Functions

The idea of a function is basic in calculus. It is a rule or correspondence whereby the
elements of one set of objects are made to correspond to unique elements of another set.
Illustrate a function by an arrow diagram from the 1st set A to the 2nd set B. Notice that to each
element of A there is one and only one element of B corresponding to it under the function f.
However, several elements of A may correspond to one and the same element of B.

There are several ways of defining a function. (i) By aformula e.g. y = mx+c, y = 4x2+2
etc.; (ii) Table; (iii) Graph; (iv) A rule of correspondence. Examples have the form y = f(x),
where x is an dement of the 1st set A (x T A) and is called the argument or independent
variable, and y is called the dependable variable.

The set of allowable values of x is caled the domain of the function, and the
corresponding values of y is called the range of the function. Domain of f: Ds; Range of f: R:. If
the domain consists of all the real numbers lying between certain limits, the variable x is said to
be continuous. For example, if 10 £ x < 20, then x is a continuous variable lying between 10 and
20, including 10 but excluding 20.

Use Cartesian graphs to illustrate functions such asy = 4x2+2 (- o < X< 0). An example

of afunction which does not possess agraph is: f(x) ={ §whenxisrationa

Even & Odd Functions

If f(x) = f(-x), for al elements of the domain, then the function is said to be even. If f(x) =
-f(x), then the function is said to be odd e.g. y = sin(x), y=x, y=3x3. It is remarkable that any
function can be expressed as a sum of an even function and an odd function:
f(x) = 2(f(x) + f(- X)) + 3 (f(X) - f(- X)) = even + odd.

If afunction has symmetry thén this can be exva oited in calculations.

Monotonic Functions

If f(x2) > f(xy) for al xi, X,, such that a£ X; < X, £ b, then f is said to be a monotonically
increasing function, in theinterval a£ x £b (x T [a,b]). [Note on notation: for a<x£b, we write
x 1 (ab]]. Smilarly, if f(xo) £ f(x1) for al xi, X2, such that a £ x; < x, £ b, then f is said to be a
monotonically decreasing function, in theinterval a£ x £ b.

Limits & Continuity

Consider f(x) = cos(x). When x decr eases towar ds zer o we see that cos(x) approaches +1
which is the value of cos(0). We say that as x tends to zero (x ® 0) then cos(x) tends to cos(0)
[cos(x) ® cos(0)]. More precisaly, we can choose a value of cos(x) as near as we like to cos(0),
provided we choose x sufficiently close to zero. The value cos(0) is said to be the limit of cos(x)
as X approaches zero.



More generally, we say that f(a) isthe limit of f(x) as x approaches a, provided f(x) tends
to f(a) as x tends to a. If x increases towards the value a we write x ® afrom the left, then use
the notation f(X) ® f(a0) asx® a, or!m_f(x)="f(a- 0). If x decreases towards the value a or
we have x ® afrom the right, we use the notation f(x) ® f(at+0) asx ® a., or we equivalently
write Iim_ f(x) = f(a + 0).

In the previous example, +1 = cos(0) isthelimitasx ® 0.and asx ® 0. of f(x) = cos(x).
In this case cos(x) is said to be continuous at x=0. More generaly, f(x) is said to be continuous at
x=a if f(a-0)=f(a)=f(a+0). Otherwise, f(X) is said to be discontinuous at x=a. Example: Suppose
we define a function as follows: y = f(x) = x| for (-1£x£0, O£X£EL); f(X) = 1 when (x=0). Now
lim f(x) =0 =Im., f(x). But as f(0) is not equal to zero (=1) then the function is discontinuous at
x=0.

Inverse Functions

Giveny = f(x), can we solve for x in terms of y? If yes, then x =fi(y) is called the inverse
function of y = f(x). Now consider y = f(X) = cos(x), -pEXEPp. If X = P/5, theny = Y. if x = -/,
theny =%, Therefore in the interval -pEx£p, y = +% corresponds to 2 values of X. So we cannot
find an inverse function in the specified interval. However, if we restrict the function to the
interval OEXEp, thereis only 1 value of x corresponding to each value of y lying between -1 and
1. So we can invert the function y=cos(x) in the interval OEx£p. This shows the importance of
defining the domain of values of the function. In genera, given y = f(x), aEx£Eb, the inverse
function y=fi(y) existsif to each value of y, there corresponds exactly 1 value of x. Example: y =
sin(x) for -PLEXE’/,. An inverse function x = arcsin(y) or sin(y) exists for -1£y£1.

Examples 1

Q: Find the domain and range of f(x) = 1-Ox. Thedomain, Dy, isO £ x < ¥, [0,¥), and the
Range, Ry, is-¥ <y £ 1, (-¥, 1]. Q: Do the same for g(z) = ((4-7?). Here, we want 4-z2 to be
positive. So 4 > z2, implying -2£z£2. So the domain is Dy -2£2£2, [-2,2]; and the range is Ry:
OEy£2, [0,2]. When doing questions like these, aways sketch graphs and try out values. Tip:
when sketching e.g. y = sin(x) + cos(x), sketch cos(x) and sin(x) on the same graph and then add
them up (Asin SHM).

Q: Is y=x3 odd or even? A: y(-x) = (-x)® = -x3 = -y(x) so ODD. Q: What about y =
5cos(x)? A: y(-xX) = 5cos(-x) = 5cos(x) = y(x) so EVEN. Q: Are the following functions
monotonicaly increasing, decreasing, or neither? Q: y = x2 A: Neither. Q: y=x? for [0,1]. A:
Monotonically increasing.

In the following equations, solve for y as a function of x and determine the domain of the
function(s). (i) xy+4x+3y=0; y(x+3) = -4x; y = -*/,43; X not equal to -3. Therefore D; = (-¥, -3)
E (-3, ¥). (i) “/«1w=1; y = b 1-(/5)3. For y = +b{a-("/5)3, D=[-a,d]. For y = -bd1-(*/3,
Df:[-a,a] .



Show that x = acos(t), y = bsin(t) are parametric equations for the two functions of x given
above. Determine the appropriate intervals of t for these two functions. A: We have (*/,)%+(/,)?
= cost+sint = 1. y = +bJ1-(*.)3, [-aa implies (x,y) = (acodt, bsint), (O£tEp). For y =
-bJ 1-(*/)4, [-a,a] implies (x,y) = (acost, bsint), (-p£tEO).

Q: For the function shown, discuss limits
one-sided limits, continuity and one-sided continuity vl Ux
for the points x = -1, 0 and 1. For x=-1, f(-1)=0 0,x<-1 1\>%
f(-1)=0, f(-1.) = -1. It isleft continuous but not right f(x) = {
continuous at x=-1. Both one sided limits exist but |
are not equal so the limit does not exist. At x=0, f(0.) i .
= -¥, f(0,) = +¥, f(0) is not defined. So it is neithe -1 1
left continuous nor right continuous at x=0. Botl (
one-sided limits exist but are not equal. This implies -1
that limits does not exist. At x=1, f(1)=1, f(1)=0 m
f(1.)=1. So nether left continuous nor right
continuous at x=1. Both one-sided limits exist and are equal, therefore limits exist at x=1. Note:
The discontinuity isremovable at x=1: by redefining f(1)=1, then f(1.) = f(1) = f(1.) = 1.

Q: Analysey = */,.1. A: We know x2 cannot be 1, so x cannot be 1 or -1. When x=0, y=1,
and as X tends to 1., y tendsto +¥. As x tendsto +¥, y tends to 1. Using information like this
(and more) we can build up a picture of the graph of the function, and establish the function is
even. Solving for x, x = +Q(’/y.1). For the +ve sign, 0EX£1, 1<x<¥ and -¥ <y<0, 1<y<¥. For the
-ve sign, 1<y<¥, -¥ <x<-1; O>y>-¥, -1<x<0.

Differentiation

Let y = f(a) be defined and continuous in the interval aExEb. We define the left derivative
' (X) and the right derivative f’ .(x) asfollows:

—li f(x+h)- (3 7. i f(x+h)- f(x)
0=ty [T ) 09 =img, [T .

Where the limit exists for both formulae, f’.(x) is defined on a<x£b, whereas f'.(X) is
defined on aEx<b. At pointsinside the interval i.e. a<x<b, if we have ' .(x) = f'.(x) (=’ (X)) then f
Is said to be differentiable at x and ' (x) is caled the derivative a x. Given f’.(Xo) = f'+(Xo),
where a<xo,<b, then im, f(x) = f(xo) ="+ (See the notes for proof).

By definition, f'(x) is a function and the domain of values of x is included in the domain of
f(x). If £(x) is itself differentiable, its derivative is denoted by f'’(x) and so on. Alternative

ST - i fx+0X)- ) 1 _ji sy _ dy
notation: ' () = ¥ OF o, I o{ o0} =im {4 =



Rules of Differentiation

Let f(X), g(x) be differentiable in the open interval a<x<b. (i) If f(x) = af(x) + bg(x) [a,b
constants), then f’(x) = af’ (x)+bg’ (x). (ii) If f(x) = f(x)g(x), then f’(x) = f(X)g'(x) + ' (X)g(x).
Thisisthe product rule, /g = g = U(® ) + (s)Vv. (iii) Let f(X) = Yy, 9(X) not zero. Then
f'(X) = 994002 9(X) Not zero. (iv) If f(x) = ™/, g(X) not zero, then f'(x) = ITQHAT/ e
This is the quotient rule. (v) If f(xX) = f(g(x)), then f'(x) = f'(g(x))xg (x). (Provided f is
differentiable at g(x) and g is differentiable at x). Proofs of rules 1 and 2 are in the notes.

Standard Derivations: If f(x) = c then f’'(x) = 0. If f(X) = X" (n +ve integer) then f'(x) =
nx™. If f(x) = sin(x), then ' (x) = cos(x). If f(x) = cos(x) then f’ (x) = -sin(x).

Examples 2

Q: Using the definition, calculate the derivative of the following function: F(x) = (x-1)2+1.
Then find the value of the derivatives F(-1), F(0) and F(2). A: Using "0/ =
(OHHPD-OCDHD = (e D0edPf = (CDH=0eD2) = =26 el?, = D(x-1)+h, Here h < 0 or h > 0.
NOW F’-(X) — Iimh®o_(F(x+h)-F(x)/h) — ”mh®o-(2(X-1)+h) — 2(X-1) And F’+(X) — Iimh®o+(F(x+h)-F(x)/h) —
M o0(2(X-1)+h) = 2(x-1). So F_(x) = F.(x) = F(x) = 2(x-1). Putting in values, F (-1) = 2(-1-1)
=-4;,F(0)=2(0-1)=-2,F(2 =2(2-1) =2

Q: Differentiate the following Trig functions: (i) Ym(sin¥(x)) = 2sin(x)cos(x). (ii)
L(xV2 - xV2) = [2xV21- (- J2x 2y = J2(xV2- 1+ x Y1), (jii) arcsin(3+x?). Let y =
arcsin(3+x?) so sin(y) = 3+x2. Now differentiate implicitly, cos(y)¥a = 2X. SO ¥ = /oy =
2 s-srey) = Zlega- .

