+7,.

Graphical Representation

Time Displacement Graph. The gradient of the graph is the velocity, v = ®/4, which is
+ve or -ve. Time Veocity Graph. The gradient of the graph is the acceleration, a = */4. The
areaunder the graph is the displacement, x = [ v.dt.
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Constant/Uniform Acceleration

Constant acceleration amost never occursin real life, but it gives easy formulae for v and
X, usualy denoted by s. Let a= a be the constant acceleration. Then the definition a= /4 gives
V = |aodt = at + constant. If theinitial velocity isu, i.e.v=uatt =0, then v = at+u. (Equation
(1)). Therefore, in avelocity-time graph, the y-intercept is u and the lopeis &.

Integrating again gives s = |v.dt + constant = {(at+u)dt + constant. So s = Yaat?+ut +
constant. If the initial displacement is zero, i.e. s=0at t =0, then s = Yaat>+ut. (Equation (ii)).
A 3rd equation may be obtained by either (a) eliminating t from (i) & (ii) or (b) integrating the
acceleration with respect to X, using v®/us = a.

Using (b), vdv = jads + constant; Yav2 = as + constant. If the initial velocity is u when
the displacement is zero, i.e. v = u when s = 0, then ¥2v2 = a,s + Y22, S0 V2 = U+2a.S. (Equation
(ii1)). The equations (i), (ii) and (iii) are known as the constant acceleration formulae. Often, f is
used to denote acceleration.

Mechanics

Mechanics is the study of the interaction between forces & matter. There are 2 main sub
areas: (i) Statics — no motion; forcesin equilibrium. (ii) Dynamics — with motion; is equivalent
to Mechanics + Kinematics. Here, we are concerned with particle dynamics.

Newton’s Laws of Motion

Newton Principia, 1687: empirical observational laws. These are the axioms for
(classical Newtonian) mechanics. (1) Every particle will reman in a state of rest or of
uniform/constant velocity (a vector) unless acted upon by a force. (2) The rate of change of
momentum (momentum = mass X velocity) is proportional to the force acting on the particle
(vectorially). (3) To every action, there is an equal and opposite reaction.

Notes. From Newton’s 2nd law, 4™/ = F. If the mass m is constant, (as it often is), then
F=m"q = mT/e = ma. F = ma is the equation most associated with the 2nd law. An
illustration of Newton’'s 3rd law is the reaction of the floor against a person’s object weight.
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Tutorial: Exercises 1

Q: Describe the motion of r(t) = asin(wt)i+acos(wt)j. Find the velocity and acceleration
of the particle, and show that their magnitudes are constant. A: The parametric form of the
particle’s path is x(t) = asinwt; y(t) = acoswt. This is a circle centred at (0,0) with radius a. It
starts at (0,8 and moves in a clockwise direction. To eliminate t from these 2 equations, square
both equations and add them: x2+y2 = @2SinPwt + a2CosPwt = &2(SinAwt+Coswt); x2+y?2 = &,



vV = r = awcos(Wt)i - awsin(wt)j. And a = v = -w?(asin(wt)i+acos(wt)j). Therefore, a =
-W2r. (Note: a is not equal to |a], where a is the constant in this question). v = |v| =
Q((awcoswt)2+(awsinwt)?) = awQ(cosPwt+sinr?wt). Therefore, v = aw (‘a is a constant). |a| =
|-W2r | = w2|-r | = w?a (another constant).

Q: Describe the motion of r(t) = acos(wt)i+asin(wt)j+btk. Show that /4= -wx¥/4, where
w =Wk isthe angular velocity of the particle about the Oz axis. A: If the k component was zero,
the motion would be a circle of radius a; centred at the origin, in the x-y plane. The particle
would start on the x-axis and move in an anticlockwise direction. However, the k component
increases linearly with time, so the path is a helix with axis along the z-axis (like a screw). If you
were to look at it from above, you would just see acircle.

v(t) = -wasin(wt)i+wacos(wt)j +bk; a(t) = -w2acos(wt)i-w2asin(wt)j. Taking w = wk, then
-wx¥/y is worked out using the determinant method (in terms of components) to give the
desired result.
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Analysis of Exercises

In the “river” exercise, in generd, if the river’s speed is U, then sing = /. Now [sing| £ 1
foral real q, so |'/{ £ 1; |u| £ s. Exercises 2, Q1: Show this Gallileo assertion is correct: “...The
distance traversed during equal intervals of time, by a constantly accelerating body started from
rest, stand to one another in the same ratio as the odd numbers beginning with unity”.

A: Let Dt be the constant interval of time. Let S, be the distance travelled after n
intervals, and DS, = S-S,: be the distance travelled in the n™ interval. Let the constant
acceleration be &, so the formula S = Yaapt?2+ut holds. The body startsfromrest, sou=0,and S
=Yoat2. S0 S, = Yeay(Dt)?; S, = Yaan(2Dt)?, S = Y2a0(3Dt)2, and so on until S, = Yay(nDt)2.

So DS, = S-0 = YeaDt2. DS, = S;-S; = Yaa(2Dt)? - YaaDt2 = %a,3Dt2. DS; = S-S, =
Yoap(3Dt)2-Y2a9(2Dt)? = Y28,5Dt?, and so on until DS, = S-Sy1 = Ya(NDt)? - Yaa((n-1)Dt)? =
Yaao(n2-(n2-2n+1)) D2 = Y589(2n-1)Dt2. Now DS,/DS; = 31, DS/DS,; = /s, ..., DSY/DS,.1 = #*/n3. SO
Gallileo’s assertion is correct. Remember in questions to consider the general and particular
situations.

Q: A point moving with constant acceleration covers distances S, and S; in successive
intervals T, and T,. Prove that the acceleration is 2(S;T1-S,T2)/(T.1+T2)T:T.. A: Let the initial
speed be u; and the constant acceleration be a. Then S = Yaapt?+ut holds. So S, = Yea,T:2+uT,
(1), (Sl‘l‘Sz) = 1/230(T1+T2)2+U(T1+T2) (2)

Eliminate u from these two equations by doing T1(2)-(T:1+T2)(1) which gives T1($+S;) -
(T1+T2)S; = YoaoT1(T14T2)? - Yoo T13(T1+T2). SO S T1+S,T1-SiT1-S1 T2 = Yoao(T1+T2)(To+To-T1) Ty,
S;T1-SiT, = Yoao(T1+T,)(T1T2). Therefore, a = 2(S;T1-SiTo)/(T1+T2)(T1T2). QED.



Mechanics

Newton’s 2nd law is ¥a(mv) = F, so Ya(mX) = F, Ya(my) = F, and Y«(ne) = F,, where F
= Ri+FRj+Fk. If misaconstant, then F = m*/4 = m*/4. = ma. The basic problem in all particle
dynamicsis: given the total force F = F(r, r, t), find the path of the particler =r(t). In generd,
thisisimpossible anaytically, but we shall study certain tractable problems.
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Newton's laws of motion hold in an inertial frame of reference. For caculations or
measurements on an everyday scale, the Earth’s surface may be taken to be an inertial frame.
Any frame which is moving with a constant velocity (vectorialy) relative to an inertial frame is
inertial. However, if it's moving with relative acceleration, a naive application of Newton’'s laws
will give incorrect results, unless the accelerating frame is taken into account. For example, in a
lift or fairground ride, centripetal and centrifugal forces may apply.

Example: How much does an object weigh in an accelerating lift? If it is stationary, its
weight is W = mg, where m = object’s mass; g = acceleration due to gravity = 9.81ms?. By
Newton's 3rd law, the reaction of the floor is equal & opposite to the weight: R = mg. Theliftis
accelerating with acceleration a. All calculation must be done relative to an inertial frame of
reference outside the lift, at an origin O, say. Using Newton's 2nd law of motion, (F = ma), we
get mg-R = ma (We take the +ve direction to be downwards;, mg-R is the total force, and mais
the rate of change of momentum). So m(g-a) = R. Note that the occupants of the lift are unaware
of the acceleration a, and would calculate mg = R, which isincorrect. If a=0, thenmg =R. If a
> 0, then the lift accelerates downwards, and R < mg — the object feelslighter. If a=g, then R
= 0, and we have no reaction (or weightlessness). If a> 0, then we are accelerating upwards, and
R > mg — the object feels heavier.

