Solving Systems of Equations

One process of solving a set of linear (i.e. no X2, sin(x) etc.) equations involves row
operations. (1) Multiply al the coefficients of an equation by a non zero constant; (2)
| nter change the order of two equations in the list of equations; (3) Add one equation to another
equation. Often (1) and (3) are combined into the rule “Add a Multiple of one equation to
another”.

When performing row operations, get the system of equations in triangular or reduced
form. Then the system is easily solved by backward substitution. After getting the system in the
desired form and two equations are the same, this means that these two lines are parald. It is
easier to solve equations by concentrating on numbers - forgetting the variables xi, Xz, Xs,...
Place the coefficients in an Array, called an augmented matrix. Operations on rows of matrices
correspond to operations on equations. Equivalent matrices — different numbers, different
equations, same solution.
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An array is just away of holding and referring to a large number of values. An array is
given a name, often chosen to indicate the subject matter we have in mind. The array A issaid to
be an m x n array with m rows and n columns. The value placed in the i row and the j* column
of thearray isreferred to as A(i,)) or Aj.

X1 - 2%, =3, 2X1+X2:4C>[1-2 3]

Special Cases. (1) Column vectors: arrays with 1 row, n=1. Often denoted by lower case
letters x,y,... (2) Row vectors, where m=1. Written x'. (3) Square arrays, m=n. Much matrix
algebra only works for square arrays. (4) Diagona arrays. The main diagona of a square array
Is the collection of entries for which i=j. A diagonal array is a square array with all of its off
diagonal entries zero. Thus A(i,j)=0 unless i=j. (5) Triangular arrays. Upper Triangular arrays
with all the entries above the main diagonal are zero. A(i,j)) = 0 if i <. (6) Unit array, |. Unit
arrays are diagonal arrayswith all diagonal entries = 1.

Addition of Arrays. (Only on matrices of the same size). (1) Equality. A and B are equal
only if a(i,j) = b(i,j) for all choices of i,j. (2) Addition, C = A+B: C(i,j) = A(i,j) + B(i,)). (3)
Zero, an array with all entries zero. (4) Scalar Multiplication. The product of an array A by a
number k isan array C with entries C(i,j) = kxA(i,j). The product is written as the matrix kA.

Matrix arithmetic satisfies the following rules: (i) A + B = B + A (Commutative); (i) A +
0 =A. (iii) Thereisan array caled -A with A + (-A) = 0 so we can “subtract”. (iv) (A+B)+C =
A+(B+C) (Associative); (v) k(A+B) = kA+kB (Didributive); (vi) (f+k)(A) = fA+kA
(Digtributive); (vii) f(k(A)) = (fk)(A).

Multiplication of arrays. We require A to be an mxn matrix and B to be anxp matrix, s.t.
the product, C=AB, is an mxp array. Multiply as follows: The i row of the mxn array A isa
row vector with n entries. The j™ column of the nxp array B is a column vector with n entries,
Multiply corresponding entries of these 2 vectors. A typical product would be A(i,j)B(j,k). Add
these n products, summed over the n values of k; Call the sum C(i,j).



Matrix multiplication satisfies the following rules. (i) AB and BA are generally different.
BA may not be allowed even if AB is. (ii) A0=0; 0A=0; (iii) IA=A=Al; (iv) (AB)C=A(BC); (V)
k(AB)=(kA)B=A(kB); (vi) A(B+C)=AB+AC; (vii) (A+B)C=AC+BC.

Solving sets of simultaneous equations

A collection of linear equations in some unknowns can be written as a matrix equation Ax
= b. There are several approaches to solving this set of equations, or finding the entries in the
unknown vector X. Inverse: Multiply the equation Ax=b by C so we have C(Ax)=Cb. Find a
matrix C such that CA=I. Then, x = Ix = (CA)x = C(Ax) = C(b) = Cb. The particular matrix C is
caled the Inverse of the matrix A and is written A™. Elementary row operations. An
alternative approach is to amend the set of equations and produce another set, but with the same
solution.

Examples: Matrix Multiplication AB =

25 3 11(1) [ (2x1D)+(Bx(-1) +(Bx2) (2x0+(Bx1)+@Bx1) | [ 3 8
12-1 '2 1 T (@AxD+2x(-1) +(-1x2) (Ix0)+(@xD+((-Yx1) ) [ -31

The formula for the entry of a product is (AB)i = X, aib«. Hence, for example,
((AB)C); = 2.1 (AB)i,c,- We want to substitute for (AB)i. using the above formula. As that
formula has a as a count in its description, we change the dummy symbol from a to b. Therefore,
((AB)C);; = 22’:1[22:1 ai,bys]cp. This is a double summation over al values of a from 1 to n
inclusive and for al values of b from 1 to p inclusive. (= 22:122:1(aiaba/;)cﬁj). Because
(@abab)Coj = aa(banCsj), we have (AB)C = A(BC).

Write A2 for AA, A3 for AAA etc., and the rules of powers apply i.e. (A")™ = A™.
Definition: B istheinverseof A if AB =1and BA =1.

Example Solve the following system of equations using arrays:

X+2y-6x=-3; x+4y+4z=9; 3x+10y+4z=15. These equations can be represented | L 2 -6 -3
by the yellow array . By using row operations as shown in the green box, we % 40 4 9
' 10 4 15
12-6-3 12-6-3 gutions()b:%rn the unknowns
S| Q2 A2 | |- ] ) U2 A0 12 From the last array (3rd row) we
0422 24 ) [Rs- 3R] 00 2 0 J[Rs- 2R;]

gather that z=0. By substituting
in the 2nd row of the last array (2y+10z=12), we get y = 6. Similarly by substitution into row 1,
(x+2y-6z=-3), we get the result x = -15. The process we use here is to try to get the matrix into
echelon form, where we try to get zeros in a triangle on the bottom left. All entries below a
leading term (the first non-zero entry in arow) are always zero. It is easier for aleading term to
be 1 for easier calculation. Note: we do not need a 45° slope for the leading terms.

Examples involving constants. Q: Solve the following system of matrices. x-y-z = 1,
2x+3y+kz = 3; x+ky+3z = 2, for all values of the constant k. (see over for continuation...)



This system can be represented by the yellow array. After row operations

: : : : 11-11

to reduce to echelon form, which may involve taking away multiples of k, we gel
. . 23 k 3
the green array as shown below. Consider this array. We have 3 cases of 1k 3 2

answers. (i) k not equal to 2 and not equal to 3; (ii) k=2; (iii) k=-3. In dituatior.

1), by trying out values we see will always get a unique solution. However, Situations (i) an

i), b . A il 4 : IUtion. L ituations (if) and
11 1 1 ) (i) will give different situations. When k=-3, the last equation
01 K+2 1 becomes Ox+0y+0z = 5. Thisisimpossible, so when k=-3, there are
00 (3+K)(2- k) 2- k no solutions. When k=2, the last equation becomes 0=0. This means

that we only
have two equations, y=1-4z and x=1-y+z. _| 4 524 _ (1) 5: ) (1) 54
We can have ANY choice of z, whict =| DA% | = ) + -4z | = : +Z -1
Z Z Z

then fixes y and x like this: z = z, y =
1-4z, x = 5z. In vector notation, solution isall vectors shown in purple. (for al values of z)

Elementary row operations and matrix multiplication

(1) To multiply row r of an array A by anon zero scalar a, this is the same as multiplying
matrix A on the left by the matrix E;(a), which is the same as the matrix | but with the
vaue a in the position (r,r). Note the inverse of the matrix E;(a) is the matrix (E(a))* =
E.(a™*) [multiplying the r'" row by */,].

(2) Toadd a copies of sto row r, this has a corresponding elementary matrix E.s(a) which
again islike | but with a in position (r,s) (Row r, column s).

Theinverse of E{(a) isE.{(-a). L
ErS: 101 1 rth
1
(3) Tointerchangerowsr and s, this has a matrix like | but witk 1 1011 sh
|
h

alterations as shown on theright. |

Definition: Matrix B is row equivalent to matrix A if B can be obtained from A by
elementary row operations. Theorem: If B isrow equivalent to A then B=PA for some inevitable
matrix P. Proof: B = (Ex Ex1 .. E1)A, where E;...Ex are the sequence of elementary matrices
corresponding to these row operations. So P = E¢Ex.1...E-E;, where E;...Ex are invertible. So P* =
(Ek..El)'l = E1'1E2'1...Ek'1.