When given a function in terms of a parameter t, remember that ¥g = (Ya)/(¥/a). Q:
Find ¥/« and /4 when x2+xy+y2=7. A: Differentiating implicitly, 2x+(x¥/a+1.y)+2y¥/5=0.
This implies ¥g(X+2y)+2x+y=0. Therefore Yo = -@Nuay) NOW Ploe = Yo(-Ciazy) =
~{ (ry) rdyld-(2ey). Ay o0} = after simplification = S/, 0 But as x2+xy+y2=7, then

Voe =" lzyp = “Plcayy.

Q: Do the same for x3+y3=2a3. Differentiating gives 3x2+3y2¥/4 = 0. S0 ¥4 = -(*/)2, Y2 0.
[NOTE: Always specify regions which are not defined at every part of your answer]. Now ®/g,
= -2(Yy)x YXVB e = 2L y-x-()?) = -Zlolly+Nye) = -Zhys(X3+Y3) =25, y1 0.

Stationary points occur when %/4,=0. If you arrive at something like ¥4 = Y2/, SO0 =
Y%/, and S0 y-2x=0, y=2x, then stick y=2x into your original equation and solve for x and y to
get the points where the gradient is zero.

Q: The height of a body moving vertically is given by S = -/gt2+vet+s, g>0, with sin
metres and t in seconds. Find the body’s maximum height. A: %/y = -%4.9.2t+V, = -gt+v,. When
%/4=0, -gt+Vvo=0; t = +vo/g. And ®/4. = -g, which is less than zero. Therefore at t=vo/g, S reaches
a maximum. S (with t=vo/g) = -¥20.(Vo/Q)#+Vo.(Vo/Q)+S = -(Vo¥20)+(VeQ)+S = (VoH20)+Ss.
Therefore, maximum height = So+(vo?/20).



Q: For the function f(x) = ®*/,.1, find values for aand b such that f(x) has alocal extreme
value of a at x=3. Is this a max or min? A: Differentiate, obtaining ¥/s = ax2+2bx+a. So when
¥ =0, 0=ax2+2bx+a. Put x=3 in, then 0=9a+6a, or 10a+6b=0. But, at x=3, y=1. Substituting
x=3, y=1 into f(x), 1=**/g,; 3a+b=8. We now have 2 sim. equations which we solve to get a =
6, b = -10. Therefore f(x) = -6x-10/x3-1 has a stationary value of 1 at x=3. Now, with (a,b) =
(6,-10), f’ (X) = (-1)6-(6x-10)2x/ (212 = - (X2-1)2[6X2-20X+6].

Since f'(3) = 0, this implies 6x2-20x+6 has one root: a=3. Now use “ab=c/a’, then the
other root isb = (1/a).(c/a) = (1/3).(6/6) = /5. Therefore 6x2-20x+6 = 6(x-'/3)(x-3). When x<3,
' (X) = - xe1 6X2-20x+6] > 0 and when x>3, f'(x) < 0. Therefore ' (x) changes sign from +ve to
-ve as X increases through stationary point x=3. f(x) has alocal maximum at x=3.

Further Rules of Differentiation
(For proofs and further explanation, see the notes)

Yaw = Yaway. BUT, ®/ay. is not equal to Yeyme Parametric differentiation: ¥ = ¥4,
with dx/dt not zero. To find the 2nd derivative (Parametrlc differentiation), proceed as follows:

d dy
We aready know ¥e = ¥%qyq, SO0 Plae = 4o (5) = d)jdt dt( )

Increment of a Function

Geometric interpretation of a derivative. Let Q be a pomt near to P on the curvey =
f(x). fo(x) = im o, [0y —im Dy Similarly, £ (x) = ™, (). If f is differentiable at Xo,
then f'.(Xo) = f'.(Xo) = f'(X0) = Y. ¥ iS the slope of the chord PQ and as dx® 0+, the point
Q® P and the slope of PQ tends to the slope of the tangent PT at P. Similarly, for dx<0, the dy
Is caled the increment in y following from the increment y
dy in x. Finally, if f is differentiable at Xo, then ™uye oV tenczay/ax / Y=
= ¥ SO Yy = Yy+e where e>0 as dx® 0. Therefore, Q

dy = (Y/«)dx+edx. In the picture, dx = PR, (¥&)dx = TR, = y

edx = QT; dy=QR. Therefore when dx is smal, e is P /q\R

small, so that edx is very much smaller again. Indeed, we

write that dy is approximately (¥/«)dx when dx is small, o X
or dy is approximately f’ (Xo)dx. Xo  Xo+dx

Applications of Implicit Differentiation

Implicit differentiation can be used to prove that Y(Xx?) is aways defined for rational a
and x>0 [SEE NOTES]. It can also be used to derive formulae for differentiating inverse circular
functions. Consider y = sin’(x), then sin(y) = X; cos(Y)¥w=1; Ya = Yoostyy = Yacpsirey) = Yecrine).
But cos(y)>0 when -P/.<y<P/l5, S0 ¥ = Yo, -1<x<1. Similarly for y = cos(x), Yax = -Yepe),
X|<1.



Maxima & Mimima

A function f(x) is said to reach the global (or absolute) maximum f(c) on its interval | if
there exists acl | such that f(x)<f(c) for al xI | except x=c. The function is said to reach alocal
(or relative) maximum f(c) at x=c if there exists a positive number h such that for O<|h|<H, then
f(c)>f(cth). There are smilar definitions for minimum's. If f(x) has a local max or min at x=c,
then c is called a turning point (or critical point), and f(c) is called a turning value (or critical
value). It can be proved (NOTES) that ' (c)=0.

f'(c)=0 is a necessary condition for f(c) be aturning value. It is not a sufficient condition
for a turning value. Points C when f'(¢)=0 are caled stationary points (or critical points) and
f(c) is caled a gationary value (or critical value). To find which stationary values are turning
values, examine the sign change of f’ (x) as x increases through x=c.

If £(x) > 0 when x<c and f'(x) < 0 when x > ¢, then f’(c) is a local maximum. Note:
'’ (c)<0 is sufficient for a maximum, not necessary. Now if f'(x) <Owhenx <cand f'(x) >0
when x > ¢, then f'(c) isalocal minimum. [Note...] A point of inflexion c is one where f'’(c)=0
and f'’ (x) changes sign as x increases through c. The concavity changes at an inflexion point.

The Logarithmic and Exponential Functions

Yau(log(x)) = Yx. See notes for proof of this and all subsequent results quoted below.
Theorem: log(ab) = log(a)+log(b). Theorem: log(a") = nlog(a). Theorem: log(a) = -log(*/.).
Theorem: log(a’™) = */,log(a). Theorem: ("/,)log(a) = log(@™"). Theorem: log(&’) = logl. Theorem:
rlog(a) = log(ar) for any rationa r. By definition, log(x) is differentiable on (0<x<¥) therefore it
IS continuous on 0<x<¥. Since log(x) is a monotonic function, it possesses an inverse, y = €
Detailed notes are available for the proof of this. Let y = €, the exponentia function. ¥«(€) =
€.

General Exponential Function

Define & by a = €@, where x is any real number, xI R. We know log(a) = xlog(a).
Now Y (@) = Y (e9%9@) = glo9@x|og(a). Therefore ¥ (&) = alog(a). The inver se function of y
= a‘is cdled the logarithm to the base a, denoted by x = loga(y). Now log(y) = log(a’) = xlog(a)
= loga(y)log(a). So logx(y) = log(y)/log(a) = loge(y)/l0ge(a).

More generally, consider logs(y)logs(@ = [loge(y)/loge(b)]/[log«(@)/loge(b)] =
loge(y)/l0ge(2) = log«(y). Therefore, loga(y) = 10gu(y)/10gx(a).

Ya(10g(y)) = Yo(loge(y)/l0ge(a)) = [Llog«(a)]x*,. Finaly consider x?, al R (x>0). 'I:hen
X? = @109 Yy (x?) = Yu(€M°) = 9% a Y, = ax?¥/x = ax*™. Therefore, Yu(x?) = ax*?, al R,
x>0.



Hyperbolic Functions

Definitions: cosh(x) = e+e*/2, sinh(x) = e-e*/2; tanh(x) = sinh(x)/cosh(x), coth(x) =
cosh(x)/sinh(x), sech(x) = 1/cosh(x), cosech(x) = 1/sinh(x). Example of manipulation:
cosh?(x)-sinh2(x) = (YA(e+e%)2-(YA(e-e%)?)) = (Vo€ +2+e)-Yie*-2+e%)) = 1.

Properties:

Hyperbolic Functions Circular Functions
cosh?(x)-sin?(h)=1 COSA(X)+sin?(x)=1
1-tanh2(x)=sech?(x) 1+tan?(x)=sec¥(x)

coth?(x)-1=cosech?(x) cot?3(x)+1=cosec*(x)

sinh(xxy)=sinh(x)cosh(y)xcosh(x)sinh(y) sin(xzy)=sin(x)cos(y)xcos(x)sin(y)

cosh(xzy)=cosh(x)cosh(y)xsinh(x)sinh(y) cos(xxy)=cos(x)cos(y)+sin(x)sin(y)
sinh(2x)=2sinh(x)cosh(x) sin(2x)=2sin(x)cos(x)
cosh(2x)=cosh?(x)+sinh?(x) coS(2X)=CoA(X)-SiN(X)

Differentiation Formulae:  y = sinh(x) = Y4€-€*). ¥ = Ya(sinh(X)) = Yo(€*-(-€*)) =
Yo(e+eX), 0 Ya(sinh(x)) = cosh(x). And Yg(cosh(X)) = Ya[Y(e+e)] = Yo(e'-e*) = sinh(X).

y y
/// d¥dx3(sinh(x)) > 0
L E )
concave upwards /// PE———

snh(x) isaways —
mon. increasing e

,/// .
- E’Zﬁcxiﬁi”“(x” <0 cosh(x) mon. dec -1
downwards then mon. inc. coth(x)

Inverse Hyperbolic Functions

y = sinh(x) is a monotonically increasing function of x from -¥ <x<¥, therefore the
inverse function exists. x = sinhi*(y) or x = arg sinh(y), for -¥ <y<¥.y = cosh(x) is not invertible
for -¥ <x<¥ since for each value of y>1 there are 2 values of x such that y = cosh(x), namely x
and -x. However, for O<x<¥, cosh(x) is invertible as there, cosh(x) is monotonically increasing.
And x = cosh(y), or x = arg cosh(y), (y>1). y = tanh(x) is monotonically increasing for
-¥ <x<¥, thereforeit isinvertible and x = tanh™(y), or x = arg tanh(y) (-1<y<+1).

Logarithmic form of the inverse hyperbolic function. Interchanging x,y in x = sinh(y),
we get y = sinh’}(x). This implies sinh(y) = x, but sinh(y) = ¥4(€-e¥), so sinh(y) = YA(e’-eY).
Rearrange to give a quadratic equation in €, which implies e?-2xe’-1=0; &'=x+Q(x+1). But
e>0, s0 &=x+Qx2+1), y = log(x+Q(x2+1)); sinh’}(x) = log(Q(x2+1)), (-¥ <x<¥).