Impulse

The impulse of aforce F is defined by F = ﬁf Fdt. (The force can, in genera, vary with
time). By Newton's 2nd law, F = “™)/4, so the above integral becomes | = ﬁf ™y dt = [MV]%,,
which is the change of momentum during the time interval from t; to t..

Units: Using Sl units, variables have units as follows:

Notes Variable Dimension | Unit Symbol
The mass M kilograms kg
Fundamental length L metres m
Units time T seconds S
velocity / speed L/T metres per second ms*
acceleration L/T2 metres per second per second ms?
N = kgms? force ML/T2 Newtons N
kgms* momentum ML/T Newton second Ns
impulse ! “ !
Nm work Joule J
energy “ “
(Js) power Watts W
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Force as a Vector

When specifying a force in 2 or 3 dimensions, we must specify its magnitude, direction
and point of application on the body. (It is a localised or non-free vector). While we model
particles only, as opposed to genera bodies of finite extend, the point of application will always
be the particle’ s position — a point.

Forces may be resolved into two or more components in convenient directions (usually
along the i, | and k directions). Forces may be combined vectorially (by vector triangles or by
summing components) to produce a single resultant force. Q: Find the Resultant force R for P &
Q, where |P| = 2N and |Q] = 3N.

/P (1) p 1500209 55/2
° 0
Q R

A: First by avector triangle (Picture (1)): by the cosine rule, R2 = P2+Q2-2PQxC0s120°;
..., R2=Q19. Then by the sine rule, Plsnq = Rsnps; ..., q = 23.4°. So the angle to the horizontal is
-(30°-23.4°) = -6.6°. By using components in the i and j directions, P = 2cos/si+2sin"/¢j; Q =
3cos/ei-3sin’lsj. So P = Q)i +j and Q = 33/, - 3. Therefore, R = P+Q = ((B+(Bx3,)i +
(1-%4)j: R = ®,CBi - ¥4. So R = (Picture (2)) = (*-08)2+(-*,)?] = ... = A19. And q = tan*(’/) =
tan*(Y?/s5) = 6.6°. Note: resolving forces into perpendicular components has many advantages if
more than two forces are present.

Assignment 1

Q: A particle has an acceleration proportional to the sguare of its speed. Assuming
rectilinear motion, find expressions for the velocity and the distance moved in atimet. A: ap
v2, s0 a= kv2 with k > 0. Using /& = kv2, then 1%/, = 1k.dt; -%, = kt+C; V = Ve If V=Vpat t =
0, then vo = -Y/; therefore ¢1 = -Yvo. NOW V = -kt 1ve) = ~vok-1 = V1. (NOtE: If Vo =0, thenv =0
for al t — hence no motion).

Integrating again from ®/4 = v gives |dX = 1"/ 1.vke.dt; X = -Yua.Vo.IN|1-Vokt| + co. If X = X, at
t = 0, then xo = -*In|1] + ¢;; therefore c; = Xo. Now X = Xo-*/iln|1-vokt|. Notes: If vo = 0, then x =
Xoand v =0for dl t. If vo> 0, then x and v tend to ¥ as vokt tendsto 1, i.e. ast approaches .
And if vo <O, thenv <O for al t, and v approaches 0 as t approaches ¥ while x approaches -¥
ast approaches ¥.

In a bearing type question, (like the ship one), split things into components; establish
whether you're dealing with constant velocities or not (which equations to use) and consider
things like pythagoras' theorem and alter native methods.
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Equilibrium

If the resultant of a system of forcesis zero, then the forces are said to be in equilibrium.

For example, if P = 4i, Q = 2j, and S = -(4i+2)), then P+Q+S = 0. Note that the resultant of P
and Q, R = P+Q, satisfies R = -S. This allows the solution of any problem in statics where the
system of forces acts on asingle point.

D

(2)

3)

Type of Forces

Forcesmay be caused by different physical phenomena. A few common types are:

Weight. The acceleration due to gravity at the Earth’s surface is g, where g is roughly
9.81ms?. This causes a force on each body with a magnitude mg, acting downwards,
where m is the mass of the body.

Normal Reaction of a surface on a body. The normal

reaction essentially prevents the body from ¢R R
accelerating through the plane. If no other forces act ir
the normal direction, R = mgcosqg, which follows by ¢mg mg

resolving the forces normal to the plane.

Surface Friction. This force arises from the tangential interaction between two rough
(not smooth) surfaces. If the force P is introduced and is acting horizontdly, it is found
that an opposing resistance force F arises. This is called friction. Unless P is large, it is
usually found that the body does not move initialy. The frictional force is such so as to
cancel P, thus maintaining equilibrium. Thisis static friction.

If P isincreased gradualy, its value just before the body begins to dlide is called the
‘limiting friction’. Experimentally, thisis shown to be related to the normal reaction, usR,
where s is the constant for the two surfaces called the coefficient of static friction. So the
frictional force will be created by the two surfaces, and will increase up to a limiting
vaue, i.e. F£ UR.

If the force P is increased further, the body will move horizontally. There is till an

opposing frictional force, now caled dynamic friction, given by F = pupR, where p is the
coefficient of dynamic friction. Usually, pp < ps by a small amount. Consider a rough inclined
plane, where friction gets to oppose the body’s motion down the plane. If the body is stationary

gives. Normal direction: R = mgcosq (i). Tangential direction: F = mgsing (ii)

under the acting forces, then resolving perpendicularly and along the plane RV
0\ 'mg

But the frictional force obeys F £ psR, which by (i) gives F £ pusmgcosg; anc

using (ii) gives mgsing £ psmgcosg; tang £ Ys; q £ tan™(Us).

The block will begin to dide down the dope if q is increased, so that it is bigger than

tan*(us). For smaller angles, friction will increase accordingly to cancel out the component of
the body’ s weight down the slope.
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(4) Drag. This is friction due to air/water/fluid resistance. This arises from complicated

interactions between the motion of a solid body and the surrounding fluid. For particle

dynamics, it is usualy modelled by a frictional force that opposes the motion, and has

magnitude that is either proportional to the square of the speed, or proportional to the
speed itself.

So F = kv, which really means F = -kv2 for v > 0 and F = kv2 for v < O, (we need force in
the opposite direction to velocity; it could be written as F = -k|v|v), or F = -kv, where k is
aconstant.

(5 Tension in a string; Tension/Thrust in a rod or spring E—

When a body is suspended by a string, rod, or spring, its "T ET ;T
weight is supported by an upward force called the tension. A mg mg
spring or rod can exert athrust.

Exercises 3

Q: Three forces Fy, F, and F; act a the top of a radio mast &
illustrated in the diagram. The mast isin equilibrium. If F, = 5i-2j-12k, anc 1
F, =-5i-2j-12k, and the magnitude of the thrust in the mast is 32N, find F; i ? F
terms of the component vectors, where k is the vertically upwards unit 2
vector. A: Resolving in the “k” direction, 32k-12k-12k+Fz = 0; Fs = -8k. Resolving in the “i”
direction, 5i-5i+0+F3 = 0; F5 = 0. And in the “j” direction, -2j-2j+0+F; = 0; F5 = 4]. SO F =
0i+4j-8k = 4j-8Kk.

Q: A ship isbeing pulled by two other ships witt ngn
tensions 5x10°N and 7x10°N inthe ropes. If theseahas
resistance 11x10°N, what are the angles A and B if the 11 A
ship travels at constant speed? A: Because it is
travelling a a constant speed, relative force in & Ship
direction is 0. Note on calculation: The “10° s’ cancel nep
through so | have omitted them.