Theorem: If A isrow equivalent to I, the identity matrix, then there exists an inevitable
matrix P with PA =1 in which case AP=I and P=A". The method for reducing a matrix to
echelon form can be used to find the inverse of a matrix. Example: to find the inverse of a matrix
A, join to it on the right hand side a similar Identity matrix, and then use row operations to
obtain the identity matrix on the left hand side. What you will be left with on the right hand side
will be A. Note: (AB)* = B*A™* (Change the order).

Additional rules. A(B-C)=AB-AC; a(B+C) = aB+aC (‘a is a scalar). AA'=A"A=l.
AHT=A. (AN = (A", wheren=0,1,2,.... (kA)* = A (‘k’ isascalar), (A)' = A. (A+B)' =
A+B'; (KA)' = kA'(‘k’ isascalar); (AB)'=B'A.



Determinants

In a2x2 matrix [ 2 g J the deter minant of this matrix is ad-bc. If ad-bc is not zero, then
1

the matrix —75:(% 2°) = A1, If ad-bc=0, then there is no inverse to the matrix. The number
ad-bc is called the determinant of A, written det(A) or |A|. Thisis true for nxn matrices A. The
formula for e.g. 3x3 matrices, is take an entry, remove items from the same row and column,
leave the numbers. Y ou must specify where you are expanding from. This is important in terms
of the sign of the answer - if you start from an odd row/column, then start with a +ve coefficient
then alternate -ve, +ve, -ve etc., but if you start from an even numbered row/column e.g. 2nd
column, then start with a -ve coefficient and proceed +ve, -ve, +ve, etc.

-13
21

2 3

:'1‘ 31

2 -1 5 1
Eg| 1 O ‘+O‘ ‘-2‘_3 5 ‘:7+0-2:5.(Expandby2ndrow).
-3 2
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Properties of determinants. (1) det(A) = det(AY). (2) If arow or column of A consists
entirely of zeros then det(A) = 0. (3) If two rows (columns) of A are interchanged giving B, then
det(B) = -det(A). (4) If two rows (columns) of A are identical then det(A) = 0. (5) If a row
(column) of A ismultiplied by k giving B, then det(B) = kxdet(A). (6) If arow (column) of A isa
multiple of another row (column), det(A) = 0.

(7) If arow of A consistsof asum (a; +a7), wherej = 1,2,..,n, then det(A) = det A’ + det
A", where A’ has i row ay and A’’ hasi™ row ay but is otherwise identical to A. Similarly for
columns. (8) If a multiple of one row (column) of A is added to another row (column), then the
determinant of A in unchanged. (9) If A and B are both nxn matrices then det(AB) =
(det(A))(det(B)). (10) If A issingular then det(A) = 0. If A in non-singular then det(A) not equal
to 0 and det(A™) = Yaua).

Applying the above. e.g. if A,B,C have all except the 1% row the same and C; = a;+by,
then det(C) = det(A) + det(B). Note: triangular matrices have determinant given by the product
of the diagonal numbers.

Assignment 1

Note: after evaluating the inverse using the Al method, check AA™ to see if it is the
identity matrix. In a question, the array shown in yellow was obtained after row operations.
Here there are four cases. u=2, L not equal to 2, 1 =0, | not equal to 0. (i)

pu=2, | =0: The bottom row becomes 0=0, so more than one solution. We (. 2
N _ : . Al 0A4-u 2

can haveany x,yand z (ii) u=2, 1 1 0: Again the bottom row is 0=0 00 5 5

with any z, y=22/,, x=2%/,. (i) p * 2,1 = 0. Here z=1 but (4-p)z-2 = poeps

pz-2, which is inconsistent, so no solution. (iv) p* 2,1 * 0: Here z=1 again but y and x aso
have definite values: y=>“¥/,; x = 2¥/,, so we have an unique solution.



Evaluating determinants.

22 06| 02 2010 |12 |120-2
Q: 12 5 3 = 02 15 -5 =10115-1|=100 -5 1 |=10(-40+97) =570
212 3 -4 010 3 -10 53 -2 0-978
(a Db C d ab C d
Q: a atb a+b+c a+b+c+d | _| 0 a a+b atb+c R:- Ry _
"| a2a+b 3a+2b+c 4a+3b+2c+d | | 0 2a 3a+2b 4a+3b+2c | Rs- Ry
L a 3a+b 6a+3b+c 10a+6b3cd 0 3a 6a+3b 10a+6b+3c | Ry- Ry
a a+b a+b+c a a+b a+b+c a 2a+b
2a 3a+2b 4a+3b+2c |=al| 0 a 2a+b | R-2R; =a? 0 a ‘za“.
3a 6a+3b 10a+6b+3c 0 3a 7a+3b | Rs- 3R;
Vectors

A vector has two properties, magnitude and direction e.g. velocity, acceleration, force,

weight, dlsplacement A scalar has just magnitude e.g. speed, temperature, age, mass. Notation:
a, AB, AB, AB. This is the vector a from A to B written a or AB, etc Va/B
Geometricaly, it is as shown. Direction is from A to B. The magnitude, written |AB, =
or ||JAB||, is the “length of the line’, always greater or equal than zero. Two vectors are equal if

they have the same magnitude and direction.

Operation on vectors. scalar multiplication by |. | a is the vector with the same
magnitude and direction as| g if | > 0. If | <0 then the direction is reversed and the magnitude
Is increased by |l [[al. Addition. a + b is the sum of two vectors given by the parallelogram
(visudise it). Rules: (i) a + b = b + a [Commute]; (ii) (at+b)+c = a+(b+c) [Associative]; (iii)
(Il wa = | (ua) [Associative scalar multiplication]. (iv) (I +wa = | a+pa; | (a+tb) = la+l b
[Distributive].

Axes. In 3 dimensions, choose 3 unit vectorsi, j, k, forming a right handed rectangular
(orthogonal) co-ordinate system. i, |, k are unit vectors from the origin along the x, y, z axes.
Components and co-ordinates of vector: addition rule can be used to decompose a vector: a =
xi+yj+zk, where xi, yj, zk are the components; X, y, z are co-ordinates using standard basel|, |,
k. Vector a is determined by the triple (X, y, z). The length of the vector a is |a| = Qx2+y2+72)
(pythagoras' rule).

Example: diagonds of a paralleogram bisect each other.
£0) B
I ntroduce some vectors: AB = a; AD = b. By the parallelogramrule, AC =
a+ c Let R be the mid-point of AC, so that AR = RC. Now it follows
that |AR| = 1/2LAC| AR = V%a+b) Let W be the mid point of BD. We have
) ) ® W B
IBQ| = ¥2|BD|. %g\s AB = a, BA = -a. By the parallelogram rule, BD =BC + BA—
b-a. Hence BQ = Y2(b-a). Sartin frorgg A,AQ=AB+BQ =a + ¥(b-a); AQ
= Yo + Y2b. We have shown that AQ=AR; sO Q=R.
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Geometric Vectors: Equation of a Line

A lineisgiven by 2 points, say A and B. Let P be a point on the line from A tc
% Pick anorigin, O. A is determined by thevector?A =a. Similarly?B =b; and let 2
OP = r. Question: find a formula for the vector r in terms of a and b. By the
parallelogramrule, ?B = b-a. ?P iIsamultiple of AB if P ison the line AB. SO?P =
| (b-a). Again by the parallelogram law, L:?P = OA +?P.L:Q+?P.L:§+| (b-a).

Summary: line through the points A(a), B(b) isr = a+l (b-a) = (1-1 )a +bl = aa-bb
(a+b=1). If 1 =0, then r=a. If I =1, r=b. If | >1, or | <O, then outside the segment AB. |
measures the proportion of the line segment AB covered by P. | = *"/,s. Note: from now on AP
will be used to represent Ap.