Similarly, cosh*(x) = log(x+Q(x2-1)), (x>1). (Note: + possibilities as before; the ‘- option
gives the other branch of coshi’(x). And tanh*(x) = “dog(**/ix), X|<1. And coth’(x) =
Ydog(**/x.a), X1

Derivatives of Inverse Hyperbolic Functions

y = sinh’}(x) implies x = sinh(y). Differentiate implicitly w.r.t. x. So 1 = ®/4 = Yy (sinh(y))
= cosh(y)¥w. This implies ¥ = Yooy = Yecussnmy) (Using cosh¥(y)-sinh¥(y)=1). So as
COSN(Y)>0, Y = Hacgunme, (¥ <x<¥). Similarly, Ya(cosh(x)) = Yepes, (<>1); Ya(tanh (X)) = Yo
X|<1, and Y (coth™(X)) = Y1, [X|>1.

Examples

(1) y=exp(x?). ¥ = exp(x2).2x.
(2) 'y = 109" [sin(x)>0]. Remember that &=€"*9; therefore y = goasnooiooto; o, =
[ostsned loa101] = 1gloatsnt), cot(x).|0g(L0).

Assignment 2

Q: If y =t-t3 and x = t-t2, find ¥/ and P/ge. Az USiNg Yo = Y ger, Y = 73/1.2, (t NOt @
half). Further more, ®/u. = [Ya(dy/dx)]/(dx/dt) = [F2C-030C2)  H.]/(1-2t) = 233D, e Q: Find
local max, min and points of inflexion of y = Y/3x3+2x2+3x+%5. A: Find y’, equate y'=0 so we
find that x=-1 or -3. Then substitute your values into y’ and find whether they are
min/max/inflexion. For points of inflexion, look for turning values of y'=f'(x) [=g(x), say].
Therefore g(x) = x2+4x+3 and 0 = g'(x) = 2x+4, implying X = -2. g’ (x) = 2 which is +ve s0
MIN of g(x). Therefore g(x) reaches aturning value at x=2 which isaloca minimum. So g'(x) =
'’ (x) changes sign from -ve to +ve as x increases through x = -2. Therefore x = -2 is a point of
inflexion.

Q: Find the derivative of coth(x) and verify that it is negative when X is not zero. Express
f(x) = coth(x)-1 in terms of € and deduce that f(x)>0 if x>0. Show similarly that coth(x)<-1 if
x<0. A: y = COth(X) — COSh(X) /si nh(X), dy/dx — (sinh(x))(sinh(x))-(cosh(x))(cosh(x)) /sinhz(x) — sinhZ(x)-cosh?(x) /sinhz(x) —
“Hsnrey = -c0sech?(x). As sinh(x) > 0 for x not equal to zero, then ¥/ = -cosech?(x) implies ¥/
< 0 when we have non zero x.

Now y = f(x) = coth(x)-1 = (\rens) - 1 = ... = 2/e*-1. Now ¥ > ¢ > 1if t > 0. Therefore
f(x) > 0if 2x > 0 (or x>0). If x < 0, 0 < &< 1. Therefore f(x) = 2/e*-1 < -2. Therefore coth(x) =
1+f(X) < 1+(-2) =-1.

Q: Starting from the definition for sinh(x), solve the equation y=sinh(x) to write x=In(f(y))
for some function f(y). Hence caculate ®/y. A: y = sinh(x) = Y(e-e*). So 2y = e-e%

-\ = 2' LT Pry
e*-2ye*-1=0. This implies € = SR (,jy) - ; € = yx(Qy?+1). Take +ve sign as €>0 " X.

Therefore, x = In{y+Q(y>+1)}. S0 %oy = Yyscqyerny.(1+(Mocryern-2Y)) = Higscxgerny. VD Megorry = ey,




Examples 3

Q: Differentiate xtan™(x)-In(Q1+x?)); Y = tan*(X)+X.Y1ee = ~Heuoa Hocpng.2X = tan(x).
Note: when differentiating logs, separ ate the part you differentiate and the part that stays the
same (i.e. don't create a fraction). Q: Differentiate with respect to x: (i) y = x*, s0 log(y) =
log(x*) = xlogx. So YHMa = log(X)+x; Y = (xX)(1+Hog(x)). (i) y = (sin(x))*; log(y) =
xlog(sin(x)). ¥« = log(sin(x))+xsnx.cos(X); therefore ¥4 = (sin(x)){log(sin(x))+xcot(c)}.
(iii) y = (O)* = x2. So log(y) = *flog(x); 4,¥w = YAdog(X)+/2.x; Ye = (OX)/2{1og(x)+1}. (iv) y
= x% log(y) = Oxxlog(x). Now ¥, ¥ = Yoo log(X)+OkYy; Y = x¥20{log(x)+2}. (v) y =
10In(sin(x)) — én(sin(x)).log(lO). SO dy/dX - én(gn(x))'log(lo).1/gn(x).COS(X)|Og(lO).

Q: If y = sin}(e*), show that cos2(y)™/s:+sind(y)¥ s = sin(y)cos(y). A: y = sin(eX). So
sin(y) = €% cos(y)¥« = -€* = -sin(y). Therefore ¥y = -tan(y). And /g = -sec2(y)Y/g =
-secq(y)(-tan(y)) = -sec3(y)tan(y). Therefore cos(y)®/set+sin?(y)®ls = tan(y)+sin¥(y)(-tan(y)) =
tan(y)(1-sin(y)) = tan(y)cosX(y) = sin(y)cos(y) as required.

Q: Prove that if y = tan’(sinh(x)), then ®/g+tan(y)(¥/«)2=0. A: If y = tan}(sinh(x)), then
Ve = Yiraneg-COSNX) = Yoosnpg. NOW Pge = Yoo SINN(X) = -(Yw)2tan(y). This implies
B aertan(y) (Y ax) 2=0.

Q: Using the definitions of cosh(x) and sinh(x), solve the sim. equations
cosh(x)+cosh(y)=4, sinh(x)-sinh(y)=2. A: We'll use cosh(x) = ¥2(e+e*) and sinh(x) = Y4(e*-e¥).
So the first equation becomes Yi(e+e¥)+V4(e'+eY)=4; e+e+e*+e¥=8. The 2nd equation
becomes e-e*-(€-e¥)=4. If we add these equations we get 2e+2eY=12; e+e¥=6. If we
subtract we obtain 2e'+2e*=4, €+e*=2. So combining these two equations, we obtain
e+(2-e)! = 6; (2-e¥)+1 = 6(2-€%). Thisimplies that 2e*-e“+e*=12¢e"-6; €*-6€+3=0. Thisisa
quadratic equation and we use the formula to get e = 3+06. From this, we can find pairs (x,y) of
solutions by substitution.

Q: Solve the equation 16cosh(x)-4sinh(x)=19 to 3 d.p. A: Y(e+e)-4.2(e-e*)=109.
Therefore 8e*+8e*-2e*+2e*=19; 6e*+10e*=19. Therefore 6e*-19e*+10=0. Using the quadratic
formula, e="**/,, = ¥/,, or 8, = >/, or ?/5. Therefore x = log(®/,) = 0.916 to 3 sig. fig.; or x =
log(?/s) = -0.405 (3 sig. fig.).

Integration

Integration is the rever se of differentiation. Given ¥/ = f(x), find y (=d(x)dx). d(x)dx =
indefinite integral. When integrating between limits, &.f(x)dx = [F(x)]". = F(b)-F(a), the definite
integral, where %/4 = f(x). Geometric Interpretation: See notes, but basicaly it is the sum of the
area strips beneath the curve of the function on a graph. Standard form for integrals are derived
from standard form for derivatives e.g. Yx(sin(x)) = cos(x), so @os(x)dx = sin(x)+c. See the
handout for other standard forms e.g. as Yu(&) = &loga (a>0), then @dx = (a/loga)+c (at 1).



From the rules of differentiation, we have the following: (i) daf(x)+bg(x))dx = ad(x)dx +
bay(x)dx. (ii) d(ax+b)dx = /,F(ax+b)+c (non zero a), where Yu|F(X)] = f(X). (iii) When n is not
-1, then df(X)}"f" (X)dx = Yp{f(X)}™+c. When n=1, d%/xdx = log([f(x))+c. Note: we have
Ya(log(x)) = Yy, for x>0. But also (see notes) d/x = log(|x|)+c.

Consider integrals of the type | = &/x.xq, Where p and q are constants. Applying
completing the square, x2+px+q = (X+°/,)2+g-"/,. (1) Consider p?=4q, then | = &/ = -Yixepry
+ C. (2) Consider p<4q. Then | = &/ xp2pn: (Where b2=qg-"/, [>0], b real) = Ytan™(**??/p)+c.
Here we are using the standard from &... = Ytan'(¥/,)+c. (3) Consider p2>4q. Therefore
x2+px+q has real factors, (x-a)(x-b) i.e. x2+px+q = (x-a)(x-b). Now, use partial fractions to

express g = Taeny = Y way = YOy Now 1= Y5y @xay (Y- 0)ory =
(Y a-v)log[“/xp+c. Example: | = 3/yera7. Here p=4, q=7; p?=16, 4q = 28, so p><4q. Changing
to /w23 (Completing the sguare), we apply the standard result to obtain | = Y
tan(**2/g)+C.

Examples 4

Q: Integrate these: (i) aoth¥(x)dx = q1+cosech?(x))dx = x-coth(x)+c. Watch out for top
heavy fractions. (ii) &in(3x)cos(5x)dx = Yaqsin(8x)sin(2x))dx = [-cos(8x)/16]+[ cos(2x)/4]+c. (iii)
FYseraxdX = Fseray - L eraydX = =12, where 11 = In(x2+4X); |, = GlyeraxdX = use partial fractions
with S/X(x+4)dX. (i) 6X'1/dx2+4x+8)dx = 6)(+4/C':(><2+4x+8)dX-56>< lepesaxsgydX = 2dX2+4X+8)-56(X+2)/Q(x+2)2+22] =
" -BEFCUY o aangerg (Where x+2=2tanq, d(x+2) = 2sec?qdq. So = " -5@&ecqdq = " -5ln|secg+tang| =
" -BINftY+1e0(x2+4x+8)|. Therefore, | = 2Qx2+4x+8) - 5In|(x+2)+Qx2+4x+8)|[+c. (iv)
de/1+e*]dx. Let u =€ so du = edx. So | = 3Y1. = tan*(u) = tan*(e)+c.

Q: Integrate this definite integral: 0'2 ®we = [ Yowp] ™2 = (Y Y2myYiarn} =
- -1-Y 5} = -Y2?[; = 5. Q: Evaluate the following integral: &; x-2In(1+x)dx. Let u = In(1+Xx)
and dv = ¥/,., So du = Y1.xdx and v = -Y,. Therefore | = uv-vdu = [-Y,.In(1+X)]%- &1 - 100X,
Ysany = AhtBly; 1 = A(1+X)+BXx. Solving the partial fractions and substituting back in gives an
easy integral to solve in terms of |ogs.