Resolving vertically, 5sinA = 7sinB (---(1)) and horizontally, 11 = 5cosA+7cosB (---(2)).
Squaring (1), 25sin?A = 49sin?B (---(3)). Squaring (2) in the form 11-5cosA = 7cosB, (2)? is
121-110c0osA+25cos?A = 49c0s?B (---(4)). Adding (3) and (4), 25sin?A+121-110c0osA +25c0s*A
= 49co’B+49sin?B; 25+121-110cosA = 49; 110cosA = 97; A = cos(¥/110) = 28.1°. Squaring
(2) differently gives 121-154cosB+49cos?’B = 25cos?A (---(5)), and adding this onto (3) gives
121-153cosB+49 = 25; 154cosB = 145; B = cos*(***/1s4) = 19.7°.
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For inextensible strings and springs, (the length cannot be changed), the tension or thrust
Is set up within the material so as to prevent stretching/extension or compression/contraction. For
extensible springs or elastic strings however, the tension or thrust set up within the materia
depends on...




(1) The stiffness of the material; (2) The magnitude of the extension/compression. An
empirical (experimental) rule that describes the above observations is Hooke's law (16677)
which states that the tension in a spring is proportional to its |
extension or contraction, and acts so as to oppose the change
in the spring’ s length. T

The equilibrium length (natural length) of the spring is | X
The displacement from equilibrium is x. Hooke's law: T = -kx —
Here, k is the constant of proportionality, caled the stiffness. 0
Alternatively, T = -'/x, where | is a constant called the modulus of elasticity, related to the
stiffnessby k ='/i. Note that x > 0 impliesthat T <0, and x < 0 impliesthat T > O.

Work, Power and Energy

Energy is the capability of a body to do work. Energy can take many forms, e.g. hedt,
light, sound, electrical, magnetic, nuclear, etc. In this course, we are concerned with mechanical
energy. Thisis of two types: (i) Kinetic Energy — the energy of a body by virtue of its motion.
(i) Potential energy — the energy of a body by virtue of its position.

Work

This is essentialy force multiplied by the distance moved, with the unit of joules. (1J =
INm). If aforce F acts on a particle, then the work done by the force on the particle is given by
(i) the component of forces in the direction of motion multiplied by the distance moved, or
aternatively (ii) the force multiplied by the distance moved in the direction of the force.

If the force F is constant (i.e. the magnitude and the direction i¢
constant) throughout the motion, and the particle moves in a straight
line represented by the vector d which isat anangleqto F, then W =
|F|cosq|d|, which is the scalar product W = F.d.

If the force does not remain constant and/or the path of the
motion is curved, then integration is used to sum the total work done. If dW is the work done by
the force F during a small displacement dr, then dW = F.dr, and W,

E
< < E the work done, is approximately SF.dr or SF(r).dr. Taking the limit as
. dr tendsto O gives |, F.dr which isalineintegral, giving the work done
- by F moving along the curve c.

Example: A force is given by F = 10i. What is the work done in moving a particle 2min
the following directions: (i) i, (ii) j, (iii) k, (iv) i+j, (v) i+j+k (vi) -i. We know tha /| i+
W = F.d. Now (i) W = 10i.2i = 20(i.i) = 20J. (ii) W = 10i.2] = 10(i.j) = 0J. 4 Z
Smilarly (iii) = 0J. (iv) Here, d = )y, d = Q2)(i+j). So W = 10i.02)(i,j) = |
10Q(2)(i.(i+)) = 10Q(2)(1+0) = 10Q(2)J. (V) d = 24*™)p: 50 W = 2 ep(ii+i.j+i.K) = 1
2epd. (Vi) W = 10i.-2i =-20J.



Q: A force of 5N acts in the direction 0.6i+0.8j. What is the work done in moving a
particle adistance of 5Smin (i) thei direction, (ii) thej direction, (iii) the -i direction. A: The unit
vector is J (3/s)2+(*5)?] = 1. So the force vector is 5(0.6i+0.8j) = 3i+4j. Now (i) W = (3i+4j).5i =
15i.i + 20j.i = 15J. (ii) W = (3i+4)).5) = 15i.j + 20j.j = 20J. (iii)) W = (3i+4}).5-i =-15J. Taking
themotionin (i) & (iii) sequentially, this resultsin no work done.

Power
Power is defined as the rate at which work is being done. In general, P = /4. The Sl unit

for Power is the Watt, given the symbol W. (1IW = 1Js%),. A light bulb is 60W, 100W, etc. An
electric fire or kettleis 3kW. A power station’s output in measured in MW or GW.

Assignment 1

Q: A climber is lowered down a 50° dope. At the instant the climber is at rest, two ropes
which hold him make angles of 30° & 45° to the line of greatest dope. The climber and his
stretcher has a mass of 200kg. Find the tension in eacr . i direction
rope if no resistances act. A: Resolving in the directior ! i‘vrecmn
of the greatest slope, T = 200gsin50°. In the 2nd T
figure, T = T,c0s30°+T,c0s45°. So 200gsin50° =
T1c0s30°+T,c045°. Resolving perpendicular to the 0
line of greatest dope, T:siN30° = T,sin45°. Now J direction
because sind5° = cos45°, we can write T15in30° = T,cos45°. Substituting for T,cos45° from the
above, 200gsin50° = T,c0s30°+T,sin30°; ..., T; = 1099N. Substituting back, we get T, = 777N.
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W = |.F.dr. (W = F.d). Power P = /4. The power may be expressed as the scalar
product of the force and the velocity. To prove this, if dW isthe work done by the force F during
a small displacement dr which occurs during a small time interval of dt, then dW = F.dr, and
dividing by dt, /4 = F.%/4. Taking the limit as dt tends to 0, ™/y = F.%/4. SO P=F.v.

Work in 1-D Motion

In general, W = | F.dr. The simplest case is if the force is constant, and the path is a
straight line, so then P = F.d, where d is the displacement. A slightly more complicated caseis if
the force varies with position, but acts in the same line as the displacement which is constrained
to beinastraight line, i.e. 1 dimensional motion. If ¢ is the direction of motion, the line integral
becomes an ordinary integral, W = |F dx, where in general, F = F(x, X, t). If F depends just on
position i.e. F = F(x), then the work integral may be integrated to give the work function W(x) =
1f(x)dx.

Examples: (i) Calculate the work function for the force required to raise a particle of mass
m against gravity. (ii) The force required to extend a spring is F = kx (k = spring stiffness).
Calculate the work function for this force. A: (i) W(x) = |mg.dx = mg|dx = mgx + constant
(which is zero because at zero displacement, no work is done. (ii) W(x) = 1kx.dx = ¥/, +
constant.
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Energy

There are two forms of mechanical energy: Kinetic Energy & Potential Energy.

(1) KINETIC ENERGY'. The kinetic energy (K.E. or T) of a particle is the energy derived
from its motion. Energy is the capacity to do work. In order to relate the work done to the motion
of the particle, we use Newton’s 2nd law of motion. Firstly, in 1-D motion, W = 1%, F dx isthe
work done in moving from X = X, to X = X;.

From Newton's second law of motion, F = m.®/4., where m is the mass of the particle
which we will use in the form F = mv®/4,, and substitute into the work integral to give [W]*, =
1% MV gdXx = 1% v.dv = [Y.mv3]*y,. The expression ¥2mv2 is called the Kinetic Energy of the
particle. The above expression says that the change in the K.E. of the particle between x = X,
and X = Xx; isequal to the work done by F in this displacement.

More generally, for 2 and 3 dimensions with general particle path C, we use vector
calculus: [W]. = |c F.dr. Now F = mf" gives [W]. = |c mi.dr = {c mv. % /gt = 1 MY (" /0.5 /o) dt
= 1e MY%a(v.v)dt = [Yom|v. = [W].. So the work done by F is equal to the change in KE (=
Y-mvpP) as C is traversed. [Notee some write [VB = v.v as just V2] Aside
Lery=rE+Sr=2rS=2rr

(2) POTENTIAL ENERGY . Denoted by P.E. or V. If the force F acts on a particle and
the work function W(r) = |F.dr exists and is a single-valued function of position, the force is
termed “conservative’. For such aforce, the P.E. is defined as the negative of the work function,
P.E. =V =-W = -|F.dr For one-dimensional forces, all forces which depend only on position
are conservative, i.e. F = F(x). This, of course, includes constant forces such as gravity.