Example: Diagonals of a ||gram bisect each other. Choose O as one vertex, the others are
a, b, atb. So OD = atb-O = a+b. So apoint on OD is| (a+b). | is afraction of the distance
from O to D. AB = b-a. A point on AB is at+u(b-a). Lines meet when | (a+b) = at+u(b-a);
| a+l b = (1-patub; (I +p-1)a = (11 )b. a, b are not || so | +-1=0 and p-1 =0 i.e. equating
coefficientsimpliesp =1 =% (meet %2 way along the diagonals).

Example: Line joining the vertex of a ||gram to the midpoint of
side dividing the diagonal in the ratio 1:2. Chose vectors. a = OA, b =
OB. Then X, the midpoint of OA is%2a. Line XB: r = Ysa +l (b-%2a) =

(*2%d)a + | b. r is on the diagonal OD if r = p(atb). Equating g
Y(1-1 )atl b = pat+pub. So %A((1-1 )=pand | = Hence ¥2(1-1 )=l implies <
| =Y/5. So p=I =/;. Meet */3 way along the lines. o

Scalar or Dot Product

Given 2 vectors a, b, form anumber scalar, written a.b defined by a.b = |a|lbJcosg where
|a] is the size length of vector a; q is the angle between a and b. Special cases: (1) aa =
lajlajcosO = |al2. Hence |a| = Qa.a) (2) a.b=0 which occurs when cosg=0 i.e.
g=90°. Such vectors are “orthogona”/ “ perpendicular”. b

180- /

Properties. (1) ab = b.a (= |abjcosg). (2) (la).b = I (ab) (=
|l allbjcosq if | >0 = || ||allb|cosy). Note: If | <O then angle g changes by 180°
So cosqg changes by -1. (3) a.(b+c) =ab + a.c. |a

c Tutorial question: Prove the medians of a triangle meet at a point which

. divides each median in the ratio 1:2. Take a,b,c to represent the vectors of the
P triangle. These vectors are not independent as they lie in the same plane, but
A ¢ the calculations will be more symmetrical.




AB isthelineb-a. Fishalf way along theline so Fisa + ¥2(b-a) = ¥2/atb). CFistheline
YA a+b)-c so apoint on CFisc + | (YAath)-c)). SoPis¥d a+ YA b + (1-1 )c. Smilarly D is
YAb+c) and a point on AD isa + (*2b+c)-a). So Pisaso (1-wa + ¥ub + ¥4uc. We cannot
equate coefficients as the vectors are not independent, but if | =p=%/5, then these expressions are
the same. Hence, with | =p=%/5, we get ‘/sa+'/sb+%sc is a vector on median AD and on median
CF, by symmetry it is also on BF. Hence the point of intersection divides the median in the ratio
2:1.

Q: The diagonals of a parallelopial meet and bisect each other. A: Points on the diagona
are | (a+b+c), atp(atb+c), b+a(a-b+c) and ct+g(a+b-c). Hence the point 2a + ¥2b + %c ison
al four diagonalstaking | =p=a=qg=2.
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Dot or Scalar Product

ab = |a||b|cosg. Calculation: use a set of the normal vectorsi,j,k, where any vector v =
ai+bj+ck for some coefficients a,b,c. Also i.i=1=j.j=k.k and 1.j=0=i.k=j.k, etc. General dot
product: a = ad+aj+ak; b = bd+bj+bk. ab = (ai+aj+ak).(bd+bj+bk) = adi.bi+ad.bj + .... =
abd.i +aby.j + ... = abt+abtab,. Often refer to vector a just by its coordinates, a = (ac a, &).
Then (ac & &).(bx by b;) = ab+ab,+aD,.

Example: diagonas of a cube have the same length. Take one vertex
as an origin, and then OA=a, OB=b and OC=c. Find the positions of the
other corners a+b, atc, atb+c and b+c. Diagonals are given by the vectors B
atb+c-O, b+c-a, atb-c and atc-b. a,b,c are orthogonal. ab =ac =b.c=0.
ab,c have the same length ki aa = bb = ac. = k2 Therefore,
(bt+c-a).(bt+c-a) = b.b+c.c+(-1)a(-1)a+ [b.c etc. (Al zerg)] =aa+b.b. +c.c 4 A
= 3k2. Hence length of the diagonal is (3k?) = k(CB.

Q: Show that the perpendicular bisectors of sides of a triangle meet. Take the origin O
as the point of intersection between the perpendicular bisectors of BC and AC. Takea= OA, b
= OB and c = OC. Then OD = | b+(1-1 )c where | =% (Midpoint). OD = YA(b+c) and OE =
Y{at+c). But O is chosen so that OD is the perpendicular bisector of BC. The line OD is
perpendicular to the line BC. Vector BC = ¢-b. So we require OD.BC = 0 i.e. ¥3(b+c).(c-b) = 0.
Expand: ¥2b.c + Yac.c - ¥2b.b - %2¢.b = 0; i.e. c.c-b.b = 0. Smilarly, as O is on the perpendicular
bisector of AC, c.c-aa= 0. Hence b.b-aa = 0; ¥Aatb).(b-a) = 0. So AB is perpendicular to OF
I.e. O ison the perpendicular bisector of all 3 edges.

Lines & Planes

In R?, the equation of alineisax+by = c or y = mx+constant. The
vector equation of aline: specify a point by avector r from the origin. We
need a point on the linei.e. avector ‘a . We need the direction of the line:
r = a+l d, where d = b-a or another point on theline. Sor = (1-1 )a+ | b.
Equation of aplanein R3. In vector form, it is specified by a point on the
plane and a normal to the plane. Suppose P, is on the plane, with vector ro. Suppose n is the
normal to the plane. Let P be any point in R3 with vector r.




Then the vector PoP lies in the plane and so is perpendicular to n. Therefore, (PP).n =0
I.e. (r-ro).n =0, i.e. r.n = ro.n = constant. Vector equation of the plane isr.n = constant, where n
Is normal to the plane. Cartesian Version: r = xi+yj+zk; n = ai+bj+ck for some a,b,c. Sor.n =
ax+by+cz = d (constant is equation of plane). Given 3 points on the plane, how do we find the
normal? Suppose points are pi, P2, Ps- Then (p2-p1) and (ps-p1) are vectors in the plane. So the
normal n satisfies (p-p1).n = O; (ps-p1).n = 0. Q: How do we find a vector n perpendicular to 2
vectorsa and b?

Vector Products (or Cross Products)

The vector product of two vectors u and v is a vector, written uxv or u*v. Two
definitions: (1) uxv is the vector perpendicular to u and v, |uxv| = |u|lv|sing, where q is angle
between u and v. Direction of uxv is given by the RIGHT HAND RULE. (2) If u = (uy, Uz, Us)

and v = (v, Vo V3) then uxv = (UVa-UsVa, UsVi-UpVs, UiVo-UnVi) OF IS | i j ok
determinant as shown in the yellow box. Example: the plane through pi, p, Uxv=| u1 Uz Uus
ps has equation r.n = constant = p;.n, where n = (P2-P1) X (Ps-Pa)- Vi V2 Vs

Rules of vector products: (1) uxv = -vxu. (2) uxu = 0. (3) Linearity: ux(v+w) = uxv +
uxw; ux(l v) = | (uxv). (4) |uxv] = [uPv~|u.vlp. (5) Formulae for repeated products. u.(vxw)
[scalar triple product], ux(vxw) [vector triple product].

Assignment 2

Q: The vertices A,B,C of a triangle have position vectors a = 2i+4j-k; b=4i+5+Kk;
c=3i+6]-3k. Find the lengths of the vectors AB, BC and CA and show that the triangle is
right angled. Find the vector p representing the point P distant 6 from A on the line AB.

A:  AB =b-a= (4i+5+k)-(2i+4j-k) = 2i+j+2k and |ABJR = 22+12+22 = 9. Smilarly, BC = ¢c-b
= -i+j-4k with BCR = 18. And CA = a-c = -i-2j+2k with |CAR = 9. Hence
|CAP+|AB]P=|BC|? so by pythagoras we have a right angled triangle. P is on the line AB,
distant 6 from A. Unit vector in direction AB is % ug = "%;. Pis6x*?;fromA.p=a +
°l3(b-a) = 2b-a. p = 6i+6]+3K.