Q: | = &% xasin(x)dx. By parts, where u=x2 and dv=sin(x), = [x(-cos(x))]"?% -
3'20(-cos(x) 2x)dx = [-x2cos(X)]"%  + [2xsin(X)]?% - &'%sin(x).2dx =
[-x2cos(x)+2xsin(x)+2cos(X)]”% = ... = p-2. Q: Find a reduction formula for I, in terms of 1,4
given that I, = @x"dx. By parts, where dv=€*, u=x", then = x"e*-&nx"*dx = &x"-nl... Therefore
l,=ex"-nl,1. This is the reduction formula. Now |, = &x°%x = &dx = €. And |; = &x*-1l, =
ex-€ = &(x-1). And |, = &x3-2l; = ex2-2e(x-1) = €(x2-2(x-1)) = €(x2-2x+2). And therefore |3
= ex3-3l, = e{x3-3(x%-2x+2)} = e{x3-3x2+6x-6} +C.

Q: Given that I, = &, e'sin"(x)dx, prove that for n>1, (n2+1)l, = n(n-1)I,.. Hence evaluate
I, and Is. A: This question involves the application of integration by parts severa timesto get a
repeating expression (Remember A-Level notes?). Q: Evaluate &/ Using x=Y%. So | =
FYINY peries = 0Meqran = -HeO¥eqre, Where s=J2]t. Now let sing =S, SO = -Yep8 Y ¢y1.5req =
- Yelg = -[Ye]q = -(Heesin(9)) = -Mesin (Q2)1) = -Yesini(F) + ¢, x > C2.



Q: Evaluate &(3x2-2)°%dx using t = 3x2-2. So dt = 6xdx; | = @°dt/6 = (t*%60)+c
[(3x2-2)1960]+c. Q: Evauate | = 3 ¥¥/y14gm09) USING U = SIN(X). So du=cos(X)dx; | = Yeup =
(u=sinh(V)) = &/« gnrey = (COSM(V)-sinh2(v)=1) = @lv = v = sinh'*u = sinh’}(sin(x))+c.

The t-substitution, t = tan(*/,). Q: Evaluate | = &/s.s0s USING the t-substitution (see later
for notes) = ™Y g5 oaey = BMarrpsary = OWeoe = OMoe = Yad oyt Yo ory = VAN =
i n|2+tan(x/2) /2-tan(x/2)| + C.

Types of Integration

Integrals of type &%/,.,.q, Where a,b,p,q are constants. Check whether or not x2+px+q
has real factors. If yes, then express integrand as partial fractions. If there are no real factors,
then proceed as follows: Example: | = &Y eaxsgdX. Here x2+4x+8; x = Q-4 = -4:Q1632) —
-2+02. Write the numerator as the derivative of the denominator, ¥ (x2+4x+8) = 2x+4. Now
(2X'l) = (2X+4)'5 SO | = 62X+4)/x2+4x+8dx - 6/x2+4x+8dx = |1'|2- Because 6’(X)/f(x)dx = Inlf(X)|+C, then Il
= In[x2+4x+8|+c. Find I, as shown before.

Integrals of type &% e.xq, P,q constants. f(x) is a polynomial of degree 2 or more.
Divide the numerator by the denominator to give a polynomia and a remainder with a linear
numerator. Then proceed as above. Integrals of type §™/rydx, where P and R are polynomialsin
X. Express "/gy as ax™aixm i+ +ax+ast ™ gy where degree f(x) < degree of R(x). Write R(X)
in terms of itslinear and quadratic factors, and split /g, into partial fractions.

Partial Fraction rules. For factor in R(x) = (x-a), partial fraction = #/4.. For (x-a)",
partial fraction = Y.+ ¥ xaye +...+ " x-ayn. FOr X24+pX+q, it iS B/ eipeiq. And for (x2+px+q)™, it is
A1X+Bl/x2+px+q + A2X+BZ/(X2+px+q)2 +...+ Amx+Bm/(x2+px+q)m. |ntegra]S Of type dxldx2+px+q), VVI’I'[G X2+pX+q aS
(X+p/2)2+q_p2/4.

(l) g= pz/4, I = dx/x+(p/2) = |n|X+p/2|+C. (II) p2<4q: Let b2 = q-p2/4, bred. | = 6x/(x+(p/2))2+b2 =
sinh*(**®3/)+c. Using the standard form &/epery = Sinh*(*/,)+c. (iii) p>>4q: Let ¢2 = ¥/,-q, C
real. Then | = &/ ex(piayy-c2 = cosh*(*P2/;)+c using the standard form &*/epe- = cosh™*(*/,)+c.

Integrals of type % ueinig. Example: | = &aumx dx. The denominator
differentiated is Ys(dx-xd) = 4-2x. Then write (x-5) = -Y»(4-2x)-3. Then | =

- (U2)(4- 24- 3 4-2 .
f%dXL%j%dx-Sj% =l1- 1o |y 3qepog. But e = sSiM(/s)+c.

Therefore 1, = 3sin(*2)+c. |1 -Yo0 P qmoadX = -Yo(4x-x2)2.2+c = -Q4x-x?)+c. Thus | =
-Q(4x-x2)-3sint(*?/,)+c.

Inteqgration by Parts

The product ruleis Yu(uv) = UM/ g+ gv.
S0 /g dx = dlex(uv)dx - 3“/gvdx. So au.dv = uv - &v.du.
Example: &sin(x)dx, where u=x; du=dx, and dv=sin(x)dx; v=-cos(x).
Thus | = adv = uv-rdu = X(-cos(x))-@-cos(x))dx = -xcos(x)+sin(x)+c.



Assignment 3

Q: Evaluate | = 39"/ c0qxydX. This is of the form d®/dx so | = Injx+cos(x)[+c. Q:
Evaluate | = &/xux9. Thisis done by partial fractions, where Yxaxy = A +8/1.4+ 14x, getting A=1,
B='/, and C=-"/, in the usual way, then | = &/, +3"3%/ 1, +&FY2%/ ., = In|X| - YaAn|1-x| - Yo1+x| + C
= |n|X/o1-xz|+C. Q: Evaluate 60 ey 10X, A Now 1 1432 — '(Xz'l)/x2+1 = '(X2+1)/(x2+1) + 2/(x2+1) =-1+ 2/x2+1.
S0 | = Bo(- 142 er)dX = [-x+2tan (x)] % (USing & = tan(x)) = ... /s -1.

Q: Prove that if 1, = dan"(x)dx, then I+, = tan™(x)/n-1, (nt 1) and hence evaluate &%
tan®(x)dx. A: By definition, |, = dan"(x)dx, and I, = dan™?(x)tan?(x)dx = dan™?*(x)(sec3(x)-1)dx =
dan™?(x)d(tan(x)) - dan"?(x)dx = [tan"*(x)/(n-1)]-In.. Therefore I+, = tan™(x)/(n-1), (n* 1).

Now from the above, [1)]”*+[1n2]" = [Ynatan™(X)]”% = Yr.1. Now [Ig]™4 = &% tan®(X)dx =
F4dx = [x]” = Pl Using the formula, [I]"% = (Y21)-[1o]™ = 1-"4. Smilarly, [1]7% =
(Ma2)-[12]"% = *3-(1-P1a) = "La(1-13). And [16]™ = (Yo1)-[12]" = Y5-(*la-(1-Y3)) = -Flat(1-aH+]s) =
3,5-P4. Therefore, 3% tanG(X)dX = 13/.:-P/,.

Substitutions

Consider | = &/qzx), -1£x£a, @t 0. Let x = asing then dx/dq = acosq); dx = acosgdg. So |
= Y e pseg = O ppeorg = O aosgaq = @G = g+c. Now q = sin*(*/y), so | = g+c =
sin'(*/z)+c. Now consider | = &z, -¥<x<¥, al 0. Let x = atanq, for -"/,<g<P/,. So dx =
asec2qdg. So | = Y prmarg = 0 Vzeqdq = 8/.dg = Y.@g. Now as g = tan'(*/y), | =
[tan™(*/,)/a]+c = (Mtan*(*/)+c. Now consider | = /g, @l 0, -a<x<0. Let x = asinh(q), so dx
= acosh(q)dg. So | = Y Yewsnwgy = O Yoot = F " Vonqaq = @Q = g+C =
sinh(¥/,)+c.

General Procedure. Consider | = d(x)dx. Substitute x = q(u), so dx = “/4du and | =
&9, du. Now, if g has been suitably chosen, then f(q(u))®/q, = ¥“/y, for some function f(u).
Then | = d'/4(u)du = f(u)+c. Now, if g isinvertible, u = g*(x) where g* denotes the inverse to
g. Then | = f(g*(x))+c.

: — A/ ; -1 -1 — 1 — -dit?
Example: Evauate | = /xepen Using t = Y. So x = Y, dx = -Y.0t. So | = i
_ dt 1

d -t 1 _ 1t S TR —n 1 o142
Il mee =V Gjame = 7 Vamre = SN () te=cs FEni(2) =c- e,

Useful Substitutions. For Q(ax+b), write ax+b = u2, u>0. For a-x2 or Q(a-x2), write X =
asing (-Pl,EQEPl,) or x = acosq (OEQEP). For a+x2 or Q(a+x?), write x=atanq (-"/-£Q£P/,) or X =
asinh(u) (-¥ <u<¥). Sometimes the substitution t = tan(*/,) is used. Here sin(x) = #/1., COS(X) =
Y ey Mg = Yae. And t = sin(x/2)/COS(X/2) = 2sn(/2)eos2)f 2cozi2) = SIN(CL) (L+tan?(*/y)) = sin(*/2)(1+t3). t =
tan(X/ 2); dt/dx = SeCZ(X/ z)xll 2 = (1+tan2(X/ 2))><1/ 2. = e 2 = 2/ 1+t2dt.



Example: Evaduate | = dX/3+Scosx. Uset = tan(xlz), | = dzl 1+t2)dt/ 3+5(1_t2/ 1+2) — Bdt/3(1+t2)+5(1-t2)
= 0% Using the standard form &Yz, = Yianh'(¥y), | = ()tanh*(V)+c
(*f)tanh*(*/tan(*/2))+c. Or directly let t = 2tanh(qg) in I, so dt = 2sech¥q)dq. So |
G ) geante- USING cosh?g+sinh?gq = 1, 1-tanh(q) = sech?(q), So | = Y@g = Yg+c
Ystanhii(Y) = Yotanhi(tan(*/,). Y2)+c.

Examples 5

Q: Calculate the area bounded by the two parabolas y=x2, y="/,x2 and the line y=2x. A:
Make a sketch as shown. The point of intersection of y=x2, y=2x is. x2=2x; X(x-2)=0, so x=0 or
x=2. Similarly for y=¢/ and y=2x, y s
intersection is X(x-4) so x=0 or x=4. The y=x
area we therefore want is Go (X2-Y/,x?)dx +
Sa(2x-Yx2)dx = Bo Yax2ax + Ba(2x- Yox2)dlx - y=2x
[*72x3] % + [ X2/ 2x3] % = X
[(23 6-03/6)"‘(16-43 6'4+23/6)] - 8/6+16-64/6-4+8/(
=4,

y=2¢2

Q: Find the area contained in the asteroid x = y

acosi(t), y = bsin3(t), OEtE2p. First sketch the curve. The b, t=p/2
total area we want is |4 x F%ydx| =
32(bsin®(t)) (3acos(t)) (-sin(t))dt = -3abd%sin}(t)co(t)dt = & =P a, t=2p

-3abd%sin(t)(1-sin(t))dt. Consider I, = &%sin(t)dt anc X
'%ydx (3ab)(le-14), where I, = &%sin"(x)dx. Now I, =
d%sin™(x)sin(x)dx. Let u = sn™(x) so du = b, t=3p/2

(n-1)sin™(x)cos(x)dx; and dv=sin(x)dx; v = -cos(x). -

So dF%sn'(X)dx = [-cos(X)sin®™Y(x)]”%-&%[-cos(X)] (n-1)sin™?(x)cos(x)dx. |, =
(N-1)3%sin™d(x)coA(x)dx = (N-1)F%sin™2(x)(1-sin?(x))dx = (n-1)6%sin™2(x)dx-d2sin"(x)dx.
0 In = (N-D{ln2-ln}. 1(1+(n-1)) = (N-Dlnz; Nl=(n-D)lnz; 1n = ("Yo)lnze SO 1o = FZsin’(x)dx =
(‘3’201.dx = [X]plzo = p/z. Now |, = (2_1/2)|o =1, and so on to find ls and l4. SO 6/2()de = (33b)(|5-|4)
= _3ab/32p_ SOA = 4X|-3ab/32p| :Sablgp.