Examples. (a) P.E. due to gravity, F = -mgk. In one-dimension, F(z) = -mg. So V(2) = -1%
-mg.dz. Therefore, V(z) = mg(z-z,). If zo= 0, then V(z) = mgz. The P.E. of the particle is the
work done against gravity required to position it at some specified height. (b) P.E. due to a
spring of stiffness k, F = -kxi. In one-dimension, F(x) = -kx. V(X) = -1 F dX = -]*x -kx dx =
[*2kx?]*. Taking Xo = 0 gives V(x) = Y/kx2.

Conservation of Energy. Putting the two sections on K.E. and P.E. together gives the
principle of the conservation of energy. In one-dimension, Newton’s second law ismX = F(x), or
mv®/a-F(X) = 0. Now integrate w.r.t. x giving |mv®/gdx - |F(X) dx = E. This gives Yomv2+V(x)
= E, or K.E.+P.E. = E, where E is a constant of integration, which we shall call the total energy.
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Tutorial

Q: A car of mass 100kg climbs a hill of gradient q, where sinq = */s. The maximum speed
is 40ms*. If the power of the car is 100kW, what is the frictional force on the car? If the
frictional force isthen halved, what’s the new top speed? A: (see over)...



A: Resolving parallel to the slope, 100gsing + Friction = Force 100kW
of Car. So 100gsing + Friction = F/y; Friction = %%/, - 100x9.8x"/g = 100gsin0
2377.5N. If the frictional force is halved to 1188.75N, then 1188.75 =
100000/ -100%9.8%/s; ..., v = 76.3ms™.

Q: A lorry of weight W N can generate a power P and has ¢
max. speed of u ms* on level ground, but v ms* on an upslope a. If the power and resistance
remain unchanged, prove that uvWsina = P(u-v). A: On level ground, F = R, so ?/, = R. On the
upslope, Wsina + R = F. But we know that R = F/,, so Wsina + P/, = F. Here, F =7/,, so Wsina
+ P/, =P/,. Multiplying through by uv gives Wuvsina + Pv = Pu; Wuvsina = P(u-v). QED.

Q: A car of mass M kg works at a constant rate of Mk J. If there is constant resistance,
and the maximum speed attainable is u ms?, show that the speed v of the car at time t satisfies
the equation /-, = &/« A: P = MK, which is constant. And P = F,v. (Force imparted by
car's engine).

Now after reaching a steady speed, v = u, Fy = Friction; and P = Fyu. So P = Friction,
Friction = 7/,. Now we know that the acceleration is given at atime t by Fey - Friction. So Fey -
Friction = M%/4. But Friction = 7/, and Fey a atimetis /. So P/\-F/, = M%/4. Finaly, we know
that P = MK, so it follows that ¥/, - M/, = M/q; */,-*1y= Y, Y- = & a. QED.
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Conservation of Enerqy

K.E. + P.E. = E. For a conservative force, the total amount of mechanical energy is
conserved. During the particle’s motion, K.E. may be converted into P.E. and vice-versa, but the
sum remains constant. The conservation of energy is obtained as a first integration of Newton's
2nd law of motion. Using the conservation of energy equation enables many problems to be
solved far quicker than when starting with the equations of motion.

Examples. (1) A boy throws a ball vertically upwards with a speed of 15ms*. How high
does it go? Let the P.E. Datum be at ground level. The conservation of energy gives ¥2mv2+mgx
= E. To obtain E, substitute from the initial conditions— v = 15, x = 0, to give ¥2m(15)%+0 = E;
E = %°/,;m. So the conservation of energy for the particle is ¥2amv2+mgx = #2°/,m; v2+2gx = 225,
At maximum height, v = 0, S0 0+20Xmax = 225, Xmax = **/2q = approximately 11.47m.

Example with connected particles. (Particles connectec X
by alight inextensible string, e.g. a pulley). NOTE: The speed ﬁ /\ x =0
of the particles are the same. The conservation of energy for
X
1
™

the system is Yamv? + Yampv?2 + mgxitmgx, = E. X i
measured up from the pulley height (so x; & X, are aways
-ve).

Q: A bucket is connected by alight rope over a pulley to a counterweight that is half the
weight of the bucket. Initialy, the bucket is held at the pulley, with the counterweight 10m
below, just touching the ground. What is the speed of the bucket when (a) the bucket passes the
counterweight; (b) the bucket hits the floor. A: (see over)....



We know that m, = 2m.. The speed of the counterweight my
and the pulley is v. The conservation of energy gives Y2myv2 +
Yamev2 + mugX, + M@X. = E. Put me= m, so that m, = 2m. Nov |,
Yo(2m)v2 + Yamv2 + 2mgx,+mgx. = E; 3mv2 + mg(2xp+x;) = E
3 v2+Q(2Xp+Xc) = E. Initidly, v = 0, x,= 0, and x. = -10, so g(-10
= ¥ Bl = -10g. So the conservation of energy equation becomes
3,v2+g(2xs+X.) = -10g. The bucket is heavier than the counterweight, so the bucket goes down.

me

(@) They pass when they are at the same height: x, = -5, X.= -5. So ¥,v2+g(2(-5)-5) = 10g;
3/,v2-15g = -10g; 3/,v2 = 5g. v2 = Y9Y,q; v = Q(%/3) = approximately 5.71ms?. (b) Here, x, = -10,
and x. = 0. So ¥,vz+g(2(-10)+0) = -10g; 3-v2-20g = -10g. 3,v2-10g = -10g; %-v2 = 10g; v =
Q(?%/5) = approximately 8.09ms™.
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Particles Connected by Light Springs

V(x) = ¥2kx2 The P.E. in a spring is given by ¥2k(extension)?. Question: 2 identical
masses A & B (of mass m) lie on a horizontal table, and are connected by a light spring of
natural length I; stiffness k = ™/,. The masses are held a distance of 2| apart. (2) The mass A is
released. What is its speed when it is at a distance | from B~ 5]
(b) If both masses are released, what would be the speed of
A when it is at adistance | from B? We use the conservatior ¢ 1#2s— B
of energy equation K.E.+P.E. = E, and assume distances of ’%XA i
Xa and xg from theinitial position.

B

Extension of spring = 2l-I+xg-Xa = |+Xg-Xa. SO the P.E. in the spring is Y2k(extension)? =
M9 (I+Xs-Xa)2. Also, the total K.E. of the system is Yamva2 + ¥2mvg2. SO the conservation of
energy equation is ¥amva2 + Yamvg? + 12", (I+xg-Xa)? = E. Initially, va=vg =0 and xa = xg = 0,
so 0+0+%2"9/,(1+0-0)2 = E; E = ™I/,. So the conservation of energy equation is ¥2mva2 + Yamvg? +
Y29 (I14+Xa-Xs)? = ¥2mgl.

(@) A isreleased, B iskept stationary. SOoxg=0, Vg =0, Xa=1, va=? Now Yamv,2 + 0 +

Y99\ (1+0-1) = ¥amgl; Y2mva2 = Yangl; va2 = gl, va = gl). (b) Both A and B are released and we
consider the situation shown. By symmetry, vg = -va and Xg = -Xa. When the particles are at a

distance | apart, xa = '/, and xg = -'/». The conservation of |2 2| 2
energy gives Yamva? + Yamva2 + Y2"9Y\(1-'/-;) = Yamgl,
(Note: ¥2mva? is non negative because squaring makes it AWy B

+ve). SO mva2 = ¥amgl; va = Q/,).

Motion of Projectiles

Here, we study the free motion under gravity of a particle projected in some direction
which is not vertical. Assumptions for modelling projectile motion: (1) The projectile body will
be modelled as a particle; (i.e. a point mass); rigid body rotation is neglected. (2) There is no
drag — we neglect air resistances, etc.; no hydrodynamic effects such as lift, swerve etc., and
no wind and/or current effects (We essentially consider motion in a vacuum). (3) Acceleration
due to gravity is aconstant, g. Note that (2) implies 2 dimensional motion.