Q: OABC isa||lgram with O as origin and a and ¢ representing the
vertices A and C. P is the midpoint BC. Find the equation of the
line AP. Find the position vector representing R where AP meets
OB and give theratios OR:RB and AR:RP. A

A OA=a, OC=c, OB=atc by |lgram law. OP = 20C + 20B = Yc+(1-¥2)(a+c) so OP =
Ya+2c). Point Rison line APif r =1 a+(1-1 )p. Sor =1 a+(1- )(?/+c) = (*' /)a+(1-1 )c.
Point R on OB ispa+uc. Hence *'/; = pu=1-1 sol =%, p= % Hence OR:RB = p:1-pu =
2.1, and ARRP=1:1-1 =1:2.

Q:  Write the planes x+2y+3z=4 and 2x-3y+z=1 in vector notation. Find a vector parallel to
the line L, of intersection of the planes. Find where the line L cuts the plane y=0. Hence
give the vector equation of L.



A:  r=(x)y,2) is on the plane x+2y+3z=4 if r.(1,2,3)=4. Normal to plane is n, = (1,2,3).
i |k
Similarly plane 2x-3y+z=1 is r.n;=1 where normal n,=(2,-3,1). mxn, =|1 2 3| =
2-31
11i+5j-7k = (11,5,-7) is normal to n; and n,, and hence lies in both planes. Thus direction
of L is(11,5,-7). Line L cuts y=0 where al 3 plane equations are satisfied so x+2y+3z=4,
2x-3y+z=1, y=0. Hence x+3z=4 and 2x+z=1. S0 x=-'/5, y=0 and z="/s. Point on a is
(-4/5,0,7/5). Line L isr = at+l (nixny) = (-4/5,0,7/5)+l (11,5,-7).

Q. Let a=i-8-4k, b=i+2j+2k, c=3i+6]+2K. Find (i) a unit vector perpendicular to a and b;
(i1) The sine of the angle between b and c; (iii) the cosine of the angle between a and c;
(iv) the vectors (axb)xc and ax(bxc).
ik -
A:  ()axb=|1 -8 -4|=-8i-6j+10k. Unit vector is =Z=%

12 2 e
ik

(i) bxc=| 1 2 3|=-8i+4]. Sing = = =" (iii) CoSY = 2y = -“lemero = -Ves.
262

(iv) Using previous calculations in (i) and (ii), (axb)xc = -72i+46j-30k and ax(bxc) =
16i+32j-60k. Note: be careful with signs when working out determinants.

Properties of VVectors

If you take a triangle and take the medians of this triangle, using these vectors we can
produce a new triangle. Example (unrelated): Find the equation of the plane through an A, B, C.
Pick an origin O. OA=a, OB=b, OC=c. R is ¢ B
point on the plane where OR =r = ? We have a v C
point A in the plane and vectors in the plane [b-a A
c-a]. The vector r-a is in the plane so must be &
combination of b-a and c-a. So AR = n(b-a) +
p(c-a). Hencer = OA+AR; r = a+n(b-a)+p(c-a). r

= (1-n-p)a+nb + pc. Or, r = “@ie,

Example: Distance from an origin to a plane. Given an equatior
of aplane, r.n=d. Let A be a point on the plane. OA is a vector fromr
the origin to a point on the plane. Distance = projection of OA ir
direction n = OA.A, wheren isaunit vector in this direction. Now OA
=aand an =d So OAA = ay = Y, If plane is az+bx+cy=d with n=(a,b,c), distance =
d/ Qaz+b2+c?).

@)

Example: Distance between 2 lines. L;: r = a+l n; L,: r = b+um.
Minimal distance is along a line PQ. Must have PQ perpendicular to L.
and to L,. Direction of PQ is perpendicular to n and m. Therefore PQ ir

the direction mxn. The distance is the projection of AB onto PQ i.e. the b/’
projection of (b-a) onto mxn. Distance = (b- a). (mxn) \

<] *



Vector Spaces

Start with afield k. For our purposes, k = R (Real numbers) or k = C (Complex numbers).
A real (k=R) Vector Spaceisa SET, V, of dements x,y,z,u,v... i.e. V ={x,y,z,u\v,...}. We have
two operations on V. (1) Addition, +. If ul V andv1 V thenthereisan dement w+v1 V. (2)
Scalar Multiplication. If uT V andk T K then there san element kui V.

To be a vector space, this must satisfy 10 axioms. (1) u+v 1 V (Closed under addition).
(2) (utv)+w = ut(v+w). Thisisfor al u,v,w, in V (Associativity). (3) u+v = v+u. Thisis for all
uv in V, written v u,v e V. (Commutative). (4) There exists a vector 0 in V, for which u+0 =
O+u =uforall u. (5) u+(-u) = 0for adl uinV. (6) kul V for al kinK, uinV. (7) k(u+v) =
kutkv for all k in K, u,vinV. (8) (k+L)u = ku+Lu for all k,L inK and all uinV. (9) (kL)u =
k(Lu) for all k,L inK and all uinV. (10) 1u = u, where 1 isthe identity in K.

You must check the above axioms to make sure something is a vector space. Examples.
(D) kxk = k2 (INR?) = {(x,y) | X,y T K}.If u=(X,y1); V = (X2,y2), define u+v=(x1+x,, y1+Yy2) and
ku = (kx1, ky1). (2) V = K" Let u = (X1,X2,...,Xn) @d vV = (Y1,Y2,...,¥n) then u+v = (Xs+yi, Xotys, ...,
Xntyn) and ku = (kXq, kX2, .... , kXn). (3) V = Kk[X] — dl polynomiasin x over the field k: can add
polynomials or scalar multiply poly’s. (4) V = set of all polynomials of degree £ 3 (Subset of
(3), U = aptax+ax+aex [a K]; ku = kagtkax+kapx2+kasx3).

(5) V = set of all functionsf: R ® R, kI R. Add and Scalar Multiply functions. f+g is a
function whose value at x is f(x)+g(x). (f+g)(x) = f(x)+g(x); (I f)(x) = | f(x). (6) V = set of
continuous functions. Defined on the closed interva f: [ab] ® R. Notation ([a,b]=V). (7) V =
set of solution vectors (Xy,...Xm) Of a given set of linear equations. (8) V = set of al mxn arrays
of real numbers. With matrix addition A+B and scalar multiplication | A (I T R; A,BI V). (9) V
= the set of all twice differentiable functions f(x) such that Df+a(x)Df+b(x)f = 0.

Deciding if it is a vector space. If you can find a counter example, then the description is
invalid. For example, consider V = {al polynomials of degree equal to 5}. We require kul V for
dl kinK and uinV. When k=0, uisnot an element of V. Consider this: V = {all ordered pairs
for which y = 2x+1}. Consider (1,3). When k=2, ku = (2,6). But for x=2, (2,5) is the correct
ordered pair, not (2,6). Consider V = {all functions f which are continuous on the interval [0,1]
and for which f(0) = 1}. Consider f4(x)+fs(X)=g(x) [Thisisu+vl V], g(0) = 2 (* 1).

Linear Dependence/Independence

Definition: Given a vector space V, aset of vectors S={V, V, ...} islinearly dependent
if there exists a, &, .... I R, not al zero, with aVi+aVat+aVst...+avm = 0. Conversely, if
aVitapVot...tanwm = 0, this implies a;=a,=...=a,=0, then {vi,...,vm) in linearly Independent.
Definiton: Span: Given aset S = {v,Vz,...,Vm} IN 'V, the span of Sisthe set L(S) of vectors x =
aVitaVot...tanvm " choices of &...an. Theorem: A subset W of a vector spaceV is a subspace
If it satisfies all 10 axioms of a vector space. But we only need 2 (technically 3): W is a
subspace if (1) wi,w.l W implies wi+w,l W (closed under addition); (2) wal W, | T R implies
| wil W; (closed under scalar multiplication) (3) W is not the empty set or 0T W.




Examples of subspaces W of vector spaces V. (1) Take W=V. (2) TakeW ={0}. (3) V =
R[X] — polynomiasinx, S={1,x,x3}. W = L(S) = polynomials of degree £ 2, atbx+cxz. (4) V
= R[X], S ={1, 1+x, 1+x+x2, X-X?, -x?}. W = L(S) = al polynomials a + b(1+x) + x(1+x+x?) +
d(x-x3) + &(1-x3). (5 V = R[X], S={1, 1+x, 1+x+x%}. W = L(S). (6) V = R[X], S = {1+X, X-X?,
1-x2}. W = L(S) = al polynomials of degree £ 2.

