Analysis is amore careful account of calculus. Calculus implies calculate, which implies
doing sums. Analysis implies more understanding — needed because ideas need to be expressed
in other situations (in coming years). Example: Continuity & Limits are basic ideas in science
& maths. Limits are concerned with approximation. Like to say an output of a radio etc., is a
CTS. function of the position of its volume knob. But the answer is a signal. What does
continuity mean?

Famous Curves: Circle, Ellipse, Parabola, Hyperbola
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(1) Circle. a = atib=a+(G1)b = (ab) € <2. If z=x+iy [(G-1) = (0,1)], z = (X,y) = X(1,0)
+y(0,1). The circle is the set of points z whose distance from a fixed point a = (a,b) is afixed
number r. Looking at the 2nd part of the diagram, we see = {(x,y): (x-a)>+(y-b)? = r3}, or in
complex number notation, |z-a| = r. It is a famous curve, with circumference = 2pr; area = pr?
(assuming you understand arc length and areal!).

(2) Ellipse. It is the set of points |z-F,| + |z-F;| = constant. Cartesian Equation: {(X,y):
“l«+ = 1}. (3) Parabola. The y-axis is the directrix. Distance from z to the directrix =
distance from z to the focus. Cartesian Equation: y? = 4cx. (4) Hyperbola. Distance from zto F;
minus the distance from z to F, is constant (the modulus of) i.e. independent of z.

The curves are famous for several reasons. (1) conic sections. we can create different
curves by cutting a conic section in different ways. (2) They occur in celestial mechanicsi.e. in
the orbits of planets. Kepler: planets describe ellipses with the sun as the focus. (3) Influentia in
Newton’'s law of gravitation (the formulation of). This notion is due to the inverse square law of
planets.

Hyperbola

If you can draw an ellipse with a loop of string, how

do you draw a hyperbola? Good question! Cartesian

equation: ¥/l = 1. When x is large, then y is large; the \\ e
equation is near to /=¥l = 0. Assuming ab>0, —
(1) (1) = 0ie y = /X, y = -°/x. Fact (not proved): //

take any 2™ degree equation: by2+ax2+2fx+2gy+2hxy+c =0
(ab,... not al 0): this deter mines a conic section (transated). -
Warning: we have to include a pair of lines as a conic sections (crossing lines). Proof: part of
algebra, summarised as completing the square. Question: What do we mean by a curve? 1st
answer: a set of points satisfying an equation. Problems: are x2+y2 = 0, Ox+0y = 0 and Ox+0y =
1 okay?
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Parametric Representation

X = X(1), y = y(t), t parameter. Think of (x(t), y(t)) as giving a function from the real line
intoR2,c: “ - “2,t - (X(1), y(t). Usudly, domain of c = an interva in R. c is differentiable or
continuous. Continuous: “no sudden gaps’. Differentiable: “no corners’. It is important to be
able to switch from one representation of information to another or others.

Examples. (1) Circle of radiusr centred (0,0). X = rcos(t), y = rain(t) (because cos’t+sint
= 1for dl t). Centred (p,q): X = p+rcos(t), y = g+rsin(t). (2) Ellipse. */+/»= 1 can be described
parametrically as x = acos(t), y = bsin(t) (implies*/+Y/.= 1). (3) Parabola: y? = 4ax. Here, x =
2at, y = at? or (“14a Y). (4) Hyperbola: x = acosh(t), y = bsinh(t). Formula: cosh?(t)-sinh2(t) = 1
implies /Y= 1. Maple can be used to plot these.

Merits of Parametric against Cartesian

Parametric is more general that a function definition y = f(x). We're interested in functions
because there is a calculus for functions i.e. differentiate and integrate. The formula x2+y? = 1
defined a set of pointsin R2, namely the set of points (x,y) such that x2+y2 = 1. But this set of
points is not the graph of a function, because a set Ac “? is a graph of a function iff
vV Xxe “,3amostoneye “ st. (x,y) € A

Note: we alow for a given x, one (x,y) I A. Given that, we get a function Fa: < > < (it
sendsx T Rtoauniquey i R suchthat (x,y) T A). There exists a Domain A in this set of
points x s.t. there exists y with (x,y) T A. The notationf: < - “ is sometimes called a partial
function — eg. the domain of fforf: < - <, f(X) = /X, is[0,00) . Analysis is about partial
functions. Not fully recognised in advanced literature.

We are able to differentiate x2+y? = 1 implicitly. What does it mean? (a) If | have a
differentiable function y(x) such that x2+y(x)2 = 1 for al x, then 2x+2y%¥/4 = 0. Examples: y(X) =
Q1-x2), y(x) = -Q1-x?) (x > 0). Note: y’ (1) does not exist (Dividing by zero). (b) It goes the
other way: the implicit function theorem.

Example: If (Xo,yo) satisfies xo2+yq? = 1, and the tangent to the curve i (Xg:Yo)
not vertical, then there exists a differentiable function y = y(x) defined by the
function theorem (Finney & Thomas). Very important in higher dimensions
Thus, on the whole, parametrised curves are easier to deal with.

Curve Sketching

Maple has an implicit plot and a parameter plot. Maple and Mathematica call algorithms
conveniently. Need to switch between Cartesian & Parametric. Examples: x = 1+t%3; x-1 = t%3,
(x-1)3 =12 And y = 2-t¥5, y-2 = -t¥5; (y-2)° = -t. So now (y-2)*° = (x-1)3. x(t) and y(t) satisfies
this equation. But we have lost information by squaring. The equation we got looks nice, but the
original form is more helpful.




Tangents to curves

~ Basic facts: Suppose x = x(t), y = y(t) are differentiable. Then the slope of the tangent at t
IS % = % The equation of a line with slope m through the point (Xo,Yo) IS Y-Yo = mM(X-Xo).
Proof: Itisaline: only X's, y's, constants. It is satisfied by (Xo,yo). It has slope m. So the tangent
a t has equation y- y(to) = %(x— X(to)) or X(to)(y- Y(to)) =Yy(to)(X- X(to)). Example: x(t) =

t2+1; y(t) = t3-t2 The Tangent at t is 2t(y-t3-t2) = 3t2-2t(x-(t2+1)). Then simplify!

Workshop 1

Strategies for dealing with new situations. (a) Start: write down the question, the initial
data and what is required. (b) Look in other problems and lecture notes for anal ogous situations.
Work forwards and backwards. Look at the form of the formulae. Try to transform the
problem. Problem: how to cope with failure!

Q: Express the following curves given parametrically in Cartesan form. (i) x =
2cos(t)-3sin(t) and y = 2sin(t)+3cos(t). A: x2 = 4cos(t)+9sin?(t)-12cos(t)sin(t) and y? = 4sin?t +
9cos(t) + 12cos(t)sin(t). So x2+y? = 4(cos(t)+sin¥(t)) + 9(sin?(t)+cosi(t)) + 12cos(t)sin(t) -
12cos(t)sin(t); x2+y? = 4+9; x2+y2 = 13. (ii) X = 4cos(2t) so x2 = 16cos(2t). And y = 2sin(2t) so
y2 = 4sin?(2t). Now ¥/, +y2 = 4cos(2t)+4sin?(2t); */,+y2 = 4(co(2t)+sin?(2t)); x2+4y2 = 16.

(iii) x = 1+3 0 (x-1)°=t*. And y = -2-t°> so t** = (-2-y)3. Equating, (x-1)°> = (-2-y)3. (iv) X
= sec(t)-1 and y = tan(t). As 1+tan?(t) = sec(t), then tan?(t) = sec?(t)-1. We can say that (x+1)2 =
sec?t. x2+2x+1 = sec(t); x2+2x = sec(t)-1; x2+2x = tan?(t). And because y? = tan(t), then x2+2x
= Y% X(x+2) = y2

Q: Sketch the family of functions z = x2-x*+c. Hence sketch the family of curves y2 =
x2-x*+d for varying d. Find %/4 at the point (x,y) on one of the last set of curves. A: Definey =
x2-x* 50 that y = x3(1-x?); y = x3(1-x)(1+x), therefore x = 0, 1 or -1
Find stationary points using y' = 2x-4x3 = X(2-4x?) = 2x(1-2x?) = ey 14y es
2X(1-(Q2)x)(1+(R)x). Therefore wheny’ =0, X = 0 or Yep or -Yep - 1 X
Usingy’’ = 2-12x, we can check the nature of the points and say tha {

o

thereisaMIN at (0,0), aMAX at (Y&, ¥4), and another MAX at (-Yep, ¢
Ya). Therefore we can complete the sketch as shown. Note: +d shifts
the graph up or down.

Now define y2 = x2-x* y = (x2(1-x?)] = xJ (1+x)(1-x)].

Cannot have -ve sguare root, so we must have |x| < 1. Sketch: y
like the above, but no graph for |x| > 1 (undefined), graph it % &\
“taller” i.e. taking the square root of numbers less than 1 - 1y

increases their magnitude. Find ¥/ at the point (x,y) for y2 = 0\
x2-x*+d. Differentiating y? = x>-x*+d, we get 2y. ¥4 = 2x-4x3,
dy/dx = 2X(1‘2XZ)/2y; dy/dx = X(l—2x2)/y.
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Lissajous Figures

Remember, sin(t+2p) = sin(t). The period is 2p. y = sin(2t) has a periodic of period p
because sin(t+2p) = sin(t). What isthe curve x = sin(t); y = sin(t)? A: x = y. Actually a straight
line. It moves backwards & forwards along x =y, between (1,1) and (-1,-1). It isthe * Harmonic
Oscillator” . Next step: x = sin(t), y = sin(2t). With t = 0, we get (0,0). With t =*/,, we get (1, 0).
Witht = p, we get (0,0). Witht = */,, we get (-1,0). When t = 2p, we get (0,0). Then periodic.

When is the tangent horizontal, and what is the angle between the tangents at the origin?
Tangent is horizontal wheny = 0, wherey = ¥/4. Buty = 2cos(2t), so y = 0 when cos(2t) =0 i.e.
2t =Pl t =Pls; or ¥/, or... If t =P/, X =% and y=1. Tangent at (0,0): x = cos(t); y = 2cos(2t): t
=0,x=1,y=2. Comesback totheoriginatt=p,x =-1,y = 2. Slopes at the origin are 2 and
-2. Angle between tangents is 2(°/>-tan™*(2)).

Suppose that x = sin(2t) (period p) and that y = sin(3t) (period #/;). Questions: When
does it meet the axes? A: y(t) = sin(3t). Thisis equa to zero when 3t = np, withne < i.e. t = "/,
Meetsthe x-axisat t = 0, Pls, #/3, p, */3,... Meetsthey-axisat t = 0, */,, p, */», 2p,... Now we can
calculate the tangents, wherey = 0. y = 3cos3t = 0 when 3t is an odd multiplier of P/, [¢™YP/,]. t
= @mp/. First case: when't = /g, x = sin(2t) = sin(°/s) = Q°/,). Do alot now by symmetry.

Done sin(2t), sin(3t). What about sin(4t), sin(15t), etc.? Done tangent. Next: normals to
curves. Suppose X = X(t), y = y(t). Slope of tangent at t is th) So the dlope of the normal is- X9

o)
Equation of the normal at tisy-y(t) = ;8 (x-x(t)).

Example: x = cos(t), y = sin(t). So the normal at cos(t), sin(t) is (cos(t))(y-sin(t)) =
sin(t)(x-cos(t)) i.e. cos(t)y = sin(t)x (cancellation). Normal to a circle passes through the centre.
Later — a curve defines its family of tangents. Can you recover a curve from its family of
tangents? Interesting: starting with a curve, we can get afamily of normals. Are they tangents to
something? (Envelopes). Reminder: A curve may have no tangents at a point, e.g. y = |X| (see
saw). There exists curves with no tangents anywhere, e.g. the Koch snowflake — an example of
afractal curve.
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Arc Length

Original problem: length of aline is defined by Pythagoras theorem

distance (p1, p2) = J(X-X1)>(y>-y1)3 = length (p.p2) > 0. Properties: (1 P1 Ps
dist(p.pz) = 0 iff pr = po. (2) dist(py, p2) = dist(pz, ps) (Symmetry). (3
Triangle Inequality: dist(p:, ps) £ dist(p:, p2) + dist(pz, ps). The length of ¢ P2

polygonal line = sum of the lengths of its pieces. Problem of the meaning of length for a curved
lineis of adifferent order of magnitude, and involves approximation.



Old idea: perimeter of a circle = 2pr. Archimedes had rigorous arguments
of approximation. Looking at the diagram, perimeter of insde < perimeter o
circle < outside perimeter. Concepts in maths. arc length, rate of change, area,
volume, continuity, probability, symmetry,...

Idea: choose mor e points when approximating polygons. Prove that as you dc
so, the outside perimeter gets smaller and the inside perimeter gets bigger. Start with
PR+RT. With another point we have PQ+QS+ST < PQ+QR+RS+ST = PR+RT.
Similarly for inside, inside perim. (getting bigger with more points) < ? < outsid S
perimeter (getting smaller). Hopefully the two things will get to the same thing — the
arc length. Archimedes did this brilliantly (Killed in 212BC).