Independence of Horizontal & Vertical Motion

We set up x and y axes in the plane of motion as follows: Newton’s 2nd law of motion is
mi'=F. For 2-dimensional projectile motion, mxi +myj =0i - mgj. /\vi
Taking x and y components separately givesk =0 andy = -g. These v
are two constant acceleration equations. (See the previous section
on constant (uniform) acceleration — the formulae obtained there
could be used directly in the x and y directions, but we will integrate me
from scratch). xi

U=X=Cy; V=Y =-gt+C,, where u and v denote the x and y components of the velocity. If

the particleis projected at timet = O, with an initial speed V at an angle a to the horizontal, the x

and y components are x = Vcosa and y = Vsina. These are used to determine the constants of
integration ¢; and c,, to giveu = Vcosa and v = -gt+Vsina.
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Projectiles

Throughout the motion, the x component of the velocity, u, is constant, and the y
component of velocity, v, decreases linearly with time. During the particle’s motion, its speed is
Quz+v2) and its direction of motion is at an angle of tan("/,) to the horizontal. This angle may be
written as tan (Y ga) or tan™ (V).

The expressions for the velocity components may be integrated again w.r.t. time. (to give X
= (Vcosa)t+cs; y = -Yogt2+(Vsina)t+c,). The constants of integration c; & ¢, are determined by
the particle’ sinitial position. Thisis usually the origin at time zeroi.e. x=0andy =0at t = 0.
Soc;=0andc,=0. Thisgivesx = (Vcosa)t and y = -Y/,gt2+(Vsina)t.

This is just the constant acceleration formula */,at2+ut. In the y-direction, the following
equation is often useful: v2 = (Vsina)%2gy. This comes from v2 = u?+2a,S. It may also be seen to
be equivalent to the conservation of energy equation ¥2mv2 + mgy = ¥am(Vsina)2. (Note: The
am(V cosa)? terms cancel on each side of the equation).

Maximum Height and Horizontal Range

Greatest Height. Consider vertical motion. We know that v2 = (Vsina)%2gy. At the
maximum height, the y component of velocity is instananeoudly zero, so 0 = (Vsina)>-2gh; h =
vsnayl, h=Vsr/,.. Thelargest possible his achieved with a = P/, (projecting vertically).

Horizontal Range. Consider vertical motion again. We havey = -!/,gt+(Vsina)t. When the
particle starts or returns to the horizontal, y = 0. So 0 = -Y/,gt>+(Vsina)t; 0 = t(-*>gt+Vsina). So
either t = 0 or t = 2"/, This is the time taken by the particle to travel fromy =0uptoy =h
and back down toy = 0 again.



The length of the range may be obtained from the equation for horizontal position: x =
(Veosa)t; x = (Vcosa)?/sm, = 2Veosasmy = V&n2/ = Sg the range is V"?/,. This reaches a
maximumwhen sin2a = 1, i.e. 2a ="/,, a = "/, which gives the maximum possible range of /.

To obtain a particular range (less than the maximum range)
there is a choice of 2 angles of projection, symmetric either side of
a= p/4.

Easter Holiday
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Projectiles

Example: (a) A fielder is 80m away from the catcher. Can he throw the ball to the catcher
in one go, if he throws at 25ms*? (b) Throwing the ball at 25ms*, what are the possible angles of
projection if he wants to throw the ball a distance of 40m? (c) In order to return the ball tossed
40m as quickly as possible, what angle of projection should be used?

A: (a) Maximum range = V*/; = ®/95; = 63.78m. So he cannot throw the ball a distance of
80m. (a) Applying the formula for range, we want 40 = 25"%?/yq.: 2a = Sin(*Y/g). So 2a =
38.89° or 141.11° (For O£2a£p). So a = 19.45° or a = 70.55° (for OEa£"/,). (¢) The horizontal
velocity for an angle of projection of 19.45° is 25c0s19.45° = 23.57ms*. For an angle of
projection of 70.55° , the horizontal velocity is 25c0s70.55° = 8.32ms™.

This gives the travel times of the ball to be (using t = ™%/yces) “U2356 = 1.75 and *¥g 2, =

4.8s. Clearly, the lower trgectory takes much less time. Alternatively, (c) could be solved using
the formulafor thetimein flight, t = /s, given previoudly.

The Equation for the Path of a Projectile/ Trajectory

The equation of atrajectory isarelation of the formy = y(x). We have previously derived
the x and y positions of a projectile in terms of t, i.e. x = (Vcosa)t and y = -/,gt>+(Vsina)t. To
obtain y in terms of X, eliminate t from these two equations. The first gives t = *yus.
Substituting in the 2nd for t gives y = -Y20(*/veosa)?+*VSina(*lveesa). Therefore we have the
following: y = -9%9/,,. X2 + tana x.

Thus y is a quadratic function of x, i.e. it has the shape of a parabola. Its exact shape
depends on V and a. Notes: Think of the shape of y = x2, theny = -x?, and then y = -x?+x. This
gives the kind of shape we want. Because the path is a parabola, the following points are true:
The maximum height is attained at x = ™9%/,. The height is symmetric about x = %/,. The
direction of the particle’s motion is anti-symmetric about x = %/,.
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Exercises 5

Q: When projected at tan'(®/4), a projectile falls 40m short of a target. When projected at
45°, it overshoots the target by 50m. Show that the target is 2200m away and evaluate the
correct angle of projection. A: Using Range = V<"%/,, for an angle tan™(%/,), R-40 = V>sinacost/ =
VEex@ERXR) [y 6. For 45°, we have R+50 = V4", These give 2 simultaneous equations which we
solve to get R = 2200m and V = 148.568ms™.

Q: If aparticleis projected in aroom of height 5m, what is the greatest possible range if
the speed of projection is 20ms*? A: Greatest Height = V™/,,. Here it is5m. S0 5 = 2™/, 94;
sinfa = 0.24525; sina = 0.49522, so a = 29.7° (or 150.3°). So the range is V*"%?/, = 205594’/ o) =
35.1m.
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Impulses & Collisions

This section is concerned with problems where there' s a sudden (instantaneous) changein
the motion of particles as a result, say, of the collision between 2 particles, or the impact of a
particle and a fixed barrier. Collisions are everywhere in the real world — snooker, vehicle
accidents, Brownian motion of molecules.

We shall assume that the bodies are particles, and that the surface of the bodies are
smooth, so that no frictional forces are present during the impact. (This precludes analysis of,
say, spin shots in snooker). The collison may be direct (head on) or oblique. In many cases, the
time of contact during the collision is very small and the forces involved are large. We use
Newton's 2nd law of motion to investigate impulse, which measures the product of force and
time.

I mpulse. The impulse of aforce (which can in genera vary with time) is defined as| = 1%
Fdt. Using Newton’s 2nd law, F = d(mv)/dt. For a particle, the above expresson may be
integrated w.r.t. time to give | =%, [d(mv)/dt]dt. Therefore, | = [mv]%, which is the change of
momentum that has occurred during the time interval t; to t,.

If the mass is constant, and we denote v = v(t;) and u = v(t), the above may be written as
I = mv-mu. If Fis a constant force during the impact, then | = F(t,-t;). For 1-D motion, i.e.
head-on collision, the above vector quantities I, F and v as scalars. However, care is required
with the +ve & -ve signs.

Example: A force of 25N acts for 2s in the direction of motion, on a body of mass 10kg
travelling with velocity 5ms®. Caculate (a) the impulse, and (b) the final velocity of the body.
Solution; (a) | = Fxt = 25x2 = 50Ns. (b) | = mv-mu; 50 = 10v-10x5; 100 = 10v; v = 10ms™.