Basis

Definition: A set S of vectorsis aBasis for a subspace W if (1) Vectorsof Sare Linearly
Independent; (2) S spans W i.e. W = L(S). Definition: The number of vectors in S is the
dimension of W. Example: show that e, = (0, 2, -4); &= (1, -2, -1); es = (1, O, 3) form a basis
for R3. Show two things: Linear Independence and Span.

b(1-2-1) +c¢c103 =(000) ie Oatlb+lc=0; 2a2b=0;| 2 -20 | b

-4a-b+3c=0. Solvefor a,b,c. Matrix equation is shown in yellow. \ -4 -1 3 J{ ¢

The columns are the vectors e;,e;,6;. By row operations we reduce the array to the green

[2 -2 0][ a] [0] configuration. We have an unique solution: 8c=0 which
011 bl|=

A:  Show LI: Assume LD, so assume ae+be+ce=0 i.e. a(02-4)+[o 1 1]{a] {0]
= 0
0

0 means c=0; b+c=0 implies b=0, and 2a-2b=0 implies a=0.

groe 0 So only possible when a=b=c=0 so linearly independent.

c

2-20
combination of e e €. Solve| 2 -20y {011 x 011 i
agtbet+ce; = (X y z) for ab,c. ie (-4-132 0-532+z 0 0 8 5x+2y+z
b+c=x, 2a-2b = y; -4a-b+3c = z. Or in an augmented matrix and manipulated as shown in
purple. At the end we see 8c = 5x+2y+z; ¢ = Y/g(bx+2y+2); b+c=x, so b = x-/3(bx+2y+2)
= Yg(3x-2y-2); and a = Y/g(3x+2y-z). So any (x y z) is a known combination of e; & e; —
they span.

Span: Show any vector (X y 2) ise[o 1 1XM2_20 y

Theorem: Let S={X1 X2, ..., Xa), Xit 0. Then SisLD iff somex, isalinear combination of
its predecessors. Proof: If X=aXitapXot...+a.1Xr1, then axXi+aXo+...a-1X-1H(-1)X+ax,. +axqg = 0.
Not all coefficients are zero so here S is LD. Converse. assume S is LD. Assume
aXi+...+aXq=0, not al the as are zero. Pick as a the last non zero entry in this list. Hence
aXitaXot...+ax,=0, a1 0. Divide by &l 0; x, = “2x; - Zx5- ...- %1

Theorem: Let V...V, be abasis for avector spaceV. Let W = {w;...wn} be a subset of
V. Assume W is LI. Then mEn. If m<n then W can be extended to a basis. Proof: Let S =
{V1.V.}. Sisabasisfor V. SspansV. wil V, w; is dependent on the vectorsin S. w, isalinear
combination of vectors of S. Hence S E {wi} is LD. {ViV2Vs..V,, Wi} is dependent.
{wiViV...V} is Dependent. So some V; is dependent on the previous vectors. Hence S =
{wiViV....Vi..V,} [Weddete V] spansthe same vector spaceas{Vi...V.} i.e. V.

Repeat process. S;E{w,} is dependent. {w,w,V1V,...Vi...V.} is Dependent. {wawy} isLlI.
Remove vector, first dependent on its predecessors, NOT w; or w.. S = {wiw;Vi V...
V,..Vi...Vn}. Spans same vector space & is independent. Repeat, eventually get So={ wiw,..Wn,
VaVuV}, aset of nvectors which are LI and spans same space as Si.e. vector space V.



D

(2)

3)

(4)

2Xx+y+z=0 any z

18th November 1998
Show whether u=(1,2,3,4) and v=(4,3,2,1) are LD. A: Assume LD, so autbv=0 i.e.
a(1,2,3,4)+b(4,3,2,1) = 0; at4b=0; 2a+3b=0; 3a+2b=0; 4a+b=0. Solve these for a and b:
only can when a=b=0, so LI.

Assignment 3

Show that the subset S of R2 of vectors [?J where y = 2%, is a subspace. A: S is

non-empty: (%) belongsto S. Sis closed under scalar multiplication: Suppose! T R and
()T S. Then y=2x. Hence | y=2I x. Hence (3)=I (;) also belongs to S. S is closed under
addition: Suppose (;) and (¢) both belong to S. Then y=2x and v=2u. Hence y+v =
2(x+u). Hence (2¢)1 S. Thus ¢)+@)=(:¢)T S.

Arethevectorsv,=(10-11), v,=(01-3 2), vs=(-12-10),v,=(040-1) in R* LD?If they
are, express v, as a linear combination of vi v, va. A: Suppose Av;+Bv,+Cvs+Dv,=0.
Then A-C=0; B+2C+4D=0; -A-3B-C=0; A+2B-D=0. As Av;+Bv,+Cv;+Dv, = (A-C,
B+2C, -A-3B-C, A+2B-D), thus A = C, 3B = -A-C = -2C, so B = -%3C. 0 = A+2B =
C-Y/5C = -Y/5,C. And B+2C+4D = 0 which is compatible with the above. Thus vi,Vv,,v3,v,
ae dependent and Weha_\/e C\/1'2/3CV2+CV3-1/3CV4 =0 or 3v-2V,+3V3 = Va.

N O k-
N

Let T be the linear transformation T: R3® R3 given by T(X,y,2) = (X+Yy, Y-z, 2x+y+2).
Write down the matrix A such that Tv=Av fol ( x X+y 0
vectors v of R3. Find bases for the kernel anc A{ y]z{ y- z ]WhereAz{ -1]
image of T. A: The transformation can be \Z 2X+y+z 1
expressed as the yellow section. The kernel of A: A(%y,) = (%x). See below:
Xx+y=0 y=z X -z -z -1
y-z=0 << Xx=-2 @[y]@[ z ].Kernel=setofallvectors[ z ].Basisis[ 1 ]anddimension:l.

z z z 1
Image of A: Dimension (Kernel)+ Dimension (Image) = 3. Hence Dimension (Image) =
2. Image is spanned by columns of A, by vectors (1 02), (11 1), (0-11). Two of these
will form the bases for the 2-dimensional image space. A possible basisis(102), (11 1).
These are independent. The 3" column is dependent of these: (0-11)=-(111) + (10 2).

e & & is the standard basis of R3. Vectors f, f, f; are defined by f,=e, f,=e/te;
f;=ei+ete;. Prove that they are linearly independent and span R3. Express the vector
v=(1 1 1) as alinear combination of f; f, f;. A: e & &; are linearly independent and span
as standard basis for R3. Suppose Af,+Bf,+Cf;=0. Then Ae;+B(ete,)+C(ete+e;) = 0.
Hence (A+B+C)e; + (B+C)e; + Ce; = 0. But as e; & e; are independent there is no
relationship between them so A+B+C=0, B+C=0, C=0. Hence A=B=C=0, therefore f; f,
fs are independent. (ii) The vector vis (11 1) or (1 0 0)+(0 1 0)+(0 0 1). Hence v =
etete; as these are standard basis. Suppose Afi+Bf,+Cfs=v. Then Af,+Bf,+Cf; =
etete;, hence (A+B+C)e+(B+C)ex+Ce; = e te+e;. Therefore A+B+C=1, B+C=1 and
C=1; hence A=B=0 and C=1, so v=fs.



Linear Transformation, Kernel, Image

Take 2 vector spaces. V, W. A linear transformation T assigns to each vector xI V a
vector Tx T W, T: V® W; and satisfies T(x+y)=Tx+Ty and T(l x)=| Tx. T sends lines to lines.
T is defined and defines a matrix A once we have a basis for V, W. Example (1 2 3
V=R3, W=R3, Standard basis of R3 in both cases. Vector in V is given by columr {2 4 8
(*y;). Take T(*y,) = (¥ axeay+8z axeere152). T: VO W. T isthe yellow matrix, A. 3615

Kernel (Null Space) = {x 1 v such that T(x)=0}. This is a subspace of V (Theorem).
Example: find kernel of T above. T(x) = 0 impliesAx = 0.
X430 {123 123
2x+4y+82=0 . "~ 002 |R-2R, 4 002
3x+6y+152=0 006 Rs-3R;, (000 )Rs- 3R,

The kernd isall multiples of (21 ): avector subspace of dimension 1 and basis ().