P Q R

y(1)). Length of P(t)P(t+h) = CL(x(t+h)-x(1))2+(y(t+h)-y(1))3. Now explair
rather than prove (proof = complete explanation). x(t+h)-x(t) = hx(t) +

h(something small). And y(t+h)-y(t) = hy(t) + h(something small). So the | XO.Y(®)

length of P(t)P(t+h) should be approximately h,/x(t)? + y(t)2 + h(something small). When you
take h to be small i.e. polygons with many sides, expect to get the length |2 /x(t)2 + y(t)? dt.

Now, we use calculus (if possible). We have a shown curve (x(t), / (x(t+h) y(t+h))

Example: x = cos(t), y = sin(t). So x = -sin(t), y = cos(t). x2+y? = sin?(t)+cos(t) = 1, so the
arc length is jgdt =0. Example x = acos(t), y = bsin(t). But we can't do
fg \/azsinz(t) +b? cos?(t) dt. This is a starting point for a theory of “dliptic functions’. Need
new types of functions for an “analytic solution” i.e. aformula for e.qg.| % and | % . May

have to resort to numerical integrals.

Example: x = cosi(t), y = sin’(t), an asteroid. x = 3cos(t)(-sin(t)); y = 3sin(t)(cos(t)). So
we have x2+y? = 9(cosA(t)(sin?(t))+sind(t)(cos(t)) = 9(cos(t)sin?(t))(costt+sin?t) = 9cosA(t)sinA(t).
So Qx2+y?) = |3cos(t)sin(t)|. Suppose that we consider the range OEtEP/,, then |3cos(t)sin(t)| =
3cos(t)sin(t) in this interval. Arc length in the 1t quadrant is
{72 3cos(t) sintydt = [2 sin?(t)] %2 = 2. So the total arc length = 4x%/, = 6. [Sign: If you forgot
the sign, arc length = [*/.sin(t)]* = 0]. The arc length is always > 0. Integration for area: fgf
gives the signed areawhile jg [f| gives the unsigned area.

Workshop 2

Q: Find the parametric equations and a parameter interval for y
the motion of a particle that starts at (a,0) and traces the circle x2+y? %tzo
= & (a) once clockwise, (b) twice counterclockwise. (a) -t[0,-2p]. (b) -
t[0,4p]. Q: Find the point on the dlipse x = 2cos(t), y = sin(t),
O£tE£2p, closest to the points (*/4,0).

t=2p



A: Distance from (*/,, 0) to a point on the elipse is J(Xa-X)>(Y=-y1)?] =
J (2cos(t)-*/4)2+(sin(t)-0)3]. Distance squared = (2c0s(t)-3/4)2+sin2(t) = 4cos(t) - *?/,c08(t) + %16+
sind(t) = ... = 3cosi(t)-3cos(t)+%s+1. Now differentiating, we have -6cos(t)sin(t)+3sin(t).
Minimum points occur when the differential is 0, so set 0 = (sin(t)(-6cos(t)+3). So sin(t) = 0; t =
0, or -6cos(t) = -3; cos(t) = ¥, t = P/5. So apoint on the curve when t = /5 is (1,%/,). Distance is
A (2-0.75)2+(%-0)7] = A (1a)>+(P2)] = qae+le] = APhe] = P
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The arc length can sometimes be worked out with known formulae or functions. At the
other extreme, there exists curves with no arc length. Example: The Koch snowflake. At each
stage, the new length is equal to “/sx(old length) = (1+'/5)(old length). At stage n, we get a length
of (1+Y5)"(first length). But (1+Y5)" > 1+(nx%53), so the length tends to ¥ . Y ou can check that the
areatendsto afinite limit. It is not quite so clear how thistends to a continuous curve (x(t), y(t)).
Intuitively, assuming this is OK, the resulting curve has no tangent anywhere — so differential
calculus does not apply. Thisis an example of afractal (Mandelbrot).

Reminder: %/ = ' (X) gives the slope of the tangent at (x, f(x)). Such a tangent need not
exist eg. y = |X| has no tangent at x = 0. Meaning: No line through (0,0) “approximating” the
curve. More later! If the tangent exists at x = a, then we say that f(x) is differentiable at a.

Basic Facts. (1) If f'(x) exigts for al x in [ab], with f'(x) = O in this interval, then f is
constant on [a,b]. (2) Same assumptions, but f’(xX) > 0 on the interval, |. Then f isincreasing on
lie xEx andxx' T I b f(x) £f(x’). (3) f'(X) >0onl. Thenfisstrictly increasingon | i.e. x
<x andxx 1T I b f(x) <f(x). (4) f(x) £0. Decreasing: f(x) > f(x’). (5) f'(x) < 0. Strictly
decreasing: f(x) > f(x’).

Example. f(x) = x°-2x3+Y%. Determine the intervals on which f isincreasing or decreasing.
Solution: f'(x) = 6x°>-6x2 = 6x2(x3-1). [Notes: x3-a8 = (x-a)(x2+ax+a?). x3-1 = (X-1)(X&+x+1). x™-1 =
(X-1)(X"+x"2+.. . +x+1). Proof: RHS: x™x"+..+x2+x {from (x)(..)} - x"*-..-x2-x-1 {from
(-D(..)}. Formula: 1+x+...+x"* = (x™1)/(x-1).] Using the notes, 6x3(x3-1) = 6x(x-1)(xz+x+1).
Now (x#+x+1) = (x+%2)*+% = always +ve. The diagram shows 0
the sign analysis of f'(x). Thus f is strictly increasing for x > 1

‘ +

|
\ \
0 1

and strictly decreasing for x < 1, x > 0. f(0) =%, f(1) = -2
Note: Factorise before analysing f'(x) = 0: e.g. for f'(x) ¥ 0o o ¥
= 6x°>-6x2, we have atendency to write f'(x) = 0when 6x>-6x2= _ + + +  + [ - /-  +

0. Thisis correct, but not as useful. Example (2). Supposetha 3 2 -1 o 1 2 3
' (X) = ((X-D(%-2)?)/((x-3)*"(x+2)%?). What can you say? We are interested in the sign of f’.
Important: (x-3)* <0for x> 3,<0for x < 3.

\\ Example (3). y = Yy; ¥ax = -/, which is < 0. Looks like you should conclude that
y = Yy is strictly decreasing. But looking at the graph, we see that this is false.

Careful: we write “on an interval |I”. Problem: y =/, is not defined for x = 0. We
\ can say that y =/, isdecreasing for x > 0, and/or for x < 0.



What does d2y/dx2 = f’(x) tell us?

Bpe = Yax(Ya). (A) On an interval, < el Y > 0impliesthat ¥y is strictly (A) fx) > 0

increasing on that interval. Described as “ concave up”. Similarly, for (B).
Blae < 0 on an interval implies that ¥/« is strictly decreasing on |. /
Described as “ concave down” . (B) f'(x) <0

Example: f(x) = 6x°-6x2 f’(x) = 30x*12x = 6x(5x-2) = I'(x)

30x(X3-%/5) = 30X(x-3C¥s)(x2+ax+a?) [a = 3¢F/s]. See the diagram for ——+~°
the sign analysis. 0 2/2/5
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Parametrically, ¥/oe = () X & = 57 X5 = s - S0 if x> 0, then the sign of (V/ue) is

the sign of (xy - Xy).

Curvature of a plane curve

Idea: curvature is the rate at which the unit tangent changes direction with distance. To
see how to calculate the curvature, first reparameterise with respect to distance. We are given a
curve X = X(t), y = y(t). Assume that y and x exist, and that arc length exists i.e. st) =
ﬁo JX? +y2 dt. Assume that S(t) is strictly increasing i.e. there is no interval on which s(t) is
constant i.e. no interval on which x(t), y(t) isfixed.

Then you can tell where you are on a curve by the distance from t, i.e. write t = t(s)
(distance from t;). Consider the functions x = x(t(s)), y = y(t(s)). These are new functions
“describing” the same curve. We tend to write x(s), y = y(s). To calculate curvature, the slope of
tangent is q = tan'(yx). We want “g Now Y = Yex¥y =

1 d y dt X2 yX- yX 1 X P :
Tz X ar (%) X as = sz.wz X X Gewaiz = enpe- BUL curvature is just the modulus of this,

sok = curvature = |(X2+y2)3,2|

Examples. (1) A line: x = at+b, y = ct+d. Here, X=y =0 so k = O (surprise!). (2) Now
consider acircle: x = acosq, y = asing. Now x = -asing, y = acos(; X = -ac0sq, y= -asing. So X+
y2 = &; and it follows that xy - Xy = +asingasing-(-acosq)(acosq) = a?sin?g+atcos’q = &. So the
curvatureis |a/(a2)¥?| = M = Yradius.

This suggests the general definition for a curve: radius of curvature at t = Ycuvaure a t.
Another explanation (no detail!): Circle of curvature at t is the cir cle which touches the curve at
t, and has the radius of curvature in the right direction. At the point t, work out k(t), or r = .
Where is the centre? Direction of normal is -(xAy), or vector (y, -X).

So the centre is (x(t), y(t)) + r(t) (W)m But r(t) = Yy = (Xlxzy?w So we can simpli

One way of describing the circle of curvature is with second order contact with the curve i.e.
second order derivatives agree at that point! No problem in calculating k(t) or r(t) as long as you
can caculate x, X, y, Y.

Example: x = 2cogt, y = 3sint. Calculate the max and min of the curvature.
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Workshop

Q: For the curve x = t3, y = */5, what is the arc length from 0 to CGB? A:x = 3t2,y = 2t. So
we have y2+x2 = Ot*+4t2 = t2(9t2+4). So the arc length is §oﬁ t(9t2 + 4)V2dt = [k[9t2+4]3] %,
where k = /5. So the arc length is Y/,7(31-4)%2.

22 11,2\ 32
Q: Find the radius of curvature. A: Radius of curvature = Youvawe a ¢ = |(XX;_V).(.; |. Q:

Determine the intervals on which afunction f is (i) increasing or decreasing; (ii) concave up or
concave down. A: For (i), analyse the sign change of %/4. For (ii), analyse the sign change of
®lse. Q: Find the radius of curvature for a curve given in Cartesian form. A: In this kind of

question, differentiate to find y’, y’’ (perhaps implicitly), and then use the Cartesian form of the

. . _ (1+(dy/dx)%)¥? By — o Ay (202 — dy/ \2
equation: radius of curvature =F—gp 55—, where ¥/ge = Xy - Xy; (y2+%3) = (1+(Yw)?).
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Envelopes

Definition: Given a polynomia F in R[x,y,t], fix areal number t in R. Then the variety in
R?, defined by F(x,y,t) = O, is denoted by V(F), and the family of curves determined by F
consists of the varieties V(F) ast varies over R. Definition: Given a family V(F) of curves in
R2, its envelope consists of all points (x,y) in R2 with the property that F(x,y,t) = 0, YaF(x,y,t) =
O for sometinR.

Easy example: afamily of lines e.g. start with a curve, then the tangents form a family of
lines. Question: given a family of lines, are they all tangents to something? A: No, only
sometimes. A curve may be given implicitly by F(x,y) = 0 or parametrically by x = x(t), y =
y(t). A family of curves means we need ancther parameter e.g. F(x,y,l ) for various| . Or, x =
x(t1); y=y(tl).

See the class handout: afamily of curves of constant radius whose centres

lie on the parabola y? = 4x. Get an inside curve, atangent to al circles. Aim: find t
these curves from the formula (x-t)>+(y-t3)?2 = 4. We give an intuitive idea
Cdculations need Groebner basis — hard. Idea (diagram): We are given a family
of curves F(x,y,t) = 0. Looking for “intersections’ of F(x,y,t) = 0 and F(x,y,t+Dt).
We expect F(x,y,t+Dt) = F(x,y,t) + Dt.%/«(x,y + ...((Dt)?). Up to approximation, we expect to
have to eliminate t from F(x,y,t) = 0 and */4(x,y,t) = 0. Define an envelope as the curve (in
several pieces?) given by F(x,y,t) = 0 and %/4(x,y,t) = 0. Note: ¥/ means differentiate w.r.t. t,
treating x and y as constants.

t+Dt

Example. Find the envelope of the normals to the élipse ¥/, + ¥/s = 1. Method.
Parametric formisx = 2cost, y = 3sint; implying x = -2sint, y = 3cost. Normal at tisy - 3sint =
(-x/y)(x-2cost); 3cost(y-3sint) = 2sint(x-2cost). Now let F(x,y,t) = 2xsint-3ycost + 5costsint = 0
(1); and let %/4 = 2xcost+3ysint+5(cost-sin?t) = 0. The aim isto find x and y in terms of t. Do
D/ giving 3y = 2xtant+5sint. Now substitute in (2): 2xcost+(2xtant+5sint)sint + 5(cost-sin?t)
=0, ..., X = -°/,cos’t and hencey = °/ssindt.