Q: A particle of mass 2kg is moving in a flat horizontal plane so that it is travelling at
3ms* in a direction with bearing 120°. If an impulse of magnitude 2Ns is applied to the particle
towards the North, find the new direction of motion and its speed. A: Think of the diagram, and
then by resolving we get the particle’sinitia velocity as u = 3®/,i - 3.%;j. Theimpulseis| = 2j.
Now, | = mv-mu; so 2 = 2v-2(3%i-3); v = 33i-(3-1); v = 33Li-/5, from which we can get
the magnitude & the direction of the motion.
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Conservation of Momentum for Colliding Particles

Consider 2 particles moving at differing velocities. The equations of motion for these two
particles are maXa = Fa and mgXs = Fg, where Fo and Fg are the forces acting on the two
particles separately. These forces are zero except for a short time interval [ty, t;] during which
time the particles are in contact.

During this time, by Newton’s 3rd law, “action and reaction are equal and opposite’. So
Fg =-Fa = F. Therefore, maXa = -F and mgXs = F.



Integrating w.r.t. time gives over the time interval [ty, t;] the following: [mx a] % = -1%. Fdt
= -1, and [mgxs]' = +|%% Fdt = |. Adding these together gives [Maxa]% + [Mexs]%: = 0. Taking
ma and mg as constants, and denoting my = M and mg = m, thenx a(t) = U;x s(t) = u;
(velocities before collision); xa(t2) = V, xs(t2) = v. (velocities after collison). The above
becomes MU+mu = MV+mv.

This states that the total linear momentum after the collision is equal to the total linear
momentum befor e the collision. This important equation has been obtained without knowing the
time of contact or the force of impact. The impulse experienced by the particle M is -I =
MV-MU. Similarly, for the particle m, theimpulseis| = mv-mu (equal and opposite).

For one-dimensiona problems, the vectors reduce to just scalars. MU+mu = MV+mv.
Note that the conservation of momentum equation is in itself not enough to solve for genera
collisions. For example, in 1-D, we may know U and u, and want to calculate V and v. But one
equation is not enough. However, for certain cases, one equation suffices, e.g. when we also
happen to know V or v, or if the two particles coalesce (when V = v), or if one particle breaks

apart.

Example: A bullet of mass 10g is fired horizontally into a block of wood of mass 1kg
which rests on a smooth horizontal plane. If the bullet’s velocity is 1000ms?, find the velocity of
the block if the bullet becomes embedded in the block. A: By the conservation of momentum,
(0.01x1000)+(1x0) = 1.01xv. Therefore, v =/, o = 9.90099ms ™.

Newton’s Empirical Law

We shdl introduce the law is one dimension initially. Consider velocities as before.
Newton's Empirical law is stated as. “ If two particles collide, their relative velocities after
impact is equal to -e times their relative velocity before impact” Symbolically, V-v = -e(U-u).
The constant e is called the coefficient of restitution for the two bodies concerned. It is a positive
constant, O£e£1. This empirical law takes into account energy losses at collision. The two
extremes are: e = 0: inelastic collision, particles coalesce; e = 1. perfectly elastic, no energy loss
(unattainable in practice). To solve problems, use the conservation of momentum equation
together with the restitution law to give 2 equations for V and v. (Which you can solve
simultaneoudly).
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Direct Collision (Between a Particle and a Barrier)

Consider a particle of mass M in collision with a fixed barrier. Let U be the particle's
velocity before the collision, and let V be the particle' s velocity after the collision. Let | denote
the impulse experienced by the particle, and the impulse relationship gives | = MV-MU. The
impulse experienced by the barrier is equal and opposite, but no information is gained since the
barrier isfixed (u = v = 0) and the momentum is lost.

The restitution law still holds, and models the loss in energy, giving V-0 = -e(U-0); V =
-eU. This is a reduced restitution law, and is sufficient to obtain the rebounded velocity of the
particle.



Oblique Collisions (Between a Particle and a Fixed Barrier)

Before collision: velocity U at an angle a to the normal.
After collison: velocity V at an angle b to the normal. The
particle and the barrier are assumed to be smooth, so (i) the
impulse is in the normal direction, and (ii) the restitution law
models energy losses which occur only in the normal directior
— and must therefore be applied only in this direction.

Let the impulse vector be I. The impulse relation for the particle gives | = MV-MU.
Taking components in the i and j directions gives | = M(Vsinbi+Vcoshj) - M(Usinai-Ucosaj).
The j component gives| = MVcosb + MUcosa, and in the i direction, Mvsinb = MUsina (i).
Now apply the restitution law in the normal direction: Vcosb = e.Ucosa (ii).

Given the direction a and the magnitude of the incoming velocity U, the outgoing
direction b isgiven by O/ to give tanb ="/, And V = UQ(€cos?a+sin?a) is the magnitude of
the outgoing velocity.
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Tutorial

Q: Two masses of mass m and 2m are travelling in opposite directions with speed u. They
collide and unite: find the magnitude and direction of the velocity of the combined particle, and
determine the loss in energy. A: Using the conservation of momentum, mu-2mu = 3mv; -u = 3v;
so v = -Y/5. The loss in energy is given by KE Before - KE After = (Y2mu? + Y2.2m.u?) -
(1/2.3m.(“/3)2) = 3/2mU2 - mu2/6 = 4/3mU2 J.

Q: A 4dm massistravelling at 2u, and collides with a 5m mass ball moving with speed u
in the opposite direction. If the coefficient of restitution is %%, find the resulting velocities of the
balls after impact, and the loss of energy due to the collision. A: VZ
Using the conservation of momentum, we have 4m.2u - 5mu = 24~ < eVl
-4mV+5mVy; 3mu = -4mV;+5mV,, 3u = -4V;+5V,. Using th @ @ @ @
restitution law, V-v = -e(U-u); -V1-V, = -Y/,(2u+u); 2V1+2V, = 3u
Equating for V», 3u-2V4/2 = 3u+4V,/5; 150-10V, = 6u+8Vy; Qu= BETORE  AFTER
18Vy; Vi =",. So V, = 3u-2V4/2 = u. The loss of Energy as before is given by KE Before - KE
After = 7.5muz.
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Vibrations/QOscillations

| ntroduction: Any matter will vibrate in a‘to and fro’ motion
The mechanism is the restoring force set up which opposes
deformation. This has its origins in forces between molecules or
atoms. We shall restrict ourselves to 1-dimensiona vibrations of & || VW v/
single particle. The prototype model is a mass attached to a spring
on a smooth horizontal table.




If the spring is at its natural length, (neither stretched or compressed), the particle will not

be subject to any force, and the system will therefore be at its
equilibrium position. If the particle is displaced from it
equilibrium position and released, it will vibrate back and forth

The spring will try to restore the particle to its equilibriun

position, but it will overshoot. In the absence of damping anc Amplide, the distance between the equilibrium
fricti . il b f position & the maximum displacement
riction, it will vibrate forever.

The time taken to perform one cycle (one complete oscillation) is called the period,
usually denoted by T. The number of cycles per second is called the frequency, f, where f = /5.
If the cycle (one) is associated with 2p radians, the angular frequency w is the number of radians

per second, where w = 2pf; or w = ®/;. To see the association with 2p,

consider motioninacircle. /\XW
Hooke's Law gives F = -kx. (The force in the string is proportional tc \J

the spring’ s extension). The constant k is the spring’ s stiffness.

Simple Harmonic Motion

Measure the displacement x from the equilibrium position, so that the spring’s extension is

X. By Newton's 2nd law, mx = F. Using Hooke's law, (for e

linear spring), mx = -kx. It is convenient to rewrite this as /g4 = equilibrium position
X, and write ®/4 = -w2X. This is the SHM or oscillator e "
equation, wherew = /) isthe natural angular frequency.