Q: Find the area bounded by the cardioid x = a(2cos(t)-cos(2t)), y = a(2sin(t)-sin(2t)), OEtE2p.
A:TheareaisA = 2|8oydx| = 28sydx = y
200a(2sin(t)-sin(2t)).a(-2sin(t)+2sin(2t))dt =
(28)28,2sin(t)-sin(2t)(-sin(t)+sin(2t))dt = K‘ j
(28)28,-2sin2(t)+3sin(t)sin(2t)-sin?(2t)dt = -Sat=p | at=p/3

(28)280(C0S(21)-1) +°/5(Cos(1)-COS(30)) +°44/clt = X
(2&)2[5‘ n(2t)/2_t+3/2(si n(t)_s n(3t)/3)+1/2(s n(4t)/4_t)] pO = .= -6pa2.

Therefore A = |-6p?| = 6pe?.



Q: Find the volume of the solid generated by rotating about the y
x-axis that part of the parabola y = 2x-x2 which lies above the x-axis. A
Required Volume is &y(pyddx = Goy2dx = pGo(2x-x2)2dx =
PBoAx2-Ax3+x4dX = p[Hax3-X*+(X5/5)]2 = 5%/, X

Theory

Arc Length L, from a to b (See notes for explanation) = [ /1+(%)2 dx. If the curve is
given parametrically, (x=x(t), y=y(t)) then ¥4 = YexYy =y = Yo =Y/ So =
Fou QL+ )X dt = F2e QX 24y’ 2)dlt = 132 /X2 +y2 dt. Example: Find the length of the curvey
= X*+(Ha)x? from x=1 to x=2. A: L = G 1+(Yx(X*+(H22)xD))3dx = G 1+(4x3-Y16x3)2dx =
6lq 1+16x5-Y/ 2+1/ 162X_6] dx = 61q Y ot 16x6+Y/ 162X_6] dx = 61(1/ zq 2+64x°5+1/ 64X_6] )dX =
G1(Yo((2X)3+(H 2x3) )2 = YaB1(2X3+ Y 2)AX = o[ (X 4)-Y 2] %1 = %%,

Examples 5, Part |l y

Q: Sketch the curve x=cos(t), y=sin(t), O£tE£2p. Find
the area enclosed by the curve and the volume of the solid -1 t=p 1,t=0

formed when the upper half of the area is rotated about the X
x-axis. A: Area = [28,(ydx)| = [28o(sin(t).3cos(t))(-sin(t))dt| =
(+6)|Bo(sin(t)cos(t))dt| = (6)|Bo(S"®/)2dt] = ®4|Bo(* ;) 1

= 6/2'4|[t_sjn(4t)/4] pol - 6|0/8 — 3p/4.

Volume = |8o(py2dX)| = |pdo(sin?(t)3cos(t)(-sin(t))dt| = 3p|do((sin(t)(10cos(t))cos(t))dt| =
3p|[-=Os+(cos’()/5)]%l = (3P)K (“V/5+[(-1)*/5])-(-"/a+Ys)} | = (3p) a5+ 5} | = (3p).2.(>11s)
= @22/, = %[, Q: Find the length of the curve y = cosh(x) from x=1 to x=3. A: L =
8, 1+(¥w)?qdx = 3:J 1+(sinh(x))Z dx = Gy(cosh(x))dx = [sinh(x)]*1 = sinh(3)-sinh(1).

Assignment 3

Q: Show that the volume generated with the area contained between the curve y=xcos(x)
(OEXEP/,) and the x-axis is ™9/, (asit is rotated about the x-axis). A: Volume required (values
from sketch) is V = %(pyddx = pd2(x2co(X))dx = pd(x3(1+°)dx = pd?(x2dx/2) +
P,82(x2c08(2x))dx = PL[5]P% + (1)l = (p¥48) + ()1, where | = 32(x2c08(2x))dx.

Integrating by parts, u=x2, du=2xdx; cos(2x)dx=dv, v="/,, So | = [uv]”?-&"(vdu) =
[x2xSN@I,]P20- 32, (S"91,) 2x)dx. Integrate the RHS by parts again and obtain | = [x2xs"9/,]P2, -
{[X(—COS(ZX)/Z))] p/ZO + 6/20(—COS(ZX)/2)dX — [XCOS(ZX)/Z] D/ZO + [—sin(2x)/4] p/20 - (p/4(_1)_0)_(0) — _p/4. S:) V e (p4/48)
+ PLo(Fla) = PO s,



Q: Show that the length of one arch of the cycloid x=a(g-sin(q)), y=a(1-cos(q)), (0EgE2p)
s 8a Length = Su(Mle)+(*x)ldq = Fal-cos(q)H(asin(@)ddg =
° o &(1-cos(q))>+(asin())? dq = G° a¥(1-2co8(q)+cos¥(q)+sinX(a)]dq = ad"2(1-cos(g)]dq =
al o 4sind(*/2)]dq = ad"u(2sin("2))dq = &[-4cos("/2)]*o = (-48)(cos(p)-cos(0) = (-4a)(-1-1) = 8a.
QED.

Q: Find the general solution of the differential equation (1+x?)y’+2xy=tan(x). The
equation implies ¥y + (Zlux)y = ¥/ 1. Comparing with the standard form ¥/y + P(X)y =
Q(x), we see that P(X) = */1.e. Therefore R(x) = expdPdx = exp(In(1+x?)) = 1+x2. Multiplying
equations, Yu((1+x2y) = tan(x). (1+x?2)y = dan(x)dx = -In(Jcos(x)|A) (A>0). Therefore y =
-In(Jcos(X)|A)/(1+x?).

Q: Find the particular solution of the differential equation y’=cos(y-x) which satisfies
y=l, when x=0. A: Let z=y-X. S0 /4 = ¥/4-1. Subgtituting in the original equation, %/g+1 =
C0(2); SO O cosizp1 = WX; 34 2srez) = X+C; Bcosec(?/;) = x+c. Now cot(¥,) = x+c, so cot(**/,) =
x+c. If y = P/, when x=0, then we get cot(®/s) = ¢; ¢ = 1. Therefore cot(**/;) = x+1.
Manipulating, y = x+2cot*(x+1).

Ordinary Differential Equations

Definitions

Let y denote a variable which is dependent on an independent variable x. Suppose that the
derivatives of y w.r.t. x exist. Any equation involving at least one of these derivativesis called a
differential equation. Notation: y' = ¥, Yy = Ya, V'’ = Plae, Y= Plee. Examples:

Example Power Linear Order
Yo+, =0 1 Linear iny ONE
Yo + Xy =0 1 Linear iny ONE
B e + XY/ + SiN(y) = X3 1 Not linear iny TWO
X(Y0)? - 2y(Yg) + 4x = €& 2 Not linear iny ONE
[at(Me)?]*® = 3Y/se 3 Not linear iny TWO
B - Vlge = 0 1 Linear iny TWO

Examples 1 to 5 involve ordinary derivatives and are caled ordinary differentia
equations (ODE’s). Example 6 iswhere y = y(x,t) and the equation involves partial derivatives,
and so is called a partial differential equation (PDE). The order of an ODE is the order of the
highest derivative appearing in the equation. The degree of the ODE is the degree, or power, of
the highest order derivative when the equation has been rationalised in the derivatives (i.e.
fractional powers removed).

If in an equation of 1st degree, the dependent variable itself and its derivatives occur
raised only to the first power, and do not occur in products, then the ODE is said to be linear in
the dependent variable. Genera form of an n™ order linear equation: a,(X)(d/dx") +
an1(X)(d™y/dx™) + ... + ay(X)(dy/dX) + a(X)y = b(x).



Consider afirst order ODE. The roles of the dependent and independent variables may
be interchanged since ¥/q = Yavay. SO examples 1 and 2 become */y, = */, = 0 and */y = (,)x* =
0. Here, the y is regarded as the independent and the x dependent on y.

Formation of ODE’s by Elimination

Consider y(x) = ¢, ¢ constant. So ¥4 = 0. Consider y = ax+b (ab constants).
Differ entiate twice giving ¥/w=a and ®¥/4.=0. Consider y = ax2+bx+c (a,b,c constants). Here we
differentiate three times giving ®/4=0. If y = ax" + a..x™* + ... + ax + & where the a are
constants (i = 0,1,2...n), then d™y/dx™*= 0. Consider y = Ae*. Then ¥4 = A€, 0¥/ =Y.

Q: Show that if y = Acos(x+e) then ®/4+y = 0. A: The above appears to suggest that to
eliminate n parameters from a given function, an ODE of order n is required. [Exceptions: (1) y
= (A+B)x + D (A,B,D parameters), then ¥y = 0 (Yax = A+B). (2) Consider y2 = 2Axy+Bx2.
Differentiate w.r.t. x giving 2y%a = 2AXYa+y)+2BX; Ya(y-AX) = Ay+Bx. But y2 =
2AXy+Bx2; y2-Axy = Axy+Bx2; y(y-AX) = X(Ay+Bx). We know ¥/4 = A8/, a, =Y/, from above.
Therefore ¥4 = Yv. So we have diminated two parameters A & B — is achieved with a
differential equation of order 1 only].

Solution of ODE’s: General, Particular, Sinqular

A function y(x) which satisfies a d.e. is called a solution or integral or primitive of the
equation. The table suggests that the most general solution or complete primitive of an N order
diff. equation contains n arbitrary constants. Any solution obtained from the general solution by
giving particular values to the arbitrary constants is called a particular solution or particular
primitive. However, some equations exist for which there are solutions which cannot be obtained
in this way; they are called singular solutions.

Example of singular solution: consider y = cx+/. (c parameter). Differentiating, ¥4 = C.
Eliminating ¢ from the above, y = YoX + Yayioq Y¥a-(Ma)? = 1. This is afirst order d.e. of
order 2. Soy = cx + Y. isageneral solution to y¥/u-(¥/s)2x = 1. However, look at y2 = 4x. Itis
claimed that thisis a solution of y¥/u-(¥/«)2x = 1. Proof: Differentiate y2 = 4x giving 2y¥/« = 4;
Y¥ = 2. Sub. in y¥a-(Ya)?X = 1, 2-(?1)2X = 2-%yz; 2-(?l)2x = 2-1; 2-(3)>x = 1. Soy2=4x isa
singular solution which cannot be obtained fromy = cx + /. for any particular value of c.