For normals, findy - y(t) = % (x-x(t)); set it to zero; differentiate; solve both equations
in terms of a parameter.

So we have obtained the curve x = -°/,cos®t, y = °sint (OEtE2p).
Or, in implicit form, cost + sint = (-*/5)%* + (¥/s)?® = 1. Maybe, thisis X
less satisfactory than the parametric form. Now, what does this mean? A /
formula is not enough — what’s the picture? Could plot x = 2cot, y = \ j

3sint (ellipse) and our obtained curve on the same picture (as shown). Or
the diagram, if 0<t<’/,, p(t) on the dlipse isin the 1st quadrant, but p(t) or
the envelope isin the 2nd quadrant.

Notice what we have is the elimination problem — given 2 equations in 3 variables, which
are F(x,y,t) = 0 and “/«(x,y,t) = O; find (x,y) in terms of t, (or, y, t in terms of X, ...). Usually
done only locally. Compare x2+y2 = 1 toy = (1-x?) or y = -((1-x?). Also, in our example, we
have shown that from F(x,y,t) = 0 and */4(x,y,t) = 0, we can deduce that x = -,cos’y and y =
*lssindt. Quick note: 2+3 = 5. In general, what happens with x = acost, y = bsint: do we deduce
that ¢ = -*%/,cos’t and y = **/,Sin%t?

Note: on the envelope of the normals, the general definition is tha
the evolute of a curve is the envelope of the normals (where that exists).
FACT: it is aso equa to the curve traced by the centres of curvature.
This can be proved. The epicycloid is the path traced by a point on &
circle rolling outside another circle. It is famous historically because it  centreof normal
describes the motions of planets — described first as epicycles, finally —«rvaure
replaced by Kepler’slaws.

t
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An evolute is the locus of the centres of curvature (the

envelope) of a plane curve' snormals. The original curveisthen said tc

be the involute of its evolute. The evolute of an epicycloid is as

shown. Thisevoluteis actually another epicycloid. ﬁ? %
We now need to explain continuity & its implications &ﬂ

Abstraction is an important property in maths, and a reason for it
success. We are able to have one theory describing many situations.
Advantages of abstractions. (1) we are able to describe many known examples, (2) we can often
simplify proofs — concentrate on what is needed; (3) the theory is available for new examples.

Examples of applications of continuity: (1) Signal processing — an output could be a
signal; (2) Fractals — approximations e.g. Koch snowflake. Back to ssimple things: functions
acting on sets. Let f be afunction; A aset. If A isin the domain of f, we know what is meant by
f(A). Let f(A) = {f(x): xT A}. Examples: (First areminder on the intervals of R: |, a subset of
R,isaninterval, if foral x,yT | suchthatx <y, if zZT Randx<z<y,thenzl I.

A list of al intervals of R: [a,b] (CLOSED); (ab], [ab) (*2 OPEN); (a,b) (OPEN); [&, ¥)
(CLOSED); (a, ¥) (OPEN); (-¥, a (CLOSED); (-¥, @ (OPEN); (-¥, ¥) =R; {a}; f. These are
the only intervals on R. Not intervals: [1,2]E[3,4] or [1,3]\{ 2}.



Example iny = x?, if a=[1,2], then f(x) = [1,4]. But if b =[-1,2], then f(b) =[0,4] i.e. do
not make the standard error that the range is [-12, 22]. Now take f(x) = Y. f([1,2]) = [Y2, 1].
Note: in [a,b], with a< b, take f([-1,2]) = (-¥ ,-1)E (2, ¥). Thisis not an interval. In determining
f([1,2]) when f(X) = x2, we have made an implicit assumption.

Intermediate Value Theorem

A continuous rea function defined on an interval takes any valu
between any two given ones. In terms of symbols (more explicit). In the
picture, | = [ab]. Domain of f isthe interval 1. If x,y T 1, with f(x) < f(y)
and f(x) < ¢ < f(y), then there exists a z1 [x,y] (assuming x <y) such tha
f(z) = c. In other words, assuming x <y, then f([x,y]) is also an interval |
Methodological point: the definition has gained a quantifier.

The assumption that the domain is an interval is essential e.g. domain(*/y) = R/{0} — not
an interval. Smple example: Let f(x) be 1 for x > 0 and -1 for x < 0. This a step function, f(x) =
. f([-1,2]) or any interval = {-1,1}. An immediate application of the IVT isthat C2 exists, and
lies between 1 and 2. Proof: Look at f(x) = X2 at y = 4, we have X = 2, therefore at y=2, this
comes from x = (2. (2 is defined by an infinite process or an approximation process.
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Q: Find the envelope of the normals to the parabola (t2,t). Sketch the

parabola, the above envelope and some normals on the same diagram. A: x = X t'y/tJ
t2s0x=2x;andy =t so y=1. Now normal at t isy-yo = -(Xy)(X-Xo); Y-t = //
2(x-12); y-t = -2t(x-1?); y-t = 22 y-t#2tx-28 = 0 = F(xyb). | T
Differentiating, /4 = -1+2-6t2 = 0. From %/4, we say that x = 3t2+*/,. We then §j_3§: h\

substitute this into the F(x,y,t) equation to get y = -4t3. Sketch is as shown.

Q: Sketch the function f given by f(x) = x(x+1)(x-2). Determin y
the following sets: f([0,2]), f((-2,0]), f(['/2, ¥)). A: For f(x), find roots
min/max points as usud; i.e. roots at 0, -1 and 2; min at (1,-2) and ma WA
at (-?/, /7). Now looking at the sketch, we see that f([0,2]) = [-2,0] |
f((-2,0]) = (-8, *°7] and f(['/2, ¥)) =[-2, ¥). /
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Continuity of areal function F. The domain and range of F is a subset of R. (Warning!
We deal with domains which are subsets of R). The idea of continuity is based on limits. F is
continuous at C if C is asubset of the domain of F,!m. f(x) = f(c) . F is continuous a C if F(C) is
approximated by the values of f(x) for x near to c. To make this more precise, we'll use F(M).

Look at open intervals M containing c: a neighbourhooc
of c. Consder f(M), then f(c) is in f(M). Definition: F i
continuous at c if, given any neighbourhood N of f(c), there f(M)I [
existsan M in ¢ such that f(M) isasubset of N.




Example: f(x) = x2, ¢ = 2. In this case f, is increasing near 2 — ir
some neighbourhood of 2. Locally increasing at 2. Consider f(2+d) = (2+d)? = —ave
4+4d+a?. If O<d<1, this is < 4+4d+d = 4+5d. f(2-d) = 4-4d+d2. This is ‘ | a+54
greater than 4-4d if d>0. Thus for O<d<1, 4-4d < f(2-d) < f(2) < f(2+d) < N fM)|—4
4+5d. Thus if M = (2-d, 2+d), then f(M) is a subset of (4-4d, 4+5d). So f(M’ ‘ \ —4-4d
Is a subset of N if 5d < e. What we get from this exercise is some idea of —4-e
how to approximate f(2). Requests: Get within n of f(2): then makee=neg
get within Y/1¢:: make e = Y.

Estimation and approximation are crucial. Let us compare f(x) /
=x?+1for x> 1and f(x) = x2for x < 1. fisnot continuousat 1. Hov " //
does this fit in with the definition? Intuitively, f(1) is no M =R(1) o«
approximated by f(x) for x < 1. More formally, Let N = (2-%,, 2+%,;)
Then for al neighbourhoods M of 1, f(M) contains points < 1; f(M) [+
Is not contained in N. Note: We are emphasising the geometry by |
looking at the behaviour of f on intervals — considering f(M). Bette Y
to write in terms of inequalities.

Emphasis here: suppose M is (c-d, c+d), d > 0. Then x in M is equivalent to ¢c-d < x <
ct+d. This is equivalent to |x-c| < d, the distance of x from c (< d). Similarly, if N = (f(c)-¢,
f(c)+e), then f(x) in N is equivalent to f(c)-e < f(x) < f(c)+e, which i
equivalent to [f(x)-f(x)| < e. Logical point: the definition is of the form
"' NT f(c), $M T C such that f(M) isasubset of N. The negation: $ N ~
T f(c)suchthat" M1 C, f(M) isnot a subset of N. Notes: $, "there
exists’, and ", “for all”, are quantifiers. So where a function is not
continuous, we need only produce one N, then no M for C will have
f(M) asasubset of N.

/ f(C)

Further points: (1) Say f is continuous for all ¢ of its domain.
Example: f(x) = log(log(sin(x))). Thisis defined iff log(sin(x)) > 0 which isif s g
sin(x) > 1. Graph of the function: there is no graph, it isf. But the function i: g
continuous, because domain f =f. (2) f(x) = x+1, xe {1, 2,3,4}. Thisisalst —
continuous.

12 3 4

Want to say (x is continuous; domain is [0, ¥). F(M) = {f(x), x T M in domain of f}.
Reminder of IVT: If f is continuous on an interval |, then f takes al values between any 2 given
values. f(x) < z < f(x’), x,x’ 1 1. Thisimplies that there exists a“c” such that f(c) = z. We've
assumed the above in saying that the domain of Ok is [0, ¥).

Let z € [0, ¥). Then $ a +ve integer M sucl )
that a<n? Weknow O0<z<n?by IVT. Thereexistsa |
“c” in [0, ¥) such that f(c) = z i.e. (¥ exists. This ™
illustrates that the IVT is subtle — depends a lot on
things from R. IVT implies that Ox exists for x>0. X ¢ X




Assignment 1

Q: Find a parametric representation in terms of polynomials of t for (x+1)" = (y-2)'*. A:
Let x+1 =t*. Then we can take y-2 = t’. So the parametric formis x = -1+t*, y = 2+t’. Note: an
expression using fractional powersis NOT a polynomial.

Q: Consider x = (2t+5)*?, y = at+"/,. Find avalue for a such thatx2#y2 is a perfect square
int. A: Work out that x>+y? is t2 + 2(9+a)t + (45+&). Thisis a perfect square in t if and only if
(18*23/,)2 = (45+a?) [think of completing the square]. So (9+a)2 = (45+&2); ...; a= -2. From this,
we can calculate formulas for ar c length and curvature when a= -2,

Q: Write a Maple procedure to plot x =
sin(at), y = cos(bt), t = 0..2p for various a and b. WG{E‘EZME, pa,oci(n?’erea?;
How doesthe casea= 3, b= 1 differ froma=9,b=| ¢:Z2 =%
3? How does a = 5 differ for odd and even b? Find endp' ot([sin(c*t), cos(d*t), interval]);
equations of the tangent and normal for one of your '
examples. A: The procedure is as shown in the box. Lpﬁ;zgh( 3, 1)
For a=9, b = 3, we have exactly the same motion as
fora=3, b =1, but we“go around the loop” 3 times during the interval for a= 9, b = 3, instead
of 1timefor a= 3, b =1. So we are travelling along the path 3 times as fast as before. The
differenceinthea=5, b = odd or even cases is the following: the case b = odd gives a closed
curve, but the case b = even seems to give an open curve. (see the assgnment for more). To get
the equation of the tangent we use y-yo = (X/y)(X-Xo), and for the normal we usey =y, = -(y X
)(X-Xo). [for tangent use m, for normal use -'/y).

Q: Let f(x) = 2x"-7x2+1. Find the intervals in which f is increasing, decreasing, concave
up, concave down. A: We analyse the sign of f'(x) for intervals decreasing & increasing, and
analyse the sign of f’(x) for concavity. See definitions. Note: We need to prove why
x*+x3+x2+x+1 = 0 has no rootsi.e. why it is always +ve. Think about this.
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Explanation of the truth of the IVT

We are given a continuous function defined on [a,b]. Suppose that f(a) < f(b) and f(a) < ¢
< f(b). How do we get a c such that f(c) = z? Where does continuity come in? ldeas to
approximate c. Unsophisticated method: construct a sequence of points, u,, v, such that u, < vy,
and f(u,) £ z, f(vy) > z asfollows:

Uo = @, Vo = b. Consider f(**"/,) — doesiit lie above or below z? Given f(u,) £ z, f(v,) > z
don’'t know about (U,tvn)/2. Let Ung = Uy if F((Untvn)/2) > z and (untvn)/2 if f((untvi)/2) £ z. And
let Vet = v i T((Un+Vn)/2) £ z; and (Untvin)/2 i T((UntVn)/2) > 2. SO f(Unsa) £ Z; (Vier) > 2. AlSO, the
dist. between Uy & Vi is half the dist. between u, & vin. SO U, & Vi, tend to the same point, say
c. By continuity, f(u,) >f(c); f(u)) Ez b f(c) £z. Andf(u,) >z P f(c) >z Sof(c) =z

Example: f(x) = x>-2x-1; f(1) = -2, f(2) = 27. f isacts. polynomial (no fractional powers).
P0/ow is arational f" — also t2+/+Y.1. Expect a0 in f between 1 and 2 by the IVT. Calculate
f(1.5) = +ve, f(1.25) = -ve, €tc.