Thisis alinear 2nd order D.E., X + w2x = 0. The general solution may be obtained by
assuming a solution of the form x = € and substituting into the o.d.e.: | 26 + w2 = 0; | 2+w2 =
0; | =+iw. So the general solution is x = ag™ + be-"", where a & b are constants of integration,
I.e. X = i(ab)sinwt + (at+b)coswt. [at+b real; i(ab) red]. For real x, a & b must be complex
conjugates, which gives as general solution x = Csinwt+Dcoswt, where C & D are constants of
integration.
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The constants C and D are obtained by using the conditions on x and */4 at some
particular time, usually t = 0. Example: Calculate the displacement x in terms of w and t, if at
timet = 0, x = 3 and the velocity is zero. Solution: The general solution is X = Csinwt+Dcoswt.
Differentiating gives v =x = wCcoswt-wDsinwt. Att =0, x = 0. So 0 = wC, therefore C = 0.
Hence the general solutionisx = Dcoswt. Att =0, x =3, so 3= D. Therefore, X = 3cosmt.

Phase Angle and Amplitude

The general solution for alinear oscillation is x = Csinwt+Dcoswt. This may be rewritten
as Xx = dCZ'FDZ)[C/chDZ)gn\M + D/dc2+D2)coswt]- Here, sinF = C/0:2+D2 and cosF = D/Cc2+D2, This may be
written as X = Acos(Wt-F ), where A = (C2+D?). So Acos(wt-F) = A[coswtcosF +sinwtsinF ],
and F isthe phase angle given by F = sin(“/¢ceny) = €0S*(Plecen), OF F = tan™(“/p).



In this form, v = x = wAsin(Wt-F). Alternatively, X

Asn(wt-Q), where A = QC#D? and Q = sin'(®/gcupy) =
cos*(“aceny) = tan*(Ple).

Energy: the equation of motion is m*/4. = -kx, or mv®/y =
-kx; imv dv = -1kx dx. Therefore, Y2amv+ Y2kx2 = E (K.E. + P.E. it
spring = total energy), i.e. conservation of energy. If the initial
conditions are so that the displacement is X, when v = 0, then 0 + ¥2kxq? = E. Therefore, ¥2mv? +
Yokx2 = Yakq2. It follows that v2 = ¥/(X02-X2); V2 = W2(X02-X2). Now v2 > 0 as X2 £ Xo2, SO -XoEXEXo.

Example: A particle P of mass m lies on a smooth horizonta [{A 1 , B
table, and is attached to 2 points A & B (where AB = 7a) by two P
springs of natural lengths 3a and 2a; stiffness k and 3k. Show tha SEREN
the particle is in equilibrium when AP = %/,. The particle is held a T1 T2

rest with AP = 5a and then released. Find the period of the motion
and the particle’s maximum speed.

7a

A: Spring 1: natural length 3a, stiffness k. Spring 2: natural length 2a; stiffness 3k.
Measure the particle’ s displacement x from A. Hooke's law for the springs gives T = stiffness x
extension. So T; = k(x-3a) and T, = 3k(5ax). ANALYSE THIS! The equilibrium position is
where the net force is zero, i.e. T, - T, = 0. Therefore, 3k(5a-x)-k(x-3a) = 0; 15ka-3kx-kx+3ka =
0; ..., X = %/,, the equilibrium position.
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Circular Motion

Redl life examples. washing machines, spin dryers, cornering in a car, CD ROM, etc.
Circular motion is a particular case of 2-D motion. In, say, projectile motion, Cartesian
co-ordinates (x & y) were ided. In circular motion however, (plane) polar co-ordinates are far
more convenient.

PLANE POLAR COORDINATES. In Cartesian co-ordinates
a position in space is given by the (X, y) co-ordinate pair. In plane
polar co-ordinates. a position in space is given by the (r, q) pair,
wherer is the distance from the origin O, and q is the angle measurec
in radians from afixed line in space.

rsing r

If g is measured from the x-axis, the formulae for converting ©

from (x,y) co-ordinates to (r,q) co-ordinates are X = rcosq, y = rsing.
And those from (r,q) to (x,y) arer = Qx2+y2); q = tan*(’/,).

Kinematics of Circular Motion

(%]

For motion in acircle, i.e. r = constant, the distance travelled by &

-’
particle during an angular displacement q rad is given by s = rq. The \)

tangential linear velocity of a particle moving on acircleisv =& = %4 =
rdq/dt.




At each instant, it is directed along the tangent to the circle. § is the angular velocity and
is the rate of change of angular displacement, measured in rad s*. It is often given the symbol w
(especidly if 6 is a constant) — then we write v = rw. If § does not change with time, then /4 =
/4. = rf. Here, */4 is (in ms?) the linear acceleration in rad s2.

Acceleration Towards the Centre

If a particle is moving along acircle, the direction of the velocity (a vector) |,
Is changing all the time. Thus, it must be accelerating. Thisistrue even if its spee
remains constant, i.e. v = rw = constant. Now consider motion with constant
angular velocity w. (Hence v = rw is constant). The vector acceleration is defined
asa= dV/dt - Iimdt®0 dV/dt o Iimdt®0 V(t+dt)-V(t)/dt-

Consider the change in the vector v as the particle
goes around the circle. Denote the radial unit vector as g.
Consider the triangle of vectors. This is an isosceles
triangle since v = |v| = constant. From the triangle, dv = )7
v(t+dt)-v(t) » -vsindg[e(t+%2)]. So a = "Mye0 -S"u(e) =
Moo -V%q €. Therefore, a = -vwe..

V(t+dt)

er(t)\ | ex(t+dt)

Therefore, the acceleration is directed towards the centre, and has magnitude a = vw.
Since v = rw, this may be written asa= rw? or a = ¥/,. Thus a force must be present in order to
maintain circular motion. If a particle has mass m, the force has magnitude ma, directed towards
the centre of the circle.

Horizontal Circular Motion: Example

A particle of mass 2kg is attached to a horizontal string of length 0.5m. Calculate the
tension in the string required to maintain circular motion with an angular velocity of 60
revolutions per minute (60 rpm). Solution: m = 2, r = ¥, w = 60rpm = 1rps = 2p rads®. So
tension = mrw2 = 2xY/,x(2p)2 = 4p2 N.

Assignment 4

Q: A zoologist has an arrow with a maximum range of 100m. If a rhinoceros charges at
him at 30kmh?, and he aims his bow 20° above the horizontal, how far away should the
rhinoceros be when he releases the arrow? A: When a = "/,, range = ’/,. So 100 = ¥/, v = 100(q).
When a= 20°, R = /,sin40 = 100sin40°.

We now want the time of flight of the projectile. Time of flight = Horizoma Range/, . il velocity =
100sm40° oo = 2.18397s. When t = 2.18397s, we want the Rhinoceros at a distance of
100sin40° m away. In this time, the rhinoceros will have travelled a distance of 18.19975m at a
speed of 30kmh™ = 8.3333ms*. Conclusion: the rhinoceros should be 100sin40° = 64.2788 +
18.19975 = 82.48m away when hefires.



Q: A projectile is launched at a speed V in a direction perpendicular to a surface having
dope a to the horizontal. Determine the range R. A: Consider the projection point at the origin
of the graph. The equation for the projectile path isy = -9%/,,.x2 + (tana)x. We equate this with
the equation of the slope, y = -tanax, to get an expression for the range.

In collision questions, apply the conservation of momentum and then the restitution
equation to get 2 ssimultaneous equations which you can solve to get any unknowns. Watch out
for numerica dips! When you have more than one collision, there are no further collisions if all
the particles are still; or if the particle that is moving away is travelling faster than the particle
behind it.
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Statics

We now consider the effect of forces on rigid bodies, in cases where they cannot be
treated as particles. So instead of point masses, we have bodies with a finite extent. If a force
acts on the body, we must be careful to specify not only the magnitude and direction of the force,
but also whereit acts. It isalocalised vector, not a free vector.

We are then led to consider the moment of the force, which is e D1 R Dy
measure of its tendency to cause rotation of the body. We shall
consider rigid bodies in equilibrium under the action of forces — no $ $
motion — statics. Consider the see-saw, or balance, which consists of ¥ F? F
arigid horizontal bar with a pivot at its mid-point.