X+2y+3z=0

5720 =z=0; x=-2y .

| mage Space. Theorem: The set of all vectors T(X) is a subspace of W, the image of T.
Take the standard basis of V: e=(*o) &=(%0) &=(%;). A typical vector (%) is xe+ye+zes.
Typical vector inimage is T(y,) or A(%y,) = Txe+Tye+Tze; and so is a linear combination of
Tey, Tey, Tes. Tey, Te, Tes span the image, where:

1 123 |1 1 : : 0 2 0 3

Te,=A 0 |=| 248 | 0= 2 .E’Zﬁ:‘;ﬂz\ﬁ Te,=A 1 |=| 4 | Te;=A 0 |=| 8 | .
0 3615 ) 0 3 ' 0 6 1 15
Theorem: The columns of A span the image of T. Image of T it SIS

spanned by (*23)(%46)(%s15). But (%45) = 2x(*23). The image is spanned by e
(*23)(e15). These two are independent. The image space is of dimension Z
with basis W, (*23)(%s15). The kerndl is of dimension 1 with basis V, () @

Theorem: Dimension of Kernel + Dimension of Image = Dimension of V. o 0

Bx, where T = R® =V ® W = R3 To get the Kernel, perform row B=| 257 |5 011
operations on B and you get the 2nd array. From it, we see that 369)L000
x+4y+5z=0 and y+z=0; the kernel is {z("1;) for any z}. The kernel has basis (*1) and
dimension 1. The image is spanned by the columns of B, f;, f, and f;. Because f;=f;+f,, the image
Is spanned by f,, f,, forms abasis. Dimension of image = 2.

Example: Consider B as shown on the right. It features in Tx = {1 4 5] {1 4 5]

The Kernel of a line as a transformation in a subspace

Proof: Given T: V® W, Kernel = {x=V st. Tx=0} = S. Check conditions for a subspace:
(1) Sisnon empty. T(0) =A0=0s00l S. (2) Sis closed under multiplication. Suppose xI S
and | T R. Then T(x) = Ax = 0 by supposition. Hence T(I x) = A(Ix) =1 Ax = 1.0 = 0. Thus
T(I x)=0s0!| xI Sby the definition of S. We have shown that xI Simplies| xI S. (3) Sis closed
under addition. Suppose x,yl S. Then T(x)=0 and T(y)=0. Hence T(x+y) = A(x+y) = Ax+Ay =
T(X)+T(y)=0. Thus x+y T S by the definition of S [x,yl S implies x+yl S]. Hence S is a
subspace.



Theorem: The range of T is a subspace of W. Range = Image = R = {yl W sit. y=T(x) for
some xI V}. (1) R is non-empty: 0 = T(0) = A0 so Ol R. (2) Closed under multiplication.
Supposeyl R and | isareal number. Theny = T(x) for some x. Hence |l T(x) = T(I x) sol y 1
Range.

25th November 1998

Past Paper, June 1997

Section |: True or False. Q: If matrix B is obtained from matrix A by elementary row
operations, can A be obtained from B by elementary row operations? A: True: just inverse each
operation in the reverse order. Q: Can a system of m linear equations in n variables, with n>m,
have a unique solution, m,ni N. A: False. When m=2 and n=3, x+y+z+1=0 and x+y+z+2=0 has
no solution. Q: If none of the vectors (vi1vovs), which are subsets of R3, are multiples of one of
the others, is this set linearly independent? A: False. Consider V;=(10,9,8) V.=(6,6,6)
V3=(16,15,14). None are multiples but because vs=v;+v, then the set isLD, not L.

Q: If matrices A & B are st. AB=BA, and A is invertible, is A'B=BA*? A: True
AB=BA; A*(AB) = A*(BA) [pre-multiply by A]; IB = A'BA [using associativity]; IBA™ =
A'BA™ [post-multiply by AY]; IBA™ = A*BI [I=1]; BA* = A'B. QED. Q: If A isan mxn matrix
with rank(A) = m, is the linear transformation x ® AXx one to one? A: (Rank = Dimension of
Image) False. Take A=(1,2). Rank of A = 1. But A(%) = A(%): Not 1-to-1.

Section |1: Q: Solve the matrix equation Ax=B, where 13 8 -35 X1
the arrays are as shown in yellow, either by inverting A A= 2411 ||B=| 1 5|, x= X
directly or by simplifying the augmented matrix (A:B) as ir 125 3 4 X3

the usual case of linear equations. If the columns of B are added together to give b, state, without
detailed calculation, the solution of Ax=b. A: To invert A directly we must use new theory...

MINORS, M;. M; = Determinant of _‘ 4 11 2 11 38|_,
1 = =- 1

an n-1xn-1 matrix formed by removing 25 15 25
row i and column j. For the matrix A shown, we have minors as shown in green. Calculate the

‘:-Z.Mlzz‘ ‘2-1.M21:

-2-10 -2 1 1 | minorsfor al values of i and j, and place the minorsin amatrix
M=| -1-3-1].C=1-35 | M. (purple). COFACTORS. From the matrix M, create a
L & 0 1 -2) matrix C, where the entries C; = (-1)"IM; i.e. Transpose and

change signs. Now by calculation, you can verify that AC is the identity matrix (Not in al
cases). If you calculate the Determinant of A, you will get 1. Now in general, AC = Det(A)l, so
Al = YymxC. Summary: Caculate the minors, then the cofactors, and divide by the
determinant to get the inverse matrix.

Back to the question: You can solve Ax=B by calculating x = BA™. Now suppose we
form a new vector b, which is the sum of the columns of B, so b = (%;). Now solve Ax=b. We

10 -1 -35 10 -1
dready have A 9 10 |=(by b, )=| 1 5[, i.e. A 9 [=by A 10 |=b,.
-5 -3 3 4 -5 -3

10 + -1
SOA|l 9 + 10 |=by+b,= Db, i.e. A(Peg) = b.
-5+ -3



Question 3: A square matrix P i< [ 1 -1} i [ 1 1” 1 -1 }_;[ 2 -2 }_P

said to be idempotent if P>=P. Show that F 11 T4 -1 1) -1 422 |7

= Y4[*; Y] isidempotent. We see that it is from the yellow box. Q: Show that if P is idempotent
and invertible, then P=I. A: Assuming that P is invertible implies P* exists, PP* = PP = |. We
also know P2=P in this case. So PP=P; P'(PP) = P}(P); (P'"P)P=P'P; IP=1; P=1. QED. (iii)
Show that the only eigenvalues of an idempotent matrix are O and 1. A:p- Jl =%[ 1_'1’1 1'_1/1 ] :
Det(P-1 1) = Y2((1-1 )(1-1 )-(-1x-1)) = Y&((1-1 )%-1) = Y5(1-2| +l 2-1) = (1 221 ) = YAl (I -2)). So
either 4 = 0O; implying | =0, or | -2=0; meaning | =2. Other method: Given P>=P and Px-| X,
P=Px; P(Px)=Px; P(I x)=I x; I I x =1x; 12X =1x;12=l. S0l =0 or 1 — these are the only
numbers when squared give themselves.

P=

N[
NI

is idempotent. This question uses transpose rules: A"™=A; (AB)' ¢

ABY; (AB)' = B'A. A: We'regiven u'u = 1. Form P = uu' as showr

in green. Now show that P2=P. What is P2? It is (uu’)(uu’) = (u)(u'u)(u’); P2 = ud'. But P = uu', so
P=P2. QED.

(iv) If u isanon-zero vector, such that u'u = 1, show that uu‘[ ] [ ]
u ( ut )= P

Properties of Vector Spaces

Given a vector space V over F, then we have a set V of vectors, also an addition of
vectors +, a scalar multiplication ., subject to the axioms. We say that V is closed with respect
to + and ., so the sum v+u of any two vectorsv,u I V isavector in V and similarly the scalar
multiple, | v, of vi V by ascalar | T F, isavector in V. Subspace; A subspace of V is a subset of
V that itself forms a vector space, but with the SAME addition and scalar multiplication as V
and with the same F.