Fact #2 (General properties of cts. ). A cts. f" on a closed
interval [a,b] isbounded on [ab],i.e $K,LT Rst" x1 [ab], L £f(x /ﬂ/
£ K. Explanation: suppose f is unbounded (not bounded above, say) |

Thengivenany kT R, $x1 [ab] st. f(x) > k. I !

f(x) = %« is unbounded on (0,1]. Cannot define f(0) to get acts f" at 0. Midpoint u, = &%/, f
is unbounded above on at least one of [a, #/,] and [*/,, b]. Choose the 1st one, repeat, and get
smaller intervals, I, with I..; = % the length of I,. 1., is contained in I,; f is unbounded on I,.
These approximate to apoint ¢ T [a,b] so that f(c) is defined. But f cannot be cts at ¢ because ¢
isin I, and on each of these intervals, f is unbounded. This explains Fact 2.

Fact #3. Let f beactsf” on aclosed interval [a,b]. Then f has a may
and aminon[ab] i.e thereexistsc,d1 [ab] st." xT [ab], f(c) £ f(x) {
f(d). In summary, “f attainsits bounds’. The proof/explanation uses sup & /\/
inf: discussed later. This is very useful in explaining facts or |
differentiation e.g. why f* >0 on an interval impliesf isincreasing on |. a

Need to go back to the meaning of f'(c) — “the slope of
the tangent at x” (if it exists). Consider f(x) = |X|. Thereis nc (x-+h, f{x-+h))
tangent at x = 0. You can’t always apply differentiation — this (x, f(x))
does not tell us that [x| has a minimum at x = 0. The basic
picture is as shown. We can define a line joining two points, bu
not 1 point. “Zeno” : non-existence of motion. x xth

The problem of drawing a tangent was solved by the notion of a
limit, f'(X) = "My o (N (19" century, Cauchy). Intuitively, &0/
gets near to f’(x) as h gets near to 0. Consequently, if f'(x) > 0, ther f(xz(g
19, > 0 for small enough h. When h > 0 and small enough, f'(X) > g1 f(x)>0
0 implies f(x+h) > f(x). When h < 0 and small enough, f'(x) > (
implies f(x+h) < f(x). Hence if x gives a minimum at f, then we coul xh x x+h
have f’'(x) > 0. Similarly we can get f'(x) <0, so that f’(x) = 0.
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Worksheet 5

Q: Let f be thereal function f(x) = 2-2x+x2+2x3. Find a,b > 0 such that for 0<d<1, 2-ad <
f(1-d) < f(1) < f(1+d) < 2+bd. Hence find an r > 0 such that [x-1] <r P [f(x)-2| < 10°. A: f(1) =
2-2+1+2 = 3. First we need f(1+d) < 2+bd. Now f(1+d) = 2-2(1+d)+(1+d)2+2(1+d)3 = ... =
3+6d+7d>+2d3. Now because 0<d<1, di<dP<d. And so 3+6d+7d+2d° < 3+6d+7d+2d = 3+15d.
Let us now look at f(1-d). f(1-d) = ... = 3-6d+7d2-2cB > 3-8d if 0<d<1, since then d®>0, -d*>-d.
We requirer > 0 such that [x-1] <r P [f(x)-3| < 10°. From the above, it's sufficient if 15r < 10°
i.er<?3107.



Continuous Functions (continued!). How do we know functions such as Y/, + Qx2-1) +
sin(2x-1) are cts.? Start with rules for combining continuous functions. (1) Any constant
function iscts. (2) Any linear function, x— mx, iscts. (3) If f & g are cts, then so are f+g: X
f(x)+g(x), and fg: x— f(X)g(x). [dom(f+g) = dom(f)+dom(g)]. (4) Y/« iscts. (5) Composite rule: If
f & garects, then soisfag: x > f(g(x)). [dom(fag) = {sT R:g(x)T dom(f)}. (6) If f iscts, and a
I R,thenflaiscts: thisis‘f cut down’ or ‘restricted’. [Domain: aCdom(f)].

Example: f(x) = X2 f is not one-to-one, so no inverse. However, let g = f|[0, ¥). Now g is
one-to-one and so an inverse function exists, Ox. By definition, Ok > 0. Example: Let f(x) =
sin(x). Not one-to-one. Let g = f|[-?/»,"/2]. g is one-to-one, the inverse is sin(x) or arcsin(x).
dom(arcsin(x)) = [0,1], range = [-P/,,"/;]. Similarly, cosisrestricted to [0,p] and tan to [-P/,,°/;].

Remark on proofs. when we say f is continuous at a, we mean intuitively that the value
f(a) can be “estimated” by f(x) for x near to a. To prove that fxg is cts, basic input is the estimate
of |uv-cd| in comparison with |u-c|, |v-d|. Another: Ja-b| £ [a-c| + |c-b|, or the triangle equality:
lg+f | £ |g| + [f |. Easy proof: Squar e both sides. Now |uv-cd| = |uv-cv+cv-cd| £ |uv-cv| + [cv-cd| =
Iv||u-c| + |c|lv-d|. So can estimate the LHS in terms of |u-c|, [v-d|.

Consider f(x) = ¥+ Qx2-1) + sin(2x-1) + Y,e+2. Built up of basic functions. We know that
the following are continuous: x, 2x, 2x-1, x2 (by product rule), x2-1, x2+1, Y., (by composite
rule). What about sin(...) and (Y...)? Rule: sin, cos, log, exp, etc. are continuous. Can't prove

X dt

without definitions. Later will define e.g. as|”§ and get basic properties. For (0...), this is the
inverse of x4[0, ¥).

Inverse Rule: If f is a cts one-to-one function on an interval, ther
f1 is cts. Note that one-to-one implies strictly monationic. Reasoning:
suppose that this is not the case. Then the IVT implies that f is nol
one-to-one. This is how one shows (x, sin?, etc. are cts. Of course, the
basic method of building complex things from basic things is standard. a b

Example. f(X) = Y1 - Yo + X X § ) §
Method: Use a graphical calculator e
or Maple to understand the function. ——
In the diagram, we don’t know about W\ F
U ~__ the region marked
AT with the blue questi on mark. To find out more, we need, OI/dx( D) = Hxrye + Yixap
= DY e = 2%y Because it has only one stationary point, it has to

\ / have the form shown. Finally, take the graph y = x for comparison, so roughly
- I we have the graph shown on the | eft.

]

Basic facts on differentiation on an interval: Rolle’s Theorem

Suppose that f is continuous on [a,b]; differentiable on (a,b), and that f(a ;
= f(b). Then there exists a c in (a,b) such that f’(c) = 0. This looks obvious. We *
now want the maths to ensure that this holds. A note that might be useful: Rea
numbers are specified by infinite decimals. (Take care with infinite processes!)




Aside: The “cover-up rule” gives >,y = @2 + O34 + 3L, How do we get
this? Cover up X, put x = 0 in the rest: gives %/,. Cover up (x-1), put x = 1 in the rest: gives °/s.
Cover up (x-2), put x = 2 inthe rest: gives /..
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Rolles’ Theorem

The proof certainly holds true if f is constant. Suppose that f is not constant, and suppose
that $ z1 (ab) st. f(z) > f(a). As stated before, $ ¢ 1 (a,b) such that f(c) is a max vaue. Key
point: the maximum is “obtained” Then we cannot have f'(c) > 0 or f'(c) < 0. So f'(c) = 0.
Generally, we use a consequence of Rolle, caled the Mean Value Theorem (MVT):

Suppose that (1) f isctson [a,b]; (2) f isdifferentiable on (a,b); (3)
f@ * f(b). Then $ c1 (ab) st. f(c) = 7@/, Thisis a ‘sheared
version of Rolle, so we deduce it from Rolle. Proof. Let f(x) =
f(x)+l (x-a), where | is chosen so that f(a) = f(b) (*). Now f’'(x) =
f'(x)+l . Rolle implies that there existsan x in (a,b) such that f'(c) =0i.e
f'(c) = -1 . But by (*), f(a)+l (a-a) = f(b)+l (b-a), so-I =®@/

f(b)
f(a)

General Mathematical Method: reduce a new problem to one already solved. But we
often need a fresh look. Good example: partial differentiation. Consequences of the MVT.
[Assumptions. Supposef is ctson [a,b], differentiable on (a,b)]. (1) Supposef’'(x) = 0 for al x in
(ab). Then f is constant on [a,b]. Proof: Let d T (ab). By the MVT, there exists a c in (a, d]
such that f'(c) = @@/, But f'(c) = 0, so we must have f(d) = f(a).

(2) Suppose f'(x) > 0 for al x T (ab). Then f is strictly increasing on [a,b]. Proof: Let
a<x<x’'<b. By the MVT, there existsac in (x,x’) such that f'(c) = "™/, ,. But f'(c) > 0 and X’
> X, so that f(x') > f(x). (3) Suppose f’(x) < O for al x in (a,b). Then f is strictly decreasing on
[ab]. Proof: Similar to (2), or apply (2) to -f.

(4) Supposethat $ mM T Rst." xT (ab), m£f(x) £M (*). Then m(b-a) £ f(b)-f(a) £
M(b-a). Proof: Usef’(c) ="®@/, .. LOGIC: General rule (*) appliesto the c we find later.

General Comments:. (1) All of these consequences are about functions differentiable on
an interval. They do not apply to e.g. */x, where Y (*x) = - < 0. (2) They show that the maths
models what we want. In the above, (1) implies that zero speed implies that we don’t move. (2)
implies that +ve velocity implies that we move forward. (3) implies that -ve velocity implies that
we move backward. (4) implies that if the velocity lies between m & M, then the distance
travelled in atimet lies between mt & Mt.

Some Applications. Inequalities. (1) Prove that for x > 0, sin(x) < x. Solution: Let f(x) =
x-sin(x). Then f(0) = 0. f’(x) = 1-cos(x). ' (x) > 0 except at isolated points (we have not defined
“isolated”). So f is strictly increasing. But f(0) = 0, so f(x) > 0 for x > 0. (2) Prove that cos(x) >
1-¥/, for x * 0. Solution: Let f(x) = cos(x)-(1-*/>); so f’'(x) = -sin(x)+x. By the previous example,
f'(x) >0 for x> 0. Sof isdgrictly increasing for x > 0. Hence f(x) > f(0) = 0 for x > 0. Finaly, f
Is even, so f(x) > 0 for x < 0. Trick: Differentiate until you come to something familiar, then
climb back up again!
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Workshop

Q: Let f(x) = 3x?-6x. Find a point ¢ in [0,4] which satisfiesthe MVT for f on thisinterval.
A: f'(x) = 6x-6. We require a point ¢ where the gradient is 6 (Because 6 = '®1@/, , = 240/, = 6),
S0 6 = 6¢-6; Cc = 2.

Q: Prove that for 0<x</,, (i) tan(x) > x, (ii) tan(x) > x+*/s. What would you expect for a
further inequality? A: Let f(x) = tan(x)-x. Then f’(x) = sec>-1 > 0, with f’(x) = 0 only at isolated
points. Also, f(0) = 0. Sincef is strictly increasing on [0,°/;], we have f(x) > O for x in (0,%/2). (ii)
Let g(x) = tan(x) - (x+*75). Then g’ (x) = sec3(x)-1-x2. By (i), g’ (x) > 0 for 0<x<"/,. So g is strictly
increasing on (0,’/,). And as g(0) = 0, we have tan(x) > x+“/5. This suggests that the third
inequality should be tan(x) > x+</3+*"/s, and so on.

Q: Let f(x) = x3+3x+1. Prove that f is strictly increasing. Hence show that f has exactly
oneroot in [-1,1]. A: f'(x) = 3x2+3 > 0. So f is gtrictly increasing. Now f(-1) = -2, f(1) = 5. By
the IVT, f hasaroot in [-1,1]. Sincef is strictly increasing, it only has one root in thisinterval.

Q: Let f(x) = “Ox. Prove that f' is strictly decreasing. Use a consequence of the MVT on
the interval [16, 19] to prove that Yz < “Q(19)-2 < Y. A: f'(x) = ¥ax* and " (X) = -3/, Y4 XY < 0
for x > 0. So f’(x) is decreasing. So on [16, 19], ¥..19% < *Q19)-2 < %5, < ¥3, = Ys. AlsO, 34197
> 15iff 15 > 197 iff 15* > 193 iff 50625 > 6859. So the result follows.

Q: Let f(x) = x®+5x3+8. Find the number of points x in the interval [-1,1] which satisfy the
MVT for the function f on the interval [-1,1]. A: Thisleadsto solving g(x) = 0 on (-1, 1], where
g(x) = f'(x) = 6x>+15x2-5. But g(-1) = 4, g(1) = 16. By differentiation, g has a minimum at 0
only, g(0) = -5. So there exists 2 solutions.
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Main Application: Taylor's Theorem (G1M52). We will be concerned with

approximation. General problem: given a function in one form, how do you “calculate’ it or

approximate it by “convenient” means? This depends on the circumstances. Note: We can

approximate an expresson where the answer is a real number to a specified accuracy, for

example fsolv(sin(x)-(xcos(x))). But what about approximating functions? By what do we
approximate them?