The magnitude of the moment (or the torque) of the force F, about O is Mo, = FiD;,
where D, is the perpendicular distance from O to the line of action of F;. Its sense is
anticlockwise about O, and by convention, this is +ve. Moment has units Nm. For force 2, the
moment is Mo, = -F.D; in a clockwise sense about O, which is -ve by convention. The total
moment in the exampleis Mo = Mo, +Mo, = F1D;-F.D..

Equilibrium Conditions

For a rigid body to be in equilibrium, (i) the sum of the forces must be 4
zero; (i) the sum of the moments must be zero. In the above example, if R is the F.-"
reaction of the pivot, then (i) implies that R = F+F,, and (ii) implies that Mo = &
F.D;-F:D, = 0. Calculation of moments. Let D be the perpendicular distance i
The dotted line is the line of action of the force. In vector notation, Mo = rxF; ©:-—_

Mol = IrIFlsing; [Mo| = DIF. e
Example (1): What is the moment of the 40kN force about the 40sin3004 40KN
point A as shown? A: Ma = 40000xsin30°%6 (resolve the forceinto z  [la /K
perpendicular directions) = 12000Nm = 120kNm. Example (2): Finc I~ em (1)
the distance x so that the system is in equilibrium A: In equilibrium A IR @ 8

Mo =0, i.e. 70g = 509.X; X = /504 = "/sm. 1m X
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Tutorial: Oscillations, Circular Motion & Statics

Q: A particle of mass m is hanging freely via alight piece of elastic from a fixed point O.
If the piece of elastic is considered to be a spring of stiffness k and natural length |, find (a) the
length of the elastic when the mass hangs in equilibrium; (b) the period of oscillation about this
equilibrium position if the particle is disturbed; (c) the maximum distance the mass may be pulled
down and released if the motion is to be simple harmonic motion.

A: Hooke's law states that T = kx. However, we

aso have T = mg. In equilibrium, the resultant force is (part (c))

zero, so that 0 = mg-kx; kx = mg; x = ™/,. This is the natural length
extension at equilibrium. (b) The forces acting on the ! i\ c.p0s
particle (the sum of) are mg-T = F; mg-kx = F. Newton'’< T \k stenson i)
2nd law states that F = ma, hence mx = mg-kx; X = g-/m; w acenson (i)
% +wx = g. (Wherew = Q/.,)). From the notes, T = %/,, = v

2p(™/) = period of oscillation.

(Aside: For x+w2x = 0, the solution is x = Acos(wt+f). For Xx+w2x = g, we also need a
particular solution. The complementary function is Acos(wt+f ). The particular integral is %, by
inspection. So the general solution is Acos(wt+f )+9/,. = 9"/, +Acos(Wt+f ) = X).

(c) The maximum distance is */x because if the oscillation goes beyond the natural
length, it will not compress (it's a string), and therefore we do not have SHM. Therefore, keep
the oscillation between the natural length position and the extension position.

Q: A car on a fairground roundabout has a mass of 1000kg and ic
connected to the central spindle at a length of 4m. If the car goes around the
circle once every 2s, find the tension in the arm. A: We need the centripetal
force, F = mnw2 = mvw = ™/,. Use mrnw2. Here, w = p, because we have 2p rad in
1 revolution; it goes around twice, (2 revolutions), so p rad per second. So F =
mrw? = 1000x4x(p)?2 = 4000p2N.

1000kg

Q: A diver of weight 750N is standing at theend B of ¢ A c B
diving board AB of length 4.4m and weight 350N. The board i
supported from above at A and from below at C, where AC= | F1 |k $350N 750N
1.1m. The force exerted a A is down, and a C, it is up. <55 >
Modelling the diving board as an uniform rod, and the diver & 5om
a particle, find the forces exerted on the diving board at A & 44m

C.

A: For the forces to be in equilibrium, we have F, = F,+350+750; F, = F;+1100. For the
moments to be in equilibrium, taking moments about C, we have 1.1xF, = 350x1.1 + 750%3.3;
F, = 350+(750%3); F, = 2600N. So F, = 2600+1100 = 3700N by back substitution.

REMEMBER TO STATE & USE THE CORRECT UNITS.



Exam Paper: May 1999

SECTION 1 (Compulsory)

D)

(@

(b)

(©)

The position vector r m of a particle P of mass 4 kg at timet sisgiven by
r = ()i + (3tz-2)) + (2t3-4t2)k.

()  Find thevelocity of P at timet.
(i)  Find the speed of P at timet.
(ili)  Find the acceleration of P at timet.
(iv) Find the kinetic energy of P at timet.
(v)  Find therate at which the force acting on P isworking at time't.
[7 marks]

The work done by the force F = 3i+5j+9k N in moving a particle from the point
with position vector 2i+3j+5k m to the point with position vector ai+5j+9k m,
where aisaconstant, is 52 J. Find the value of a. [5 marks]

Two roads intersect at 90° at a point P. A man A is cycling at %%/, ms?* along one of
the roads towards P and at a certain instant is 400 m from P. A then observes a
second man B, 300 m from the junction, running towards it at *°/3 ms*. Find the time
when the men are nearest to each other and the distance between them.

[8 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

(@

(b)

(©)

Assuming Hooke's Law, show by integration that the work done in extending a
spring of stiffness k a distance x beyond its natural length is %2kx>. [2 marks]

A spring is held in a smooth horizontal tube with one end fixed and the other
attached to a small bead which is held in equilibrium by a force of magnitude 60 N
pressing it against the free end of the spring. The compression of the spring in this
position is 0.03 m.

(i)  Find the stiffness of the spring k. [2 marks]
(i)  The bead isreleased. Find, using the conservation of energy, the speed of the
bead just as the spring attains its natural length. [4 marks]

A uniform rod AB of weight 50 N and length 1.2 m is supported from above at the
end A and from below at the point C where AC = 0.3 m. A particle of weight 15 N
Is placed at the point D where AD = 1.1 m. Find the forces exerted on therod at A

and C. [7 marks]



3)

(4)

The non-gravitational resistance to the motion of a car of mass 1000 kg moving with a
speed of v ms? is known to be of the form (kv + 0.05kv2) N, where k is a constant. When
the car’s engine isworking at arate of 11.25 kW the car can move at a steady speed of 25

ms* on a horizontal road.

@
(b)

(©)

Find the value of k. [2 marks]

Find the rate at which the car’s engine works when the car is moving at a steady
speed of 15 ms* up a hill inclined at an angle sin(*/4) to the horizontal.

[5 marks]

When the car is moving with speed 25 ms* on a horizontal road the engine is
switched off. Show that the speed v ms® of the car after travelling a distance of x m
after the engine has been switched off satisfies the differential equation

2500%/g« = -20-V.

Solve this differential equation to find the distance travelled before the car’s speed
falsto 5 ms™. [8 marks]

A particle of mass 2 kg lies on a smooth inclined plane, whose angle with the horizontal is
30°. The mass is attached to the top of the plane by alight elastic string of stiffness 30 Nm
and natural length 0.5 m.

(@
(b)

(©)

What is the length of the string in equilibrium? [2 marks]

The particle is pulled 0.2 m from the equilibrium position and released. Find the
period of the oscillation and cal cul ate the maximum speed of the particle.
[5 marks]

Describe the motion of the particle if the string becomes slack and calculate how far
the particle has to be pulled down the plane for it just to reach the top.
[8 marks]



(5) (@ Three smal spheres A, B and C lie in a straight line on a smooth table. Their
masses are m, 2m and 4m respectively. Sphere A is projected towards sphere B
with a speed of 8 ms™.

(i) If the coefficient of restitution is %, find the velocities of the three spheres
after three collisions and show that there can be no more collisions.
[6 marks]
(i)  Cdculate the total energy lost during the collisions. [2 marks]

(b) Consider the free motion under gravity of a particle projected with speed V a an
angle a to the horizontal.

(i)  Show that the maximum height attained by the particleish =5 .

| [3 marks]
i ow that the projectile’ srangeis given by rangezﬂ. [4 marks]
(i)  Show that th | b ]

(Questions done: 1, 3, 5)