The span of a set Sisthe set of all possible linear combinations of S. We say that a space
W is gpanned by vi...v, if ANY vector in W can be expressed as a linear combination of these
Vi...Vn. V1.V, are said to be linearly dependent iff there exists scalars k;...k, not al zero st.
kivit+..kavn=0. If this is not the case, the set is linearly independent i.e. ki=k,=...=k.=0 is the
only possible solution.

Basis. A basis for a space V is a spanning set which is also linearly independent.
Dimension: Dimension of aspace V isthe number of vectorsin any basisfor V.

Linear Transformation: given vector spaces V,W both over F, a mapping T: V® W is
caled a linear transformation if (1) T(v+w)=Tv+Tw; (2) T(kv)=kT(v) for al v,wl W, ki F.
Kernel of T is ker(T). Rank: The dimension of the image space. The dimension of the kernel
gpaceisthe nullity of T.

Row Space: Thisis the subspace of F" spanned by the rows of A. Then dim(row space) =
row rank of A. Similarly dim(column space) = column rank of A. But these are equal, so Rank
A = row rank of A = column rank of A.



Eigenvalues & Eigenvectors

Definition: | is an eigenvalue of a square matrix if there exists a non-zero vector x with
Ax=l x. Definition: x is an eigenvector corresponding to an eigenvalue | , if Ax=I x (any such
vector X, including x=0, will do). Definition: The collection of al Eigenvectors with
Eigenvalues| iscalled an Eigenspace. It is a subspace. Result: | isan eigenvaue<«< Det(A-l 1)
= 0. If Aisan nxn matrix, Det(A-1 1) is a polynomial in | of degree n. So a most n roots; at

most n eigenvalues.
4th December 1998

Linear Transformations

T: R® R" is a function satisfying T(x+y)=Tx+Ty and T(I x)=l Tx. Q: Given T(A) =
A+Al isit alinear transformation? A: Because T(A+B) = (A+B)+(A+B)' = (A+B)+(A+B") =
(A+AY+(B+B) = T(A)+T(B),and T(1 A) = (I A)+(1 A)' =1 A+l At =1 (A+A) =1 T(A), then it is
alinear transformation. The kernel of T iswhere T(A) = 0.

Assignment 4

(1) Find vaues of the real number f such that the following system of equations has (i) no
solution; (i) a unique solution; (iii) infinitely many solutions. X;+X>-Xs=1, 2X;+3X,+fX3=3,
X1+HfX+3x3=2. A: Put the equations in matrix form: Ax=b, where b, A and the Augmented
matrix are as shown below:

1 11-1)[11-11][1 1 -11 11 -1 1
b=| 3 [[A=| 23 f [[23 f 3|40 1 f+21 |R-2Ri~[ 01 f+2 1
2 1f 3 )J|1f32][0f-1 4 1|Rs-Ri |00 @+H2-7 2-f | Rs- (f- DRy

Applying row operations to the Augmented matrix as shown above, we see that there are

11-11 11-11 11 -1 1 3 cases. (I) f=2. this
f=2:{ 01 4 1 [f=-3:{01-11|f+2f#-3:/01f+21 produces 0=0 in the

means that x; can take any value of k. X, is expressed as 1-4k and x; as 5k. In this
situation we have infinitely many solutions, with x = (%)+k(®4;). In the 2nd case, f=-3, we
have no solution, because the bottom row isinconsistent: Oxst 5. In the 3rd situation, f* 2,
f1 -3, we have unique solutions. Xz is /a4, X2 = 1-(f+2)X3 = Y34+ = X3. And X3 = 1-Xo+Xs=1.

(2) Find eigenvalues and eigenvectors for the matrix A given by A = (4#). A: | isan
eigenvalue of the matrix A if A(xy) = | (xy) i.e. if (#£)¢)=¢). So we require
-14x+12y=| x and -20x+17y=l y. So we solve 12y=(14+l )x and 20x=(17-1 )y. Hence *¥/,-,
= 1/, or 240 = 238+3l - 2. Thus the eigenvalues | satisfy | 2-3| +2=0, so | =1 or | =2.
Case | =1: Eigenvectors require -14x+12y=x, so 12y=15x. Eigenvectors are k() for any
ki R. Case | =2: Eigenvectors require -14x+12y=2x, 12y=16x, Eigenvectors are k(%) for
any kl R.



3)

(4)

D

(2)

Explan why the function T: R2® R2? given by T(x,y) = (Xxy,2y) is not a linear
transformation but S; R2® R2 given by S(x,y) = (X+y,2y) isone. A: A linear transformation
satisfies T(u+v)=T(uW)+T(v) and T(l u)=I T(u). We need an example to prove that
T(x,y)=(xy,2y) is not alinear transformation. Now T(1,1)=(1,2) and T(3,3)=(9,6) * 3(1,2).
So take | =3 with u=(1,1). Then T(l u)tl T(u) in this case. S is a linear transformation.
Take u(x,y) and v(ab). Then | S(u) =1 S(x,y) =1 (x+ty,2y) = (I x+ly,2ly) = Sl x,l y) =
S(I u). And S(u)+S(v) = (x+y,2y)+(atb,2b) = (x+aty+b,2(y+b)) = S(x+a, y+b) = Su+v).

Let the linear transformation T be given by T(x,y,z) = (x+3y-4z, 3x+4y-7z, -2x+2y).
Write down the matrix A which describes this transformation. Consider the three
columns of this matrix as three vectors e, e, e;. Show that these vectors are linearly
dependent. Give abasis for the range or image space of T.

A: Thetransformation T is given by the matrix A as shown on the right. The columns of A
are e=(1,3,-2); e=(3,4,2),

&=(-4-7,0). If e;isdependent on e & | * | _ ;X’fz;'_“?zz a0 o | oas 2o
-4 a+38 & then & = | ; - 2x+2y 220 )| z 220
-7 |=| 3a+4p aethe. So
0 ) \-2a+2p we have what is shown in green. Hence -4=a+3b; -7=3a+4b;

0=-2a+2b. Therefore a=b and -7=7a so a=b=-1. Check to confirm that e;=-e;-e,. Now
theimage of T is spanned by the columns of A, or by e, & &. Ase; isdependent one; &
e, theimage of T is spanned by e & &. e & & are independent, hence e; & & form a
basis for theimage of T.

University of Leeds Past Paper, 1994

(@ Find the solution set of the system of equations x-2y+3z+w=3, 2x-4y+7z+2w=5,
X-2y+2x+w=1, 2x-6y+9z+3w=6. (b) Explain which of the following are subspaces of R3:
() S={(x,y,2) R3 x-2y+5z=0 and 3x+6y-z=0}; (ii) S,={(x,y,2)| R% x+y+z=1}; (iii)
Ss={(x,y,2)] R3: x=0 or y=0}.

A: () Produce the augmented matrix shown in yellow anc'
execute row operations to produce the matrix shown on the
right. From that, we see that z=1 and x=2y-3z-w+2 i.e.
x=2y-w-1. The solution set is as follows (Stuff in brackete
supposed to be in columns not rows): {(x, Yy, z, w) s.it. z=1, x=2y-w-1} = {(2y-w-1, Y, 1,
w) for anyyandw} ={y(2100) +w(-1001) + (-1 01 0) such that y,w are any real
numbers, y,wl R}. What we have is a plane through (-1 0 1 0) and 2 vectors through it.
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(b) S is not a vector space: (0,0,0) does not belong to S;. Also (1,0,0)+(1,0,0) is not an
element of S,. (iii) (0,1,1)1 Ss. (1,0,1)T Ss. But (0,1,1)+(1,0,1) is not an element of Ss.

For which values of k is the set of vectors {(1,1,-1,2), (2,-1,3,4), (-3,3,-7,k)} alinearly
independent subset of R*? (b) For which values of k is the set of vectors{(1,1,1), (1,2,3),
(1,-1,k), (1,-3,k)} aspanning set for R3?