In Taylor's theorem, we approximate by polynomials.
Warning: this cannot always be done. Easy example: (x|), or
f(x) = e”™ when x 1 0, and 0 when x = 0. Now it istoo hard tc
prove that f™(0) = O for al n > 0. This function is very flat a \
0. People use other approximations — Fourier (sums of ‘
cos(nx) & sin(nx)) and Puisaux (sums of fractiona series).

Taylor’s Theorem. Suppose the function f has derivatives of al orders on an interval I.
Suppose that cisin|. Then when a+x isin I, f(a+x) = f(a) + f' (@)x + " @/yx2 + ... + (f"V(@x")/n! +
Rn(X) [*], where Ry(x) = (f™Y(c)x™)/(n+1)! [**] for some x between aand x.



Remarks:

(1) Proof by differentiating that the n! arises because (d"/dx")x" = nl. Proof by induction:
Yax(X) = 1. But Y5(x") = nx™*. The result follows by induction since n! = n(n-1)!.

(2) Looking at [*], we have a tautology. The important point is the form of R,(x) given by
[**], which includes the unknown number c. In some cases, this allows us to estimate
Rn(X). Rn(X) is often called the “Remainder Term” . There are various estimates of R,(X).

(3 If you can prove for a specific f, aand x that R,(x) tends to O as n tends to ¥, then you are
asserting that f(at+x) is getting better & better approximated by the polynomials
f(a)+f’ (Qx+... Then you calculate only f(a), f'(a), ..., f™(@), otherwise work with
polynomials.

Examples where it is easy to calculate f

Suppose that f(x) = €. Assume we know that f’(x) = €. Then immediately we get that
f™(0) = € = 1 for dl n> 0. Note: fO(x) = f(x) by definition. So the Taylor series for € about a=
Oisa+ x +(x3/2!) + (x3/3!) + ... + (X/n!) + .... But we still need to prove that R,(x) tendsto O as
ntendsto ¥.

(2) f(x) = sin(x); f(0) = 0. f'(x) = cos(x), f'(0) = 1. f"’(x) = -sin(x), f’(0) = 0. """ (X) =
-cos(x), f’(0) = -1. Then it repeats periodically. So the Taylor series for sin(x) is
X-(X3/3)+(x>/5)-(X"/7")+...+[(-1)"x™D]/(2n+1)!. The last term is all right for n =0, hence all right
for dl n. Smilarly f(x) = cos(x) gives a Taylor series of 1 - (x¥/2!) + (x*4') - (x%6!) + ... +
[(-1)"x*"/(2n)!. Again the last termis all right for n = 0 (+ve), so all right for al n. (4) f(x) = eV
when x * 0; 0 when x = 0. So the Taylor series for f(x) is 0 = 0+0x+0x2+... This series gives
zero information on f.

Proof of Theorem

Assume that x > 0 so that a < a+x. Define po(x) = f(aQ)+ (@x+...+[f?(@x"]/n!.
Observation: p."(a) = p™(a) for O<n<a. Explanation: p,'(x) = f'(a) + f’’ (@Qx + [f""" (@)x&/2!] + ...
+ [fO(@x™]/(n-1)!, etc. Observation 2: The same holds for f(x) = pn(x)+kx™* where k is a
constant. We need a fixed b, variable x to have a function. Choose b —
later appropriately. a atk b

Next Step: choose k so that f(b) = py(b-a)+k(b-a)™*. (!) Consider the function f(x) =
f(a+x)-f (x). (') By (1), f(0) = 0, f(b-a) = 0. Also f(0) = 0. Now apply Rolle successively. Since
f(0) = 0 and f(b-a) = 0, there existsac; in (0, b-a) such that f’(c;) = 0. Sincef’(0) =0 and f’'(c,) =
0, there existsac; in (0,c;) such that f'(c;) = 0.

Continuing in this way, there exists a ¢.1 in (0,b-a) such that f™(c,.1) = 0. But f™V(Cy.1)
= f™D(@t+cn)-k(n+1)!. Remember we had f(x) = f(a+x)-f (x) and f(X) = pa(X)+kx™!. Get k =
f™D(atchy)/(n+1)!. Let ¢ = at+Cye. Main plan of proof: Like the MVT proof but done n or (n+1)
times. Form of remainder: R.(x) = f™9(c)x™Y/(n+1)!. Now consider the estimate of |R.(x)| in
examples.



The error term is Ry(x). Differentiate (n+1) times and apply Rolle n times (with some
fiddling) to get Ry(x) = [f™(c)x™]/(n+1)! for some ¢ between a and (a+x). The dependence of ¢
on X can be annoying! Thisisthe Cauchy form of the remainder. Later: integral form (easier?).

Example 1: f(x) = e about a= 0. Previous calculations show that f™(0) = 1, so the Taylor
seriesis 1+x+%/y+</3+...+(x"/n!)+... Also, the radius of convergence is infinite: converges for all
X. Not the same as saying it converges to €. Need to consider Ry(x) = [f™P(c)x™]/(n+1)! =
ex™(n+1)! for O<c<x if x > 0. For fixed X, we have € < €. But x™*/(n+1)! tendsto 0 as n tends
to ¥. So ex™/(n+1)! tends to O as n tends to ¥. So the Taylor series converges to €.
Consequence: eisirrational.

Proof: Suppose that e = %, in its lowest terms (ab natural numbers). Let a =
b!(e-(1+1+Y/x+Y3+...+)). Thena > 0 and a is a natural number. (since e = %). But a = Y.y +
l/(b+1)(b+2) + 1/(b+1)(b+2)(b+3) + ... < 1/b+1+1/(b+1)z+1/(b+1)3+....+(]J(b+1)r)+... = (1/b+1)(1/(1-(1/b+1)) = (geometric
series) = (Vo) *Yprr1) = Yo < 1 s0 ais not a natural number. We have a contradiction! With
increasing levels of difficulty, it can be proved that (1) e is transcendental i.e. not algebraic —
not the root of a polynomia eguation with integer coefficients; (2) p? is irrationa; (3) p is
transcendental .

We can calculate errors e.g. how many steps of the Taylor series are needed to calculate
€2 to within 10°? The Error Term is Ry(2) = ex™/(n+1)! for 0<c<2; it is < e2™Y(n+1)! <
8.2"Y(n+1)!. We want 8.2™Y(n+1)! < 10°. This is al right if 2"Y/(n+1)! < 10’. Now use a
calculator totry n = 6,7,8,...

Example 2: f(x) = sin(x). The error term is [Ry(X)| = [f™(c)|x|"¥(n+1)!. Of course
f™(c) = £sin(c) or xcos(c). In any case, [{™Y(c)| £ 1. For fixed x, [x[™*(n+1)! tendsto 0 as n
tends to ¥. Taylor series for sin(x) converges to sin(x). Do polynomial approximations to e.g.
sin(x) using M aple procedures. A polynomial is dominated by the term of highest degree. The
polynomial approximation will, for fixed n, tend to ¥ as x tends to ¥. As n increases, the part
that is“well approximated” getslarger.

Notes: (1) Similarly for cos(x). (2) Because sin(x), cos(x) have alter nating power series,
then errors in approximation can be found from the alternating series theorem — concerned
with Spi (-1)"a,, where (i) &, > 0; (i) &, < a1, (iii) &, tendsto 0 asn tends to ¥. Then Sy (-1)"a,
converges, and if S, isthe partial sum S"=4(-1)'a, then [S¢-S,| £ an.

Example 3: log(1+x) = f(x). f(0) = log(1) = 0. f'(0) = Y110 = 1. f7(X) = -Y(24x, T (0) = -1;
fO%) = [-D"Y(n-DI/(A+x)". fO0) = (-)™(n-1)!. So the Taylor series is
X=X 3= A (D)X /.,

General Point: We are assuming that we know about sin(x) and cos(x); and how to
differentiate them. We then deduce the Taylor series. How do we know about sin and cos? Two
expositions have been used in our work: (1) Power series method. If S0 aXx" is a power series
with radius of convergence R>0, then we can define f(x) = So ax" for [x|<R. This defines a
function. Theorems on power series show that f(x) exist and &, = f™(0)/n!. We till have to
prove that cos(a+b) = cos(a)cos(b)-sin(a)sin(b), etc.; thisinvolves manipulating Power series.
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We have already looked at the Taylor expansions of €, cos(x), sin(x), €% the radius of

convergenceis¥ (convergesfor al x). The error in taking n terms for sin and cos is found by the

Alternating Series Estimation Theorem. Now cosh(x) = YAe+e*) = 1 + (x3/2!) + (x*4!) + ... +

(x2/(2n)"). And sinh(x) = x + (x3/3!) + (x°/5!) + ... + (x*™*/(2n+1)!). It looks like cos, cosh, sin
and sinh are related!

There is a strange for mal relationship based on the power series. cos(x) = cosh(ix), isin(x)
= ginh(ix). This allows the production of hyperbolic identities corresponding to the trigonometric
identities e.g. cos(x+y) = cosxcosy-sinxsiny leads to cosh(x+y) = coshxcoshy+sinhxsinhy. We

can prove this: LHS = Y5(eV+e™™). RHS: ¥4 (e+e*)(e'+eY)+(e-e*)(e-eY)} = ... = LHS.
Question: How do we know tha e¢ = €&¥v¥? We could try

(I+x+(E 2N+ ) (A+y+(yA21)+...) = (L+(x+y)+H[ (x+y)H2!] +...). The justification requires complex
analysis. Now sin(x+y) = cosxsiny + sinxcosy, leading to sinh(x+y) = coshxsinhy+sinhxcoshy.
This can be proved from the definitions in terms of e and €.

These power series lead to the following formula: € = cosx+isinx
(Real x). Famous formula: € = -1. For complex numbers, multiplicatior
by €% corresponds to rotation through an angle a counter clockwise. (x’,
y') = ((cosa)x-(sina)y, (sina)x+(cosa)y) is represented by the matrix
[Cosasina _Smacosa]- NOW [Cos(a+b)sin(a+b) _Sm(a+b)cos(a+b)] = [Cosasina _Sinaoosa] [COSbSinb
s ] Trigonometric formulae for cos(a+b), sin(a+b) are related tc
rotations in Euclidean space. Q: Are cosh(a+b) and sinh(a+b) related tc
hyper bolic geometry?

X ,yv

Xy

Binomial Series

Recal: if nisanatural number (non zero) then (1+x)" = 1+nx+"Cx?+...+"C,,..x", where "C,
= (") = "/;yn. There are various proofs of the Binomial Theorem. (1) Induction, used with the
expression (1+x)™ = (1+x)"(1+x). (2) Use (1+x)" = (1+x)(1+X)(1+X)...(1+x) (n (1+Xx)’s).
Coefficient of x" = number of ways of choosing r things from n things. "C..

(3) Apply Taylor’s Theorem. Let f(x) = (1+x)" = a, + ... + [a(0)x]/r! + ... But fO(x) =
n(r-1)(n-1+r).(1+x)™". An amazing generalisation (due to Newton) allows the case of when n is
not a Natural number. So look at (1+x)?. Let f(x) = (1+x)* = 1 + ... + [fO(0)x"]/r!. We get f©(0) =
a(a-1)(a-r+l).

Now try to extend to new cases. Can't say that if a = €2, then (%) means “the number of
ways of choosing r things from C2 things’ — this is nonsense! Compare to 102 i.e. 10
multiplied by itself C2 times — also nonsense! In fractals, there are “ fractional dimensions”.
Koch snowflake assigned dimensions: loge/loge3 (4 from the number of pieces; 3 from the
reduction factor). It is not hard to prove that the binomial series has a radius of convergence of
1 (Theratio test). It is harder to prove that for |x| < 1, the binomial series goesto (1+x)?.



24th March 1999
Power Series, Manipulations: Convergence & Taylor Series

Let us recadl the difference between a polynomial and a polynomia function e.g.
1+2x+3x? and x —1+2x+3x2. LHS: x is a “symbol”. RHS: x is a bound variable. What are
bound variables? Look at the statements " xI R, x2> 0" and“" yI R, y2>0". Logicaly, these
statements are equivalent. In aformula, a bound variable such as x can be replaced by any other
bound variable not occurring el sewhere.

Polynomials: 1+2x+3x2 is not the same as 1+y+3y2. x and y are often called “variables’.
Key point — we can recognise X whenever it occurs. All these logical points have been crucia
to the development of maths; especially for computer implementation. Important aspect: we
know how to add and multiply.