The general expression for an n™ order d.e. isf(x,y,y’,y’’,y(n)) = 0 wherey’ = ¥y, y'’ =
®ae, €tc. This equation can only be solved for y in terms of a finite number of elementary
functions (like x", sin(x), cos(x), €, etc.) for certain restricted classes of equations. In such cases
the equation is said to be solvable or integrable in closed form.

First Order Differential Equations

The General form is ¥/« = f(X,y). In general, it is not possible to solve this equation for an
arbitrary function f(x,y) in closed form. We look at special types where this can be done.



Separable Equations

If f(x,y) can be expressed as f(x,y) = "9/, for suitable functions u(x), v(y) respectively,
then /4 = f(x,y) becomes ¥y = “®f,; v(y)dy = u(x)dx. Here the LHS involves y only and the
RHS involves x only. So the variables are separate. Integrating both sides, &/(y)dt = ai(x)dx.
Example: x¥u+y? = 1; x¥« = 1-y2% Y1, = /.. Integrating, YAn*Y/1y| = Injx[+c; Inf*¥/1y| =
2Injx+2c. Let 2c = In(A), A>0; In*Y/1y| = Inx2 = In|(A)]; In[*Y/1y| = IN(X2A); In[*Y/1y| = AXZ; .,
= Bx? whereB =xA (1 0).

Linear Equations

General form is ¥/ + P(X)y = Q(x), where P and Q are functions of x only. Example:
¥4+ = 1. Substituting, P(x) = Y/, Q(X) = 1. Our equation is not separable, so we multiply both
sides by x: x¥/gty = X; %/, = x. This equation is separable in xy and x, so al(xy) = &dx; xy =
X22+C;y=X/2+C/X-

Note: the solution of ¥4 + P(X)y = Q(X) is y = Yed(X)Q(X)dx, where v(x) =
exp(d’(x)dx). Any anti derivative for v will do (for P(x)).

General method: %4 + P(X)y = Q(x). Multiply this by an integrating factor R(x) to be
found, R¥/4 + Rdy = RQ. We want to express the LHS of this as ¥«(Ry). Now Y4(Ry) = RY/q
+ (R/&)y. Comparing the last 2 equations, Yu(Ry) = R¥/w+RPy provided ®/4 = RP. Or, d%/r =
d.dx; log(|R]) = dP.dx; |R| = exp(d.dx); R = +exp(d’dx). Take +ve sign since only one
integrating factor is required.

Example: %Y« + ((le)y = -4xe®. Put this in the form of ¥4 +P(X)y = Q(x) by
multiplying by x2 ¥/ + 2y = -4xe®. Comparing, P(x) = 2. Therefore R(x) = +exp(®dx); R(x) =
e*. Multiplying, e x%y, + 262y = -4x3ee”; Yu(€?y) = -4x3; @(e®y) = 04x3dx; ey = -xX*+C; y
= (c-xHe?.

Homogenous Equations

The general form is ¥4 = g(*/x). Examples of g: (i) ¥ = ¥*¥7ge = 305, (ii) @/, =
0™ 9. (ii1) log(X]) - log(ly) = logl| = 109(Yiogyn). I g = 36X this is not
homogeneous — it is not a function of (*/x). For homogenous equations, write v = Y/,. This
implies ¥ x = Yax(XV(X)) = XM a+v. S0 in Yg = g(y), Yax = XV etV = g(V); &gy = Fx; Mgy
= In(x) + constant.

Example: dy/ ax — 3x2+4y2/ 82 — 3+4(y/x)2/8 = 3+4v2/ s. Now XdV/ otV = 3+4V2/ 8, 6dvl4v2-8v+3 = dX/ x —
Injx[+In(A) [A>0]. The LHS: ¥z80+3 = 8 2v-1)20-3- Write in terms of partial fractions to get /.3 -
Yov1. SO Bloy20v - B/a10v = Inx[+IN(A); 2In[2v-3[-2Inj2v-1] = Inx|+In(A); IN(®>/2.1)2 = In(X|A);
IN(AX]) = IN(CY35001)% IN(AIX]) = IN(®3/4)2; X = B(¥*/2y%)2, Where B = £/ (A>0).



Equations Reducible to Homogenous Form

Consider ¥4 = >¥?,y41. It is not homogenous but it can be made homogeneous by a

transformation of the form x=X+h, y=Y+k, where hk ar¢ v y 10
constants to be found. S0 ¥/g = Yu(Y+K) = Mo = Vg xX/g = / =0

Y/ax. Since /g = 1, then ¥y = Mgy = 2()(Jrh)'mk)'llx+h—(Y+k)+1 = Py
XKDy v arkeny. SO choose h and k to satisfy 2h-k-1=0 an “P(X”g O
h-k+1=0. Solve to get h=2 and k=3. So now /o = #V/x.y,

homogenous. /ax = 2™ wixy; Ylax = #Yl1y, Where v = Y/ e =X
Solve thisto give Y2-2YX+2X2=cwith X =x-h=x-2and Y = '
y-k = y-3. So 2x%+y2-2xy-2x-2 = D. The geometrical hox

interpretation is on the right. D

Examples 6
Order Degree Linear iny?

y' = cos(X) 1 1 Yes

Yy +4y=0 3 1 Yes

X3(y'')2 + 28y = (X + 2)y 2 2 No

X2yy'’ +In(x) = 2xy? 2 1 No

(y')2+y" +3y=0 3 1 No

(sec(y) - xtan(y))y’ =1 1 1 No

Show that if y is considered to be the independent variable and x the dependent variable,
then the last example in the table is linear in x. A: (sec(y)-xtan(y))¥/« = 1. This implies ®/y, =
sec(y)-xtan(y). So ®/q, + (tan(y))x = sec(y) — thisislinear in x.

Q: Find the ODE's which have the following general solutions. (i) y = atan(x). So ¥/ =
aseC¥(X); Yo = (an)SECA(X) = Ysinpicostotoos = lsngzg. SO SIN(2X) a2y = 0. (i) y = o€, 0
¥4 = abe™. Now ¥/g = [by substitution] = @)/, =hb. Now ¥w(’/,) = ®/s = 0. Therefore ¥ 07/,
= 0. SO YP g (Yw)2 = 0. (iii) y = ax2+(*L)+In[x|, y' = 2ax-"fe+x. SO y+xy' = 3ax2+Hn|x[+1; y'’ =
2at+%/,-Y,.. So therefore x2y’’ = 2ax+%/,-1. And x2y’’-2y+2Inx|+1 = 0. (iv) y = Si=o " ax (a arb.
const). Therefore, y™9=0.

Section A: Find the solutions to the following Separable ODE’s: (i) x3y’ +3y2=xy2. ¥/q, =
YOI o, Plye = 360X, -y = U+ ete. So y?t = x3.x2 (i) yin(xDIn(ly)+y’ = 0. ¥ =
yin(xPIn(ly]); iy = OIn(x[)dx. Integrating by parts, In(in(ly])]) = -{xIn)x-&./xdx} =
-XIn|x[+x+c. Therefore, In|in(ly])| = x(1-Injx|)+c.

(i) x(+Q+y(x+2)y' = 0. Yo = “Yypg. 2 = 0% @*y2)dy =
-qx+2-2/x+2)dx.  {1-%y)dy = -ql-Yap)dx.  y-2ny+2] = {x-2nx+2[}+c. y+x =
In{ [(y+2)2(x+22)2]A}, where ¢ = In(A). So & = A(y+2)2(x+2)2. (iv) y' = Q4dx+2y-1). Let z =
Q4x+2y-1). NOW g = Yosaxszy1).(8+2% ). o = Yo (24Y %) = Y,(2+2).@ +2)dx = @x = x+C.
q**%%,4)dx = x+c. z - 2n|z+2| = x+c. (z-%-¢) = In(z+2)2. D = (z+2)2, where D = €€,
D200 = (Nax+2y-1)+2)2. (v) Z =102 7 = 10%* = 200§, 0100 = &xp(IN(10))dx.
exp(-zln(lO))/_In(lo) = exp(xln(lO))/In(lo) +c. S0 10%+ 10*=d, whered = -cl n(10)



Section B: Find the solutions to the following Linear ODE'’s. (i) y'+(Y/x) = 4x2. A: xXy'+y
= 4x3, Yy(Xy) = 4x3. Xy = x*™+C. Soy = x3+%,. (ii) xIn(|x])y’+y = 2In(jx|), y=0 when x=1. A: ¥/4 +
YsarwY = % 1f R(X) = expdPdx = exp®/ungxy = exp(In(JInjx|])) = In(jx]). Multiplying, ¥«[yIn(jx])] =
?Ldn(|x]). So yIn(x|) = "®/,dx = (In|x])>+c. Now putting in values, 0=0+c so c=0. Thereforey =
In(x|).

(iii) y'+ytan(x) = sec(x). If |R(x)| = expdan(x)dx = exp(In|sec(x)|) = |sec(x)|. Take R(x) =
sec(X). So Ya(ysec(x)) = sec?(x). Therefore, ysec(x) = @eci(x)dx = tan(x)+c. So y = sin(x) +
cxcos(X). (iv) (Y -y)xe* = 1. ¥g-y = &0/, |.F. = expoldx = e*. Therefore Y4[e*y] = Yx. So
e*y = In(|xJA), A>0. Therefore y = €ln(AX|). (V) (3x-y3)y' =vy. A: >, = ¥y, ¥y - )X = -y.
This is linear in X, so I.F. R(y) = expd-*/,)dy = exp(-3Inly]) = |y[>. Let R(y) = y>. Therefore
Ya(xy3) = -y2 So xy> = y+c. And X = cy3-yZ x = y2(cy-1).

Section C: Find the solutions to the following Homogenous ODE’s. (i) (X-xy+y?)-xyy’ =
0. A: ¥y =¥/, homogenous. Let ¥y = v, SO XV gtV = 1V, xWg = 2V, = 2, gV, =
&y -V 1y)dv = Injx|+c. -v-In[1-v| = In|x|+c. -v = In(|x||1-V]A), where C=In(A), (A>0). Now -Y/y
= In(|(x-y)|A), exp(-Y/y) = £(x-y)A. (X-y) = Be¥*, B = /4. (ii) Xyy' +x2+y2 = 0. ¥/ = -V, Let
Y=V, SO XMtV = =T X g = =@ 3V e = -y = -In([X[A), A>0. Ydn(2v2+1) = -In([x|A).
In[(2v+1)(x*AY)] = 0. (2VZH+1)x*A* = 1. (2y2+x)x2A* = 1. (2y+x)x2A* = 1. (2y2+x?3)x2 = C,
where C = 1/A“.