(b)

3)

Suppose A(1,1,-1,2) + B(2,-1,3,4) + C(-3,3,-7,k) = (0,0,0,0). Then the following is true:
A+2B-3C=0, A-B+3C=0, -B+3B-7C=0; 2B+4B+kC=0. Solving the first three equations,

1 2-30)(12 -30 we get what is shown on the left. Solving, B=2C (can be
1-13040-3 60 anything); A=-2B+3C; A=-C.
-1 3-70J|05 -100

If aso the 4th equation is true, then -2C+8C+kC=0 so (6+k)C=0. When k=-6, then any C,
A=0C, B=2C satisfies all 4 equationsi.e. the 3 vectors are dependent. When k* -6 then
(6+k)C=0, implying C=0. So the only solution is A=B=C=0; the vectors are linearly
Independent.

Do the vectors contain a basis of 3 vectors? We want 3 linearly independent vectors, with

vi=(1,1,1), v.=(1,2,3), vs=(1,-1,k) and v,=(1,-3,k). If vs=Av;+Bv, then A+B=1, A+2B=-1,
A+3B=k. Solving these, B=-2 and 2B=k-1, hence -4=k-1; k=-3. Unless k=-3, vz isnot a
linear combination of vi,v, i.e. vi,V,,vs form a basis for R3 (spans). If k=-3 then the 4
vectors are vi(1,1,1), v»(1,2,3), vs(1,-1,-3) [depends on v1,V2], Va(1,-3,-4). Now are vy, vz,
Vv, dependent? If v,=Av;+Bv, then A+B=1, A+2B=-3, A+3B=-3. These equations imply
that B=-4 and 2B=-4. These are impossible — you cannot have A=1 and A=-3. So again
in this case v, isindependent of vi,V,, SO ViVoViav, aways spanning the set.

Explain which of the following sets of vectors are bases for R3. (i) {(1,1,0), (0,1,1),
(1,2,2)}. (i) {(1,1,0), (0,1,1), (1,2,3)}. (iii) {(1,1,0,0), (0,1,1,0), (1,2,3,0)}. (iv) {(1,1,0),
(0,1,1), (1,2,3), (3,2,1)}. (v) {(1,1,0), (0,1,2)}.

(i) (Yellow). Here b+c = 0 so b=-c; and at(-b)=0 so a=b. Thereis (1 9 1 o 1010
anontrivial solution so it is not abasis. [Also we can see straigh [ 112 o]m[ 011 o]
1010) [1010 away from V+V,=V; that they are L0110/ (0000
[1 120 ~~[ 011 o] not a basig| (ii) (Green). Here c=0, b=0, a=0, so it is

Oilet) 0020 Linearly Independent. Does it span? i.e show
agtbe+ces=(X,y,z). Expanding out, atc=x, atb+2c=y, [ 1 o 1 101 «x
b+3c=z. Looking at the blue arrays, we see that intheend | 112y |~ 011 y-x
we get 2x=z-y+x; C=YXx-y+X). And a=x-Yy(z-y+x),L0132z] 1002z (y-x

b=y-x-Y2(z-y+x). Therefore they are LI and they span and so form a basis for R3. (iii)
they are not vectors for R® so do not form a basis. (iv)
(Purple). A nontrivial solution exists so not a basis for R3
(V) Not a basis— only 2 vectors.

10110 101 30
11220~ 011-10
01330 002 20

Using the matrices shown, determine whether the
following matrix products exist, and calculate which do ,
exist. (i) AB. (ii) BA. (iii) AC. (iv) CA. (v) AB. (vi) B'A".
(vii) B'C.

= A~ ON
N O WP

A RPN
~N 01 W

(i) Yes (ii) No (iii) No (iv) No (v) Yes (vi) Yes(vii) No. Calculate in the usual manner.



(3b) For each of the following definitions of a mapping t: R2® R3, determine whether t is a
linear transformation. (i) t(x,y) = (X,y,x+y+1). (ii) t(x,y) = (X,y,x+y). (iii) t(x,y) = (X,y,Xy).
(iv) t(x,y) = (0,0,0).

A: (i) Let u=(0,0) and v=(1,1). Because T(u)+T(v)! T(utv), (0,0,1)+(1,1,3)* (1,1,3), then
t(x,y) isnot a linear transformation. (ii) Take u(x,y) and v(a,b). I T(u) =1 (x,y,x+y) = (I X,
Ly, L (x+y)) = (I x, 1y, I x+ly)=T( x, 1 'y) = T(I u). Now T(x) = (a,b,at+b). T(u)+T(v) =
(X,y,x+y)+(x,b,atb) = (x+ay+bx+aty+b) = T(x+a, y+b) = T(u+v). So here it isa L.T.
(iif) Takeu(1,1) and v(2,2). Because T(u+v) T T(u)+T(v), (3,3,9) * (1,1,1)+(2,2,4), then it
isnot aL.T. (iv) ThisisaL.T.

(4) Cdculate theinverse of the matrix A. There are two methods for this: (i) By

2 4 6
performing elementary row operations on a pair of matrices Al to get IA™*; a=| 5 11 15
or (i) To use the Minors, Cofactors and Determinant method. 36 10
A () (236 100 123 5 00| iR 100 2 -2-3)|R;-2R;- 3Rs
511150104 010-2 10 |R-5R~010-2 1 0
36 10001)[001-201]Rs-3R |001-3 0 1
20 -4 -6
SoAl=1l-52 0
-3 0 2

(i) First Calculate the Minors and placethemin atablee.g. My = |1 5| =20, M. = E 8| =
5 etc., and then calculate the Determinant, Det(A) = (2x20)-(4x5)+(6x-3) = 2. Manipulate
the Minor s table (Cofactors) and divide through by Y4, thus producing

2 20 -4 -6
A']-:% - '5 2 0 = .
- 3 0 2

»

4
11
6

w o1 O

-4 -6
2 -0 | Check AA-1=3
0 2

w g N
e
o o
o o R
or o
= oo



Exam Paper: January 1999

SECTION 1 (Compulsory)

D

Given square matrices A and B where

121 342
A= 231 |andB=| 4 3 2 | cdculate
321 112
i) A+B
(i) A'+B!
(iii) AB
(iv) det(A)
(v) adj(A)
(vi) A?
(vii) AA?
Use Gaussian elimination to
0
(viii) solve Ax =dwhered=| 1 |. Explain why the solution is unique.
6

[20 marks]

SECTION 2 (Answer 2 out of 4 questions)

(2)

3)

Find the genera solution of the following equations for all rea values of | and p,
indicating those values for which the equations have (i) a unique solution, (ii) more than
one solution, (iii) no solution.

X1 - X2 + 2X3 = u

AXy + X2+ X3 =0

(2/1- 1)X1 + (3- j,)Xz + 3X3 = M
[15 marks]

@ Ifa=(41-3)andb =(2, 5, -1) find athird vector c perpendicular to both a and
b, so that {abc} form a basis set of right handed axes. Express the vector d given
by d = (4, -7, -12) in terms of this basis. Show that d, c, and 2a-2b are coplanar.

[8 marks]

(b) LetthepointsA, B, C, D have position vectors
(1,-1,00 (-1,2,1) (5-1,2 (11,-7,1) respectively.
Find the equations of the line joining A to C and of the line joining B to D. Do these
lines meet? [7 marks]



(4)

()

(@

(b)

(©)

State the conditions under which a non empty subset of a vector space is a
subspace. [2 marks]

Prove that the subspace U of “* of vectors (a, b, c, d) satisfyinga=b=c+disa
subspace. State the dimension of U and find abasis. [6 marks]

The linear transformation f:  “® “ ® is defined by f(x) = Ax where A is the matrix

10-11
A=|-11 10|
01 01
Find the dimension of the kernel and image of f. Find bases for these subspaces.

[7 marks]

Explain the meaning of the terms, linearly dependent, spanning set and basis. Show that
the vectors x; = (1, -1, 3, 2); x. = (-1, 1, 1, -2) and x3 = (2, -1, 1, 3) are linearly
independent. Show that one of the vectorsx, = (1, 2, 0, 2) and xs = (-1, O, 6, -1) belongs to
the subspace spanned by Xi, X, X3 and one does not. Express the one which does as a
linear combination of X, Xz, Xa. [15 marks]

(Questions done: 1, 3, 5)