We assume that x™x" = x™" (m,n are natural numbers). x° = 1 (which isreal). Then we add
polynomials by adding coefficients. (1+2x+3x?) + (1-3x-x?) = 2-x+2x2. We multiply by using
distributivity: (atb)c = ac+bc. We emphasise the general laws in order to make analogies. There
are some analogies between addition & multiplication in commutativity e.g. atb = b+a, ab = ba.
This leads to abstract algebra— looking at general laws to exploit analogies. We are surprised
in maths when the same idea pops up in different situations e.g. €° = -1. The p comes from
circles; but is aso important in population statistics. Polynomials with coefficientsin R or Z or
CorQor...formaRing.

When we write a polynomial as e.g. 1+2x+3x3, we ask: what is x? In effect, it is a place
marker. The rule x™" = x™" is convenient for specifying multiplication. The ring of al
polynomials over R is written R[x]. In this setup, there is no problem in having an infinite
number of powers of X. Formal power seriesover R in X isY -, ax". (a, Red).

This corresponds to or is a nice notation for an infinite sequence (&, &, &, &,...). X iIsa
notation for (0,1,0,0,0,...) But we define addition by X ,ax" + X, bX" = X2, (atb)x"
Multiplication is given by the definition x" = (0,0,...,0,1,0,...) (the 1 in the n" place). This is
consistent with the definition x™x" = x™". Then multiply by &~ aX")E = bX"). Thenin thefirst
bracket is bound to the first bracket The n in the second bracket can be replaced by eg. m. So =
2§:0(;qzn apbq)X". Example: &by + (aubot+aghi)Xx + (a:botaubi+aoo)x? + ...

The formal power series over R in x forms a ring R[[X]]. All the rules of a ring apply.
Also, we can differentiate and integrate formal power series: define Dx" = nx™* (n>1); Dx° = 0.
So Ix" = (x™H/(n+1). This extends to give DX yax") = 2 anx™ and Tr,ax" =X,
(ax™)/(n+1). So far — no convergence questions! Note: even if we write f(X) =X, ax", we
cannot (yet) write f(a) for Real a. Except for f(0) = &, all we can say is that &, = f®(0)/n!, and
that f™(x) is aformal power series= D"f(n), so f™(0) is defined.

Can we take f(x)*? Claim: X, ax")* exists iff & 1 0. Explanation: looking for f(x) =
> roanX" such that f(x)g(x) = 1 = (1+0x+0x23+...).



When you look at the coefficients on the LHS, and equate with the RHS, you get ab = 1.
So by = a*. Thisisal right asay ! 0. agbs+ahy = 0; by = -atho/ag = -a4(bo)2. Now agh,+asb+ashy
= 0. But &b, +aby is aready known, so we can get b, from previous information. In general, if
Bo, by, ..., br1 @re known, then abgtan.10:+...+ab, 1 +agh, = 0 determines b,.

Formal power series define functions from x to f(x). Defined for Real x such thaty -, a.x"
converges and is then that limit. Now X/, ax" has aradius of convergence R where OERE¥ . R =
0 means convergence only for x = 0. R = ¥ means convergence for all X. O<R<¥ means
convergence for |[X| < R and possible convergencefor x =R or x =-R.

Example: Sw1 (X"/n) has radius of convergence 1. Also converges for x = -1, but not x =
1. The function has domain [-1,1). Emphasis: if f(X) is defined by a power series of +ve radius
of convergence, then the Taylor series T(x) of f(X) is the power series and converges to f for all
IX|[<R. Could define (1+x)® for Red a by its Taylor series. Isthisagood thing?
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Tutorial

Q: Find the Taylor approximation to degree 9 (with remainder of degree 10) for f(x) =
3cosx+4sinx, by calculating the derivatives f™(0). Write down an expression for the remainder
term. A: f(X) = 3cosx+4sinx, f(0) = 3. f'(x) = -3sinx+4cosx; ' (0) = 4. f’(x) = -3cos-4sinx; '’ (0)
=-3. """ (x) = 3sinx-4cosx, f'"’ (0) = -4. f(4)(x) = 3cosx+4sinx. It then repeats.

So the Taylor series of degree 9 is 3 + 4x - (3x%/2!) - (4x3/31) + (3x%4!) + (4x3/5!) -
(3X°/61) - (4X'[T) + (3x8/81) + (4x%/9!). The remainder term is Ry(x) = [f9(c)/(10)!]x* =
[ (-3cosc-4sinc)/10!] x™.

Q: Let f be as above. Write f(x) in the form rcos(x+a). Hence give a form for the
remainder in Taylor’'s theorem, from which you can show that the error in using this Taylor
approximation at x = 1 is less than 2x10°. A: Now rcos(x+a) = r(cosxcosa-sinxsina). So
comparing with f(x) = 3cosx+4sinx; rcosa = 3, rsina = -4. Squaring, r3(1) = 9+16, sor = 5.
Hence f(x) = 5(%scosx+‘ssinx) = 5(cos(x+a)) where tana = -%;. Hence Ry(X) =
[-5cos(c+a)/10!]x°. We reguire |Ro(1)| < 10°i.e. °/10 < 10°. But /10 = 0.13779x10° < 0.2x10°,

Q: Write down the Alternating Series Estimation Theorem, but including al the
conditions of validity of the Theorem given in the previous Theorem 8. Applying this to the
Taylor series for cosx, what is the smallest n that this theorem gives so that the seriesfor x = 1is
accurate to within 10°?

A: cos(1) = 1-Yu+ y-Ye+ -1 1a+... The adternating series theorem tells us that the error
in taking the sum to %y is less than Yoy, But Y = 0.000025; Y0 = 0.276x10°. So
1'1/2!+1/4!'1/6!+1/8! will do.
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Q: What do we mean by x® when x and a are Real? A nice answer is obtained by using

Riemann Integration. The old problem was determining the area under a curve. For this, we start

from knowing the area of a rectangle. We then deduce the areas of parallelograms

(basexheight), triangles (Y2xbasexheight) and hence polygons by cutting them up into triangles.

The area of a circle was tackled by Archimedes by approximation: he enscribed & inscribed
polygons of increasing number of sidesinto acircle.

Modern account — Riemann — approximate by sums of areas of strips. We need a new
notion: sup (suprenum) = least upper bound, inf (infinum) = greatest lower bound. Compare A =
[0,1] and B =[0,1). For A, max A = greatest/maximum element of A, which hereis 1. However,
for the second interval, 1 is not the maximum element because it is not in the interval. Need a
name for it: sup B.

More definitions: suppose X is a subset of R. We say X is bounded above if there exists
an M in R such that xe X = x< M. Then M is caled an upper bound for X. Similarly, X is
bounded below if there exists an m in R such thatxe X = x> m. Then m is called a lower
bound for X. X is bounded if X is bounded above and below. Q: Are the following bounded
above and/or below?: [1,2]; [1,3); (-¥, 1]; {x1 R, x<2}; theintegers.

Aside: The proof that $ an infinite number of prime numbers. Suppose that p is real and
prime. Consider N = (2x3x5x...xp)+1, the product of the prime numbers up to p plus one. Let q
be a prime factor of N. g cannot be any of the numbers 2, 3, 5, ..., p since they al leave
remainder 1. So g > p and g must therefore be prime.

1 is an upper bound for the interval B = [0,1). But nothing smaller than 1 is an upper
bound of B. So 1 is the least upper bound of B, the sup. Similarly, if C = (0,1], then O is the
greatest lower bound of C = inf. Example: Let A ={1-%/,ne {0} }. Then1=sup A, 0=inf A
=min A. max A does not exist. Extra information: 1 =im (1- %) .

Basic property of R (completeness axiom): every nonempty subset X T R which is
bounded above has a least upper bound = sup. This distinguishes R from Q. Example: Let A =
{xT Q, x2%<2}. A is nonempty, bounded above, and 01 A. Butin R, sup A = (2, which is not
rational. Facts on continuous functions: if f is a real function with domain a closed bounded

interval, say [a,b], then (1) the range of f is bounded (i.e. f is bounded); (2) f attains its bounds
i.e. thereisacl [ab] st. f(c) = sup(range of f) = sup(f[a,b]). There also exists a minimum.

Integration of continuous functions on a closed, bounded interval (Riemann)

A partition of [a,b] isaset {X1,X2,X3,..,.Xn} < R such that x m. M
=A< X < X < ... < Xn1 < Xo = b. Now let my = inf {f(x), xT [x ] ] |
Xina]}. And let M; = sup{f(x), x T [xi, Xi+1]}. So we have L(P) :
>rdmi(xis1 - Xi) = the sum of the areas of lower rectangles (like | Ix.
the red rectangle in the picture). Note: areais signed. a . ' .



mesh P = 1% {1 - xi}. Let the lower sum for (P, f) be L(P, f) = S™ —sup rectangle
inf{f(x): xI [Xi, Xi+]} X(Xi+2-X;). Notice: we need to know that f is bounded for thi ’
to make sense, i.e. Riemann lower and upper sums are defined only for boundec
functions. For example, f(x) = /. (x > 0) is not bounded at x = 0: the upper sum i:

not defined. Similarly, U(P, f) = S™4o sup{f(X): XI [Xi, Xi+1]} X(Xi+1-X;). L

For X =[0,1), the set of X’s upper boundsis[1, ¥) — but 1 isnot in X. Clearly L(P,f) £
U(P,f) since inf X £ sup X for any set X. It is convenient to say that inf X = -¥ if X isnot the
empty set and not bounded below. Similarly, sup X = +¥ if X is not empty and bounded above.
Warning: +¥ are not real numbers — we cannot have */y or ¥ -¥

Refinement: if Q and P are partitions of [a,b], then ¢ ‘
refines P if Q = P (add more points). Basic Fact: if Qise | | | | P
refinement of P, then [L(P,f) £ L(Q,f) and U(P,f) > U(Q,f)]* *° X1 Xn | Q
Immediate consequence: if p, and p, are partitions of [a,b],
then L(py, f) £ U(p2, T), or, any lower sum £ any upper sum.

Proof: Let P=p;, Q= p1 E p2. So Qisarefinement of p; and p; Mi(p) / Mi(Q)
(the common refinement). By (*), L(pwf) = L(P,f) £ L(Q,f) £ U(Q,f) 1 e i
U(po,f). Subdivison (forming partitions) is a basic method it
mathematics. Proof of (*): given that Q refines P, looking at the
diagram we see that Mi(p) = sup{f(x): X [, Xi+1]} and mi(p) = inf{f(x)
X [Xi, Xis1]} . X Y Xi+1)

Let us suppose that Q has one more point ‘y’ in [X;, Xi.1] than P has. So [xi, Xi«a] =
[x,.YIE[y.Xi:a]. Then sup {f(x): xI [x,y]} £ sup {f(x): XI [x;, Xi:a]}. Similarly for [y, Xi.1]. Now

sup{f(x): XI [x,y]}(y-x) + sup {f(x): XI [y, Xs]}(Xieiy) £ Mi(p)(y-x) + Mi(p)(Xiss-y) =
Mi(p)(Xi+1-Xi). Similarly for more points and for lower sums.

Recall that given a bounded f on the interval [a,b], then for partitions P and C i u@Q, f)
of [ab], L(P,f) £ U(Q,f). These are numbers! If sup{L(P,f): P = partition on [a,b]} :
inf {U(Q, f): Q = partition on [ab]} i.e. we have no gap, then we say that f i gap
R-integrable and that the common value is called the Riemann integral, 1° f. LR, f)

The main point is how the idea of a definite integral arises from approximating areas.
Example: Let . [°%, f = sup{L(P, f), P=..}. And let- [, f =inf {U(C
f), Q = ..}. Hereis an example where these two are not the same. Let 1 rational
f(x) on [0,1] be defined by f(x) = 0 for xI Q and O for xI Q (0EX£1)
For any partition P of [0,1], L(Pf) =0and U(Pf) =1. So. [, f=0
and - [ f = 1. Silly example? Better ones come from Fourier series. 0 irrational
Next time: If f isctson [a,b], then f is R-integrable on [a,b].
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Worksheet: Riemann Integration

Suppose that X is a subset of R. U(X) = set of upper bounds of X. L(X) = set of lower
bounds of X. X is bounded above iff U(X) is not empty. X is bounded below iff L(X) is not
empty. So for X = (-¥, 9], U(X) =[9, ¥) and L(X) isempty. So 9 =sup X = l.u.b. of X.

Q: Write down the sup and inf in R (if they exist) of the following sets. (i) (-¥, 9]; (ii)
(-2¥); (iii) (-1, 1] E (23]; (iv) Q € (0, &8]; (v) R\ Q) € [2, ¥); (vi) {1-n":ne N\{0}}. A:
(Note: these are unchecked — some might be incorrect!) (i) see above. (ii) U(X) is empty; L(X)
= (-¥,-2). -2=1inf X. (iii) UX) =[3, ¥). L(X) = (¥, -1). -1 =inf X; 3=sup X. (iv) 0 =inf X.
No sup. (v) U(X) isempty. L(X) = (-¥, 2]. No sup. (vi) U(X) =[1, ¥). L(X) = (-¥, 0). 0=inf X.
1 = sup X. See the solution sheet for more detail.