(iii) - OyIn(yD+yIn(x)+x(n(lyD-In(x))y” = 0. (x-yInP)+xIn(Pr)¥ec = 0. Y =
yIn(|ylxl)'x/x|n|y/x|- Y = ((ylx)ln(lylx|)'l)/|n|y/x|- Let Yy = v. SO X% gtV = (V|n|vl'l)/|n|v| = V'l/In|v|- So XM = '1/In|v|-
dnjvjdv = - &Yy vinyv|-v = -In([x|A), (A>0). v(Inlv[-In(e)) = -In([x|A). So vin(*/e)+In(jx|A) = O.
In[(v/e)'|x|A] = 0. (V/e)¥|x|A = 1. (y/ex)*x = B, where B = /4. (y/X)"*x = Be"™. (y/x)"*(y/x)* =
Bexp(y/x) /y- (y/X)(y/x -1) — B.exp(y/x) /y-

(IV) 2y1 +X = 4Q/ Let QI = a, then dz/dx = l/zq,, dy/dx = 1/22dy/dX. 4Zd2/dx+X = 4z. dZ/dx = 4Z_X/4z
(homogenous). Let %y = V. SO XM gtV = ¥ Y. XV g = Y% GV gpogyer = -l FE IV 40400 +
a1 = -IN(AX]), (A>0). Therefore YAn[dv-Av+1| + 3% o0 = -IN(A[X]). Ydn[dv2-4v+1| +
Yoy = -IN(AX]). IN{ A2x24v2-4v+1[} = ?/51. (2Q(y)-X)? = B.eXp[>/2cy)+] -

(V) (3x-5y)y' = x-3y+2. A: Ya = *F* 5. Let x=X+h, y=Y+k, then ¥y = /g =
X33+ oy svans. LEE hk satisfy h-3k+2=0 and 3h-5k=0 so h="/,, k=%,. Therefore ®/o« =
x-3Y/3x-5y. Let Y/x =V. XdV/dx+V = 1-3\//3.5v. Now XdV/dx = 1-3V-3V+5V2/3-5v; 6(3_5\//1-6V+5v2)dv = GX/X.
-ANn1-6V+5Vy = In([x]A), (A>0). Now In((|x|A)31-6V+5V2) = 0. +AZ(X2-6XY+5Y2) = 1.
(X-5Y)(X-Y) = B, where B = £%az. ((X-°/2)-5(y-*/2))((X-°/2)-(y-3-)) = B. (x-5y+5)(x-y-1) = B.

(Vi) X-2y-5 = (3x-6y-10)y’. A: ¥ =35 6y10. L€t Z = X-2y, SO %/ = 1-2%/ 3. Now ¥/ =
(1/2)(1_d2/dx) — 2-5/32_10. SO 1_dz/dx - 22—10/32_10. NOW dz/dX — 1_(22—10/32_10) - 32_10_22“0/32-10 — 2/32_10. (‘(32-10/Z)dz
= aXx. So 3z-10In|z| = x+c. 3z-x = 10In(|z|A), 10In(A) = C, (A>0). Now 3x-6y-x = 10In(|x-2y|A).
X-3y = In(|x-2y]A)>. So (x-2y)°> = B.exp(x-3y), where B = +1/A°>.



General Linear Equations

Homogenous Type

Let D=%4, where x denotes the independent variable. So D' = d'/dx’, r positive integral.
The genera linear equation of order nis a,(x)D"y + a,1(X)D™y + ... + a(X)Dy + a(Q)y = f(x).
The homogenous type are those for which f(x) = 0. We shall restrict ourselves to the above
equation having constant coefficients i.e. b,D"y+b,,D™"y+...+b;Dy+by = 0, where b; are al
constants, i = 0...n.

n=2. Suppose D?-5Dy+6y = 0. Try y=Ae™ where A & m are constants, A!O0.
Substituting, Ae™(m?-5m+6) = 0. Now, A cannot be zero, €™ cannot be zero, but (m?-5m+6)
can. So the solutions to A€™(M-3)(m-2) = 0 are m=2, m=3. So y = A%, y = A,e* are both
solutions, and y = A;e*+A.e* is also a solution.

The above is an example of the principle of superposition of solutions. In generd,
suppose b,D2y+b,Dy+hgy = 0. Let y = Ae™. Then, by substitution, (b.m?+b;m+by) = O is the
Auxiliary equation. If a;, a, are the roots of this equation, then verify that y = A;€?*+A €
satisfies the general equation. If we have equal roots, then it reduces to y = (A1 +A,)e™*. Later
we shall show that a “different solution” isy = Axe®* = x(Ae*).

Check for this example: Dy = Yu(Axe™™) = A{le™*+xa6*} = A(1l+xa,)e™>. Dy =
A(2a;+x(a;)d)e*. Substituting in the general equation, b,D2y+b,Dy+bgy = O,
A{x(b,a,2+ba;+by)+(2b.a1+b,)} € = 0. Now since b,a;>+bsa;+by = 0, and a;+a, = -™/.. But
(a,=a,) therefore 2a; = -/, which implies 2b,a; = by, 2b,a;-b; = 0. So Axe™* is a solution of
the general equation.

So in this case a;=a,. We have 2 independent solutions, €*, xe&®*, so that y =
(A1+AX)e* is dso a solution, where A; and A, are arbitrary constants. Let y; and y, be 2
solutions of the general equation b,D2y+b,;Dy+boy = 0. These solutions are said to be linearly
independent if for any constants ¢, C;, the function cyy:(x)+cy2(X) = 0 implies¢c; = 0 = c..

Example: Consider y;=€** and y,=xe&**. Query: Linearly independent? Let ¢, ¢, be any
constants. Then cyyiCoy» = 0; C€*+cxe’* = 0. (C+Cx)e™* = 0. So ¢;+C,x = 0 because € is not
zero. So put x=0; ¢;=0, and then c,x=0. Put x not equal to zero — e.g. 1, s0 ¢;=0, i.e. 0=C¢;=C; iS
the only solution, so we conclude that y,=¢** and y,=xe&** are linearly independent.

If ¢, and c; are not both equal to zero i.e. at least one of ¢, and ¢, is non-zero, then y; and
y, are linearly dependent, thus Ae’*, Be** are linearly dependent. c,Ae€?*+c,Be* = 0. As € is
not zero, then c;A+c,B = O tells us that ci/c, = -B/a. So if c,=A (not equal to zero), then ¢; =
-B/aC2 = -B/nA = -B.



Theorem: The equation possesses n linearly independent solutions ys, Vo, ..., Ya such that
any solution may be written as a linear combination of yi,ys,...,Yn, Y = C1y1+CoY2+...Chyn, Where
C1...Cn are constants. S0, in the case n=2, there exists two independent solutions y;, Yy, such that
any solution is alinear combination of these, y = c;y1+Cyy.. Thisis called the general solution,
and c; and ¢, are called arbitrary constants.

For n=2, the general solution of the above is given by b,D2y+b,Dy+bgy = O if a; is not
equal to a,, and by y = (A1 +AX)E if a;=a,. If n>2, and suppose the root a is repeated r times,
then €, xe™, x26™, ..., x"'&™ arer linearly independent solutions corresponding to the repeated
root a of the auxillary equation.

Examples of Homogenous Equations

Q: (D#+3D)y =0. Let y = Ae™ (A1 0) so (D#+3D)A€™ = 0; A(m+3m)e™ = 0. AsAe™ s
non zero, then m2+3m = 0, m(m+3)=0, m=0 or m=-3. Thereforey = Ae™ + Be*; y = A+Be*
(A,B arbitrary constants). Q: (D%4D+13)y = 0. Let y=Ae™ s0 A(m>-4m+13)e™ = 0. Ae™ is not
zero, 0 (M?-4m+13) = 0, (M-2)2+3 = 0, (M-2+3i)(M-2-3i) = 0; Mm=2-3i or m=2+3i. SOy =
AgZ3x 4 B = e2(Ae'*+Be"®). Now using Euler’s Relation, where €9 = cosg+ising and
e'9 = cosg + i(-sing) = cosg - ising. So y = e*(A(cos(3x)-isin(3x)) + B(cos(3x)+isin(3x))) =
e*[Ecos(3x)+Fsin(3x)], where E=A+B, F=i(-A+B) and E & F are arbitrary constants.

Q: (D%-2D+1)y = 0, solve (a) given y=0 when x=0. (b) y=1, ¥/s=0 when x=0. A: y=A&™
implies A(m?-2m+1)e™ = 0. With Ae€™ not zero, (m?-2m+1) = 0; (m-1)(m-1) = 0. (m-1)2=0. So
m=1 twice. €™ = € is one independent solution; the 2nd independent solution is where the root
occurs twice: xe'. Soy = Ae“+Bxe* (A,B arb. constants). (a) y=0 when x=0, so 0 = A€’+B.0.€’;
0=A. So y = Bxe’, b arb. constant. (b) y=1, ¥4=0 when x=0. So 1 = Ae’+B.0.¢", 1 = A.
Thereforey = Ae+Bxe. When A = 1, y = 4+Bxe*. 2nd: ¥y = 0 when x = 0, S0 0 = ¥/g =
Yu(€+Bxe) = e+B(e+xe) = 1+B; so B =-1. Thereforey = e-xe*; y = €(1-x).

Non Homogenous Equations

We now have b,D"y+b, D™ y+...+b;Dy+hboy = f(x). Suppose y, (particular) is a solution of
the above and y. (complementary) is a solution of b,D"y+b,1D™y+...b;Dy+by = 0. Then y =
Yty IS a solution of the first equation also. The first equation implies F(D)y = f(x). The 2nd
implies F(D)y = 0. So F(D)y, = f(x) and F(D)y.= 0. F(D)(y+Y,) = F(D)y.+F(D)y,. Because F(D)
islinear, F(D)(y+y,) = f(X). So y:+Y, is aso asolution of the non-homogenous equation above.

From y = ciyi+Cy.+...+Cyn, We know that the general solution of F(D)y = 0 is y. =
C1Y1tCYot...+Chyn, Where yi,Yo,...,Yn e linearly independent solutions. v, is called the particul ar
integral of F(D)y, = f(X). y. is caled the complementary function. y. is the general solution to the
corresponding homogenous equation (= 0). Theorem: The general solution of the red equation is
given by y = y+y,, wherey, is a particular solution of the non-homogenous equation, and y. is
the general solution of the homogenous equation. So any solution of the red equation can be
found in this way.




Example: 2D?y+5Dy+2y = 5+2x. First Solve 2D?y +5Dy+2y. = 0. Let y=A€™, s0 the
Auxiliary equation is 2m2+5m+2 = 0; (2m+1)(m+2) = 0; m = -2 or m = 2. Therefore y. = c;eV*
+ Ce% (cy,C; arb. const). By inspection, y,=x is a particular solution of the equation. So the
general solution of the Blue equation isy = yc+y,; Y = c.e¥*+c,e*+x. Now suppose that at x=0,
y=0 and Dy=2. Show that ¢;=?/3 and c,=-%/5 t0 give y=(%3)e*?-?/:e>+x; y = (}3)(e”*-e->)+x.

Examples 7

Section 1. (i) (D-2)(D+3)y = 0. A: Let y = Ae™, s0o Aed™(m-2)(m+3) = 0. Ase™ 1 (,
(m-2)(m+3) = 0. Som = 2 or m = -3. Therefore y = Ae*+Be® (A,B arbitrary constants). (ii)
(D%4D-5)y = 0. A: Let y = Aé™ so A(m>=4m-5)e™ = 0; m>4m-5 = 0 because Ae™ 1 0.
(m+1)(m-5) =0; m=-1orm=5,s0y = Ae*+Be™.