Assignment 2

Q: Find a & b s.t. x = acosht, y = bsinht gives a parametirc form for the branch of the
hyperbola */s-¥1, = 1 with x<0. Write down the equation of the normal to this hyperbola at the
point with parameter t. Find a parametric form for the envelope of the normals to the curve.
Hence find an equation in x & y for this envelope.

A: The branch of the hyperbola */s-¥/, = 1 with x<0 has parametric equations x =
-3cosht, y = 2sinht . Thusx = -3sinht, y = 2cosht. The normal at the point with parameter t has
equation 2cosht(y-2sinht) = 3sinht(x+3cosht) i.e. 3xsinht-2ycosht - 13sinhtcosht = 0. This
impliesthat F(x,y,t) = 3xtanht - 2y - 13sinht = 0 (---(1)).

So "y = 3xsech2t-13cosht = 0 (---(2)). From (2), we obtain x = *3/scosh3t. Substituting in
(1) gives 2y = -13sinht+3xtanht = -13sinht+13sinht.cosh?t = 13sinht(cosh?t-1) = -13sinh3t. Thusy
= (-B/,)sinht. An equation in x, y for thisis (because cosh?t-sinh2t = 1) (¥/13)%3-(¥/15)?° = 1.

Q: Let f be the real function f(x) = 2-5x2+2x°. Find the intervals in which f is increasing
and decreasing, and sketch the graph of f. Locate the zeros of f between successive integers,
stating clearly which theorems you are using. Show that for O<d<1, f(1)<f(1+d)<-1+47d? and
f(1)<f(1-d)<-1+25d2. Hence find an r>0 such that [x-1|<r implies [f(x)+1|<10%°.

A: f'(x) = -10x+10x* = -10x(-1+x3) = -10x(x-1)(1+x+x?). Sign this i.e. draw a graph of
where f'(x) is +ve and -ve. Thus f'(x) > 0 (i.e. f isincreasing, for x>1 and x<0) on (-¥, 0] E [1,
¥), and f isdecreasing on [0,1]. Also f(-1) = -5, f(1) = -1, f(0) = 2, f(2) = 46, f(-2) = -82 as a
check. The Intermediate Vaue Theorem implies that there are zeros in (-1,0), (0,1) and (1,2).
Rolle' s Theorem implies that these are the only zeros, since further zeros would give more roots
of f'(x) =0.

Now for O<d<l, f(1+d) = 2-5(1+d)2+2(1+d)> = ... = -1+1502+20d3+10d*+2d° <
-1+1502+20d2+2c? since d'<d? = -1+47d2 And f(1-d) = -1+15d>-10ck+10d*-2d° < (from the
above) -1+15”+0+10d?+0 = -1+25d2. These equations show that |x-1|<r implies [f(x)+1|<47r2.
So for 47r2<10°%, it is sufficient to take r2<108 i.e. r<10™*.



Q: Sketch the curve f(x) = -1+x+Yx2-Yx-1) by building it up from the basic curves -1, x,

Y/, using the operators +, -. Sketch the curves given by [f(x)|, f(X)], paying care to the form of
the slope. A: Sketch Y/, and shift to give -/y, -Y/x.1) and /... Then superimpose and add.
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Example of Riemann sum

Simple example to illustrate: f(x) = x2 on [0,1]. Take the partition z, = 0 o _
Yo oo ™Yo, o = 1. Then L(Py, f) = S™co s = YsS™g i2. NOW S 2 = ((+D(2+D) g
(Note on this; f(n)-f(n-1) = n2. Aside: S"= i3 = ("™Y/,)2. There exists an algorithn
for indefinite integration and one for summing series). So Y/xS"o 2 -
Y rriin@md e = AHumE@Am)js = 1/, as n tends to ¥. yn ] i+

General facts of Riemann integration (no proofs)

Existence. If f is bounded on [a,b] and cts on all except possibly a finite number of points,
then f isR-integrable on [a,b]. So we allow for some discontinuities on [a,b].

(1) Inequality. If f and g are R-integrable on [a,b], and f(x) £ g(x) on [a,b] (except possibly at
afinite number of points), then °.f £ 1% g.

(2) Absolute Value. If mod f and f are R-integrable on [a,b], then | 1°f | £ 1% [f|. Explanation:
1°. allows for signi.e. the area under the x-axisis -ve. Related to [x+y| £ [X|+]y|.

(3) Linearity. If f, g are R-integrable on [a,b] and | isin R, then 1%, (I f+g) =1 1°f + 1% 0.
Reminder of meaning: f & g are functions on [ab] with values in R. Vaues of the
function | f+g are defined by (I f+g)(x) = | f(x)+g(x). (adding and scalar multiplying
values). We emphasise this as a general procedure in Mathematics — applying an old
idea in a more genera Situation so that (1) you can apply old tricks and (2) you can get
more for the same amount of work. We are also treating functions as objects. Initialy
4.3+1, then | x+y?

Other examples: 1+r+r2+,..+r" = (1-r")/(1-r) (Geometric Series). Thistendsto /.. if |r] <
1. H1 course: same result but in more general sSituations to get results on fractals:
convergence of sets of points.

(4)  Additivity. If f is R-integrable on [ab] and aEcEb, then f is R-integrable on [a,c]E[c,b]
and 1°.f =15 + 1°d.

Fundamental Theorem of Calculus

(The main discovery of Newton and Liepniz: the connection between Area and
Tangents). Suppose that f is bounded and R-integrable on [a,b], and that f isctsat cT (ab). Let
f(x) = %2 f(t)dt. Then f'(c) = f(c), i.e. f'(c) exists and has this value. Point to bear in mind: if f is
not cts at c, then f’(c) might or might not exist.



Examples. f(x) = 2 when x =% and f(x) = 1 when x * %2. Then f’ (¥2) exists but is not equal
to f(¥2). Example: f(x) = 2x when x > %2 and x when x < 2. In this case f’ (x) has dope 1 up until
X =¥ and dope 2 afterwards. Here f’ (Y2) does not exist — thereis a corner.

Explaining the Fundamental Theorem (when f is ct: Y fc+h)
at c). By additivity, f(c+h)-f(c) = 1 f(t)dt. Let my and M, fassume 79 ©) g
be the inf and sup of the values of f. By the inequality rule
¢ my £ 1 f()dt £ 1. My, which can be rewritten as mil
£ f(c+h)-f(c) £ Mph, or m, £ 1©P1Of £ M. Let htend to O
By the continuity of ¢, we can say that m, tends to f(c) anc
My aso tends to f(c). So f'(c) exists and is equal to f(c). @ ¢ cth b © e
Smilarly for h<O.
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If f is R-integrable on [a,b], and mEFf(X)EM, then for all x T [a,b], we

have m(b-a) £ 1°.f £ M(b-a). Easy: uses the inequality 1>.m £ 1. f £ 1% M. Bu

because m and M are constants, 1> m = m(b-a) and 1. M = M(b-a). The

example shown is |%, f dx. Sometimes, f(x) is not something you can apply

standard antiderivative to, e.g. Qx3+1), 1/Q(x*+1), S™/,, etc. Maple: If there
exists an elementary integral, it gives it, otherwise it r etur ns the input.

/

Explain how the basic properties of log & exp are established by defining log as an
integral. Original problem: we know what is meant by 5.3°: 5.3 multiplied by itself 10 times. We
can get an idea of what is meant by 5.3"" (nl N\{0}) by using the fact that x® X" is continuous.
So the IVT shows that for any y>0, there exists a !x (unique x) such that x" =y. This x is the n"
root of y, written as "Qy. Then we can define y™" = (yY™™,

What is y®? This can be explained by approximating C2 by rationals
and so approximating y®. Establishing properties is boring. Instead we defin
log by integration and easily establish its properties. Functions can be definec
by integration, e.g. y = Y. Input: cts on (0, ¥); Y/« > 0. Strictly decreasing anc
so we definelog x = 1% Y/, dt.

Conseguences.

(1) Yw(logx) = Y/« (x>0). This is done by the fundamental theorem of calculus. (2) log x is
strictly increasing. logx > 0 for x > 1, and logx < O for O<x<1. logl = 0. (3) If x,y > O then
log(xy) = log(x)+log(y). PROOF: log(xy) = 1¥1 %, = 1*1 % + 1% %,. Substitute t = xs. Then 1% ¥/,
= 1% "% Then log(xy) = 1% % + 11 /s = logx+logy. QED.

(4) logx is not bounded above. PROOF log 2 > 0. Also log 2" =,y
nlog2, by (3) and induction. But nlog 2 tends to ¥ as n tends to ¥ since
log2>0. (5) logx is not bounded below. PROOF: log(x.') = logl = 0. Sc *
log(*/x) = -logx. So logx tends to -¥ as x tends to 0 (x>0). Now we get the
familiar graph as shown.




Dom(log) = (0, ¥). Range(log) = (-¥, ¥) =R (*). Proof of (*) usesthe Y
IVT — we know log is unbounded and continuous. Now we define exp to be
the inverse function to log so that exp(logx) = x and log(expy) = y. Ther
Dom(exp) = Range(log) = R. And Range(exp) = Dom(log) = (0, ¥). Grapt ‘
IS as shown.

Basic properties of exp, with exp(x) = € where eis defined asloge = 1. (1) (expx)(expy)
= exp(x+y). PROOF: log((expx)(expy)) = log(expx)+log(expy) = x+y = log(exp(x+y)). Hence
the result. Note: logx; = logx, implies x; = X,. (2) Ya(expx) = expx. The PROOF follows from
the fact that log(expx) = X. S0 Ya(log(expX)) = Yexpx Yax(€XPX). This is a famous equation — the
rate of growth is the current value. Important in Biology e.g. where infinite food supply
populations grow exponentially.

Let a> 0. Define & = exp(xloga) [€°%]. We know logafor a> 0, so a“ is defined for all x
in R. So 2% does not mean 2 multiplied with itself €2 times. Lesson: a concept may have several
definitions. Other examples: the Gamma function where G(x+1) = (x+1)&x). If x is natural, then
G(x) = x!. Also, fractional dimension and fractional differentiation.
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Worksheet: Riemann Integration

Q: Write down the greatest element, least element, sup and inf of the following sets
where these exist. (i) (-¥, 9]. Greatest element sup = 9. (ii) (-2, ¥). inf = 2. (iii) (-1, 1] E (2,3].
Greatest dlement sup = 3, inf = -1. (iv) Q C (0, CB]. inf = 0. supr = (B, supo = does not exist. (V)
(R\Q) C [2,¥). inf=2. (vi) {1-n%: nl N\{0}}. Least element inf =0, sup = 1.
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Basic Properties of a*

Define & = exp(xlogn). (1) a* = abecause exp(loga) = a. (2) eis defined asloge = 1. So €*
= exp(xloge) = exp(x). (3) a* = exp((x+y)loga) = exp(xloga).exp(xlogh) = a&. (4) loga: =
xloga. So (&) = exp(ylog(a)) = exp(yxloga) = &v. (3) & (4) are called the “exponential” laws.
For natural number s they obvioudly hold, but we use & generally as well.

(5) (*) V(@) = Yax(€'°%) = (loga)a’. (6) If a =y we also write X = logy. So logey = logy
(natural logarithm). Logs are used to change x into +. Makes calculation faster. (7) Change to
X2, Ya(X?) = Yu(€9°%) = ¥, = x¥(%,) = ax** (Real a).

The behaviour of these functions as x tends to ¥ and zero. We have aready said that log x
tends to ¥ as x tends to ¥ (log increasing, unbounded above on (O, ¥)). But ¥ are not real
numbers. Similarly, logx tends to -¥ as x tends to 0+. We now show how logx tends to +¥
“more slowly” than any power of x, that isif a>0, then'!im,_ logx/x? = 0.

Proof: Choose b > 0, b < a. Suppose that x > 1. Then logx = 1%, %, < 1%, dt/t™® = 1%, t>dit
= x"%b < x"/b. So logx/x® < x”?/b. But b < a so b-a < 0. So x” 2 tends to 0 as x tends to ¥ . But
0 < logx/x? for x > 1. So logx/x® tendsto 0 as x tendsto ¥ .



Next, put x = */,. So as x tends to +¥, y tends to O+. Then x®logx = -y*logy. So y®logy
tends to 0 as 'y tends to O+. And logy tends to -¥ asy tends to O+. This happens more slowly
than any power of y. We can relate thisto € “e‘ tends to ¥ as x tends to O more rapidly than
any other power of x”".

Proof, Explanation: start with logx/x® tendsto 0 as x tends to +¥. Put x = €. Get y/e"
tendsto 0 asy tends to +¥ . Hence (y/e")¥® tendsto 0 asy tendsto +¥. i.e. y¥?/e® tends to 0 as
y tendsto +¥ . (Note: we can write “x® y” instead of “x tendsto y”).

Lety = e for non zero x and y = O for x = 0. Note: f(x) is even: f(x) = f(-x). Also, -, <
0, so e < 1. But as x tends to infinty, e tends to 1. By symmetry,

. B . 2 =
expect £(0) = 0. In fact, £(0) = [m IO _tim & — g \What i o

AN

f’(0)? £'(0) = ETowﬂi“jo”%. For ht0, f'(h) = Yu(e™) =
eU™(2h*). So f* (0) = M., e¥/2Nh* = 0.

Similarly, 77 (0) = "o Oy £7(h) = Yn(28Vh3) = glM(Poyromid inhyer of n). Using the
same idea, "'’ (0) = 0. We can now set up a proof that f™(x) = e x(PY "%/ e of x) When x1 0;
and = 0 for x=0. Contrary to the picture above, f isvery flat at 0. The Taylor expansion of f is
0, and this gives no information on f except at 0. Note: Multiply functions together as a
smoothing function.

Assignment 3

Q: Give 2 proofs that when x > 0, cosx < 1-(x2/2)+(x*/4!), — (a) by differentiation; (b)
by applying the Alternating Series Estimation Theorem. A: (@) Let f(x) =
1-(x2/21)+(x*/4')-cosx. Then f'(x) = -x+/y+sinx, f'(0) = 0; f'’(x) = -1+/»+cosx, f''(0) = O;
"’ (x) = x-sinx; "'’ (0) = 0. We have already proved that x > sinx for x > 0. So f'’(x) is strictly
increasing for x > 0, and '’ (x) > 0. Hence f’(x) is strictly increasing for x > 0, and f'(x) > 0.
Hence f(x) isstrictly increasing for x > 0, and so f(x) > O for x > 0.

(b) The Alternating Series Estimation Theorem says that if (a,) is a sequence of real
numbers such that (1) a, > O for al n; (ii) a, > a1 for al n; and (iii) a, tends to zero, (all +ve,
decreasing, tend to 0), then the series S, = S¥-0 (-1)"a, is convergent with limit S, say; and |S-S
£ a.1. (Thisisthe“error estimate”). We would like to apply this to the series for cosx, with a, =
x?"/(2n)!. Unfortunately, we can apply the theorem only to the case where (a,) is decreasing
(Thisisan trick question!). Now for x > 0, & > a1 iff x*"/(2n)! > x*™?/(2n+2)! iff (2n+2)(2n+1) >
X2 If n= 2, this gives 30 > x2.

Q: Use the MVT to prove that %1, < Q(83)-9 < Yo. A: Let f(X) = O. Then f'(X) = Y.
Since (x is an increasing function, Yz is a decreasing function (Alternatively, '’ (x) = -Yax3?,
which is < 0). Now the MVT implies that if m £ f'(x) £ M on [a,b], then m(b-a) £ f(b)-f(a) £
M(b-a). (*). Takea= 81, b = 83. Then we can take M = f'(81) = /15; m = f'(83) = Y/x55. So from
(*), we deduce that #/oes3 £ OB3-CB1 £ %/15. Since Yess > Yoo = Y10, the result follows.



Q: Find the Taylor approximation to degree 9 (with remainder of degree 10) for f(x) =
3cosx+4sinx, by calculating the derivatives f(0). Write down an expression for the remainder
term. A: f(x) = 3cosx+4sinx. f(0) = 3. f'(x) = -3sinx+4cosx. f'(0) = 4. '’ (x) = -3cosx-4sinX.
f’(0) =-3. "7’ (x) = 3sinx-4cosx. "’ (0) = -4. Then we repeat.

Thus the Taylor series to degree 9 is 3 + 4x - (3x3/2!) - (4x3/3!) + (3x¥4!) - (4x°/9)) -
(3x%/6!) - (4X'IT) + (3x®/8!) + (4x%9!). The remainder term is Ry(x) = (f9(c)/10")x*° where
f19(x) = -3cosc-4sinc.

Q: Let f be as in the above question. Write f(x) in the form rcos(x+a). Hence give aform
for the remainder in Taylor’s theorem, from which you can show that the error in using this
Taylor approximation at x = 1is< 2x10°. A: f(x) = 5(3/scosx+*ssinx) = 5cos(x+a) where cosa =
%/s and sina = -¥/s. This shows that [f*?(c)| £ 5. S0 |Re(1)| £ %10 = 1.38x10° < 2x10°.
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Famous Formula: e = im (1+%/)" = m (1+¥/,)™. Proof: Yx(log(1+xt)) = (Y1x)X (*). From
the definition of Yy, (taket =c), |im ladh-loadx0)) = x j e, fim la@=h/ = x. Now let h =Y/, and
let k tend to ¥. Get ™ klog(1+*/) = x. Take the exp of this, so ™ exp(log((1+%4)*)) = expx.

k—> 0

And |m (1+)* = expx. Here, k tendsto ¥ for real k. Restrict k to integral vaues; M (1+/,)" =

€. In (*), we are using (a) the definition of log, FTC; (b) the differentiation of a composite, i.e.
%/ = %o, Y g After that, it isjust limit manipulation.

Integral test for series

including [1, ¥), s.t. f(X) tends to 0 as x tends to ¥. Conclusion: then S™.
f(i) - 1™ f(x)dx is convergent (cvt). Hence S*-; f(i) is cvt iff 1*; f(X)dx iscv

Hypothesis: Let f(x) be a decreasing rea function with domair T
Let uslook at an application before looking at the proof. | 1

Application: S™%-; (¥;)-log n tends to a finite limit, called Euler’s constant, g. So S*i-; Y/,
diverges (v. dowly) like log n. How many terms do you need to get S"=, ¥/; > 100? A: Roughly
e'®. Famous question: Isgrational? A: Presumably not! — gis approx. 0.577.

Proof: S*%-; (f(i)) = Riemann upper sum, U(p,, f) = total area of the
outside boxes. So 0 £ S™%; f(i) - 1™ f(x)dx. (O £ ... because the sum = U(p, W
f)). So S™iey (i) - 1™ f)dX = S™oy (i) - SMhe] e f(X)X £ (as f i
decreasing) S™i; f(i) - S™hiay 1Y f(1+i)dx = S™y (F()-F(1+)) = F()-F(n) 1G5
f(1) (asf(n) > 0). This calculation corresponds in the picture to the sum o "=
the shaded bits £ dotted rectangle. Further, S™-; f(i) - ™ f(X)dx = f(n)is b 12 3 4 5
anincreasing sequence, sof (1) £f(2) £... £f(n) £ f(1).

yyyy

Let | = sup{f(i): il N}. Then f(n) tends to | as n tends to ¥, with | £ f(1). So we have
proved more information than we stated in the theorem. Roll off more applications: (1) S¥-;
(Ure) (with sl R) = §(s), the Riemann zeta function. used in number theory. Aside: if s = 2, then
5(2) = 1+1/22+1/32+... = 6-



Let us examine the conver gence of S(s): convergent for s> 1 but dvt for s£ 1. The proof
uses the integral test: 1" 1/x° dx. We get 2 cases: (i) log n (s = 1); (ii) n*>-(/1-s) (st 1). If s< 1,
nStendsto ¥ asntendsto¥.1f s> 1, n"Stendsto O asntendsto ¥. So S*; I/n*iscvt iff s> 1.
(Thisisdifficult to prove for other tests e.g. the ratio test).

(2) S*i=1 V[n(logn)¥]. Consider 1™ [1/x(logx)Sdx = [(logx)**/(1-9)]™: = (logn)*¥/(1-s). Thisis
cvt iff s> 1. Mention the Ratio test: Take!m (n+1)¥n®=lm (1+(1/n))® = 1. Note: the ratio test,
lim

Im  a/aw =1, saysthat asequenceiscvtif | <1, dvtif | > 1, andisunknown if | = 1.
6th May 1999

Tutorial: Integral Test

Q: Prove that the series S¥-; Y1 iS ovt, and that the sum is < ¥2+1%p. A: Analyse 1¥;
Yerrdn = [tan*(n)]*1 = tan™(¥)-P1s = *1-P14 = Pla. SO S* o1 Yiee1-Pls < Y. (Where the % comes from
f(1)). So S¥ =1 Vs <P+, asrequired.
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Assignment 4

Q: Find the greatest element, least element, sup and inf of these sets, where they exist.

Set Greatest element L east element sup inf
(.8 8

[3. ¥) 3 3

(-L1DE (23 -1 3 1

R C [0, (] 0 3] 0

(RQ) € (-2, p] p P 2

{23, nl N} -1 2 1

Q: Prove that the function f(x) = 1+(x3+1)'2 is increasing on the interval [0, 2]. By
dividing this interval into two equal parts, show that | = |, f(X)dx satisfies 4.414 £ | £ 6.415.

Does one obtain better upper & lower bounds by dividing this interval into unequal intervals [0,
0.5],[0.5, 1.5], [1.5, 2]?

A: Prove that the function is increasing by proving that f’ (X
IS +ve on the interval. Then divide the interval into 2 equal parts,
[0,1] and [1,2]. The integral is approximated by calculating the are:
of the rectangles under the graph. The Ilower sum s
(1xf(0))+(1xf(1)) = 4.414 (Rounding DOWN). The upper sum it
(1xf(1))+(1xf(2)) = 6.415 (Rounding UP). Therefore, | is situatec 0 1 2
between the lower and upper sums, i.e. 4.414 £ | £ 6.415. Now do the same procedure but with
the different rectangles to get the better bounds 4.6064 £ | £ 6.1220.

Genera notes on this type of question: here the graph was increasing, so we calculated
e.g. lower sum = (width of b-a)xf(a). If it WAS decreasing, we would calculate (width of
b-a)xf(b) to get the lower sum. So with functions, split them up into domains where they are

increasing or decreasing i.e. find the stationary points. Also, if the graph goes below the x-axis,
the method changes again.



Exam Paper: May 1999

SECTION 1 (Compulsory)

D

(@

(b)

(©)

Express the parametric curve x = 3 cosh 3t, y = 2 sinh 3t in cartesian coordinates
and give its name. [3 marks]

Write down without simplification the equations of the tangent and of the normal at
the point of the curve with parameter t. [4 marks]

Let f be the real function given by f(x) = x%4x+3. Sketch the function, and
determine the image by f of the sets (-¥, 2], (1, 3], [0, 3). [6 marks]

For each of the following sets, state whether it is bounded above or bounded below;
in each case determine the maximum, minimum, sup, inf of each set, when they
exigt.

(i) (28
(i) (-¥,-Op);
(i) {-1-Un:nl Eandn? 0}. [7 marks]

SECTION 2 (Answer 2 out of 4 guestions)

(2)

3)

@
(b)

(©)

Find the arc length of thecurvex = 2t2, y =2t fromt=0tot = 1. [3 marks]

Let f be the real function given by f(x) = x*-2x2+%.. Determine the intervals in which
f is (i) increasing, (ii) decreasing, (iii) concave up and (iv) concave down. Locate
the zeros of f at or between successive integers, and sketch the graph of f.

[7 marks]

Find an n such that the error in using the Taylor series for sin x up to the term
involving x*™* for x = 1 in less than 10°. [5 marks]

Let a> 0. Give aname for the curve C(t) with parametric form (at?, 2at). Find the equation
of the normal at the point with parameter t of C(t). Hence find the parametric form for the
evolute E(t) of C(t), i.e. the envelope of the normals of C.

[5 marks]

Find also the radius of curvature of the curve C(t) at the point with parameter t and verify
that this coincides with the distance from C(t) to E(t). [You may assume the formula for
the radius of curvature r = (x2+y?)®2/xxy|. Sketch this evolute. Your sketch should
include the original curve C and some of its normals. [4 marks]



(4) (@ Prove that the function f(x) = 2+(cos x)*? is decreasing on the interval [0, p/2]. By
dividing thisinterval into two equal parts show that | = 8’2 f(X)dx satisfies 3.8020 £
| £ 4.5874. Does one obtain better upper and lower bounds by dividing this interval
into unequal intervals [0, 3p/8], [3p/8, p/2]?

[Usetherule m(b-a) £ jgf(x)dx £ M(b-a)]. [8 marks]

(b) Letf be the rea function given by f(x) = 1+2x-x2+x3. Prove that for 0 <d < 1 we
have 3-4d < f(1-d) < f(1) < f(1+d) < 3+5d. Hence find a number d > 0 such that |x-1]
< dimplies|f(x)-3| < 10°. [7 marksg]

(5) (@ Find the general term of the series expansions, in terms of x, of (1+2x)* and of
(3-x)*. For which x are these series convergent? [4 marks]

By partia fractions, or otherwise, prove that the genera term of the series expansion of
(1+2x)1(3-x)t is Y7((-1D)"2™+3™)x". For which x is this series convergent? [5 marks]

(b) Let f(x) = x(x-1)(x-2). Find a point c in [1, 3] which satisfies the Mean Vaue
Theorem for f on thisinterval, and illustrate with a sketch graph. [6 marks]

(Questions done: 1, 2, 4)