(iii) (D*-16)y = 0. A: A.E. is (m2-22)(m2+22) = 0, (m-2)(m+2)(m-2i)(m+2i) = 0. Som = 2
or -2 or 2i or -2i. Soy = Ae*+Be > +Ee€>+Fe'?*. Now € = cosg+ising (Euler’ s relation) and &'
= cosg-ising, so E€*+Fe™® = E(cos(2x)+isin(2x))+F(cos(2x)-isin(2x)) = Gcos(2x)+Hsin(2x),
where G = E+F and H = i(E-F). So y = Ae*+Be?*+Gcos(2x)+Hsin(2x). (iv) (D3-4D2+D)y = 0.
A.E. is m(m-2)2-(38)?) = 0; m(m-2-CB)(m-2+(8) = 0. Som =0 or 2+CB or 2-CB. So y = Ae™ +
Be?*®* + Ce?®*, Therefore y = A+e(BeX*+Ce ),

(V) (D?+4D+20)y = 0. A.E. is(m+2)2+42 = O0; (m+2-4i)(m+2+4i) = 0. Som =-2+4i or m =
2-4i. So y = AixBezix = g(Ae*+Be'™) = e*(A(cos(4x)+isin(4x)) +
B(cos(4x)-isin(4x))) = e?(Ecos(4x)+isin(4x)) + B(cos(4x)-isin(4x))), where E = A+B, F =
I(A-B) are arbitrary constants.

(vi) (D*-6D2+8D-3)y = 0. A.E. (after long division) is (m-1)3(m+3) = 0. So m=1 (3 times)
or m=-3. Corresponding to the 3 times repeated root m=1, we have the solution y =
Ae+Bxe+Cx2e*. Also corresponding to m=-3 we have y, = Ee¥*. So y = y;+y, =
e(A+Bx+Cx?)+Ee™ is the general solution to the equation. (vii) (D*-33D2+100D-84)y = 0. After
long division, the A.E. is (m-2)A(m-3)(m+7) =0, soy = Ae”™ + (Bx+C)e” + Ee*.

Section (2): (i) (D+5D+6)y = €. (D#+5D+6)y. = 0. Let y. = Ae™ so A(m+5m+6)e™ = O;
(m2+5m+6) = 0. m=-2 or m=3, 0 y. = Ae®*+Be*. For y,, try y, = Ce* s0 (D+5D+6)y, =
(D2+5D+6)(Ce") = C(12+5.1+6)e" = €, C.12 = 1; C = Y/1,. Therefore y, = Y/1.€*. Now y = ye+y, =
AeZ+Be>+Y/ 126~

(ii) (D#+D-2)y = xe*. A: Usey. = A€™ to get m=1 or m=-2. Soy. = Ae*+Be?. For y,, try
Yp = (Cix+Cx?)e?. (No need to include Coe® since it isin yc). So (D#+D-2){ (Cix+Cx?)e*} =
X€>, Dy, = (C+2CX)e>+(Cix+Cox?)(-2)e> = (Ci+(2C-2C)x-2Cx9)e>, D2y, =
((2C,-2C)-4CX)€? + (Ci+(2C-2C)X-2Cx?)(-2)€? = ((2C;-2C1-2C,)+(-4C-2(2C,-2C1))X +
4C,x?2)e*. Therefore D2y, +Dy,-2y, = {(2C,-4C,) + (-8C+4Cy)x + 4Cx2 + (C,) + (2C-2C))X -
2Cx2 - 2Cix-2Cx%te> = xe*. Theefore because € is non zero, (2C»-3C;) +
(-8C,+4C,+2C,-2C;-2C))X + (4C,-2C,-2C;)x2 = x. Now equating coefficients of powers of X,
2C,-3C, = 0; -6C; = 1; therefore C, = -Y/s and C, = -/, giving y, = (-*/o-T)€*. SOY = yt+y, =
Ae+Be-2-*/15(2+3x)e,



(iii) (D-3)(D+1)y = x2. A: y. = Ae®*+Be™. Let y, = Co+Cix+C,x2. Dy, = C;+2Cx and D?y,
= 2C;. Now D?y,-2Dy,-3y, = 2C,-2(C1+2C%)-3(CotCix+Cox?) = X2, (2C-2C;-3Cy) + (4C,-3Cy)x
- 3Cx2 = x2. Comparing powers, 2C,-2C;-3Cy=0; -4C,-3C,=0, -3C,=1. Therefore C, = -/5, C; =
4/9 and Co= -14/27. So Y=Yty = Ae3x+Be‘x-1/3X2+4/9X-14/27.

(iv) (D-3)(D+1)y = €. A: y. = Ae*+Be*. Let y, = Ce. Now (Dz2D-3)y, = €
C(12-2.1-3)e" = €. -4Ce*= €, -4C=1; C=-Y4. S0y = y.+y, = Ae*+Be*-(€'/4). (v) (D-3)(D+1)y =
x2+e, A: y. = Ae¥+Be*. Now, if F(D)y, = fi(x) and F(D)y, = fax) then F(D)(Ypt+Yyp) =
F(D)YptF(D)yp. = f1(X)+f2(x) [F(D) linear]. So we have yp,=x? from previous work and yp,=€
from previous work. SO Y, = Yptyp = UPHYX-Yg-(€4). SOy = yety, =
A93X+Be-x-l/3X2+4/9X-l4/27- (é(/4) .

(vi) (D-3)(D+1)y = x2e. A:y. = Ae*+Be™*. Let y, = (Co+Cix+Cx?)€e*. So D2y,-2Dy,-3y, =
x2e*, where Dy, = (C;+2CX)e+(Cot+Cix+Cx3)e"; D2y, = (2C,)e" + (C1+2Cx)e + (C+2Cx)e +
(CotCix+Cx?)et = [(2C+2C+Cy) + (2C+2C,+C)x + (Cy)x?3e’. Therefore x2e&¢ =
[(2C2+2C1+Co) + (4C2+C1)X + C2X2]e?‘ - 2[(Co+C1) + (2C2+C1)X + C2X2]e?‘ - 3(C0+C1X+C2X2)ex.
This ImplleS (2C2+2C1+C0-2(C0+C1)-3C0) + ((4C2+C1) - 2(2C2+C1) - 3C1)X + (C2-2C2-3C2)X2 =
x2. Now comparing coefficients we get 2C,-4C,=0, -4C,=0, -4C,=1. From this we get C,=-Y,,
Ci=0, Co=-"/5. Thereforey, = (-'/s-'12x9)€*. Thereforey = y.+y, = Ae*+Be*-/5(1+2x2)€e".

Note: Thereisanother example sheet in the notes (8) involving physics applications.

The Particular Integral

Method of Undetermined Coefficients

How do we find a particular integral of the non-homogenous d.e. b,D"y+b,,D™y+ ... +
b:Dy+hoy = f(x)? Example: n=2, b,D?y+b,;Dy+hoy = €. Try y = " then A(b.a2+b,at+bg)e™ = &>,
As & is not zero, A(bgttbiathy) = 1; A = Yprmarey Provided (b.a2+bathy) is not zero. Now
consider D2+4Dy+4y = 4x2+6€*. Try Ax2+Bx+C+E€*, s0 4Ax%+(8A+4B)x+(2A+4B+4C)+9Ee
= 4x2+6€*. Compare coefficients of x2, x*, x°, €. So 4A=4, 8A+4B=0; 2A+4B+4C=0 and 9E=6.
From these we deduce that A=1, B=-2, C=%/, and E=%,. Therefore y =y, = x2-2x+3/,+?/se*. The
complementary function, Y., is y. = (Ci+Cy(x))e*. The general solution of D2y+4Dy+4y =
AX2HBE ISY = Yg = YetYp = (C1HCoX)E2+X2-2X+3 4%/ = Yty

In general, this method works provided the f(x) in b,D"y+b,..D™y + ... + byDy+hgy = f(X)
Isonly asum of terms, each of which possesses only afinite number of independent derivatives.
In practice, terms like a, x¥, €, sin(ax), cos(ax), etc. have only a finite number of independent
derivatives, but aterm like */x has an infinite number of linearly independent derivatives. So our
method cannot be used if f(x) contains aterm like Y/..



D)

(2)

3

(4)

Useful Rules

If f(X) = aptax+...+ax’, then try y =y, = atax+...+ax" (a polynomial of the same
degree as f(x): degreer). If by = O, the trial solution y, must be of degree r+1. If b,=0 and
b,=0, y, must be of degree r+2, etc.

If f(x) = ce™, thentry y, = De™. Thisfailsif e isaterm in the complementary function y..
In this case, try y, = axe™, or if thisfails (if aisadouble root of the A.E.) try y, = ax2e™,
etc.

If f(X) = cisin(ax)+c.cos(ax) then try y, = a;sin(ax) + a,cos(ax). If sin(ax) or cos(ax) lies
iny., then thetrial solution fails, so try y, = x(a;sin(ax)+a,cos(ax)), etc.

If f(X) contains a sum or product of the above types, then try the appropriate sum or
product as atrial solution.

Example: (D2+D-2)y = xe®. A: The complementary solution y. is the genera solution of

the homogenous equation (D4+D-2)y = 0. A.E. m>+m-2 = 0; (m+2)(m-1) = 0, meaning m=-2 or
m=1. So y. = Ae“+Be?*. For y,, try y, = (cix+cx2)e®. (Note: no need to include the term e%c,
since this lies in the complementary function, y;). So ... ¢;.=', ¢, = -'/5, meaning y, =
(-1o7l6)e™. SO Yg = YetYp.



Exam Paper: January 1999

SECTION 1 (Compulsory)

L) (@ Ify=tan’(x) show that (1+x2) 2 + 2% = 0. [6 marks]

(b) If x=tan(t), y = tan(pt), where p is a constant, show that (1 + xz)j—z =2(py - x)%.
[7 marks]

(c) Find the particular solution of the differentia equation% +2y=1, x > 0 which
satisfiesy = Owhen x = 1. [7 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2) Consider thefunction f(x) = x'e*, -¥ <x <¥.
(@ Determine the stationary points and stationary values of f. [3 marks]

(b)  Find which stationary values are turning values and determine their nature.
[4 marks]

(c0 Examinef for inflexion points and determine their position. [4 marks]

(d)  Sketch f showing the positions of the stationary points, turning points and inflexion
points. [4 marks]

(3) By writing y = cosech’}(x) in the form cosech(y) = x and using the definition sinh(y) =

(e-eY)/2, show that cosech 1(x) = Ioge(% + /X—12 + 1), x1 0. [8 marks]
Hence, or otherwise, show that %(cosech' Y(x)) = Fi)@ x1 0. [7 marks]
(4)  Showthatifl, =7 cos"(x)dx thenl, = (L), - =,n>2. [10 marks]

Deduce that |, = */64(3p16).
(Hint: write cos'(x) = cos(x)cos™(x) and use integration by parts.) [5 marks]

(5) (@ Findthe solution to the differential equati on% +ytan(x) = sin(2x) given that at x=0,
y=0. [8 marks]

(b)  Find the general solution to the differential equation 2x3% =y2 + 3xy?, x > 0. Hence
show that if y = 4/3 when x=1, then y® 1 as x® ¥. [7 marks]

(Questions done: 1, 2, 4)




